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Abstract 

 
A three-dimensional elastic-viscoplastic constitutive model that is able to reproduce the time and rate 

dependent behaviour of soils with isotach viscosity (unique stress-strain-strain rate relationship) is 

presented. The constitutive law is based on the overstress theory and incorporates some noticeable 

features namely: (i) a versatile loading surface that is capable of reproducing a wide variety of shapes 

in deviatoric-mean effective stress space and (ii) assumed to be a locus of constant viscoplastic 

scalar multiplier to ensure that critical state conditions are reached; (iii) either a semi-logarithmic or a 

hyperbolic creep law that controls the development of viscoplastic deformations under isotropic stress 

conditions. Upon the description of the model’s governing equations as well as the process of its 

implementation in a single stress point algorithm and in the finite difference program FLAC 2D, 

numerical analyses of common laboratory tests were performed to assess the model’s potentials and 

limitations. The model reproduces a unique stress-strain-strain rate relationship and as such mimics 

well the isotach behaviour of clays; however, because of its formulation the model is unable to predict 

a failure load during load controlled shear test. A discussion regarding this issue is presented at the 

end of the work. 
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Resumo 

 
Apresenta-se um modelo constitutivo tridimensional elasto-viscoplástico que reproduz o efeito do 

tempo e da taxa de deformação no comportamento tensão-deformação de solos argilosos através de 

uma relação única tensão-extensão-taxa de extensão. A lei constitutiva baseia-se na teoria de 

overstress e possui algumas características relevantes: (i) uma superfície de carregamento versátil 

que reproduz uma grande variedade de formas no espaço de tensão deviatórica-média efectiva e (ii) 

assume que o escalar multiplicador viscoplástico é constante para todos os pontos situados numa 

mesma superfície de carregamento, de forma a garantir que as condições de estado crítico são 

atingidas; (iii) uma lei de fluência semi-logarítmica ou hiperbólica que controla o desenvolvimento das 

deformações viscoplásticas sob condições de tensão isotrópica. Após a descrição das equações que 

definem o modelo, bem como do processo da sua implementação num algoritmo que reproduz o 

comportamento de um elemento de solo sujeito a várias trajectórias de tensões simples e no 

programa de diferenças finitas FLAC 2D, foram realizadas simulações numéricas de ensaios 

laboratoriais para avaliar as potencialidades e limitações do modelo. O modelo reproduz bem o 

comportamento de solos para os quais os efeitos da taxa de extensão aplicada são permanentes e 

por isso descritos por uma lei única tensão-extensão-taxa de extensão; contudo devido à sua 

formulação o modelo não consegue prever a rotura do solo durante trajectória sob tensão controlada. 

Apresenta-se uma discussão em relação a este problema na parte final do trabalho.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Palavras-chave: relações constitutivas, isotach, viscoplasticidade, dependência do tempo e da taxa, 

modelação numérica 



 

 iv   
 

 

  



 

v 
 

 

 

 

 

 

Acknowledgments 

 
I wish to express my sincere gratitude to Dr. Teresa Maria Bodas Freitas for her dedicated guidance 

and patience during the research work of the present thesis, which I found very challenging, gratifying 

and enriching. Dr. Teresa Maria Bodas Freitas also taught me numerous lessons about life. I am truly 

grateful for all the advices she gave me. 

I would like to express my thanks to Dr. Jaime Alberto dos Santos as well for providing me the 

opportunity to do this research. 

The help from João Camões and Pedro Sereno on the single stress point algorithm and the finite 

difference program FLAC 2D is much appreciated. 

I sincerely thank my friends who accompanied me throughout the civil engineering undergraduate 

course at IST, especially to Stefano, Nuno, João Paulo, Susana, Rebeca, Gabriela, Vitória, André and 

José. 

Finally, all of this wouldn’t be possible without my Father, Mother and Sister, whom I would like to 

dedicate the present thesis. They were the reason why I could keep myself motivated from the very 

beginning of this inspiring journey. 

 

  



 

 vi   
 

  



 

vii 
 

 

 

 

 

 

Table of Contents 

 

Abstract ................................................................................................................................ i 

Resumo............................................................................................................................... iii 

Acknowledgments .............................................................................................................. v 

Table of Contents .............................................................................................................. vii 

List of Tables ...................................................................................................................... ix 

List of Figures .................................................................................................................... xi 

List of Abbreviations ........................................................................................................ xv 

1 Introduction ...................................................................................................................... 1 

1.1 Motivation and objectives .............................................................................................................. 1 

1.2 Thesis outline ................................................................................................................................ 2 

2 Literature Review ............................................................................................................. 3 

2.1 Introduction ................................................................................................................................... 3 

2.2 Observed time dependent behaviour of soils ............................................................................... 3 

2.2.1 Definition of common time effects .......................................................................................... 3 

2.2.2 Creep...................................................................................................................................... 5 

2.2.3 Stress relaxation .................................................................................................................. 10 

2.2.4 Strain rate effects ................................................................................................................. 11 

2.3 Characterisation of models for time-dependent behaviour of soils ............................................. 17 

2.3.1 Types of models ................................................................................................................... 17 

2.3.2 Empirical models .................................................................................................................. 17 

2.3.3 Rheological models .............................................................................................................. 24 

2.3.4 General stress-strain-strain rate models .............................................................................. 26 

2.4 Concluding remarks .................................................................................................................... 28 

3 Model description and implementation ........................................................................ 31 

3.1 Introduction ................................................................................................................................. 31 

3.2 EVP model framework ................................................................................................................ 31 

3.2.1 Stress and strain invariants .................................................................................................. 31 

3.2.2 Evaluation of the strain increment ........................................................................................ 32 

3.2.3 Plastic potential and loading surface ................................................................................... 35 

3.3 Model with the semi-logarithm creep law .................................................................................... 39 

3.3.1 Derivation of the viscoplastic scalar multiplier ..................................................................... 39 

3.3.2 Model parameters ................................................................................................................ 42 



 

 viii   
 

3.4 Model with the hyperbolic creep law proposed by Yin (1999) .................................................... 44 

3.4.1 Derivation of the viscoplastic scalar multiplier ..................................................................... 44 

3.4.2 Model parameters ................................................................................................................ 48 

3.5 Implementation of the models in the single stress point algorithm ............................................. 49 

3.5.1 Description of the algorithm ................................................................................................. 49 

3.5.2 3rd order Runge-Kutta integration......................................................................................... 52 

3.5.3 Bardet and Choucair’s (1991) linearised constraints technique .......................................... 53 

3.6 Implementation of the models in FLAC 2D ................................................................................. 54 

3.6.1 Description of the numerical program .................................................................................. 54 

3.6.2 Implementation procedure ................................................................................................... 55 

4 Numerical analyses and result assessment ................................................................. 57 

4.1 Introduction ................................................................................................................................. 57 

4.2 Numerical analyses of simple laboratory tests ........................................................................... 57 

4.2.1 Boundary conditions, model parameters and initial state .................................................... 57 

4.2.2 Constant rate of strain oedometer tests ............................................................................... 58 

4.2.3 Constant rate of strain triaxial compression tests ................................................................ 63 

4.2.4 Drained creep tests under isotropic stress conditions ......................................................... 67 

4.3 Assessment of the model’s potentials and limitations ................................................................ 70 

4.3.1 Boundary conditions, model parameters and initial state .................................................... 70 

4.3.2 Result assessment of constant rate of stress tests ............................................................. 71 

4.3.3 Sensibility analysis of 휀𝑣𝑜𝑙,𝑚, 𝐿𝑖𝑚𝑖𝑡𝑣𝑝 and concluding remarks ......................................... 74 

5 Conclusion and future work .......................................................................................... 77 

5.1 Conclusions ................................................................................................................................. 77 

5.2 Future works ............................................................................................................................... 78 

References ........................................................................................................................ 81 

Attachment A........................................................................................................................ I 

Attachment B...................................................................................................................... III 

Attachment C..................................................................................................................... VII 

  



 

ix 
 

 

 

 

 

 

List of Tables 

 
Table 2.1 – Summary of the factors affecting the viscosity type (after Tatsuoka, 2006) ...................... 16 

Table 2.2 – Summary of the semi-logarithm models reviewed by Liingard et al. (2004) ...................... 18 

Table 2.3 – Summary of the three well-known differential approach models for geomechanics ......... 25 

Table 3.1 – Model parameters for the semi-logarithm creep law model ............................................... 43 

Table 3.2 – Model parameters for the hyperbolic creep law model ...................................................... 49 

Table 4.1 – Model parameters set for the semi-logarithm model ......................................................... 57 

Table 4.2 – Model parameters set for the hyperbolic model ................................................................. 58 

Table 4.3 – Initial state of the soil (stress values in kPa) ...................................................................... 58 

Table 4.4 – Summary of the numerical predictions performed for the assessment of the models’ 

potentials and limitations ....................................................................................................................... 70 

Table 4.5 – Initial state of the soil (stress values in kPa) ...................................................................... 70 

  



 

 x   
 

  



 

xi 
 

 

 

 

 

 

List of Figures 

 
Figure 2.1 – Schematic representation of the possible post-ageing relations (after Tatsuoka et al., 

2000) ....................................................................................................................................................... 4 

Figure 2.2 – Creep phases in (a) strain-time and (b) logarithm of strain rate-logarithm of time plot 

(after Augustesen et al., 2004) ................................................................................................................ 5 

Figure 2.3 – Consolidation phases during a 1D oedometer compression test in (a) strain-logarithm of 

time and (b) logarithm of strain rate-logarithm of time plot (after Augustesen et al., 2004) ................... 6 

Figure 2.4 – (a) Strain-times curves for triaxial creep tests on the Saint-Alban clay (after Tavenas et 

al., 1978), (b) meaning of the 𝑚 parameter (after Bodas Freitas, 2008) and (c) schematic 

representation of creep rupture in 𝑞 − 휀 diagram (after Tatsuoka, 2004) ............................................... 8 

Figure 2.5 – (a) Concept of isochrones for the 1D compression of soft clays (after Bjerrum, 1967) and 

(b) variation of the effective stress state with time during undrained triaxial creep tests (after 

Arulanandan et al., 1971) ........................................................................................................................ 9 

Figure 2.6 – Schematic diagram of the stress relaxation model proposed by Lacerda & Houston 

(1973) (after Bodas Freitas, 2008) ........................................................................................................ 10 

Figure 2.7 – Oedometer CRS tests on Bastican clay: (a) stress-strain curves and (b) variation of pre-

consolidation pressure with the logarithmic of vertical strain rate (after Leroueil et al., 1985) ............. 12 

Figure 2.8 – SRS tests on Batiscan clay (after Leroueil et al., 1985) ................................................... 13 

Figure 2.9 – Stress-strain behaviour of Leda clay in undrained constant rate of strain tests (after Vaid 

et al., 1979) ........................................................................................................................................... 13 

Figure 2.10 – Drained triaxial compression tests with and without step changes in the strain rate on 

saturated Toyura sand (after Matsushita, 1999) ................................................................................... 14 

Figure 2.11 – Consolidated drained triaxial compression tests with stepwise change in strain rate on 

Albany sand: (a) overall behaviour and (b) close-up (after Enomoto et al., 2006) ............................... 15 

Figure 2.12 – (a) Transition of viscosity type with straining and (b) schematic representation of the 

behaviour of the different viscosity types (after Tatsuoka, 2006) ......................................................... 16 

Figure 2.13 – Visualisation of the solution to estimate the amount of overconsolidation. Path AA’ and 

ABA’ correspond to the delayed compression path and the instant elastoplastic loading followed by 

elastic unloading path (after Liingard et al. 2004) ................................................................................. 20 

Figure 2.14 – Illustration of the equivalent time concept. Equivalent times below the reference time 

line are considered as positive times whereas times above are considered as negative times (after 

Yin and Graham, 1989). ........................................................................................................................ 22 

Figure 2.15 – Schematic representation of the elementary material models: the Hookean spring, the 

Newtonian dashpot and the Saint Venant’s slider (after Bodas Freitas, 2008) .................................... 24 



 

 xii   
 

Figure 2.16 – Schematic representation of the correlation between undrained creep and CRS tests . 29 

Figure 3.1 – Geometrical meaning of the variables in equation 3.24 (after Lagioia et al., 1996) ......... 35 

Figure 3.2 – Effect of the parameter (a) 𝛼 and (b) 𝜇 on the shape of the surface (after Lagioia et al., 

1996) ..................................................................................................................................................... 36 

Figure 3.3 – Schematic representation of the time-dependent behaviour under isotropic stress 

conditions for the semi-logarithm creep law (after Bodas Freitas et al., 2012) ..................................... 39 

Figure 3.4 – Semi-logarithm model framework in general stress space (after Bodas Freitas et al., 

2012) ..................................................................................................................................................... 42 

Figure 3.5 – Schematic representation of the time-dependent behaviour under isotropic stress 

conditions for the hyperbolic creep law (after Bodas Freitas et al., 2011) ............................................ 45 

Figure 3.6 – Hyperbolic model framework in general stress space (after Bodas Freitas et al., 2011) . 47 

Figure 3.7 – Single stress point algorithm flowchart ............................................................................. 50 

Figure 3.8 – Schematic representation of the 3rd order Runge-Kutta integration ................................. 52 

Figure 3.9 – FLAC 2D numerical program flowchart ............................................................................ 55 

Figure 3.10 – Validation of the 3rd order Runge-Kutta integration algorithm: 𝑞 − 𝑝′ plot for (a) drained 

triaxial compression tests, (b) undrained triaxial compression tests and (c) oedometer tests (RK – 

MCC model with Runge-Kutta algorithm, ORI – MCC with original algorithm, Surface – yield surface, 

CSL – Critical State Line, NC – normally consolidated, LOC – lightly overconsolidated, OCR=1.5 and 

HOC – heavily overconsolidated, OCR=4.0) ........................................................................................ 56 

Figure 4.1 – Semi-logarithm model prediction of a CRS oedometer test with an applied strain rate of 

100% strain per day on a sample with an OCR equal to 1.5: (a.1) step 1 in 𝑞 − 𝑝′  space; (a.2) step 2 

in 𝑞 − 𝑝′ space; (b.1) step 1 in 𝑉 − ln𝑝′ space and (b.2) step 2 in 𝑉 − ln𝑝′ space (stress values in kPa)

 .............................................................................................................................................................. 59 

Figure 4.2 – CRS oedometer tests with applied strain rates of 1%, 10% and 100% strain per day on a 

sample with an OCR equal to 4.0: (a.1) semi-log model in 𝑞 − 𝑝′ space; (a.2) semi-log model in 𝑉 −

ln𝑝′ space; (b.1) hyperbolic model in 𝑞 − 𝑝′ space and (b.2) hyperbolic model in 𝑉 − ln𝑝′ space (stress 

values in kPa) ........................................................................................................................................ 62 

Figure 4.3 – Same CRS oedometer tests as the ones presented in figure 4.2 but (a) with 𝜓0 = 0.0001 

in the semi-logarithm model and (b) with 휀𝑣𝑜𝑙,𝑚, 𝐿𝑖𝑚𝑖𝑡𝑣𝑝 = 0.6 in the hyperbolic model (stress values 

in kPa) ................................................................................................................................................... 63 

Figure 4.4  – Hyperbolic model prediction of an undrained triaxial compression CRS test (100% strain 

per day) on a soil with an OCR equal to 4.0 (isotropically compressed to 150 kPa): (a.1) to (a.3) step 

1 to 3 in 𝑞 − 𝑝′ space and (b.1) to (b.3) step 1 to 3 in 𝑉 − ln𝑝′ space (stress values in kPa) ............... 64 

Figure 4.5 – Hyperbolic prediction of CRS undrained triaxial compression tests with 1%, 10% and 

100% applied strain per day on a sample with 1.0, 1.5 and 4.0 OCR in: (a) 𝑞 − 𝑝′; (b) 𝑝𝑝 − 휀𝑎 and (c) 

𝑞 − 휀𝑎 space (stress values in kPa) ...................................................................................................... 66 

Figure 4.6 – Hyperbolic prediction of CRS drained triaxial compression tests with 1%, 10% and 100% 

applied strain per day on a sample with 4.0 OCR in: (a) 𝑞 − 𝑝′; (b) 𝑞 − 휀𝑎 and (b) 𝑉 − ln𝑝′ space 

(stress values in kPa) ............................................................................................................................ 67 



 

xiii 
 

Figure 4.7 – Hyperbolic model prediction of a drained creep test under isotropic stress conditions on a 

normally consolidated sample with a pre-consolidation pressure of 600 kPa: (a.1) step 1 in 𝑞 − 𝑝′  

space; (a.2) step 2 in 𝑞 − 𝑝′ space; (b.1) step 1 in 휀𝑣𝑜𝑙 − ln𝑝′ space and (b.2) step 2 in 휀𝑣𝑜𝑙 − ln𝑝′ 

space (stress values in kPa) ................................................................................................................. 68 

Figure 4.8 – Drained creep tests under isotropic stress conditions on a normally consolidated sample 

with a pre-consolidation pressure of 600 kPa predicted by the semi-logarithm and the hyperbolic 

models in 휀𝑣𝑜𝑙 − log𝑡 space (time in days) ........................................................................................... 69 

Figure 4.9 – Prediction of undrained triaxial compression CRS and constant rate of stress tests with 

휀𝑣𝑜𝑙,𝑚, 𝐿𝑖𝑚𝑖𝑡𝑣𝑝 set equal to 0.06 for a NC sample (isotropically consolidated to 600 kPa) in 𝑞 − 𝑝′ 

space (stress values in kPa) ................................................................................................................. 72 

Figure 4.10 – Prediction of undrained triaxial compression CRS and constant rate of stress tests with 

휀𝑣𝑜𝑙,𝑚, 𝐿𝑖𝑚𝑖𝑡𝑣𝑝 set equal to 0.06 for a NC sample (isotropically consolidated to 600 kPa) in 휀𝑣𝑜𝑙,𝑚 −

𝑝′𝑚 space (stress values in kPa) .......................................................................................................... 72 

Figure 4.11 – Hyperbolic prediction of undrained triaxial compression CRS and constant rate of stress 

tests with 휀𝑣𝑜𝑙,𝑚, 𝐿𝑖𝑚𝑖𝑡𝑣𝑝 set equal to 0.06 for a sample with 1.0 OCR (isotropically consolidated to 

600 kPa) in 𝑞 − 휀𝑎 space (stress values in kPa) ................................................................................... 73 

Figure 4.12 – Hyperbolic prediction of undrained triaxial compression constant rate of stress tests with 

휀𝑣𝑜𝑙,𝑚, 𝐿𝑖𝑚𝑖𝑡𝑣𝑝 set equal to 0.06, 0.6 and 10000 for a sample with 1.0 OCR (isotropically 

consolidated to 600 kPa) in 𝑞 − 휀𝑎 space (stress values in kPa) ......................................................... 74 

Figure 4.13 – Φ𝑐𝑢𝑟𝑟𝑒𝑛𝑡/Φ𝑟𝑒𝑓 − 𝑑𝑟𝑒𝑓 relationships with values of 휀𝑣𝑜𝑙,𝑚, 𝐿𝑖𝑚𝑖𝑡𝑣𝑝 ranging from 0.06 

to 10000 ................................................................................................................................................ 75 



 

 xiv   
 

  

  



 

xv 
 

 

 

 

 

 

List of Abbreviations 

 
1D  One-dimensional conditions 

CRS  Constant rate of strain tests 

CRSS  Constant rate of stress tests 

CSL  Critical State Line 

EOP  End-of-Primary consolidation 

EVP  Elastic-viscoplastic 

NC  Normally consolidated 

OC  Overconsolidated 

OCR  Overconsolidation ratio 

P&N  Positive and Negative viscosity 

SRS  Step-wise change in rate of strain tests 

TESRA  Temporary effects of strain rate and acceleration 

  



 

 xvi   
 

  



 

1 
 

 

 

 

 

 

1 Introduction 

 

1.1 Motivation and objectives 

The importance of time and rate dependency of geomaterials in the design of structures, especially in 

the verification of the serviceability limit state, can be shown through several examples: (a) the 

development of long term settlements, originating eventually internal forces and moments in the 

structure due to imposed differential displacements; (b) the collapse of geotechnical structures 

triggered by undrained creep rupture and (c) the need to plan the loading stages during construction 

to avoid the collapse of the structure or to limit its long-term settlements. 

The reproduction of these effects relies generally on sophisticated constitutive models that require 

considerable computational demands, but owed to the advance in technology, precise numerical 

modelling can be achieved in a very short duration, proving to be a powerful tool to aid the engineer in 

the process of design.  

However, the complexity of these constitutive models may increase the probability of their misuse due 

to the lack of understanding of the models’ underlaying equations and assumptions. It is extremely 

important to have a clear idea about the models’ strengths, weaknesses, fields of application and the 

behaviours that these are able to reproduce in order to perform safe and reliable engineering designs. 

In this respect, the purpose of the present thesis is to give the author a better understanding on the 

time and rate dependent behaviour of geomaterials as well as the knowledge to reproduce correctly 

some of its effects through the implementation and validation of an elastic-viscoplastic constitutive 

model. This will be achieved in three phases: 

1) A review on the existing literature concerning the topic, serving as base information for the 

next two phases; 

2) Implementation of the constitutive model in a single stress point algorithm that predicts the 

stress path of simple laboratory tests to evaluate the physical meaning of the model’s 

equations and parameters; 

3) Implementation of the constitutive model in the finite difference program FLAC 2D to perform 

numerical simulations of constant rate of stress tests, in which the model’s strengths and 

weaknesses are further assessed, and allow its future application in the analysis of boundary 

value problems. 
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1.2 Thesis outline 

This dissertation is organised in five chapters. In this introductory chapter – Chapter 1 – it is 

presented the motivation for the development of this thesis, its objectives and the dissertation layout.  

Chapter 2 gives an overall literature review on the experimental observations of the time and rate 

dependent behaviour of soils as well as the constitutive models that have been developed to 

reproduce them. The chapter begins by defining the common time and rate effects followed by a 

discussion on the observed behaviours and, finally, a comparison between different types of 

constitutive models is made. 

Chapter 3 presents the description and implementation of two elastic-viscoplastic constitutive models. 

The model’s governing equations and the process to quantify its parameters are described in the 

former half of the chapter. Its implementation procedure in the single stress point algorithm and in 

FLAC 2D is then provided in the latter half of the chapter.  

Numerical analyses and result assessment are carried out in Chapter 4. A series of constant rate of 

strain single element laboratory tests are predicted with the implemented model, in which the stress 

paths and the effects of the model’s parameters are discussed. Simulation of constant rate of stress 

tests are subsequently performed to assess the potentials and limitations of the implemented model. 

Chapter 5 is the closing chapter, presenting the main outcomes of this research work and suggestions 

for future developments.  
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2 Literature Review 

 

2.1 Introduction 

The present chapter gives a review of the published literature regarding the time and rate dependent 

behaviour of soils as well as some of the constitutive models currently available to describe them. 

 

2.2 Observed time dependent behaviour of soils 

2.2.1 Definition of common time effects 

Numerous laboratorial and in situ tests have been carried out to study the time and rate dependent 

behaviour of soils. In the beginning, these tests were more focused on clays as granular geomaterials 

were often considered as rate independent. However, later studies performed on sands have proven 

otherwise (e.g. Lacerda & Houston, 1973; Murayama et al., 1984; Di Prisco & Imposimato, 1996; 

Lade & Liu, 1998; Di Benedetto et al., 2002; Tatsuoka, 2004). It is shown that time and rate 

dependency can be observed for both clay and sand, these being more pronounced in the former 

when grain crushing of sands is not taken into account (Lade & Liu, 1998; Augustesen et al., 2004). 

Their evaluation and characterisation is considered as a rather complex subject due to the 

simultaneous occurrence of several effects. The general agreement is that these effects can be 

grouped into viscous and structuration effects (e.g. Tatsuoka et al., 2000; Tatsuoka, 2004; Sorensen 

et al., 2007b; Bodas Freitas, 2008). 

The viscous effects, as the name suggests, are due to the viscous properties of materials and are 

believed to result from sliding at interparticle contacts and associated particle re-arrangement, with 

the presence or absence of water being insignificant (Kuhn & Mitchell, 1993). Three major aspects 

can be observed within these effects: creep, stress relaxation and rate effects. Creep is the prolonged 

deformation of the soil at constant effective stresses whereas stress relaxation defines the continued 

decay in stresses at a constant level of strain. Rate effects illustrate the change in stress-strain soil 

response due to the applied strain rate.  

When the rate of strain is sufficiently low, so that the effects of structuration dominate the stress-strain 

behaviour (Sorensen et al., 2007a), these induce the soil to acquire structure (additional components 

of strength and stiffness) by means of either changes in the intrinsic material properties or 

strengthening of the interparticle bonds. However, it is illustrated later in this chapter that viscous 

effects also increase the soil strength and stiffness (known as apparent ageing) but there are 

fundamental differences between these and the ones owed to true ageing (or structuration). The gain 
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in soil strength and stiffness due to viscous effects can be justified by void ratio and stress history 

alone. 

Tatsuoka et al. (2000) have summarised the possible interactions between viscous and structuration 

effects during a creep period. They believe that the soil response under drained shear subsequent to 

long periods of creep or ageing may be characterised by one of the following post-ageing stress-strain 

relations (see figure 2.1): 

 

Figure 2.1 – Schematic representation of the possible post-ageing relations (after Tatsuoka et al., 2000) 

 
1) Type 1 – ageing without structuration: all the gain in the soil strength and stiffness is solely 

due to the viscous effects, and thus the stress state re-joins the original primary curve without 

overshooting (path BC). 

2) Type 2 – ageing with temporary structuration: the stress state initially overshoots the original 

primary curve but ultimately re-joins it with continued loading. This type of relation is 

associated to structuration explained by the strengthening at the interparticle bonds (e.g. 

thixotropy, bonding and cementation) in which little interaction is required with the surrounding 

environment and cause, in principle, no significant changes in the intrinsic properties of the 

soil. Based on these observations, Sorensen (2006) classifies this type of structuration as 

inherent ageing (path BD). 

3) Type 3 – ageing with permanent structuration: a persistent overshoot is observed for the 

stress state. Structuration is now caused by changes in the intrinsic material properties 

through weathering and chemical alterations instead. These processes require a considerable 

amount of interaction with the surrounding environment. Sorensen (2006) describes type 3 

structuration as environmental ageing (path BE). 

In addition to the simultaneous occurrence of viscous and structuring effects, one must consider the 

influence of temperature [another manifestation of the viscous nature of geomaterials, Leroueil & 

Marques (1996)], and the interaction of the viscous effects with the delayed dissipation of excess pore 

water pressure in clayey soils. 
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The literature review will be focused on the behaviours the implemented constitutive model is able to 

reproduce, i.e. the effect of strain rate on the stress-strain response of clay soils. References are 

made to structuration, temperature effects and time dependent behaviour of sands only whenever it is 

necessary so that the limitations of their non-consideration may be fully appreciated. Further 

information regarding the interaction of viscous and structuration effects can be found for example in 

Tatsuoka (2004), Deng & Tatsuoka (2005), Sorensen et al. (2007a,b) and regarding temperature 

effects in Leroueil & Marques (1996). 

 

2.2.2 Creep 

Basic terminologies of creep. By definition creep is the material continuing deformation at constant 

stresses, in the case of soils constant effective stresses. However, it is important to define the 

terminology used in the literature before presenting the observations of creep from one-dimensional 

and triaxial laboratory tests.  

Firstly, there is the confusion regarding creep at constant load versus constant effective stress, and 

drained versus undrained creep. In drained creep tests carried out in a triaxial apparatus it is not easy 

to maintain constant effective stresses due to the continued variation of the sample cross section area 

(the applied load must be constantly adjusted to account for its changes). Therefore, the requirement 

of constant effective stresses in these kind of tests is generally not fulfilled but, in most cases, it is 

incorrectly assumed. Undrained creep tests are also likely to be inadequately and simply considered 

as creep tests. In undrained creep, in which only shear deformations are observed, there is a pore 

pressure build up that causes a decrease on the mean effective stress while maintaining the 

deviatoric component constant. However, undrained creep has shown to follow the same trends, 

qualitatively and quantitatively, as drained creep.  

Secondly, the definition of creep phases observed in triaxial creep tests is commonly misinterpreted 

as compression phases observed in oedometer creep tests. A creep process performed in triaxial 

apparatus can be characterised by three phases: primary, secondary and tertiary creep phase 

corresponding to a decreasing, constant and increasing strain rate phase, respectively as shown in 

figure 2.2. 

  
(a) (b) 

Figure 2.2 – Creep phases in (a) strain-time and (b) logarithm of strain rate-logarithm of time plot (after 
Augustesen et al., 2004) 
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In oedometer tests, primary compression is associated with pore pressure dissipation whereas 

secondary and tertiary compression corresponds to pure creep and are characterised respectively by 

a linear and a non-linear relationship between strain and the logarithm of time [figure 2.3(a)]. 

However, as shown in figure 2.3(b), strain rate is found to be continuously decreasing regardless of 

the compression phase, implying that creep tests performed in one-dimensional (1D) conditions 

reproduce primary creep only. Secondary and tertiary creep (creep rupture) phases may be observed 

in triaxial tests depending on the applied stress ratio. 

 
 

(a) (b) 

Figure 2.3 – Consolidation phases during a 1D oedometer compression test in (a) strain-logarithm of time 

and (b) logarithm of strain rate-logarithm of time plot (after Augustesen et al., 2004) 

 
Uniqueness of end-of-primary consolidation (EOP). Settlement of thick in situ soil layers are 

predicted based on the extrapolation of experimental results from thin laboratory specimens. It is 

important to understand whether sample thickness influences the soil compressibility during the 

process of consolidation. Since the work of Terzaghi (1923) and Buisman (1936), researchers have 

been indecisive and split between two theories. Theory A (e.g. Ladd, 1977; Mesri & Choi, 1985; T. W. 

Feng, 1991) considers that primary consolidation is time independent and void ratio at EOP is unique 

regardless of the consolidating layer thickness. Therefore, compression curves obtained in laboratory 

tests can be directly used to estimate settlement in the field. On the contrary, researchers such as 

Šuklje (1957), Bjerrum (1967), Leroueil et al. (1985), Leroueil (2006) and Degago et al. (2009) 

assume that the whole consolidation process is time dependent (theory B) and, as a result, void ratio 

at EOP is influenced by sample thickness. Although contradictory, both theories have been supported 

by the same experimental results (e.g. Berre & Iversen, 1972; T. W. Feng, 1991). 

Leroueil (1995) tried to explain this paradox. It is generally accepted that viscous effects do occur 

simultaneously with primary consolidation, but perhaps the reason why theory A is also validated by 

experimental data resides on other variables such as temperature, soil disturbance and structuration 

effects that might, in some way, compensate the discrepancy in void ratio at EOP between laboratory 

and field conditions. Based on the experimental results obtained by T. W. Feng (1991) which were 

used to validate theory A, Degago et al. (2009) showed that the generation of extra pore water 

pressure due to creep during the early stages of consolidation of thick specimens (Leroueil, 2006) 

might have influenced the interpretation of the observed compression curves and misled some 
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researches to believe in the uniqueness of EOP. Reinterpreting the data, Degago et al. (2009) have 

shown that this is consistent with theory B. 

Quantification of the observed behaviour. The simplest approach is to depict the secondary 

compression as a linear relationship between strain (or void ratio) and the logarithm of time (휀 − log 𝑡) 

in which the slope is characterised by the coefficient of secondary compression 𝐶𝛼𝜀 (or 𝐶𝛼𝑒). 

𝐶𝛼𝜀 =
∆𝑒

(1 + 𝑒𝑖) ∙ ∆ log 𝑡
=

휀𝑧
∆ log 𝑡

=
𝐶𝛼𝑒
1 + 𝑒𝑖

;     𝐶𝛼𝑒 =
∆𝑒

∆ log 𝑡
(2.1) 

where 𝑒𝑖 is the initial void ratio, ∆𝑒 is the void ratio increment, 휀𝑧 is the vertical strain and 𝑡 is time. 

The use of a constant coefficient of secondary compression has been questioned by several 

researchers. Mesri (1973) considered the existence of a constant relationship between 𝐶𝛼 and the 

compression index 𝐶𝑐, since soils that are highly compressible in the primary consolidation phase will 

show high compressibility in the secondary compression phase as well. Based on the observations on 

22 natural soil deposits, Mesri & Godlewski (1977) considered the ratio 𝐶𝛼/𝐶𝑐 to be constant, within a 

range of values from 0.025 to 0.10. Later on, Mesri & Castro (1987) concluded that the ratio is about 

0.04±0.01 for a majority of inorganic soft clays and 0.05±0.01 for the highly organic plastic clays.  

Creep behaviour is also found to be non-linear in 휀 − log 𝑡 space (e.g. Bjerrum, 1967; Leroueil et al., 

1985; Yin, 1999), indicating that 𝐶𝛼 is time dependent. When plotting the data from triaxial creep tests 

in log 휀̇ − log 𝑡 space (where 휀̇ is the strain rate), the strain-time behaviour seems to be characterised 

by a set of linear relationships with a slope equal to 𝑚 as proposed by Singh & Mitchell (1968): 

𝑚 = −
∆ log 휀̇

∆ log 𝑡
(2.2) 

Figure 2.4(a) illustrates the log 휀̇ − log 𝑡 relationship for creep tests performed on the Saint-Alban clay 

(Tavenas et al., 1978). Linear relationships are observed for stress states far from the failure 

envelope with higher strain rates corresponding to increasing applied stress levels. Figure 2.4(b) 

illustrates the relationship between creep behaviour in log 휀̇ − log 𝑡 and in 휀 − log 𝑡 space. For stress 

states above the failure envelope (creep tests F and G), strain rate initially decreases but eventually 

levels off and, finally, increases with time. This phenomenon is usually referred to as creep rupture 

because the soil reaches failure during the process of creep, developing accelerating strain rates [see 

figure 2.4(c)]. The time to rupture and the minimum strain rate observed is found to decrease and 

increase, respectively, with the applied stress (e.g. Vaid & Campanella, 1977; Vaid et al., 1979; 

Sekiguchi, 1984).   

Lastly, according to Bjerrum’s (1967) findings, creep behaviour is believed to be more pronounced on 

soils with high plasticity and water content as well. 

The delayed deformations mentioned above occur mainly after loading. Following unloading, the soil 

swells to equalise the pore water pressure but creep strains also give rise to further deformation. 

Based on oedometer tests performed on organic Sarapuí clay from Brazil, Feijó & Martins (1993) 
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observed different behaviours depending on the overconsolidation ratio (OCR) of the specimen after 

unloading. They reported that soils at low OCRs revert to compression after some secondary 

deformation in swelling whereas soils at higher OCRs remain swelling over the entire test. W. Q. Feng 

et al. (2017) made similar observations on Hong Kong Marine Deposits concluding that one of three 

different behaviours may occur depending on the stress state location after unloading: (a) creep, (b) 

neutral and (c) swelling behaviour. Moreover, they suggest that, identically to creep, swelling is non-

linear in 휀 − log 𝑡 space. 

 

 

(b) 

 

(a) (c) 

Figure 2.4 – (a) Strain-times curves for triaxial creep tests on the Saint-Alban clay (after Tavenas et al., 
1978), (b) meaning of the 𝒎 parameter (after Bodas Freitas, 2008) and (c) schematic representation of 

creep rupture in 𝒒 −   diagram (after Tatsuoka, 2004) 

 
Influence of creep on the yield surface and stress path. Bjerrum (1967) proposed the concept of 

isochrones or lines of equal time, schematically illustrated in figure 2.5(a), together with the definitions 

of instant and delayed compression to model creep behaviour of soils under 1D conditions. 

Isochrones are parallel lines in 𝑒 − log 𝑝 space that represent the soil equilibrium void ratios 𝑒 at the 

respective times of sustained load at the various vertical stress values 𝑝. Instant compression is the 

deformation that takes place simultaneously with the increase in the effective stress when there is no 

hydro-dynamic lag. Delayed compression is the development of strains under constant effective 

stress due to soil viscosity. 
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With reference to figure 2.5(a), the soil state (𝑒𝑑, 𝑝0) is achieved through instant compression during 

sedimentation (note that no delayed deformations are developed until herein). Under sustained 

stress, delayed compression will bring the soil state to (𝑒0, 𝑝0) with time. During this process, soil 

structure becomes more stable owed to the reduction of void ratio and the number of contact points 

between particles of the soil increases. As a result, the soil develops increased strength and reserve 

resistance against additional loading. This is shown by the bold curve subsequent to the development 

of delayed deformations, which represents the instant compression due to additional loading: since 

soil exhibits a yield pressure or an apparent pre-consolidation pressure higher than the stress that the 

soil had been subjected to previously (i.e. 𝑝𝑐 > 𝑝0), the soil will first behave similarly to an 

overconsolidated soil, being very stiff until 𝑝𝑐 is exceeded. Thereafter, the soil yields and exhibits large 

instant deformations, joining the virgin compression line. 

The undrained shear strength is also found to increase as a result of drained creep. Figure 2.5(a) 

shows that the undrained shear strength increased from 𝑠𝑑 to 𝑠0 during the 3000 years of delayed 

compression, as the soils creeps from (𝑒𝑑) to (𝑒0). 

 

 

(a) (b) 

Figure 2.5 – (a) Concept of isochrones for the 1D compression of soft clays (after Bjerrum, 1967) and (b) 
variation of the effective stress state with time during undrained triaxial creep tests (after Arulanandan et 

al., 1971) 

 
Following the introduction of Bjerrum’s concept there was significant interest to verify its applicability 

in general stress space. Based on the results of a series of undrained triaxial creep tests on San 

Francisco bay mud at various stress ratios, Arulanandan et al. (1971) traced lines that correspond to 

stress states with same creep durations. The joined stress states appear to form surfaces with 

approximately the same shape that decrease in size (move inwards) with increasing creep time. 

These observations, illustrated in figure 2.5(b), demonstrate the possibility to extend Bjerrum’s 

concept to general stress space. 
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The concept of isochrones was later replaced by the concept of constant rate of strain curves 

(presented in 2.2.4), to eliminate the problems associated to the definition of the time origin for the 

creep deformation. 

The increase in soil strength due to creep predicted by the concept of isochrones is explained by void 

ratio and stress history alone. However, sometimes the increase in the soil pre-consolidation pressure 

is higher than that explained by the isochrones concept. Leonards & Altschaeffl (1964) reported that, 

when loading a soil oedometer sample after a long period of delayed compression, the soil exhibited a 

pre-consolidation pressure much higher than the one predicted by the isochrones concept which may 

be justified by the simultaneous occurrence of creep and structuration. 

Influence of creep on the coefficient of earth pressure at rest 𝑲 . Data from laboratorial 

experiments performed by researchers such as Mesri & Castro (1987) and Leroueil & Marques (1996) 

indicate that, with the exception of heavily overconsolidated clays which showed constant values of 

𝐾0, the coefficient increases with secondary compression for normally consolidated and lightly 

overconsolidated clays, this increase being about 0.003 to 0.05 per logarithmic cycle of time. 

 

2.2.3 Stress relaxation 

Observation from laboratory tests. Undrained relaxation tests performed by Lacerda & Houston 

(1973) on a variety of soils remain the basis for studies on stress relaxation. Like previous tests 

carried out by Murayama & Shibata (1961) and Vialov & Skibitsky (1961), the ratio between the 

deviatoric stress 𝑞 at time 𝑡 and the deviatoric stress at the beginning of the relaxation test 𝑞0 was 

found to decrease linearly with the logarithm of time after an initial time period. It is observed that the 

time period necessary to initiate the decay in stress is inversely proportional to the strain rate applied 

prior to the relaxation process. Figure 2.6 shows the schematic diagram of the stress relaxation model 

proposed by Lacerda & Houston (1973). 

 

Figure 2.6 – Schematic diagram of the stress relaxation model proposed by Lacerda & Houston (1973) 
(after Bodas Freitas, 2008) 
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The slope of the observed semi-logarithmic relationship, 𝑠, is found to be independent of the confining 

pressure but dependent of the initial imposed strain (Lacerda & Houston, 1973; Akai et al., 1975). 

Concerning the existence of a limiting equilibrium stress, opposing conclusions were made: while 

Vialov & Skibitsky (1961), Lacerda & Houston (1973) and Akai et al. (1975) did not observe a limiting 

equilibrium, Murayama & Shibata (1961) suggested otherwise.  

It should be noted that the non-consideration of a limiting equilibrium implies a continuous decay of 

deviatoric stress (i.e. there is no asymptotic value for the deviatoric stress at infinite time). 

Consequently, the deviatoric stress tends towards unrealistic values for prolonged relaxation tests. On 

the other hand, many of the tests carried out by the aforementioned researchers does not last more 

than 24 hours, indicating that these might not be sufficiently long for the soil to achieve its final 

relaxed stress level. Therefore, the observations suggest that the consideration of a final relaxed 

stress level maybe more appropriate to reproduce the phenomenon of stress relaxation. 

 

2.2.4 Strain rate effects 

Basic description of the phenomenon. The classical understanding is that the behaviour of clayey 

soils is influenced by strain rate while that of granular geomaterials is not and for fine grained soil the 

higher is the applied loading or straining rate, the higher are the effective stresses for a given strain. 

However, based on an extensive laboratory testing programme, Tatsuoka (2006) and co-authors have 

concluded that all geomaterials are affected by strain rate effects and have identified 3 types of 

viscosity behaviour: isotach, TESRA and Positive and Negative (P&N) viscosity. 

Types of laboratory tests. Two different laboratory tests are used to study the phenomena: the first 

one, termed as constant rate of strain (CRS) test, consists on the application of a constant relevant 

strain rate component (vertical strain rate in oedometer tests and axial strain rate in triaxial apparatus) 

during the entire test procedure. The second one, named as step-wise change in the rate of strain 

(SRS) test, corresponds to the application of strain rate values in a stepwise manner during a single 

test. This procedure reduces the time of testing and eliminates sample variability but cannot be used 

exclusively because the results obtained by CRS and SRS tests do not agree in some cases (TESRA 

and P&N viscosities). 

Isotach viscosity – a unique stress-strain-strain rate relationship. Leroueil et al. (1985) studied a 

variety of Champlain sea clays under one-dimensional compression. Figure 2.7(a) gives the data from 

the oedometer CRS tests performed on the Batiscan clay. For increasing applied strain rates, the 

compression path of the clay shifts to the right along with the increase in pre-consolidation pressure. 

As a result, acting stresses on the soil element are higher for the same level of strain. In fact, strain 

rate effects can be viewed as follows: if a larger strain rate is applied, the soil has less time to creep 

and a larger amount of elastic deformations is developed for a given total strain, resulting in higher 

effective stresses. This is the trend observed in figure 2.7(a) for all applied strain rates except the 휀�̇�6 

strain rate, which is likely due to the development of structuration effects (Leroueil et al., 1985). 

Nevertheless, the increase in pre-consolidation pressure with applied strain rate follows an almost 
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linear relationship when depicted in 𝜎′𝑧,𝑝𝑐 − log 휀�̇� space, just as shown in figure 2.7(b). The increase 

in yield stress is between 7% and 15% per logarithm cycle of strain rate. Furthermore, when 

normalising the stress-strain curves by their respective pre-consolidation pressure, Leroueil et al. 

(1985) discovered that the normalised curves were located within a very strict margin, indicating the 

existence of a unique stress-strain-strain rate relationship. This behaviour is termed as isotach. 

 

 

(a) (b) 

Figure 2.7 – Oedometer CRS tests on Bastican clay: (a) stress-strain curves and (b) variation of pre-

consolidation pressure with the logarithmic of vertical strain rate (after Leroueil et al., 1985) 

 
Later, the isotach behaviour was more rigorously considered as a unique relationship between the 

current stress, viscoplastic strain and viscoplastic strain rate so that it can explain the phenomenon of 

stress relaxation in which the total strain rate remained zero: if the total strain is decomposed into an 

elastic and a viscoplastic component, the increase of viscoplastic strains with time should be annulled 

by the development of negative elastic strains, implying a decay on the acting effective stresses, and 

thus reproducing the stress relaxation behaviour. 

Figure 2.8 presents the results of SRS tests for the same clay performed by Leroueil et al. (1985). 

They reveal another typical behaviour of isotach behaviour: the effects of strain rate are permanent 

provided that the strain rate remains unchanged. Immediately after the change in rate, the stress path 

moves to the normal compression line corresponding to the new applied strain rate and remains there 

until a new stain rate change is imposed.  

Tavenas & Leroueil (1977) suggested that the effects of strain rate may also be extended to general 

stress space by quantifying the increase of the yield surface size with the applied strain rate. 

However, the Critical State Line appears to be rate independent as several tests performed at 

different strain rates on normally consolidated clays did not show any significant effects on the friction 

angle (Vaid & Campanella, 1977). 



 

13 
 

 

Figure 2.8 – SRS tests on Batiscan clay (after Leroueil et al., 1985) 

 
Based on numerous SRS triaxial tests, Tatsuoka (2004) suggests that the normalised stress jump and 

the ratio of strain rate before and after the step change are linearly proportional. The slope of this 

relationship is termed as the rate sensibility coefficient 𝛽 and it gives an idea of the susceptibility of 

the geomaterial to be affected by the change in strain rate. Additionally, the permanency of the effects 

of strain rate can also be observed in the same SRS tests for geomaterials with isotach viscosity. 

These two remarks serve as additional examples of how the behaviour can be extended to general 

stress space. 

Vaid et al. (1979) performed undrained constant rate of strain tests on overconsolidated Leda clay. 

The results, shown in figure 2.9, indicate that both peak and ultimate undrained shear strength 

increases with faster applied strain rates.  

 

Figure 2.9 – Stress-strain behaviour of Leda clay in undrained constant rate of strain tests (after Vaid et 

al., 1979) 
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From undrained triaxial tests on undisturbed Haney clay, Vaid & Campanella (1977) observed that, in 

similar fashion to the reported effects of strain rate on the yield stress in 1D conditions, the undrained 

shear strength increased almost linearly with the logarithm of strain rate, about 10% per logarithmic 

cycle. Because Critical State Line is time independent in 𝑞 − 𝑝′ stress space, the variations of the 

undrained stress path and undrained shear strength are solely due to pore water pressure changes. A 

change in the Critical State Line implies the development of structuration effects. 

According to Augustesen et al. (2004), “it seems reasonable that the isotach behaviour is adequate 

for describing the time effects in clays in most situations. However, there are exceptions such as the 

time-dependent behaviour at very low strain rates, where the effects of structuration play a role”. 

TESRA viscosity – temporary effects of strain rate and strain acceleration. The results from SRS 

tests on sands performed by numerous researchers (e.g. Matsushita, 1999; Di Benedetto et al., 2002; 

Tatsuoka, 2004) clearly differ from the ones performed on soils with isotach viscosity. For instance, 

figure 2.10 shows the results of two drained triaxial compression tests on saturated Toyura sand 

performed by Matsushita (1999) (one with step changes in the strain rate and the other without). The 

figure indicates that, after the stepwise change in the applied strain rate, the deviatoric stress jumps 

but as the straining is continued, the soil ultimately re-joins the initial stress-strain relationship (that 

coincides with the stress-strain relationship obtained from a CRS drained triaxial compression test). 

The phenomenon is referred to overshoot or undershoot when there is an increase or decrease in the 

applied strain rate, respectively.  

 

Figure 2.10 – Drained triaxial compression tests with and without step changes in the strain rate on 
saturated Toyura sand (after Matsushita, 1999) 

 
TESRA geomaterials are often incorrectly assumed as time and rate independent because CRS tests 

performed at different strain rates yield a unique stress-strain relationship. However, Matsushita 

(1999) stated that the inertial force of the loading system on the measured stresses were utterly 
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negligible in the SRS tests, suggesting that the verified jumps were due to viscous properties of the 

sand. In addition, the same sand exhibited a large amount of delayed deformations in creep and 

stress relaxation tests, proving to be time and rate dependent, but in contrast to a geomaterial with 

isotach viscosity, the phenomenon of creep and stress relaxation cannot be predicted from results 

obtained in CRS loading tests or vice-versa. 

Positive & Negative viscosity. This type of viscosity was found most recently on drained triaxial 

tests performed on Albany sand by Enomoto et al. (2006), in particular in the peak and post-peak 

regime, the results of which are presented in figure 2.11.  

  
(a) (b) 

Figure 2.11 – Consolidated drained triaxial compression tests with stepwise change in strain rate on 
Albany sand: (a) overall behaviour and (b) close-up (after Enomoto et al., 2006) 

 
These results show that following the step change in strain rate, the behaviour of the Albany sand is 

similar to that of materials with TESRA viscosity but, with the continued straining, the soil tends to and 

remains on the stress path corresponded to the current strain rate, which lies below or above the 

previous one, in case of an increase or decrease in applied strain rate, respectively. 

Tatsuoka (2006) suggests that the viscous stress component that characterises the P&N viscosity, 𝜎𝑣, 

is decomposed into two parts: 

𝜎𝑣 = 𝜎𝑇𝐸𝑆𝑅𝐴
𝑣 + 𝜎𝑁𝐼

𝑣 (2.3) 

where 𝜎𝑇𝐸𝑆𝑅𝐴
𝑣  is a kind of TESRA viscous stress component, of which the increment is positive upon a 

step increase in strain rate and 𝜎𝑁𝐼
𝑣  is the P&N isotach component, which is negative for a step 

increase in strain rate. With the fading of the TESRA component over time, the negative isotach 

component is dominant, leading to the behaviour shown in figure 2.11. 

Transition of viscosity type. Tatsuoka (2006) summarised the various factors that appear to 

influence the viscous stress-strain behaviour of geomaterials (see Table 2.1). 
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Table 2.1 – Summary of the factors affecting the viscosity type (after Tatsuoka, 2006) 

Influencing factors 

Viscosity Type 

Isotach Intermediate TESRA 
Positive and 

Negative 

Particle shape (in case of stiff 
particles) 

more angular → rounder 

Grading characteristics better graded → more poorly graded 

Particle size smaller (clay) → Larger (sand/gravel) 

Particle crushability more crushable → less crushable 

Inter-particle bonding strong → weak → null 

Strain level pre-peak → post peak (in particular at residual state) 

Inter-particle contact points more stable → less stable 

 

The viscous stress-strain soil response is likely to be affected by the inter-particle contact points 

based on two mechanisms that have opposing effects on the strength and stiffness of the soil: (a) the 

load-deformation relation at inter-particle contact points becomes stiffer and stronger with an increase 

in the deformation rate resulting in an increase in the global strength and stiffness of the geomaterial 

and (b) the inter-particle contact points becomes more stable by more creep compression resulting 

from lower global strain rates. Depending on the balance between these two mechanisms the 

viscosity type of the geomaterial will be of the isotach, intermediate, TESRA or P&N type. Based on 

the above findings, Tatsuoka (2006) also suggests “…that the viscosity type tends to change in such 

a way as illustrated in figure 2.12. That is, when viscosity property is initially the isotach behaviour in 

the pre-peak regime, it tends to change towards the intermediate type and then the TESRA type in 

the post-peak regime. When the viscosity property is initially the TESRA type in the pre-peak regime, 

it tends to change towards the P&N type in the post-peak regime. When the viscosity property is 

initially the P&N type, it remains at the P&N type in the post-peak regime but occasionally showing 

unstable behaviour (i.e. a sudden temporary large drop in stress) in particular immediately after a step 

increase in the strain rate”. 

  

(a) (b) 

Figure 2.12 – (a) Transition of viscosity type with straining and (b) schematic representation of the 
behaviour of the different viscosity types (after Tatsuoka, 2006) 
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2.3 Characterisation of models for time-dependent behaviour of soils 

2.3.1 Types of models 

Throughout the years, several constitutive models have been proposed to describe the time and rate 

dependent behaviour of soils. The vast variety of these models make it impossible to present every 

single one of them in the present thesis. This section aims to characterise the ones that permitted the 

author to have a better understanding of the problems involved in modelling the behaviour of soils 

with isotach viscosity. According to Liingaard et al. (2004), the constitutive models available from 

literature can be divided into three categories. 

Empirical models are mainly obtained by fitting experimental results from creep, stress relaxation 

and CRS tests with simple mathematical expressions based on closed form solutions or differential 

equations. They often reflect the real behaviour of soils, providing practical solutions to engineering 

problems, as long as the boundary conditions comply with the laboratory experiments. They may also 

serve as a base to develop general stress-strain three-dimensional constitutive relations. 

Rheological models are generally employed to describe uniaxial loading conditions and they are 

used to obtain a conceptual understanding of time dependent behaviour of soils. They are also given 

as closed form solutions or differential equations. 

General stress-strain-strain rate models extend, in principle, inviscid three-dimensional models to 

include viscous effects. They are often given in incremental form, and thus readily adaptable for direct 

numerical implementation in a finite element or finite difference procedure. Unlike the other two 

categories, these models are not limited to the boundary conditions from which they have been 

derived, allowing the simulation of all stress paths. 

 

2.3.2 Empirical models 

Semi-logarithmic law. One of the simplest approaches to represent the deformation with time 𝑡 

during secondary compression is given by the following mathematical expression: 

휀𝑧 = 𝐶𝛼𝜀 log (
𝑡

𝑡𝑖
)      𝑓𝑜𝑟     𝑡 > 𝑡𝑖 (2.4) 

where 휀𝑧 is the vertical strain of the oedometer test; 𝑡𝑖 is the time associated with the initiation of 

secondary compression and 𝐶𝛼𝜀 is the coefficient of secondary compression used to describe the 

magnitude of creep strains. Two aspects arise attention when applying equation 2.4. There is the 

problem of defining the time associated with the initiation of secondary compression 𝑡𝑖 and whether 

the value of the coefficient of secondary compression should be considered constant or, instead, 

function of stress level and/or time. Table 2.2 presents the summary of the models reviewed by 

Liingaard et al. (2004) that incorporates the aforementioned concepts of 𝐶𝛼𝜀. 
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Table 2.2 – Summary of the semi-logarithm models reviewed by Liingard et al. (2004) 

Factors 
Concept of 

constant 𝑪𝜶  
Concept of constant 

𝑪𝜶 /𝑪   
Concept by Yin (1999) 

Value of 𝐶𝛼𝜀 
Constant for a given 

soil. 

Time and stress 
dependent along with 

the compression index, 
but 𝐶𝛼𝜀/𝐶𝑐𝜀 is assumed 

to be constant. 

Time dependent and tends to zero 
when time 𝑡 tends to infinite. 

Equation’s 
form 

휀𝑧 = 𝐶𝛼𝜀 log (
𝑡

𝑡𝑖
) 

(2.5) 

휀𝑧 =
1

𝑚′
𝐶𝑐𝜀 log (

𝑡

𝑡𝑖
) 

(2.6) 

휀𝑧 =
𝜓

𝑉
ln (
𝑡𝑒 + 𝑡0
𝑡0

) 

(2.9) 

Description 
of the 

parameters 

𝑡𝑖 is the time 
associated with the 

initiation of 
secondary 

compression 

𝑚′ = 𝐶𝑐𝜀/𝐶𝛼𝜀 
(2.7) 

𝑚′ is a constant and is 
the ratio between 

compression index and 
the coefficient of 

secondary 
compression; 𝑡𝑖 is the 
time associated with 

the initiation of 
secondary 

compression 

𝜓

𝑉
=

𝜓0
𝑉

1 +
𝜓0

𝑉 ∙ 휀𝑣𝑜𝑙,𝑚,𝐿𝑖𝑚𝑖𝑡
𝑣𝑝 ln (

𝑡0 + 𝑡𝑒
𝑡0

)
 

(2.10) 

where 𝑉 is the specific volume; 𝑡𝑒 is 

the equivalent time; 𝑡0 is the real time 
associated with the reference time 

line; 𝜓0/𝑉 is the constant creep 

parameter and 휀𝑣𝑜𝑙,𝑚,𝐿𝑖𝑚𝑖𝑡
𝑣𝑝

 is the 

limiting strain. 

Equivalence 
to equation 

2.4 
– 

𝐶𝛼𝜀 = 𝐶𝑐𝜀/𝑚′ 
(2.8) 

𝐶𝛼𝜀 =
𝜓

𝑉
ln 10 

(2.11) 

Information 
about the 
concept 

Given that 𝐶𝛼𝜀 is 
constant, a linear 

secondary 
compression phase 
is observed in the 

휀𝑧 − log 𝑡 space. 

This concept takes into 
account the 

dependency of 𝐶𝛼𝜀 with 
the effective stress 

(e.g. Mesri, 1973; Mesri 
& Godlewski, 1977). 

Since the deformation computed by 
equation 2.5 tends to infinity for an 

infinite time, the equation may 
overestimate the long-term creep 

settlements. Yin’s model is, therefore, 
developed to consider the non-linear 
creep behaviour as a function of time. 

 

Singh & Mitchell’s creep model. With the observation of a linear relationship in log 휀�̇� − log 𝑡 space 

characterised by the slope 𝑚, during triaxial creep tests, Singh & Mitchell (1968) suggested a simple 

three parameter equation that is able to describe the creep behaviour of clayey soils over a range of 

stress levels from about 30% to as high as 90%: 

휀�̇� = 𝐴 exp(�̅��̅�) (
𝑡𝑖
𝑡
)
𝑚

(2.12) 

where �̅� = 𝛼𝑞𝑚𝑎𝑥 and �̅� = 𝑞/𝑞𝑚𝑎𝑥. 𝐴 is the soil property that reflects composition, structure and stress 

history; 𝛼 indicates the stress intensity effect on the creep rate; 𝑚 controls the rate of decay of the 

strain rate with the logarithm of time; 𝑞 is the constant deviatoric stress applied during the creep 

process, 𝑞𝑚𝑎𝑥 is the soil’s shear strength at the beginning of the process and 𝑡𝑖 is the time origin. 

The model is only capable to describe creep behaviour at a constant deviatoric stress and during 

primary creep phase as it predicts a continuous decrease of creep strain rate. Because it cannot 

mimic tertiary creep phase it cannot simulate creep rupture. However, it reproduces both fading and 
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non-fading creep (i.e. whether the strains have an asymptotic value or increases to infinity as time 

tend towards infinity) through the adjustment of parameter 𝑚. 

Lacerda & Houston’s relaxation model. Lacerda & Houston (1973) inverted equation 2.12 to derive 

an expression that describes the change in effective stresses with time in stress relaxation tests: 

𝑞

𝑞0
=
�̅�

�̅�0
= 1 − 𝑠 log (

𝑡

𝑡𝑖
)     𝑓𝑜𝑟    𝑡 > 𝑡𝑖 (2.13) 

where 𝑞 is the current deviatoric stress level; 𝑞0 is the deviatoric stress level at 𝑡𝑖; 𝑡 is the time since 

the beginning of stress relaxation; 𝑡𝑖 is the time delay between the start of the relaxation tests and the 

decay in deviatoric stress and 𝑠 is the slope of the relaxation curve in 𝑞/𝑞0 − log 𝑡 diagram. The slope 

𝑠 can be related to the parameters �̅� and 𝑚 from Singh and Mitchell’s creep model through equation 

2.14. 

𝑠 =
Φ

�̅�0
    𝑤ℎ𝑒𝑟𝑒   Φ =

2.3(1 − 𝑚)

�̅�
(2.14) 

It should be noted that the model is formulated for 𝑚 values lower than unity, corresponding to the 

case of non-fading creep (strains tend towards infinity with infinite creep time). 𝑡𝑖 is found to decrease 

with increasing applied strain rates at the start of the stress relaxation period. 

Bjerrum’s isochrone model. Considering the semi-logarithmic creep law, Bjerrum (1967) introduced 

a concept that describes the complete behaviour of normally and lightly overconsolidated clays under 

one-dimensional conditions. In this section only the mathematical formulation is presented, as the 

framework of this model has been already explained in 2.2.2. Using the compression index 𝐶𝑐𝑒, the 

recompression index 𝐶𝑟𝑒 and the coefficient of secondary compression 𝐶𝛼𝑒, Garlanger (1972) 

proposed equation 2.15 to formulate Bjerrum’s concept. 

𝑒 = 𝑒0 − 𝐶𝑟𝑒 log (
𝜎′𝑧,𝑝𝑐
𝜎′𝑧,0

) − 𝐶𝑐𝑒 log (
𝜎′𝑧
𝜎′𝑧,pc

) − 𝐶𝛼𝑒 log (
𝑡

𝑡𝑖
) (2.15) 

where 𝑒 is the current void ratio; 𝑒0 is the initial void ratio; 𝜎′𝑧,0 is the initial vertical stress; 𝜎′𝑧,𝑝𝑐 is the 

vertical pre-consolidation pressure; 𝜎′𝑧 is the current vertical stress; 𝑡 is the elapsed time and 𝑡𝑖 is the 

time associated with the initiation of secondary compression. According to the equation, the change in 

the soil void ratio is composed by an elastic, elastoplastic and time dependent component. The first 

two components are assumed to be due to the instant reaction of the soil skeleton to the changes in 

effective stresses (instant compression) whereas the third and final component is due to the delayed 

compression at constant effective stresses and is characterised by the semi-logarithmic creep law.  

Based on equation 2.15 and the diagram shown in figure 2.13 it is possible to estimate the amount of 

apparent overconsolidation due to ageing. 
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Figure 2.13 – Visualisation of the solution to estimate the amount of overconsolidation. Path AA’ and 
ABA’ correspond to the delayed compression path and the instant elastoplastic loading followed by 

elastic unloading path (after Liingard et al. 2004) 

 
Consider a NC soil state defined by an initial void ratio 𝑒0, an initial age 𝑡𝑖 and an initial stress 𝜎′𝑧,0 

(equal to the pre-consolidation pressure). At the end of the delayed compression (path AA’), the clay 

would be defined by the void ratio 𝑒𝑡, the age 𝑡 and the stress 𝜎′𝑧,0 (with an apparent pre-

consolidation pressure equal to 𝜎′𝑧,𝑡). However, since the resulting stress state may also be obtained 

by a loading and unloading sequence of the young NC clay (path ABA’), it is possible to equate the 

expressions for path AA’ and ABA’ to obtain the magnitude of 𝜎′𝑧,𝑡 as a function of the time of ageing, 

which is given by equation 2.16. 

𝜎′𝑧,𝑡
𝜎′𝑧,0

= (
𝑡

𝑡𝑖
)
𝐶𝛼𝑒 (𝐶𝑐𝑒−𝐶𝑟𝑒)⁄

(2.16) 

where 𝜎′𝑧,𝑡 is the pre-consolidation pressure at time 𝑡 and 𝜎′𝑧,0 is the pre-consolidation pressure at 

the beginning of the secondary compression at time instant 𝑡𝑖. 

Strain rate approach. The model was first introduced by Šuklje (1957) then investigated in detail by 

Leroueil et al. (1985). It is based on the existence of a unique stress-strain-strain rate relationship, 

under 1D compression, irrespective of the loading history. Leroueil et al. (1985) suggested that this 

unique relationship can be described completely by two separate equations obtained by CRS tests at 

different strain rates. The first one giving the variation of the pre-consolidation pressure with the strain 

rate (equation 2.17) and the other illustrating the normalised effective stress-strain relationship 

(equation 2.18). 

𝜎′𝑧,𝑝𝑐 = 𝑓(휀�̇�) (2.17) 

𝜎′𝑧
𝜎′𝑧,𝑝𝑐

= 𝑔(휀𝑧) (2.18) 
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where 𝜎′𝑧,𝑝𝑐 is the vertical pre-consolidation pressure; 휀�̇� is the vertical strain rate; 휀𝑧 is the vertical 

strain and 𝜎′𝑧 is the vertical effective stress. Combining the above equations, the general form of the 

strain rate approach is given as: 

휀�̇� = 𝑓
−1 (

𝜎′𝑧
𝑔(휀𝑧)

) (2.19) 

Several drawbacks of the model are discussed herein: (a) since the model is derived based on 

observations under the normally consolidated range, it gives poor estimation in the overconsolidated 

range in which the elastic strains are dominant; (b) the observations is also based on increasing 

strains only and it should not be used to predict clay rebounds due to unloading; (c) the model does 

not reproduce stress relaxation as it describes the unique relationship of stress with the total strain 

and total strain rate. During stress relaxation, the total strain rate is maintained equal to zero and, as a 

result, the strain rate approach will predict that the effective stress is constant. This paradox may be 

overcome if a unique relationship between stress, the irrecoverable (viscoplastic) strain and the 

irrecoverable (viscoplastic) strain rate is considered instead, as discussed in section 2.2.4. 

Leroueil & Marques (1996) proposed that equation 2.17 could be well reproduced by Equation 2.20, 

log
𝜎′𝑧,𝑝𝑐

𝜎′𝑧,𝑝𝑐0
= 𝐴 +

1

𝑚′
log

휀�̇�
휀�̇�0

(2.20) 

where 𝜎′𝑧,𝑝𝑐0 is the reference vertical pre-consolidation pressure; 휀�̇�0 is the reference vertical strain 

rate; 𝐴 and 𝑚′ are model parameters. They showed that the viscous behaviour described by the strain 

rate approach is equivalent to the concept of constant 𝐶𝛼𝜀/𝐶𝑐𝜀 through the relation of the parameter 

𝑚′ with the 𝐶𝛼𝜀/𝐶𝑐𝜀 ratio: 

1

𝑚′
=
𝐶𝑐𝜀
𝐶𝛼𝜀

(2.21) 

Equivalent time concept. Yin & Graham (1989, 1994) and Yin et al. (2002) developed a series of 

models that combined Bjerrum’s isochrone concept and the strain rate approach. New terminologies 

such as reference, limit and instant time lines, illustrated in figure 2.14, were introduced.  

Herein, soil deformation is also assumed to be decomposed into an instant and delayed component. 

However, conversely to Bjerrum’s model in which instant soil deformation is considered to be elastic-

plastic, this is assumed to be purely elastic instead. In this sense, the instant time line is defined by 

the time-independent elastic response of the soil. The time dependent viscoplastic deformation is then 

characterised by a series of equivalent time lines that have equal values of equivalent times 𝑡𝑒. 

Equivalent time is defined as the necessary duration for the soil to creep under constant effective 

stresses from the reference time line (with an equivalent time of 𝑡𝑒 = 0) to the current stress state. It 

should be noted that the equivalent time as a rule does not correspond to the real loading time (Yin et 

al., 2002). 
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Figure 2.14 – Illustration of the equivalent time concept. Equivalent times below the reference time line 
are considered as positive times whereas times above are considered as negative times (after Yin and 

Graham, 1989). 

 
Consider the stress state 𝑖 in figure 2.14 and two different loading sequences to reach the stress state  

(𝑖 + 1): 𝑖 → (𝑖 + 1)′′ → (𝑖 + 1) corresponding to a single loading step followed by a creep period and 

𝑖 → (𝑖 + 2)′′ → (𝑖 + 2) → (𝑖 + 1) a path with loading and unloading sequence.  

According to the equivalent time concept both loading sequences yield the same equivalent time for 

stress state (𝑖 + 1), suggesting that equivalent time is not dependent of the loading path nor the 

loading history. In addition, since equivalent time lines are demonstrated to be lines of constant 

viscoplastic strain rate, the previous observation indicates that viscoplastic strain rate is also 

independent of stress path and history (it depends on the current stress state only).  

Consequently, viscoplastic strain rate determined using a particular loading history, for example, the 

conventional creep tests, is the same and can be used for any other loading history. In other words, 

the model is able to reproduce laboratory tests such as creep, stress relaxation and constant rate of 

strain tests for both NC and OC soils using a single creep law. 

The existence of a limit time line depends on the creep law being implemented (i.e. whether there is 

an asymptotic value for creep strains when time tend towards infinity). For creep laws that predict an 

infinite creep strain at an infinite creep time, the zone where soil behaviour is purely elastic is 

inexistent. Contrarywise, if the creep law implemented defines a limiting value for the development of 

creep strains, a limit time line is installed. When equivalent time tends to infinity, the associated 

equivalent time line approaches the limit time line, beyond which soil behaviour is time-independent, 

and thus no inviscid strain rate is predicted. 

Discussion. The simplest empirical models (primary empirical relations) presented above aim to 

provide a quantification of the soil delayed deformation under 1D conditions (secondary compression 

휀𝑧

𝜎′𝑧

𝑡𝑒 = 0
𝑡𝑒 > 0

(𝑖 + 1)

𝑡𝑒 =  

𝑡𝑒 =  
𝑡𝑒 > 0

𝑡𝑒 = 0
𝑡𝑒  0

(𝑖 + 2)

(𝑖 + 2) 
(𝑖 + 1) 𝑖

Limit time line

Reference time line

Instant time line

𝑡𝑒  0
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with the semi-logarithmic law or Singh and Mitchel’s creep model, and the decay in stresses under 

constant strain with Lacerda & Houston’s stress relaxation model).  

However, they only provide information regarding one component of stress and strain. Hence, 

researchers such as Kavazanjian & Mitchell (1977) and Tavenas et al. (1978) have combined these 

empirical relations to obtain secondary empirical models that consider both volumetric and shear 

strain components so that creep deformation can be estimated with reference to a flow rule. The 

resulting models remain strictly limited to the boundary conditions from which the primary empirical 

relations have been derived and still consider the delayed component of the soil deformation only. 

To ensure that full soil deformation is considered, Bjerrum (1967) and Leroueil et al. (1985) added 

one or more of the described empirical relationships to time independent models, giving rise to the 

isochrone concept and the strain rate approach, respectively. 

The empirical models are seen to be grouped into time-hardening and strain-hardening models. Time 

hardening models are characterised by relations in which time 𝑡 enters explicitly as the hardening 

parameter and can either be expressed by equation 2.22 or 2.23. 

휀𝑐 = 𝑓(𝜎) ∙ 𝑔(𝑡) (2.22) 

휀̇𝑐 = 𝑓(𝜎) ∙ 𝑔(𝑡) (2.23) 

where 휀𝑐 is the creep strain; 휀̇𝑐 is the creep strain rate; 𝑓 and 𝑔 are functions of stress and time, 

respectively.  

Equation 2.22 is more commonly known as total strain model and represents, for instance, the 

logarithmic creep law in which the function 𝑓 is either constant (𝐶𝛼𝜀 constant) or varies with the 

confining pressure (𝐶𝛼𝜀/𝐶𝑐𝜀 constant) and the function 𝑔 is the logarithmic function. It is recommended 

that total strain models should be used only when the applied stresses remain constant or vary very 

slowly with time (Liingaard et al., 2004).  

Equation 2.23 is often referred as time hardening model and given its incremental form, it can take 

stress changes into account. Examples of these are Singh & Mitchell’s and Larceda & Houston’s 

model. Because time 𝑡 is introduced explicitly, both total strain and time hardening models require the 

definition of a time origin that establishes the onset of creep strains. 

Strain hardening models are defined by relations that consider creep strain as the hardening 

parameter (equation 2.24). The strain rate approach written in the generalised form can be 

considered as a strain hardening model if 𝑔 is taken as a function of total strain instead. 

휀̇𝑐 = 𝑓(𝜎) ∙ 𝑔(휀𝑐) (2.24) 
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2.3.3 Rheological models 

Rheological models are typically developed to describe the behaviour of metals and fluids but, due to 

their simplicity, they may be used to provide a conceptual understating of the time dependent 

behaviour of geomaterials as well. These models can be divided into three main categories: 

1) The differential approach, which is also known as the mechanical rheological behaviour, 

has its constitutive relations constructed by combining different elementary material models, 

such as Hookean spring, Saint-Venant’s slider and Newtonian dashpot, which are illustrated 

in figure 2.15; 

2) Engineering theories of creep are general theories for determining inelastic creep response 

of soils that are widely applied in mechanics of concrete and metal. The mathematical 

structures of the empirical models were derived based on this approach;  

3) In the hereditary approach, the current stress state is assumed to be described by the 

integration, over the entire memory, of the function that describes the historic dependence of 

strains and stresses. 

Only the differential approach is discussed herein as it is the one of more interest to the subject of soil 

mechanics. Three well-known combinations of the elementary material models (illustrated in figure 

2.15) with relevance to geotechnical engineering are summarised in table 2.3. These three 

combinations are the Maxwell, the Kelvin-Voigt and the Bingham model. 

 

Figure 2.15 – Schematic representation of the elementary material models: the Hookean spring, the 

Newtonian dashpot and the Saint Venant’s slider (after Bodas Freitas, 2008) 

 
The meaning of the symbols in figure 2.15 is: 𝜎𝑒, 𝜎𝑣, 𝜎 and 𝜎𝑦 are the elastic, viscous, applied and 

yield stress, respectively; 휀𝑒 and 휀 corresponds to the elastic and total strain; 휀̇𝑣 is the viscous strain 

rate; 𝐸 is the elastic modulus (also known as Young modulus) and 𝜂 is the constant slope of the 

dashpot stress-strain rate diagram. 
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Table 2.3 – Summary of the three well-known differential approach models for geomechanics 

Combination Maxwell model Kevin-Voigt model Bingham model 

Schematic 
representation 

 
  

Elementary 
models applied 

Spring and dashpot 
characterised by a 
modulus 𝐸 and a 

constant viscosity 𝜂, 
respectively.  

Spring and dashpot 
characterised by a 
modulus 𝐸 and a 

constant viscosity 𝜂, 
respectively. 

Spring, dashpot and plastic 
slider characterised by a 

modulus 𝐸, a constant viscosity 

𝜂 and a yield stress 𝜎𝑦, 

respectively. 

Placement In series. In parallel. 
Parallel unit composed by the 

dashpot and the plastic slider in 
series with the elastic spring. 

Stress 
expression 

𝜎𝑒 = 𝜎𝑣 = 𝜎 
(2.25) 

𝜎 = 𝜎𝑒 + 𝜎𝑣 
(2.28) 

𝜎 =

= {

𝜎𝑒 = 𝜎          
𝜎𝑣 = 𝜎 − 𝜎𝑦

  𝑓𝑜𝑟   𝜎 > 𝜎𝑦

 𝜎𝑒 = 𝜎            𝑓𝑜𝑟    𝜎 ≤ 𝜎𝑦

 

(2.31) 

Strain 
expression 

휀𝑡𝑜𝑡 = 휀𝑒 + 휀𝑣 
(2.26) 

휀𝑡𝑜𝑡 = 휀𝑒 = 휀𝑣 = 휀 
(2.29) 

휀𝑡𝑜𝑡 =

= {
휀𝑒 + 휀𝑣      𝑓𝑜𝑟   𝜎 > 𝜎𝑦
 휀𝑒              𝑓𝑜𝑟    𝜎 ≤ 𝜎𝑦

         

(2.32) 

Strain rate 
expression 

휀̇𝑡𝑜𝑡 =
�̇�

𝐸
+
𝜎

𝜂
 

(2.27) 

휀̇ =
𝜎 − 𝐸 ∙ 휀

𝜂
 

(2.30) 

휀̇𝑡𝑜𝑡 =

=

{
 

 
�̇�

𝐸
+
𝜎 − 𝜎𝑦

𝜂
    𝑓𝑜𝑟   𝜎 > 𝜎𝑦

�̇�

𝐸
                      𝑓𝑜𝑟    𝜎 ≤ 𝜎𝑦

   

(2.33) 

Creep 
phenomenon 

�̇� = 0 
therefore 

휀̇𝑡𝑜𝑡 =
𝜎

𝜂
 

the model predicts a 
constant strain rate 
during creep phase 

𝜎 is constant and 

accumulated 휀 
increases 
therefore, 

total strain rate 
decreases with creep 

time 

The viscous properties are 
inactive when the applied stress 

is below the yield stress 𝜎𝑦. 

Provided that 𝜎 > 𝜎𝑦, the 

Bingham model is very similar 
to the Maxwell model, the only 
difference is that the viscous 

stresses 𝜎𝑣 is given by 𝜎 − 𝜎𝑦 

instead. Hence, the Bingham 
model predicts constant creep 

rate under constant stress, 
stress decay during relaxation 
and changes in the material 

stress-strain response due to 
the effect of strain rate.  

Stress 
relaxation 

phenomenon 

휀̇𝑡𝑜𝑡 = 0 
therefore 

�̇� = −
휀̇𝑣

𝐸
= −

𝜎

𝜂𝐸
 

the model predicts a 
reduction in stress 

during relaxation at a 
rate linearly 

proportional to the 
viscous strain rate 

휀̇ = 0 
Therefore 

𝜎 = 𝜎𝑒 =
휀

𝐸
 

With 휀 constant, the 
stress should remain 

constant as well. 
The model does not 
predict stress decay 

during relaxation 

Correspondence 
to other models 

– – 

The Bingham model can be 
considered as an elastic-

viscoelastic model and is very 
similar to the overstress theory 
that will be presented in section 

2.3.4. 

 

𝐸 𝜂

𝜎 𝜎

휀𝑒 휀𝑣

𝐸

𝜂𝜎 𝜎

휀

𝐸

𝜂𝜎 𝜎

𝜎𝑦

휀𝑒 휀𝑣𝑝
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Discussion. The rheological models given above are only able to mimic uniaxial viscoelastic 

behaviour in which the elementary material models are all described by linear relationships. It is well 

known that soils also present plastic behaviour and show highly non-linear relationships for both 

elastic and plastic regimes. Therefore, the constitutive relations obtained from these models are not 

sufficient to describe the behaviour of geomaterials. It is possible to adopt more complex constitutive 

relations for the elastic spring, the viscous dashpot and the plastic slider or to extend the rheological 

models from uniaxial conditions to general stress space, but their governing equations will become 

much more complex to manipulate mathematically, jeopardising one of their main features, which is to 

provide a straightforward visualisation of soil behaviour. 

 

2.3.4 General stress-strain-strain rate models 

General stress-strain-strain rate models are general constitutive laws that describes not only the 

viscous effects but also the inviscid (rate-independent) behaviour of soils, in principal, under any 

possible loading conditions. They are readily adaptable for finite element implementation because 

their constitutive expressions are generally given in incremental form. Herein, only the ones which 

combine inviscid elastic and time-dependent plastic behaviour are considered. They are termed as 

elastic-viscoplastic models and can be divided into three categories: (a) the overstress theory, (b) the 

concept of a nonstationary flow surface (NSFS) and (c) others. Given that the model implemented 

hereafter uses the overstress theory, the other two categories is out of the scope of the present 

thesis, and thus will not be presented. 

Overstress theory. The concept of overstress was developed by Perzyna (1963). According to 

Perzyna’s three-dimensional overstress theory, the total strain rate is decomposed into an elastic and 

viscoplastic component: 

{휀̇𝑇} = {휀̇𝑒𝑙} + {휀̇𝑣𝑝} (2.34) 

The elastic strain rate {휀̇𝑒𝑙} is assumed to obey the generalised Hooke’s law whereas the viscoplastic 

strain rate {휀̇𝑣𝑝} is considered to follow the associated flow rule given by equation 2.35. 

{휀̇𝑣𝑝} = 𝛾 ∙ 〈Φ(𝐹)〉 ∙ {
𝜕𝑓𝑑
𝜕𝜎′𝑖𝑗

} (2.35) 

where 〈Φ(𝐹)〉 = {
Φ(𝐹), 𝐹 > 0

0, 𝐹 ≤ 0
 

{휀̇𝑣𝑝} is the viscoplastic strain rate tensor; 𝜎′𝑖𝑗 is the effective stress state; 𝛾 is a fluidity parameter; 

Φ(𝐹) is the viscoplastic scalar multiplier and a function of the overstress, 𝐹, the quantity 𝐹 being 

defined as the normalised distance between the current dynamic loading surface, 𝑓𝑑, and the static 

loading surface, 𝑓𝑠, which defines the region of time-independent and purely elastic behaviour (i.e. a 

yield surface): 

𝐹 =
𝑓𝑑
𝑓𝑠
− 1 (2.36) 
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Through comparison between equation 2.33 and equations 2.34 to 2.36, one may conclude that 

Perzyna’s overstress theory is a three-dimensional version of the Bingham model. The plastic 

potential is omitted in the Bingham model as it applies to one-dimensional cases only. Given that the 

function of overstress Φ(𝐹) is a function of the normalised distance between the static and dynamic 

surface, it can be related to the quantity 𝜎 − 𝜎𝑦 in the Bingham model. Finally, the parameter 𝛾 is 

essentially the inverse of the viscosity parameter 𝜂. 

The overstress theory differs from the classic plasticity theory in the sense that it does not invoke the 

consistency rule in the derivation of the theory. While in the classic plasticity theory the magnitude of 

inelastic strains is related to stress rate and current stress state, in the overstress theory, these are 

related to the current stress state only, and independent of stress rate or stress history. Furthermore, 

because the consistency rule is not assumed in the theory, the stress state can lie within, on and 

above the static yield surface. 

It can be shown that the overstress theory is able to mimic permanent strain rate effects in a 

material’s stress-strain response and is able to simulate the phenomena of creep and stress 

relaxation provided that the processes start from a stress state above the static yield surface 𝑓𝑠. 

However, due to its formulation, it lacks the capability to model tertiary creep (creep rupture) as 

shown by Adachi et al. (1987). 

The value of Φ(𝐹) may be evaluated by curve fitting the results obtained from laboratorial tests (e.g. 

Di Prisco & Imposimato, 1996) and, according to Liingaard et al. (2004), two of the most used forms 

are: 

Φ(𝐹) = 𝑎𝐹6    𝑎𝑛𝑑      Φ(𝐹) = 𝑐 ∙ exp(𝑗𝐹𝑘) − 1 (2.37) 

where 𝑎, 𝑏, 𝑐, 𝑗 and 𝑘 are constants. The described method imposes an increased difficulty to apply 

the overstress theory, since it is not easy to determine the position of the static yield surface in stress 

space, considering that the surface is associated with loading at a plastic strain rate equal to zero. 

An alternative approach to evaluate Φ(𝐹) used by researchers such as Adachi et al. (1987), Yin et al. 

(2002) and Bodas Freitas et al. (2011) is to replace the static yield surface with a reference loading 

surface 𝑓𝑟𝑒𝑓 associated with a finite viscoplastic strain rate value.  

The approach considers one of the empirical creep laws presented in 2.3.2. However, since these 

laws are only valid under isotropic stress conditions, the model evaluate first the viscoplastic strain 

rate under the same conditions instead. The viscoplastic behaviour is then extended to generalised 

stress space with further assumptions regarding the ratio between the volumetric and the deviatoric 

viscoplastic strain increments. In this respect, two different assumptions have been devised: the 

loading surface is either taken as a locus of constant volumetric viscoplastic strain rate (e.g. Yin et al., 

2002) or a locus of constant Φ(𝐹) (e.g. Bodas Freitas et al., 2011). The latter assumption is more 

appropriate because it truly gives rise to an overstress model and, as demonstrated by Bodas Freitas 

et al. (2012), it enables the soil to reach critical state conditions. 
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A static or limiting surface may exist or not depending on the creep law being applied. If the empirical 

creep law imposes no limiting surface, Φ(𝐹) is always evaluated and the model predicts an infinite 

viscoplastic strain at infinite creep time under constant effective stresses. Conversely, if a limiting 

surface is specified then it defines the region of pure elastic behaviour, in which Φ(𝐹) is not 

evaluated. 

 

2.4 Concluding remarks 

This chapter aimed to give the author the necessary literature review to develop, implement and 

validate an elastic-viscoplastic constitutive model that is able to simulate the response of geomaterials 

with isotach viscosity. 

The first part of the chapter focused on the time dependent behaviour of soils observed in laboratorial 

tests. The general agreement is to decompose the behaviour into viscous and ageing effects. 

However, their individual evaluation and characterisation is considered to be a rather complex subject 

due to their simultaneous occurrence. Special attention has been paid to the viscous effects as they 

include the primary aspects intended to be reproduced by the constitutive model implemented 

hereafter, which is the phenomena of creep, stress relaxation and strain rate effects. 

Most of the soils present qualitatively the same behaviour for creep and stress relaxation, showing an 

increase in a component of strain or a decrease in effective stress, respectively with time. For stress 

states far from failure, the phenomenon of creep can be reproduced by a linear or non-linear 

logarithmic law. An apparent pre-consolidation given by the increase in strength and stiffness of the 

soil, which can be explained by void ratio and stress history alone, is also observed during the 

process. 

On the other hand, depending on the conjugation of the influencing factors, strain rate effects may be 

of the isotach, intermediate, TESRA or P&N type. The viscosity behaviour tends to evolve from 

isotach to TESRA, and eventually P&N, with increasing particle size and strain level, being also 

affected by particle angularity, soil grading, amongst others. The isotach viscosity behaviour is more 

common for clayey soils and describes a unique stress-strain-strain rate relationship for the response 

of soils. TESRA viscosity (more common for granular soils) reproduces a single stress-strain curve in 

CRS tests, independently of the applied strain rate. However, when stepwise change of strain rate 

tests are performed, a temporary overshoot or undershoot of the stress state can be observed before 

it re-joins the original curve.  

These statements lead to one conclusion: in soils with isotach viscosity creep and stress relaxation 

can be predicted from results of CRS tests or vice-versa, whereas in geomaterials with TESRA type 

viscosity it cannot. In fact, throughout the present review, it has been shown that clayey soils have 

isotach viscosity: 

1) Lacerda & Houston’s stress relaxation model is basically the inverse of Singh & Mitchel’s 

creep model, as shown by the relation between the material parameters used by the two 
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models given by equation 2.14. In addition, the time to initiate the decay in effective stresses 

is proven to be inversely proportional to the applied strain rate prior to the stress relaxation 

process; 

2) Leroueil et al. (1985) found a unique stress-strain-strain rate relationship based on 1D creep 

and CRS tests; 

3) Vaid et al. (1979) concluded that “creep stress at a given minimum strain rate was found to be 

identical to the peak deviatoric stress in constant rate-of-strain tests carried out at the 

minimum strain rate of the creep tests” (observation schematically represented in figure 2.16). 

 

Figure 2.16 – Schematic representation of the correlation between undrained creep and CRS tests 

 
Having reviewed the time dependent behaviour of soils, the second part of the chapter concentrated 

on the characterisation of constitutive laws that reproduce isotach viscosity. The constitutive models 

are found to be classified as empirical, rheological or general stress-strain-strain rate models.  

Although the applicability of empirical and rheological models is very limited because they are only 

valid for the boundary conditions from which they have been derived, they may be used to improve 

one’s conceptual understanding of the time and rate dependent behaviour of geomaterials and help to 

devise the requirements that general stress-strain-strain rate equations need to satisfy. For instance, 

the constitutive law implemented hereafter combines Yin & Graham’s equivalent time concept with 

Perzyna’s overstress theory to create a stress-strain-strain rate model valid for generalised stress 

space. Moreover, either the semi-logarithm or hyperbolic creep law is used to quantify the viscoplastic 

deformations of the soil under isotropic stress conditions. 

Given that the constitutive law is based on isotach viscosity, the model reproduces appropriately the 

viscous behaviour of the majority of clays but fails to predict the trend of geomaterials with 

intermediate, TESRA or P&N viscosity. Tertiary creep phase is not mimicked due to the formulation of 

the overstress theory. Finally, since the gain in the soil strength and stiffness is exclusively explained 

by void ratio and stress history, the additional increase in these properties of natural soils due to 

structuration, in relation to the reconstituted ones, cannot be modelled. 
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3 Model description and implementation 

 

3.1 Introduction 

This chapter gives a detailed description of an elastic-viscoplastic constitutive model as well as its 

implementation in a single stress point algorithm and in FLAC 2D. The model is based on Perzya’s 

overstress theory and presents some noticeable features namely: (i) a versatile loading surface 

(Lagioia et al., 1996) which (ii) is taken as a locus of constant viscoplastic scalar multiplier (Bodas 

Freitas et al., 2012) and (iii) incorporates either a semi-logarithm or a hyperbolic creep law. 

 

3.2 EVP model framework 

3.2.1 Stress and strain invariants 

It is usually convenient to separate the response of the model into its volumetric and deviatoric 

components with the use of invariants, rather than expressing the model in terms of individual stress 

and strain components. In this respect, the stress invariants considered in this work are the mean 

effective stress, 𝑝′, the deviatoric stress, 𝑞, and the Lode’s angle, 𝜃, given by equations 3.1 to 3.3, 

respectively. 

𝑝′ = {

1

3
(𝜎′1 + 𝜎

′
 + 𝜎

′
 )        𝑖𝑓 𝑒𝑥𝑝𝑟𝑒𝑠𝑠𝑒𝑑 𝑤𝑖𝑡ℎ 𝑝𝑟𝑖𝑛𝑐𝑖𝑝𝑎𝑙 𝑠𝑡𝑟𝑒𝑠𝑠𝑒𝑠 (𝑝. 𝑠. )

1

3
(𝜎′𝑥𝑥 + 𝜎

′
𝑦𝑦 + 𝜎

′
𝑧𝑧)    𝑖𝑓 𝑒𝑥𝑝𝑟𝑒𝑠𝑠𝑒𝑑 𝑤𝑖𝑡ℎ 𝑖𝑛𝑑𝑖𝑣𝑖𝑑𝑢𝑎𝑙 𝑠𝑡𝑟𝑒𝑠𝑠𝑒𝑠 (𝑖. 𝑠. )

(3.1) 

𝑞 =

{
 
 

 
 
1

√2
∙ √(𝜎′1 − 𝜎

′
 )
 + (𝜎′ − 𝜎

′
1)
 + (𝜎′ − 𝜎

′
 )
                                                           𝑝. 𝑠.

1

√2
∙ √(𝜎′𝑥𝑥 − 𝜎

′
𝑦𝑦)

 
+ (𝜎′𝑦𝑦 − 𝜎

′
𝑧𝑧)

 
+ (𝜎′𝑧𝑧 − 𝜎

′
𝑥𝑥)

 + 6𝜏𝑥𝑦
 + 6𝜏𝑦𝑧

 + 6𝜏zx
     𝑖. 𝑠.

(3.2) 

𝜃 =

{
 
 

 
 tan−1 [

1

√3
(2
𝜎′ − 𝜎

′
 

𝜎′1 − 𝜎
′
 
− 1)]      𝑝. 𝑠.

1

3
sin−1 [−

27

2
∙
det(𝑠𝑖𝑗)

𝑞 
]              𝑖. 𝑠.

(3.3) 

where 𝑠𝑖𝑗 is the deviatoric stress tensor, its components being calculated as shown in equation 3.4. 

𝑠𝑖𝑗 = 𝜎
′
𝑖𝑗 − 𝑝′ ∙ 𝛿𝑖𝑗 (3.4) 

where 𝜎′𝑖𝑗 is the effective stress tensor and 𝛿𝑖𝑗 is the Kronecker’s delta. 
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Instead of using the Lode’s angle it is often more convenient to use as a stress invariant the quantity 𝑧 

which is taken as sin 3𝜃. 

𝑧 = sin 3𝜃 = −
27

2
∙
det(𝑠𝑖𝑗)

𝑞 
(3.5) 

The volumetric and deviatoric strain invariants, expressed in incremental form, are given by equations 

3.6 and 3.7, respectively. 

∆휀𝑣𝑜𝑙 = ∆휀𝑥𝑥 + ∆휀𝑦𝑦 + ∆휀𝑧𝑧 (3.6) 

∆𝐸𝑑 = √2 [(∆휀𝑥𝑥 −
∆휀𝑣𝑜𝑙
3
)
 

+ (∆휀𝑦𝑦 −
∆휀𝑣𝑜𝑙
3
)
 

+ (∆휀𝑧𝑧 −
∆휀𝑣𝑜𝑙
3
)
 

+
1

2
(∆𝛾𝑥𝑦

 + ∆𝛾𝑦𝑧
 + ∆𝛾𝑧𝑥

 )] (3.7) 

where ∆휀𝑣𝑜𝑙 is the volumetric strain invariant and ∆𝐸𝑑 is the volumetric stress invariant. 

 

3.2.2 Evaluation of the strain increment 

The main purpose of constitutive models is to calculate the soil effective stress increment {∆𝜎′} given 

its initial stress state and a total strain increment {∆휀𝑇}. In a typical elastic-viscoplastic model, the soil 

total strain increment (equation 3.8) is divided into two parts: an elastic part which response is 

instantaneous and time independent, and a viscoplastic part which is time dependent and irreversible. 

{∆휀𝑇} = {∆휀𝑒𝑙} + {∆휀𝑣𝑝} (3.8) 

The elastic strain increment vector can be determined by inverting equation 3.9. 

{∆𝜎′} = [𝐷′]{∆휀𝑒𝑙} (3.9) 

where [𝐷′] is the elastic constitutive matrix.  

When the material presents an isotropic behaviour (i.e. its response is independent of the direction), 

the elastic constitutive matrix can be fully defined using two elastic parameters only. In many 

constitutive models for soils, it is common to consider the effective bulk modulus, 𝐾′, and either the 

elastic shear modulus, 𝐺, or the Poisson’s coefficient, 𝜇 (see equation 3.10). 

[𝐷′] =

[
 
 
 
 
 
 𝐾

′ + 4 3⁄ 𝐺 𝐾′ − 2 3⁄ 𝐺 𝐾′ − 2 3⁄ 𝐺 0 0 0

𝐾′ − 2 3⁄ 𝐺 𝐾′ + 4 3⁄ 𝐺 𝐾′ − 2 3⁄ 𝐺 0 0 0

𝐾′ − 2 3⁄ 𝐺 𝐾′ − 2 3⁄ 𝐺 𝐾′ + 4 3⁄ 𝐺 0 0 0

0 0 0 𝐺 0 0
0 0 0 0 𝐺 0
0 0 0 0 0 𝐺]

 
 
 
 
 
 

(3.10) 

The elastic part is characterised by a stress dependent bulk modulus in this model. Equations 3.11 to 

3.13 demonstrates the mathematical process to obtain the effective bulk modulus. The process starts 

with the differentiation of equation 3.11, which describes the instant elastic line in 𝑉 − ln 𝑝′ space 
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(where 𝑉 is the specific volume), in order to the mean effective stress. Then, both sides of the 

resulting equation are divided by 𝑉. Next, equation 3.12 is derived by substituting −𝑑𝑉 𝑉⁄  for the 

volumetric strain increment, 𝑑휀𝑣𝑜𝑙. Finally, rearranging the terms in equation 3.12 and knowing that the 

ratio 𝑑휀𝑣𝑜𝑙 𝑑𝑝
′⁄  gives the effective bulk modulus, equation 3.13 is obtained and it reveals the stress 

dependency of the bulk modulus. 

𝑉 = 𝑉𝑘 − 𝜅 ln𝑝
′ (3.11) 

𝑑휀𝑣𝑜𝑙 = −
𝑑𝑉

𝑉
=
𝜅

𝑉𝑝′
𝑑𝑝′ (3.12) 

𝐾′ =
𝑑휀𝑣𝑜𝑙
𝑑𝑝′

=
𝜅

𝑉𝑝′
(3.13) 

The shear modulus can be user defined or calculated with equation 3.14 for a given Poisson’s 

coefficient. 

𝐺 =
3𝐾′(1 − 2𝜈)

2(1 + 𝜈)
(3.14) 

Having quantified the elastic strain increment, one may proceed to the evaluation of the viscoplastic 

strain increment. Based on Perzyna’s overstress theory (Perzyna, 1963), this is given as: 

{∆휀𝑣𝑝} = {휀̇𝑣𝑝} ∙ ∆𝑡 = 〈Φ〉 ∙ {
𝜕𝑓𝑑
𝜕𝜎′𝑖𝑗

} ∙ ∆𝑡 (3.15) 

where 〈Φ〉 = {
Φ, 𝑠𝑜𝑖𝑙 𝑠𝑡𝑎𝑡𝑒 𝑎𝑏𝑜𝑣𝑒 𝑡ℎ𝑒 𝑦𝑖𝑒𝑙𝑑 𝑠𝑢𝑟𝑓𝑎𝑐𝑒
0,   𝑠𝑜𝑖𝑙 𝑠𝑡𝑎𝑡𝑒 𝑏𝑒𝑙𝑜𝑤 𝑡ℎ𝑒 𝑦𝑖𝑒𝑙𝑑 𝑠𝑢𝑟𝑓𝑎𝑐𝑒

 

{휀̇𝑣𝑝} is the viscoplastic strain rate tensor; Φ is the viscoplastic scalar multiplier; 𝑓𝑑 is the current 

dynamic loading surface; 𝜎′𝑖𝑗 is the effective stress state and ∆𝑡 is the time increment. 

Herein, the viscoplastic strain increment is evaluated slightly different compared to the conventional 

formulation. Firstly, as referred in 2.3.4, the function of the overstress incorporates an empirical creep 

law and the static loading surface (as specified in Perzyna’s theory) is substituted for a reference 

loading surface. Secondly, since the fluidity parameter is implicitly included in the creep laws, it is 

omitted from equation 3.15. Finally, a non-associated flow rule may be considered, in which case the 

potential used to define the direction of the viscoplastic strain vector is different from the dynamic 

loading surface and the resulting expression for the viscoplastic strain increment would be then given 

in equation 3.16. 

{∆휀𝑣𝑝} = 〈Φ〉 ∙ {
𝜕𝑔

𝜕𝜎′𝑖𝑗
} ∙ ∆𝑡 (3.16) 

where 𝑔 is the plastic potential. 
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{𝜕𝑔 𝜕𝜎′𝑖𝑗⁄ } is the derivative of the plastic potential in order to the six stress components (also known 

as the directional component of the viscoplastic strain increment tensor). Its expression is written as: 

{
𝜕𝑔

𝜕𝜎′𝑖𝑗
} = [

𝜕𝑝′

𝜕𝜎′𝑖𝑗

𝜕𝑞

𝜕𝜎′𝑖𝑗

𝜕𝑧

𝜕𝜎′𝑖𝑗
] ∙

[
 
 
 
 
 
 
𝜕𝑔

𝜕𝑝′

𝜕𝑔

𝜕𝑞
𝜕𝑔

𝜕𝑧 ]
 
 
 
 
 
 

(3.17) 

𝜕𝑔 𝜕𝑝′⁄ , 𝜕𝑔 𝜕𝑞⁄  and 𝜕𝑔 𝜕𝑧⁄  are the derivatives of the plastic potential in order to the mean effective 

stress, deviatoric stress and 𝑧 = sin 3𝜃, respectively. These derivatives are evaluated in 3.2.3, in 

which the plastic potential is described.  

𝜕𝑝′ 𝜕𝜎′𝑖𝑗⁄ , 𝜕𝑞 𝜕𝜎′𝑖𝑗⁄  and 𝜕𝑧 𝜕𝜎′𝑖𝑗⁄  are the derivatives of each stress invariant in order to the six stress 

components. These are expressed, in Voigt’s notation, as: 

{
𝜕𝑝′

𝜕𝜎′𝑖𝑗
} =

1

3
∙ {1 1 1 0 0 0}𝑇 (3.18) 

{
𝜕𝑞

𝜕𝜎′𝑖𝑗
} =

3

2𝑞
∙ {𝜎′𝑥𝑥 − 𝑝

′ 𝜎′𝑦𝑦 − 𝑝
′ 𝜎′𝑧𝑧 − 𝑝

′ 2𝜏𝑦𝑧 2𝜏𝑥𝑧 2𝜏𝑥𝑦}𝑇 (3.19) 

{
𝜕𝑧

𝜕𝜎′𝑖𝑗
} = −

27

2𝑞 
∙ [{
𝜕(det 𝑠)

𝜕𝜎′𝑖𝑗
} − 3

det 𝑠

𝑞
{
𝜕𝑞

𝜕𝜎′𝑖𝑗
}] (3.20) 

where det 𝑠 and its derivative in order to the six stress components are given by equations 3.21 and 

3.22, respectively. 

det 𝑠 = (𝜎′𝑥𝑥 − 𝑝
′)(𝜎′𝑦𝑦 − 𝑝

′)(𝜎′𝑧𝑧 − 𝑝
′)

−(𝜎′𝑥𝑥 − 𝑝
′)𝜏𝑦𝑧

 − (𝜎′𝑦𝑦 − 𝑝
′)𝜏𝑥𝑧

 − (𝜎′𝑧𝑧 − 𝑝
′)𝜏𝑥𝑦

 + 2𝜏𝑥𝑦𝜏𝑦𝑧𝜏𝑥𝑧 (3.21)
 

{
𝜕(det 𝑠)

𝜕𝜎′𝑖𝑗
} =

[
 
 
 
 
 
 
 
 
 
2

3
𝑠𝑦𝑠𝑧 −

1

3
𝑠𝑥𝑠𝑧 −

1

3
𝑠𝑥𝑠𝑦 −

2

3
𝜏𝑦𝑧
 +

1

3
𝜏𝑥𝑧
 +

1

3
𝜏𝑥𝑦
 

2

3
𝑠𝑥𝑠𝑧 −

1

3
𝑠𝑥𝑠𝑦 −

1

3
𝑠𝑦𝑠𝑧 −

2

3
𝜏𝑥𝑧
 +

1

3
𝜏𝑦𝑧
 +

1

3
𝜏𝑥𝑦
 

2

3
𝑠𝑥𝑠𝑦 −

1

3
𝑠𝑥𝑠𝑧 −

1

3
𝑠𝑦𝑠𝑧 −

2

3
𝜏𝑥𝑦
 +

1

3
𝜏𝑦𝑧
 +

1

3
𝜏𝑥𝑧
 

−2𝑠𝑥𝜏𝑦𝑧 + 2𝜏𝑥𝑧𝜏𝑥𝑦
−2𝑠𝑦𝜏𝑥𝑧 + 2𝜏𝑦𝑧𝜏𝑥𝑦
−2𝑠𝑧𝜏𝑥𝑦 + 2𝜏𝑦𝑧𝜏𝑥𝑧 ]

 
 
 
 
 
 
 
 
 

(3.22) 

where 𝑠𝑥 = (𝜎
′
𝑥𝑥 − 𝑝′); 𝑠𝑦 = (𝜎

′
𝑦𝑦 − 𝑝

′) and 𝑠𝑧 = (𝜎
′
𝑧𝑧 − 𝑝

′). 

The evaluation of the Φ function for the model that utilises (a) the semi-logarithm creep law and (b) 

the hyperbolic creep law proposed by Yin (1999) are explained in sections 3.3 to 3.4, respectively. 

 



 

35 
 

3.2.3 Plastic potential and loading surface 

Lagioia et al. (1996) proposed an expression for an extremely versatile surface which can be obtained 

by integrating the relationship between the dilatancy, 𝑑 (the ratio of volumetric to deviatoric plastic 

strain increment) and the stress ratio, 𝜂 = 𝑞 𝑝′⁄ . The surface is versatile in the sense that the user is 

able to define different types of 𝑑 − 𝜂 curves by calibrating the respective model parameters. This 

improves the model’s performance because the 𝑑 − 𝜂 curve maybe chosen such that: 

a) the resulting surface ensures that the viscoplastic strain rate tensor at certain points of the 

surface in 𝑞 − 𝑝′ space coincides with the expected direction. At 𝑞 = 0 and 𝑝′ = 𝑝′𝑐 stress 

point (where 𝑝′𝑐 is the pre-consolidation pressure), only volumetric viscoplastic strains are 

developed and dilatancy is infinite. At critical state, only deviatoric viscoplastic strains are 

developed and dilatancy is zero. 

b) it breaks the link between the undrained shear strength and the angle of shear resistance, 

enabling one to prevent the model from overestimating the undrained shear strength by 

changing the surface’s shape. 

Equation 3.24 shows the proposed expression for the 𝑑 − 𝜂 relationship with a general slope 𝜇, which 

satisfies the conditions mentioned in point a) (equation 3.23). 

{
𝜂 → 0 ⇒  𝑑 →  

𝜂 = 𝑀(𝜃) ⇒  𝑑 = 0
(3.23) 

𝑑 = 𝜇(𝑀(𝜃) − 𝜂) (
𝛼𝑀(𝜃)

𝜂
+ 1) (3.24) 

where 𝑑 is the dilatancy; 𝜇 is the value of the slope; 𝜂 is the stress ratio; 𝑀(𝜃) is the stress ratio at 

failure (i.e. critical state) and 𝛼 is a parameter which defines how close to the 𝜂 = 0 axis the curve 

must start to bend towards 𝑑 =  . The geometrical meaning of these variables is shown in figure 3.1. 

 

Figure 3.1 – Geometrical meaning of the variables in equation 3.24 (after Lagioia et al., 1996) 
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The integration of equation 3.25 with the imposition of the conditions expressed by equation 3.24 

yields two different results depending on the value of the slope 𝜇 (𝜇 ≠ 1 and 𝜇 = 1). However, the 

expression for 𝜇 ≠ 1, presented in equation 3.26, can be taken as the general expression by 

reproducing the 𝜇 = 1 case with values close to unity (𝜇 = 0.999999 or 𝜇 = 1.000001). 

𝑑𝑝′

𝑝′
= −

𝑑𝜂

𝑑 + 𝜂
(3.25) 

𝑓 𝑜𝑟 𝑔 =
𝑝′

𝑝′𝑐
−
(1 +

𝑞
𝐾 𝑀(𝜃)𝑝

′)

𝐾2
(1−𝜇)(𝐾1−𝐾2)

(1 +
𝑞

𝐾1𝑀(𝜃)𝑝
′)

𝐾1
(1−𝜇)(𝐾1−𝐾2)

= 0 (3.26) 

where the constants 𝐾1 and 𝐾  are given by equation 3.27. 

𝐾1/ =
𝜇(1 − 𝛼)

2(1 − 𝜇)
(1 ± √1 −

4𝛼(1 − 𝜇)

𝜇(1 − 𝛼) 
) (3.27) 

Equation 3.26 can reproduce a wide range of surface shapes by varying the parameters 𝜇 and 𝛼. 

Figure 3.2(a) shows the effect of the variation of the parameter 𝛼 for fixed values of the parameters 𝜇, 

𝑀(𝜃) and 𝑝′𝑐; whereas figure 3.2(b) illustrates the effect of the variation of the parameter 𝜇 for fixed 

values of the parameters 𝛼, 𝑀(𝜃) and 𝑝′𝑐. For example, the Modified Cam Clay ellipse can be 

recovered when 𝜇 = 0.9 and 𝛼 = 0.4. 

 
 

(a) (b) 

Figure 3.2 – Effect of the parameter (a) 𝜶 and (b) 𝝁 on the shape of the surface (after Lagioia et al., 1996) 

 
As for 𝑀(𝜃), it can be calculated as shown in equation 3.28. 

𝑀(𝜃) = 𝛼𝑉𝐸(1 − 𝑧𝛽𝑉𝐸)
𝑛 (3.28) 

Equation 3.28 gives the failure criterion in the deviatoric plane proposed by Van Eekelen (1980). The 

expression was chosen from the point of view of convexity and agreement with experimental results. 
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It enables the possibility to adjust the shape of the loading and plastic potential surfaces in the 

deviatoric plane by calibrating the following parameters: 𝑛 is the parameter that represents the type of 

surface being used whereas 𝛼𝑉𝐸 and 𝛽𝑉𝐸 are parameters to fit measured values of angle of shear 

resistance, 𝜑′, at two values of 𝜃, for any type of soils. 

If 𝑛 = −1/4, value adopted herein, it is shown that the deviatoric curve remains convex for a higher 

angle of shear resistance in triaxial compression (𝜑′𝑐  46°). 

𝛼𝑉𝐸 and 𝛽𝑉𝐸 are calibrated based on the stress ratios at failure under triaxial compression and 

extension. Knowing that the value of 𝜃 for triaxial compression is −30° and for triaxial extension is 

+30°, the stress ratio at failure under triaxial compression is given as: 

𝑀𝑐 = 𝑀(−30°) = 𝛼𝑉𝐸(1 + 𝛽𝑉𝐸)
𝑛 (3.29) 

and under triaxial extension is given as: 

𝑀𝑒 = 𝑀(+30°) = 𝛼𝑉𝐸(1 − 𝛽𝑉𝐸)
𝑛 (3.30) 

consequently, the corresponding ratio of 𝑀𝑒 to 𝑀𝑐 is expressed as: 

𝑟𝑀 =
𝑀𝑒
𝑀𝑐

=
(1 − 𝛽𝑉𝐸)

𝑛

(1 + 𝛽𝑉𝐸)
𝑛

(3.31) 

Reworking equation 3.31, the value of 𝛽𝑉𝐸 is obtained. 

𝛽𝑉𝐸 =
1 − 𝑟𝑚

1 𝑛⁄

1 + 𝑟𝑚
1 𝑛⁄

(3.32) 

Substituting equation 3.32 in equation 3.29 and after some manipulation, the value of 𝛼𝑉𝐸 is given as: 

𝛼𝑉𝐸 =
𝑀𝑐
2𝑛
(1 + 𝑟𝑚

1/𝑛
)
𝑛

(3.33) 

where 𝑀𝑐 is the slope of the Critical State Line (CSL) in 𝑞 − 𝑝′ stress space under triaxial compression 

and is shown to be related to the angle of shear resistance as follows: 

𝑀𝑐 =
6 sin𝜑′

𝑐

3 − sin𝜑′
𝑐

(3.34) 

To fully define the loading surface (or plastic potential) five parameters are required: 𝑀𝑐, 𝜇, 𝛼, 𝑟𝑀 and 

𝑝′𝑐. The first four quantities are model parameters and 𝑝′𝑐 defines the size of the loading surface and 

depends on the current stress state.  

For equations 3.26 and 3.28 to be valid, the conditions expressed in equations 3.35 to 3.39 must be 

satisfied. In particular, equation 3.39 ensures that the shape of the loading and plastic potential 

surfaces remain convex in the deviatoric plane. Refer to Van Eekelen (1980) for further details on the 

failure criterion in the deviatoric plane. 
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{
 
 

 
 

�̅� > 0

1 +
�̅�

𝐾 
> 0

1 +
�̅�

𝐾1
> 0

      𝑤ℎ𝑒𝑟𝑒      �̅� =
𝑞

𝑝′ ∙ 𝑀(𝜃)
(3.35) 

{
𝛼 ≠ 1
𝜇 ≠ 1

(3.36) 

𝜇 >
4𝛼

(1 − 𝛼) + 4𝛼
        𝑖𝑓 𝜇  1 (3.37) 

{

𝛼𝑉𝐸 > 0
𝑛𝛽𝑉𝐸 > 0

−1  𝛽𝑉𝐸  1
(3.38) 

|𝛽𝑉𝐸| ≤
1

2
[

4 + 13𝑛

(1 + 𝑛)(1 − 9𝑛 )
]

1
 
      𝑏𝑒𝑐𝑎𝑢𝑠𝑒    −

3

11
≤ 𝑛 = −

1

4
≤ 0 (3.39) 

Finally, the derivatives of the plastic potential necessary to quantify the directional component of the 

viscoplastic strain tensor (see equation 3.17) are presented in equations 3.40 to 3.42, with 𝛽 = (1 −

𝜇)(𝐾1 − 𝐾 ). 

𝜕𝑔

𝜕𝑝′
=

(1 +
𝑞

𝐾 𝑀(𝜃)𝑝
′)

𝐾2
𝛽

(1 +
𝑞

𝐾1𝑀(𝜃)𝑝
′)

𝐾1
𝛽

∙ [
1

𝑝′
−

𝑞

𝑝′ 𝑀(𝜃)𝛽
(

1

1 +
𝑞

𝐾1𝑀(𝜃)𝑝′
−

1

1 +
𝑞

𝐾 𝑀(𝜃)𝑝′
)] (3.40) 

𝜕𝑔

𝜕𝑞
=

(1 +
𝑞

𝐾 𝑀(𝜃)𝑝
′)

𝐾2
𝛽

(1 +
𝑞

𝐾1𝑀(𝜃)𝑝
′)

𝐾1
𝛽

∙ [
1

𝑝′𝑀(𝜃)𝛽
(

1

1 +
𝑞

𝐾1𝑀(𝜃)𝑝′
−

1

1 +
𝑞

𝐾 𝑀(𝜃)𝑝′
)] (3.41) 

𝜕𝑔

𝜕𝑧
=

𝜕𝑔

𝜕𝑀(𝜃)
∙
𝜕𝑀(𝜃)

𝜕𝑧
(3.42) 

𝜕𝑔 𝜕𝑀(𝜃)⁄  is derivative of the plastic potential in order to the stress ratio at failure. 

𝜕𝑔

𝜕𝑀(𝜃)
=

(1 +
𝑞

𝐾 𝑀(𝜃)𝑝
′)

𝐾2
𝛽

(1 +
𝑞

𝐾1𝑀(𝜃)𝑝
′)

𝐾1
𝛽

∙
𝑞

𝑝′𝑀(𝜃) 𝛽
∙ [

1

1 +
𝑞

𝐾 𝑀(𝜃)𝑝′
−

1

1 +
𝑞

𝐾1𝑀(𝜃)𝑝′
] (3.43) 

𝜕𝑀(𝜃) 𝜕𝑧⁄  is the derivative of the stress ratio at failure (calculated with Van Eekelen’s expression) in 

order to 𝑧 = sin 3𝜃. 
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𝜕𝑀(𝜃)

𝜕𝑧
= −𝑀(𝜃)

𝑛𝛽𝑉𝐸
1 − 𝑧𝛽𝑉𝐸

(3.44) 

 

3.3 Model with the semi-logarithm creep law 

3.3.1 Derivation of the viscoplastic scalar multiplier 

As referred in 2.3.4, the viscoplastic scalar multiplier Φ can be derived based on the following steps 

for both creep laws: 

1. Find the appropriate expression for the volumetric viscoplastic strain rate that takes into 

account the assumed stress-strain-strain rate relationship under isotropic stress conditions; 

2. Then, assuming the loading surface as a locus of constant Φ, extend the viscoplastic 

behaviour to general stress space in order to obtain the viscoplastic scalar multiplier. 

The model framework under isotropic stress conditions applied for each creep law is slightly different. 

Figure 3.3 illustrates the behaviour assumed in the model that incorporates the semi-logarithm creep 

law, in which the time-dependent deformations of a soil element under constant isotropic effective 

stresses at time interval 𝑡 is described by equation 3.45. 

휀𝑣𝑜𝑙
𝑣𝑝
= −

∆𝑒

1 + 𝑒
=

𝜓

1 + 𝑒
∙ ln (

𝑡

𝑡0
) (3.45) 

where 𝑡0 is the time associated with the onset of secondary compression (conventionally taken as 1.0 

day for normally consolidated states), 𝜓 is the creep parameter and 𝑒 is the current void ratio. 

 
Figure 3.3 – Schematic representation of the time-dependent behaviour under isotropic stress conditions 

for the semi-logarithm creep law (after Bodas Freitas et al., 2012) 

Instant line

Reference line

S
p
e
c
if
ic

 v
o
lu

m
e
, 
𝑉

𝑉𝑖

𝑉1𝑟𝑒𝑓

Mean effective stress, 𝑝′

𝑝′ = 1   a 𝑝′0 𝑝′0𝑟𝑒𝑓 ln 𝑝′

𝜅

 

휀�̇�𝑜𝑙
𝑗

휀�̇�𝑜𝑙
𝑟𝑒𝑓

휀�̇�𝑜𝑙
𝑖

 𝑉



 

40 
 

Differentiating equation 3.45 in order to time gives the volumetric viscoplastic strain rate (assuming 

compression positive). 

휀�̇�𝑜𝑙
𝑣𝑝
=

𝜓

1 + 𝑒
∙
1

𝑡
(3.46) 

Equation 3.46 implies the existence of a family of normal compression lines (NCL), each 

corresponding to a certain time 𝑡 or volumetric viscoplastic strain rate. NCL are assumed to plot as 

straight lines with slope   in 𝑉 − ln 𝑝′ space, just as shown in figure 3.3. The reference NCL 

corresponds to a time 𝑡 = 𝑡0 and a volumetric viscoplastic strain rate 휀�̇�𝑜𝑙
𝑣𝑝
= 휀�̇�𝑜𝑙

𝑟𝑒𝑓
.  

The instant line characterises the instant elastic response of the soil and is plotted as a straight line 

with slope 𝜅 in 𝑉 − ln 𝑝′ space (also shown in figure 3.3). 

The use of equations that are expressed explicitly as a function of time, such as equations 3.45 and 

3.46 requires the definition of a reference for time, which is not so straightforward. Therefore, it is 

more convenient to express the volumetric viscoplastic strain rate as a function of its current state 

instead. 

At instant 𝑡, after the application of a constant isotropic effective stress 𝑝′0, the specific volume 𝑉𝑖 can 

be given as: 

𝑉𝑖 = 𝑉1𝑟𝑒𝑓 − ( − 𝜅) ln 𝑝
′
0𝑟𝑒𝑓 − 𝜅 ln 𝑝

′
0

(3.47) 

or as: 

𝑉𝑖 = 𝑉1𝑟𝑒𝑓 −  ln𝑝
′
0 +  𝑉 (3.48) 

where 𝑉1𝑟𝑒𝑓 is the specific volume at unit mean effective stress on the reference NCL, 𝑝′
0𝑟𝑒𝑓

 is the 

mean effective stress at the intersection of the instant line that passes through the current state and 

the reference NCL and ∆𝑉, which is given by equation 3.49, is the variation of the specific volume due 

to time-dependent deformation under constant mean effective stress (i.e. the vertical distance 

between the reference and current NCL). 

∆𝑉 = ∆𝑒 = −휀𝑣𝑜𝑙(1 + 𝑒) = −𝜓 ∙ ln (
𝑡

𝑡0
) (3.49) 

Substituting equation 3.46 into equation 3.49 for both current loading and reference times gives: 

∆𝑉 = 𝜓 ∙ ln(
휀�̇�𝑜𝑙
𝑖

휀�̇�𝑒𝑓
𝑖
) (3.50) 

Eliminating the quantities 𝑉𝑖 and 𝑉1𝑟𝑒𝑓 by combining equations 3.47 and 3.48, the volumetric 

viscoplastic strain rate is obtained. 
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휀�̇�𝑜𝑙
𝑣𝑝
= 휀�̇�𝑜𝑙

𝑟𝑒𝑓
(
𝑝′0
𝑝′0𝑟𝑒𝑓

)

𝜆−𝜅
𝜓

=
𝜓

1 + 𝑒

1

𝑡0
(
𝑝′0
𝑝′0𝑟𝑒𝑓

)

𝜆−𝜅
𝜓

(3.51) 

By definition, the vertical spacing between NCLs associated to logarithm cycles of volumetric 

viscoplastic strain rate is governed by the coefficient of secondary compression: 

∆𝑉 = 𝜓 ∙ ln(
10휀�̇�𝑜𝑙

𝑟𝑒𝑓

휀�̇�𝑜𝑙
𝑟𝑒𝑓

) = 𝜓 ∙ ln 10 = 𝐶𝛼 (3.52) 

Knowing that 𝐶𝛼 is constant in the semi-logarithm creep law, the vertical spacing between logarithm 

cycles of volumetric viscoplastic strain rate is uniform. 

According to this model formulation, following the application of an increment of mean effective stress, 

the stress path moves initially along the current instant (elastic) time line (with an associated elastic 

volumetric strain increment) and then, with time 𝑡, under constant mean effective stress, delayed 

volumetric viscoplastic strain increments will bring the stress state to the appropriate compression line 

and the value of 𝑝′
0𝑟𝑒𝑓

 is updated as follows: 

∆𝑝′0𝑟𝑒𝑓 = 𝑝
′
0𝑟𝑒𝑓

𝑉

 − 𝜅
∆휀𝑣𝑜𝑙

𝑣𝑝 (3.53) 

where ∆휀𝑣𝑜𝑙
𝑣𝑝

 is the viscoplastic volumetric strain increment. 

It is now required to extend the constitutive model to general stress space in order to obtain the 

viscoplastic scalar multiplier. Observing figure 3.4, the current loading surface is a surface that passes 

through the current stress state (𝑝′ = 𝑝′𝑖 and 𝑞 = 𝑞𝑖) and is characterised by a certain mean effective 

stress at zero deviatoric stress 𝑝′0. Assuming that Φ is constant on the current loading surface, this 

can be determined noting that the volumetric viscoplastic strain rate under isotropic stress conditions 

(at 𝑝′ = 𝑝′0 and 𝑞 = 0) can be calculated using either equation 3.16 or 3.51. 

∆휀𝑣𝑝 = 휀�̇�𝑜𝑙
𝑣𝑝
∙ ∆𝑡 = 휀�̇�𝑜𝑙

𝑟𝑒𝑓
(
𝑝′0
𝑝′0𝑟𝑒𝑓

)

𝜆−𝜅
𝜓

∙ ∆𝑡 = Φ ∙ |
𝜕𝑔

𝜕𝑝′
|
 
𝑝′=𝑝0

′

𝑞=0

∙ ∆𝑡 (3.54) 

Rearranging equation 3.54, the expression for Φ is given as: 

Φ =

𝜓
1 + 𝑒 ∙

1
𝑡0
∙ (

𝑝′0
𝑝′
0𝑟𝑒𝑓

)

𝜆−𝜅
𝜓

|
𝜕𝑔
𝜕𝑝′| 𝑝

′=𝑝0
′

𝑞=0

(3.55) 

The introduction of the absolute value of 𝜕𝑔 𝜕𝑝′⁄  is to ensure that Φ is always positive. Equation 3.56 

gives the value of |𝜕𝑔 𝜕𝑝′⁄ | evaluated at the equivalent isotropic stress state. 
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|
𝜕𝑔

𝜕𝑝′
|
 
𝑝′=𝑝0

′

𝑞=0

= |
1

𝑝′0
| (3.56) 

Equation 3.55 indicates that Φ is related to the horizontal distance between the quantities 𝑝′
0
 and 

𝑝′
0𝑟𝑒𝑓

 and the locus of points where volumetric strains are purely elastic is inexistent because 

volumetric viscoplastic strains are always developed (i.e. no limiting volumetric viscoplastic strains is 

imposed in the equation). 

To this end, the problem of evaluating Φ at a general stress state is reduced to evaluating it at the 

equivalent isotropic state (i.e. at 𝑝′ = 𝑝′0 and 𝑞 = 0). 

 

Figure 3.4 – Semi-logarithm model framework in general stress space (after Bodas Freitas et al., 2012) 

 

3.3.2 Model parameters 

Based on the assumption that the loading surface and the plastic potential coincides, 9 input 

parameters are needed for the semi-logarithm creep law model which are listed in table 3.1. 

critical state line

current loading 

surface
𝑞𝑖

𝑝′𝑝′0

𝑀(𝜃)

𝑝′𝑖

𝑞

reference 

surface

ln 𝑝′

𝑝′0𝑟𝑒𝑓

𝑝′0𝑟𝑒𝑓 𝑝′𝑖 𝑝′0

reference compression line

𝑉

current loading 

compression line

elastic line

 
𝜅



 

43 
 

Table 3.1 – Model parameters for the semi-logarithm creep law model 

Model parameter Units Definition 

𝜅 - Slope of the elastic line in 𝑉 − ln 𝑝′ space 

  - Slope of the reference time line in 𝑉 − ln 𝑝′ space 

𝐺 or 𝑣 kPa for 𝐺 and - for 𝑣 Second elastic parameter 

𝛼 - Loading surface parameter 

𝜇 - Loading surface parameter 

𝑀𝑐 - Stress ratio at failure under triaxial compression 

𝑟𝑀 - 
Ratio of 𝑀𝑒 to 𝑀𝑐, with 𝑀𝑒 being the stress ratio at 

failure under triaxial extension 

𝜓 - Constant slope of the 𝑉 − ln 𝑡 curve 

𝑡0 day 
Real time associated to the reference NCL 

(conventionally taken as 1 day) 

 
These parameters are organised into four groups: 

1. 𝜅 and   being the parameters associated to the soil compressibility under isotropic stress 

conditions; 

2. The second elastic parameter 𝐺 or 𝑣 for the definition of the elastic matrix; 

3. 𝑀𝑐, 𝜇, 𝛼 and 𝑟𝑀 are parameters that characterise the model’s loading surface; 

4. The parameters corresponded to the creep law: 𝜓 and 𝑡0. 

In addition, one needs to specify the initial stress conditions, the initial void ratio, 𝑒0, and the OCR to 

initialise the numerical model. Note that the OCR is defined in relation to the reference NCL. 

Because 𝜅 and   are constants that characterise the soil’s behaviour under isotropic stress conditions, 

an isotropic compression test should be adopted by default to derive these constants. However, 

knowing that the coefficient of earth pressure at rest, 𝐾0, in the normally consolidated range does not 

vary much and at low OCR values the error introduced by such approximation is not significant, the 

two model parameters can be calibrated from oedometer tests which are more common in 

engineering practice. The one-dimensional tests can be done by straining the sample at a constant 

strain rate or by incremental load. Data from the NC range should be utilised to calibrate the model 

parameter   whereas data from the unloading-reloading loop serves to fit the parameter 𝜅. When 

calibrating 𝜅, it is not advised to use the recompression data registered at the beginning of the 

oedometer test because, at low stress levels, these are often affected by sample disturbance and 

apparatus compliance. 

The value of 𝐺 can be estimated from stress-strain data obtained from an undrained triaxial test. The 

value of 𝐺 should be estimated at small strain values to ensure that the soil is still approximately 

located in the elastic range. After obtaining the data from the test, these are plotted in 𝑞 − 휀𝑎 space in 

which the value of the slope of the curve that fits the laboratory values can be shown to be 3𝐺. 
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𝑀𝑐 is the slope of the Critical State Line in 𝑞 − 𝑝′ space in triaxial compression which is related to the 

angle of shear resistance, 𝜙′, through equation 3.34. 𝑟𝑀  is by definition the ratio of 𝑀𝑒 to 𝑀𝑐, can be 

defined based on results from triaxial tests (either drained or undrained) in triaxial compression and 

extension. As for 𝜇 and 𝛼, these are model parameters that define the shape of the loading surface. 

The aim is to calibrate these inputs so that the model recovers the undrained shear strength of the 

soil under specific loading conditions (e.g. triaxial compression). As referred in 3.2.3, being able to 

choose the surface’s shape enables the possibility to calibrate separately the soils drained and 

undrained shearing resistance. However, if the model parameters 𝜇 and 𝛼 associated to the surface 

were calibrated to reproduce the undrained shear strength under triaxial compression, the user must 

be aware that the numerical model may predict significant divergences for the undrained shear 

strength under other shearing modes. Therefore, 𝜇 and 𝛼 shall be calibrated to reproduce the 

undrained shear strength under the shearing mode that is likely to be dominant in the problem being 

analysed. 

𝜓 is a parameter that defines the semi-logarithm creep law under isotropic stress conditions. 

Experimental results as well as the model predictions under isotropic and one-dimensional conditions 

show that the error between the two situations is not significant and, consequently, 𝜓 can be 

calibrated with oedometer tests. The parameter corresponds to the slope of the 𝑉 − ln 𝑡 curve, 

obtained during a load increment in the NC range, at 𝑡 = 𝑡0, and is related to the coefficient of 

secondary compression, 𝐶𝛼, through equation 3.57. If 𝜓 is set equal to zero, then Φ will be zero and 

no viscoplastic strains are developed. If a very small value is attributed to 𝜓, compression lines will be 

very close to each other. Soil states will be unaffected by the change of applied strain rate, because 

they will follow closely the reference compression line and, as a result, the model can be considered 

as time independent. 

𝜓 =
𝐶𝛼
ln 10

(3.57) 

 

3.4 Model with the hyperbolic creep law proposed by Yin (1999) 

3.4.1 Derivation of the viscoplastic scalar multiplier 

The schematic representation of the model framework under isotropic stress conditions suited for the 

hyperbolic creep law is presented in figure 3.5. The equivalent time concept, which was already 

presented in 2.3.2, is invoked to overcome the problems that arise when the soil’s delayed 

compression is related to real loading time. 

Equivalent time lines are a family of normal compression lines with slope  /𝑉 in 휀𝑣𝑜𝑙 − ln 𝑝′ space, 

each of these corresponding to an equivalent time 𝑡𝑒. Equivalent time 𝑡𝑒 is the time that a soil element 

would take to creep from the reference compression line to the current stress state under constant 

mean effective stress. By definition, equivalent time 𝑡𝑒 as a rule does not correspond to the real 

loading time. 
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Figure 3.5 – Schematic representation of the time-dependent behaviour under isotropic stress conditions 

for the hyperbolic creep law (after Bodas Freitas et al., 2011) 

 
Reference compression line (or reference time line) corresponds to a NCL with zero equivalent time 

and, given that the strain origin is arbitrary, it is assumed to pass through the point (휀𝑣𝑜𝑙 = 0; 𝑝′ =

1   a). Generally speaking, it corresponds to the soil’s isotropic normal compression line and is 

associated with a real time 𝑡0 (conventionally taken as 1 day). Soil states below the reference 

compression line assume positive equivalent times ranging from 0 to infinite and equivalent times 

above the reference compression line varies between zero and the value of −𝑡0. Furthermore, 

equation 3.62 implies that equivalent times are directly related to unique volumetric viscoplastic strain 

rates, with large equivalent times being associated to smaller volumetric viscoplastic strain rates. 

A limit time line spaced from the reference time line by a vertical distance of 휀𝑣𝑜𝑙,𝑚,𝐿𝑖𝑚𝑖𝑡
𝑣𝑝

 is considered. 

The limit time line defines the region of stress states attained after an infinite time of drained creep; 

stress states located under this limit are heavily consolidated, developing elastic deformations only. 

The limit time line constitutes a yield surface.  

The elastic line presented in figure 3.5 characterises the instant elastic response of the soil and is 

plotted as a straight line with slope 𝜅/𝑉 in 휀𝑣𝑜𝑙 − ln 𝑝
′ space. 

With reference to figure 3.5, the volumetric strain of a given soil under a mean effective stress, 𝑝′𝑚, is 

given as: 

휀𝑣𝑜𝑙,𝑚 = 휀𝑣𝑜𝑙,𝑚
𝑟𝑒𝑓

+ 휀𝑣𝑜𝑙,𝑚
𝑣𝑝 (3.58) 

where 휀𝑣𝑜𝑙,𝑚
𝑟𝑒𝑓

 is the volumetric strain at the reference NCL and 휀𝑣𝑜𝑙,𝑚
𝑣𝑝

 is the volumetric viscoplastic 

strain (i.e. the vertical distance between the reference and the current loading NCL). 

Yin (1999) proposed the following non-linear creep law to quantify the volumetric viscoplastic strains: 

projection of the 

yield surface, 𝑡𝑒 =  

reference

compression line, 𝑡𝑒 = 0

elastic  line

lines of constant 𝑡𝑒
or 휀�̇�𝑜𝑙,𝑚

𝑣𝑝

𝑡𝑒 = 0

𝑡𝑒 > 0

𝑡𝑒  0

 /𝑉

𝜅/𝑉

휀𝑣𝑜𝑙,𝑚,𝐿𝑖𝑚𝑖𝑡
𝑣𝑝

휀𝑣𝑜𝑙,𝑚

휀𝑣𝑜𝑙,𝑚 = 0

휀𝑣𝑜𝑙,𝑚
𝑟𝑒𝑓

휀𝑣𝑜𝑙

𝑝′ = 1  a 𝑝′𝑚 ln  𝑝′

A
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휀𝑣𝑜𝑙,𝑚
𝑣𝑝

=

𝜓0
𝑉
ln (
𝑡0 + 𝑡𝑒
𝑡0

)

1 +
𝜓0

𝑉 ∙ 휀𝑣𝑜𝑙,𝑚,𝐿𝑖𝑚𝑖𝑡
𝑣𝑝 ln (

𝑡0 + 𝑡𝑒
𝑡0

)
(3.59) 

where 𝑡0 is the real time associated with the reference time line; 𝑡𝑒 is the equivalent time and the time 

that the soil needs to creep from the reference to the current loading NCL; 𝜓0 𝑉⁄  is a constant 

associated to the creep parameter and 휀𝑣𝑜𝑙,𝑚,𝐿𝑖𝑚𝑖𝑡
𝑣𝑝

 is the limit of volumetric viscoplastic strain. 

By isolating the logarithm term in the numerator, equation 3.59 can be expressed as: 

휀𝑣𝑜𝑙,𝑚
𝑣𝑝

=
𝜓

𝑉
∙ ln (

𝑡0 + 𝑡𝑒
𝑡0

) (3.60) 

where 

𝜓

𝑉
=

𝜓0
𝑉

1 +
𝜓0

𝑉 ∙ 휀𝑣𝑜𝑙,𝑚,𝐿𝑖𝑚𝑖𝑡
𝑣𝑝 ln (

𝑡0 + 𝑡𝑒
𝑡0

)
(3.61) 

Equations 3.60 and 3.61 show that Yin’s expression is comparable to the semi-logarithm creep law 

with the difference lying on the creep parameter 𝜓 𝑉⁄ . The parameter is now made to decrease with 

time delayed deformations (or equivalent time 𝑡𝑒) such that 𝜓 𝑉⁄ = 𝜓0 𝑉⁄  when 𝑡𝑒 = 0 (i.e. soil state is 

located on the reference line) and 𝜓 𝑉⁄  tends to zero for an infinite creep time (i.e. soil state is located 

on the limit time line). 

The volumetric viscoplastic strain rate as a function of equivalent time can be calculated by 

differentiating equation 3.59. 

휀�̇�𝑜𝑙,𝑚
𝑣𝑝

=
𝜓0
𝑉
∙

1

𝑡0 + 𝑡𝑒
∙

1

[1 +
𝜓0

𝑉 ∙ 휀𝑣𝑜𝑙,𝑚,𝐿𝑖𝑚𝑖𝑡
𝑣𝑝 ln (

𝑡0 + 𝑡𝑒
𝑡0

)]

 
(3.62)

 

Substituting equation 3.59 into equation 3.58 and rearranging the terms to give the equivalent time, 

equation 3.63 is obtained. 

𝑡𝑒 = −𝑡0 + 𝑡0 ∙ exp

[
 
 
 
 
 
𝑉

𝜓0
∙
휀𝑣𝑜𝑙,𝑚 − 휀𝑣𝑜𝑙,𝑚

𝑟𝑒𝑓

1 −
휀𝑣𝑜𝑙,𝑚 − 휀𝑣𝑜𝑙,𝑚

𝑟𝑒𝑓

휀𝑣𝑜𝑙,𝑚,𝐿𝑖𝑚𝑖𝑡
𝑣𝑝

]
 
 
 
 
 

(3.63) 

Substituting equation 3.63 into equation 3.62 and reworking the expression, the volumetric 

viscoplastic strain rate is given as: 
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휀�̇�𝑜𝑙,𝑚
𝑣𝑝

=
𝜓0
𝑉 ∙ 𝑡0

∙ (1 +
휀𝑣𝑜𝑙,𝑚
𝑟𝑒𝑓

− 휀𝑣𝑜𝑙,𝑚

휀𝑣𝑜𝑙,𝑚,𝐿𝑖𝑚𝑖𝑡
𝑣𝑝 )

 

∙ exp

[
 
 
 
 
 

𝑉

𝜓0

휀𝑣𝑜𝑙,𝑚
𝑟𝑒𝑓

− 휀𝑣𝑜𝑙,𝑚

(1 +
휀𝑣𝑜𝑙,𝑚
𝑟𝑒𝑓

− 휀𝑣𝑜𝑙,𝑚

휀𝑣𝑜𝑙,𝑚,𝐿𝑖𝑚𝑖𝑡
𝑣𝑝 )

]
 
 
 
 
 

(3.64) 

The overstress is now the vertical measure from the current loading NCL to both the reference NCL 

and the limit time line. The vertical spacing between logarithm cycles of equivalent time in 휀𝑣𝑜𝑙 − ln 𝑝
′ 

space is no longer uniform due to the variation of the creep parameter. Since 𝜓 𝑉⁄  is a monotonic 

decreasing function with equivalent time, the vertical spacing between NCLs gradually decreases 

when approaching the limit time line.  

The extension to general stress space (schematically represented in figure 3.6) follows the same 

procedure specified for the semi-logarithm creep law model.  

 

Figure 3.6 – Hyperbolic model framework in general stress space (after Bodas Freitas et al., 2011) 
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The viscoplastic scalar multiplier is expressed as: 

Φ =
𝜓0
𝑉 ∙ 𝑡0

∙ (1 +
휀𝑣𝑜𝑙,𝑚
𝑟𝑒𝑓

− 휀𝑣𝑜𝑙,𝑚

휀𝑣𝑜𝑙,𝑚,𝐿𝑖𝑚𝑖𝑡
𝑣𝑝 )

 

∙ exp

[
 
 
 
 
 

𝑉

𝜓0

휀𝑣𝑜𝑙,𝑚
𝑟𝑒𝑓

− 휀𝑣𝑜𝑙,𝑚

(1 +
휀𝑣𝑜𝑙,𝑚
𝑟𝑒𝑓

− 휀𝑣𝑜𝑙,𝑚

휀𝑣𝑜𝑙,𝑚,𝐿𝑖𝑚𝑖𝑡
𝑣𝑝 )

]
 
 
 
 
 

∙
1

|
𝜕𝑔
𝜕𝑝′
|
 
𝑝′=𝑝𝑚

′

𝑞=0

(3.65) 

where |𝜕𝑔 𝜕𝑝′⁄ |
 
𝑝′=𝑝𝑚

′

𝑞=0

= |1 𝑝′𝑚⁄ |. 

The application of equation 3.65 requires the knowledge of the value of 𝑝′𝑚 (the mean effective stress 

at 𝑞 = 0 on the current loading surface) and of the current value of 휀𝑣𝑜𝑙,𝑚 which can be calculated by 

means of equation 3.66. At the start of the analyses, the initial value of 휀𝑣𝑜𝑙 can be calculated with 

equation 3.67 and is constantly updated by accumulating the total volumetric strain obtained during 

the stepping process. 

휀𝑣𝑜𝑙,𝑚 = 휀𝑣𝑜𝑙 −
𝜅

𝑉
ln(

𝑝′𝑖
𝑝′𝑚

) (3.66) 

Where 휀𝑣𝑜𝑙 is the current accumulated volumetric strain. In the beginning of the analysis, the initial 

value of 휀𝑣𝑜𝑙 is calculated using the following equation: 

휀𝑣𝑜𝑙 =
 

𝑉
ln(

𝑝′𝑚𝑐
1 𝑘𝑃𝑎

) −
𝜅

𝑉
ln (

𝑝′𝑚𝑐
𝑝′𝑖

) (3.67) 

where 𝑝′𝑚𝑐 is the size of the loading surface corresponding to the largest NC stress state that the soil 

has experienced and can be calculated with the initial stress state, the OCR and the model 

parameters. 

 

3.4.2 Model parameters 

To fully define the hyperbolic model 10 input parameters are needed which are listed in table 3.2. 

𝜅/𝑉 and  /𝑉 are equivalent parameters to 𝜅 and   but now formulated in 휀𝑣𝑜𝑙 − ln 𝑝′ space. 

𝜓0/𝑉, 휀𝑣𝑜𝑙,𝑚,𝐿𝑖𝑚𝑖𝑡
𝑣𝑝

 and 𝑡0 are the hyperbolic creep law’s parameters. 𝜓0/𝑉 is the equivalent parameter 

of 𝜓0 now defined in 휀𝑣𝑜𝑙 − ln 𝑡 space, and it is related to the coefficient of secondary compression 𝐶𝛼 

through equation 3.68. 

𝜓0
𝑉
=

𝐶𝛼𝑒
𝑉 ln 10

=
𝐶𝛼𝜀
ln 10

(3.68) 

휀𝑣𝑜𝑙,𝑚,𝐿𝑖𝑚𝑖𝑡
𝑣𝑝

 is, by definition, the amount of volumetric viscoplastic deformation the soil acquires after an 

infinite time of drained creep under constant isotropic stress. The parameter should be derived by 

curve fitting long creep tests. However, the amount of time necessary to reach this deformation is 
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usually difficult to assess because it depends on the soil being tested. In the absence of a long creep 

test, the value of the volumetric viscoplastic deformation limit can be assumed as: 

휀𝑣𝑜𝑙,𝑚,𝐿𝑖𝑚𝑖𝑡
𝑣𝑝

=
𝑒0

1 + 𝑒0
(3.69) 

where 𝑒0 is the initial void ratio of the soil. The value calculated by equation 3.69 corresponds to the 

volumetric viscoplastic deformation necessary to eliminate all the existing voids in the soil.  

The value of 휀𝑣𝑜𝑙,𝑚,𝐿𝑖𝑚𝑖𝑡
𝑣𝑝

 influences the behaviour of the hyperbolic creep law curve as it controls the 

rate at which the creep parameter decreases with time. If the value is set equal to 𝑒0/(1 + 𝑒0) it is 

found that 𝜓 𝑉⁄  decreases very slowly and, for creep durations considered in common engineering 

practice, the curve plotted in 휀𝑣𝑜𝑙 − ln 𝑡 almost coincides with the semi-logarithm curve. A much 

smaller value should be assigned to 휀𝑣𝑜𝑙,𝑚,𝐿𝑖𝑚𝑖𝑡
𝑣𝑝

 so that the non-linearity of the hyperbolic creep law 

becomes visible in the interval of time considered. 

The remaining model parameters have the meaning identical to that discussed in section 3.3.2. 

 
Table 3.2 – Model parameters for the hyperbolic creep law model 

Model parameter Units Definition 

𝜅/𝑉 - Slope of the elastic line in 휀𝑣𝑜𝑙 − ln 𝑝′ space 

 /𝑉 - Slope of the reference time line in 휀𝑣𝑜𝑙 − ln 𝑝′ space 

𝐺 or 𝑣 kPa for 𝐺 and - for 𝑣 Second elastic parameter 

𝛼 - Loading surface parameter 

𝜇 - Loading surface parameter 

𝑀𝑐 - Stress ratio at failure under triaxial compression 

𝑟𝑀 - 
Ratio of 𝑀𝑒 to 𝑀𝑐, with 𝑀𝑒 being the stress ratio at 

failure under triaxial extension 

𝜓0/𝑉 - Slope of the 휀𝑣𝑜𝑙 − ln 𝑡 curve at 𝑡 = 𝑡0 = 1 day 

휀𝑣𝑜𝑙,𝑚,𝐿𝑖𝑚𝑖𝑡
𝑣𝑝

 - Limit to the amount of volumetric viscoplastic strain 

𝑡0 day Real time associated to the reference time line 

 

3.5 Implementation of the models in the single stress point algorithm 

3.5.1 Description of the algorithm 

In addition to the constitutive model equations, other components are necessary to fully obtain model 

predictions for the stress-strain-strain rate response under specified loading conditions. In this section 

is detailed how the programme is initialised, the boundary conditions are taken into account and the 

integration procedure is employed at each step. Figure 3.7 presents the flowchart of the single stress 

point algorithm developed in MATLAB. The algorithm is composed by a series of subroutines, written 

in M files, that are responsible for each phase of the flowchart. 
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The main routine is responsible to retrieve the data stored in two input files and to relocate it into the 

time stepping algorithm. Then, the results compiled by the stepping algorithm are subjected, through 

the main routine, to a post-processing procedure in which data is organised into tables and plotted as 

graphs.  

 

Figure 3.7 – Single stress point algorithm flowchart 

 
The two input files contain all the information necessary to initialise the time stepping routine: 

a) File input_data.m stores all model parameters’ values and contains the information about the 

stress path(s) that will be simulated. The variable that controls the number of successive 

stress paths is denoted by nspb (number of stress path branches) and in the analysis 

presented herein it is always set to unity, to reproduce simple laboratory tests with a single 

stress path. After defining the total load or displacement to be applied in that stress path, the 

user has the option to assign the number of discretised increments. The variable associated 

to the number of increments is termed nsteps. It is obvious that using a higher number of 

discretised increments yields better results but the memory and time consumed are also 



 

51 
 

higher. Then, the increment size is calculated by dividing the total load or displacement by the 

number of steps; 

b) File init_state.m contains information of the soil initial state (i.e. initial stresses and strains, 

void ratio, pre-consolidation pressure or OCR). 

The time stepping routine is responsible for updating the soil state under the conditions and loads 

specified in the two input files. The routine is composed by a nested loop: the outer loop is controlled 

by the variable nspb and the inner loop depends on the number of discretised increments, nsteps. For 

each discretised increment, the routine goes through the following phases: 

1. The routine recovers the stress state y_k and checks if all the necessary conditions are met 

for the application of the expressions presented in this chapter. Then, the routine evaluates 

the value of the yield function to determine the location of the recovered stress state, whether 

this is in the elastic or viscoplastic range; 

2. If stress state is viscoplastic (i.e. located beyond the yield surface) the routine will immediately 

jump to the EVP update phase. If stress state is elastic, the routine will first assume a purely 

elastic increment for the stress state and verify if it remains in the elastic range (i.e. trial 

increment). If it does so, a new state y_k+1 is defined and the routine proceeds to the next 

increment step. Contrarywise, if stress state goes beyond the elastic region, the routine will 

locate the point of intersection of the stress path with the yielding surface and calculate the 

portion of increment which is purely elastic. Then, the routine will proceed to the calculation of 

soil response due to the viscoplastic part in EVP update. 

3. If the number of iterations ran by the inner loop is equal to the value assigned to the variable 

nsteps, the algorithm returns to the outer loop and searches for the details of the next stress 

path. Of course, if the number of stress path is equal to unity, the algorithm will automatically 

return to the main routine and proceed to the post-processing phase. 

The trial state and EVP update routines give the updated stress state due to the discretised load 

increment using a 3rd order Runge-Kutta integration scheme with sub-stepping and error control. The 

integration is needed because stress state increments given by the constitutive models for both 

routines are linear. Conversely, the response predicted by the constitutive models is nowhere near 

linear and without the numerical integration procedure the discrepancy between the resulting stress 

state and the exact solution will be unacceptable. The integration ensures a better error control in this 

sense. 

Note that, for the semi-logarithm creep law model, because time-delayed deformations are always 

developed and the locus of points at which stress state is purely elastic is inexistent, phases a, b, c, 

c0 and c1 in Figure 3.7 are omitted and the algorithm jumps directly to the EVP update routine. 
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3.5.2 3rd order Runge-Kutta integration 

Figure 3.8 gives the schematic representation of the numerical integration considered. 

 

Figure 3.8 – Schematic representation of the 3rd order Runge-Kutta integration 

The initial stress state is represented by the point (𝑥𝑖, 𝑦𝑖). Subsequent to a step increment ℎ, the exact 

soil response is represented by the red line illustrated in the figure. As an approximation, the 3rd order 

Runge-Kutta integration procedure estimates a linear response for the step increment ℎ which slope 

is obtained as the weighted average between the slopes 𝑘1, 𝑘  and 𝑘  (green line). These slopes are 

evaluated at three specific locations: 𝑘1 is calculated at the initial stress state (𝑥𝑖, 𝑦𝑖). 𝑘  is then 

estimated at the coordinates (𝑥𝑖 + ℎ/2, 𝑦𝑖 + 𝑘1 ∙ ℎ/2), which were obtained based on the linear 

response of half of the step increment ℎ/2, beginning at the initial stress state and with a slope equal 

to 𝑘1 (blue dash-dotted line). Finally, 𝑘  is evaluated at the coordinates (𝑥𝑖 + ℎ, 𝑦𝑖 − 𝑘1ℎ + 2𝑘 ℎ). The 

location was obtained by the linear response of the full step increment ℎ, beginning at the initial stress 

state and with a slope equal to 2𝑘 − 𝑘1 (orange dash-dotted line). 

Equation 3.70 gives the mathematical expression to obtain the stress state at 𝑥𝑖 + ℎ. 

𝑦𝑖+1 = 𝑦𝑖 +
1

6
(2𝑘1 + 4𝑘 + 2𝑘 )ℎ (3.70) 

where 𝑘1, 𝑘  and 𝑘  are calculated as follows: 

𝑘1 = 𝑓(𝑥𝑖  , 𝑦𝑖) (3.71) 

𝑘 = 𝑓 (𝑥𝑖 +
ℎ

2
 , 𝑦𝑖 +

𝑘1ℎ

2
) (3.72) 

𝑘 = 𝑓(𝑥𝑖 + ℎ , 𝑦𝑖 − 𝑘1ℎ + 2𝑘 ℎ) (3.73) 

𝑓 is the vector which contains all stress and strain increments as well as the update of the hardening 

parameters. These increments are derived based on the constitutive model equations presented in 

this chapter along with Bardet and Choucair’s linearised constrains technique which is explained in 

section 3.5.3. 
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The implemented 3rd order Runge-Kutta integration incorporates an error control algorithm that 

evaluates whether the obtained results are acceptable or not. If the results yield an unacceptable 

error for the current step, the algorithm will divide it into smaller sub-steps and proceed with the 

integration with the resulting smaller sub-step size. 

 

3.5.3 Bardet and Choucair’s (1991) linearised constraints technique 

The technique proposed by Bardet & Choucair (1991) consists on the principle of linearising the 

loading constraints of simple laboratory tests and linking these to the constitutive relations to form a 

linear system of ordinary differential equations. These equations are then integrated with the 3rd order 

Runge-Kutta method referred previously. It can be shown that the driving variable vector (i.e. load or 

displacement increment), {∆𝑌} is related to the stress and strain increments through equation 3.74. 

[𝑆]{∆𝜎′} + [𝐸]{∆휀𝑇} = {∆𝑌} (3.74) 

{∆𝜎′} is the stress increment vector and {∆휀𝑇} is the total strain increment vector. [𝑆] and [𝐸] are the 

matrices that represents the stress and strain constraints of a given laboratory test, respectively. 

These matrices are composed by six rows and six columns. The last row, in particular, indicates the 

stress or strain constraints related to the driving variable. {∆𝑌} is the driving variable vector which is 

given by equation 3.75. 

{∆𝑌} = {0 0 0 0 0 ∆𝑋}𝑇 (3.75) 

where ∆𝑋 is the load increment. 

The next step is to illustrate how equation 3.74 should be applied using the constitutive model 

equations. Knowing that the stress increment can be obtained through equation 3.8 and that the 

elastic strain increment is given by the difference between the total strain increment and the 

viscoplastic strain increment, equation 3.74 can be rewritten as: 

[𝑆][𝐷]({∆휀𝑇} − {∆휀𝑣𝑝}) + [𝐸]{∆휀𝑇} = {∆𝑌} (3.76) 

Reworking equation 3.76 in order to {∆휀𝑇} gives: 

{∆휀𝑇} = ([𝑆][𝐷] + [𝐸])−1 ∙ ({∆𝑌} + [𝑆][𝐷]{∆휀𝑣𝑝}) (3.77) 

Because the viscoplastic strain increment is calculated in each step of the integration, the number of 

unknown variables for this system of six linear equations is reduced to six, meaning that the system is 

solvable. In addition, once the total strain increment vector is obtained, the stress state components 

can be recovered through specific relationships that were presented along this chapter. In summary, 

the whole numerical integration can be done as follows: 

1. At point (𝑥𝑖, 𝑦𝑖), evaluate the viscoplastic strain increment vector based on the chosen creep 

law model (with equation 3.16); 

2. Calculate the total strain increment vector through equation 3.77; 
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3. The elastic strain increment vector is obtained through equation 3.8; 

4. Stress increment vector is obtained through equation 3.9; 

5. Recover the information necessary to update the hardening parameters; 

6. 𝑘1 is the vector that stores all the information processed from steps 1 to 5; 

7. With 𝑘1 defined, locate the point at which 𝑘  is calculated; 

8. Repeat steps 1 to 6 at the location determined in step 7 to calculate 𝑘 ; 

9. Locate the point at which 𝑘  is evaluated based on 𝑘1 and 𝑘 ; 

10. Repeat steps 1 to 6 at the location determined in step 9 to calculate 𝑘 ; 

11. Having all three stress states linear increment vector defined, evaluate the weighted average 

slope and estimate for the non-linear stress increment using equation 3.70. 

 

3.6 Implementation of the models in FLAC 2D  

3.6.1 Description of the numerical program 

Fast Lagrangian Analysis of Continua (FLAC) is a two-dimensional explicit finite difference program 

mainly for geotechnical engineering mechanics computation. It simulates the behaviour of structures 

related to soils, rocks or other materials that may undergo plastic flow when their yield limits are 

reached. Materials are represented by elements and zones, which form a grid that is adjusted by the 

user to fit the shape of the object to be modelled. Each element behaves according to a prescribed 

linear or non-linear stress-strain law in response to the applied forces and boundary restraints. FLAC 

provides several built-in constitutive models but one may also create their own constitutive laws using 

FLAC’s built-in programming language FISH (short for FLACish). The numerical analysis of a 

geotechnical structure can be performed following the flowchart illustrated in figure 3.9. 

The user starts off by defining the geometry and the grid for the geotechnical problem. The grid 

should be more refined in the zones with high gradient of stresses and sparser for the zones with 

lower gradient of stresses to achieve satisfactory results without substantial computational demands. 

Then, a constitutive law is chosen for each zone. Its properties and model parameters must be 

specified to ensure the proper definition of the model components, and thus the running of the 

constitutive model’s FISH functions. Finally, static and kinematic boundary conditions as well as the 

number of load/displacement steps are declared. Once the geotechnical problem has been setup, the 

numerical program proceeds to its running section in which data is transferred back and forth between 

FLAC and FISH codes. The FLAC codes run the finite difference computation to determine the strain 

increments of each zone and feed these to the constitutive model’s FISH functions. Then, based on 

the strain increments, the constitutive model calculates the final stress state by integration and 

transfers the data back to the FLAC codes. This looping process is executed until the number of 
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specified steps is met. Exiting the running section, the results of the numerical analysis maybe 

visualised and/or stored in the format of a table and/or graphs. 

 

Figure 3.9 – FLAC 2D numerical program flowchart 

 

3.6.2 Implementation procedure 

In the light of the operations presented above, the user only needs to rewrite the FISH codes to 

implement the constitutive model because these codes are separate from the main FLAC routines. 

The EVP model was written based on the existing Modified Cam Clay (MCC) FISH algorithm and 

much of its structure was retained. That also enabled the possibility to validate the code when 𝑀(𝜃) 

and Lagioia’s surface were first incorporated. However, it was soon realised that the numerical 

integration used in the MCC FISH algorithm does not suit the EVP model. The integration is done 

using an analytical solution, by solving a second order equation with the quadratic formula, and is only 

valid for expressions like the MCC’s surface. The implementation of Lagioia’s surface inhibits this type 

of integration because the resulting equation cannot be solved explicitly and a numerical approach is 

needed. Therefore, it has been decided to write an equivalent MCC FISH algorithm for the Modified 

Cam Clay model but using the 3rd order Runge-Kutta integration, referred in 3.5.2, instead. 
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Figures 3.10(a) to (c) show the stress paths in 𝑞 − 𝑝′ diagram of three types of laboratory tests 

(triaxial compression test in drained and undrained conditions and oedometer test) for three levels of 

OCR (1, 1.5 and 4) predicted by the original MCC FISH algorithm and that developed by the author 

with 3rd order Runge-Kutta integration and 𝑀(𝜃) implemented. It should be noted that the original 

MCC FISH algorithm assumes a constant 𝑀, implying a Drucker-Prager failure criterion in the 

deviatoric plane. The figures show a relatively good fit between the two approaches, and thus 

demonstrates the validation of the implemented integration. 

Once the integration algorithm was validated, Lagioia’s surface and the EVP model are implemented. 

The structure of the EVP model FISH algorithm is very similar to the single stress point algorithm. The 

difference between FISH and single stress point algorithm lies in the driving variable; while in the 

single stress point algorithm the variable is a general load, implying the use of Bardet and Choucair’s 

linearised constraints technique to identify the type of load (i.e. applied force or displacement) and to 

determine the total strain increment before calculating the stress response, in the FISH algorithm the 

driving variable is already a total strain increment. Consequently, the elastic part can be obtained 

immediately knowing that the viscoplastic strain increments are quantified using equation 3.16. Then, 

the corresponding stress increments are derived through equation 3.9. 

 

 
(b) 

 
(a) (c) 

Figure 3.10 – Validation of the 3rd order Runge-Kutta integration algorithm: 𝒒 − 𝒑′ plot for (a) drained 

triaxial compression tests, (b) undrained triaxial compression tests and (c) oedometer tests (RK – MCC 

model with Runge-Kutta algorithm, ORI – MCC with original algorithm, Surface – yield surface, CSL – 

Critical State Line, NC – normally consolidated, LOC – lightly overconsolidated, OCR=1.5 and HOC – 

heavily overconsolidated, OCR=4.0) 
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4 Numerical analyses and result assessment 

 

4.1 Introduction 

This chapter presents a series of numerical analyses that simulate simple laboratory tests in which 

the soil is modelled using the implemented constitutive relations, and are carried out using both single 

stress point algorithm and FLAC 2D. These analyses intend to investigate the performance of the 

implemented constitutive models under a variety of stress paths. The models’ potentials and 

limitations are assessed subsequently by comparing the results of constant rate of stress and 

constant rate of strain tests. 

 

4.2 Numerical analyses of simple laboratory tests 

4.2.1 Boundary conditions, model parameters and initial state 

Four types of laboratory tests are simulated for both the semi-logarithm and the hyperbolic model: 

a) Strain controlled drained triaxial compression tests; 

b) Strain controlled undrained triaxial compression tests; 

c) Strain controlled 1D compression tests (oedometer tests); 

d) Drained creep tests under isotropic stress conditions; 

The effects of strain rate are studied with tests a), b) and c) on samples with OCR of 1.0, 1.5 and 4.0 

(with reference to the reference time line) and by applying a strain rate of 1%, 10% and 100% strain 

per day. Type d) tests study the performance of the model during a creep period on a sample with an 

OCR equal to 1.0. 

A schematic representation of the boundary conditions, Bardet and Choucair’s [𝑆] and [𝐸] matrices 

and FLAC 2D’s boundary condition commands for each type of test can be found in Attachment A. 

Table 4.1 and 4.2 give the model parameters set for the semi-logarithm and the hyperbolic model, 

respectively. Unless stated otherwise, the values for 𝜓0, 𝜓0/𝑉 and 휀𝑣𝑜𝑙,𝑚,𝐿𝑖𝑚𝑖𝑡
𝑣𝑝

 are taken as the ones 

given in these tables. Finally, table 4.3 gives the initial state of the soil. 

 
Table 4.1 – Model parameters set for the semi-logarithm model 

𝑀𝑐 𝑟𝑚 𝜅   𝜈 𝛼 𝜇 𝜓0 

1.2 0.714 0.021 0.21 0.25 0.4 0.9 0.011 
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Table 4.2 – Model parameters set for the hyperbolic model 

𝑀𝑐 𝑟𝑚 𝜅/𝑉  /𝑉 𝜈 𝛼 𝜇 𝜓0/𝑉 휀𝑣𝑜𝑙,𝑚,𝐿𝑖𝑚𝑖𝑡
𝑣𝑝

 

1.2 0.714 0.0084 0.084 0.25 0.4 0.9 0.0044 0.06 

 

Table 4.3 – Initial state of the soil (stress values in kPa) 

𝑒0 
OCR with reference to the 

reference time line 
𝜎′𝑥𝑥 𝜎′𝑦𝑦 𝜎′𝑧𝑧 𝜏𝑥𝑦 𝜏𝑦𝑧 𝜏𝑧𝑥 

1.5 

1.0 600 600 600 0 0 0 

1.5 400 400 400 0 0 0 

4.0 150 150 150 0 0 0 

 

4.2.2 Constant rate of strain oedometer tests 

The formulation of the semi-logarithm (and hyperbolic) model implies a unique relationship between 

the viscoplastic scalar multiplier Φ, the size of the current loading surface 𝑝′0 (or 𝑝′𝑚) and its 

corresponding specific volume (or volumetric strain 휀𝑣𝑜𝑙,𝑚). A direct demonstration that the model 

predicts isotach viscosity would be to verify that, independently of the imposed stress path, two soil 

states with the same 𝑝′0 and associated specific volume have indeed the same value of viscoplastic 

scalar multiplier. However, in the CRS test only the total axial strain rate component is kept constant 

and Φ will then vary according to the following demonstration. 

Equation 4.1 shows that Φ is a function of two quantities: 

Φ =
휀̇𝑣𝑝

𝜕𝑔 𝜕𝜎𝑖𝑗⁄
(4.1) 

where 휀̇𝑣𝑝 is the viscoplastic strain rate and 𝜕𝑔 𝜕𝜎𝑖𝑗⁄  is the derivative of the plastic potential. 휀̇𝑣𝑝 is also 

given as: 

휀̇𝑣𝑝 = 휀̇𝑡𝑜𝑡 − 휀̇𝑒𝑙 (4.2) 

where 휀̇𝑒𝑙 is the elastic strain rate and 휀̇𝑡𝑜𝑡 is the total strain rate. 

Even though the total axial strain rate 휀̇𝑡𝑜𝑡 is remained constant during the CRS tests, the quantities 

휀̇𝑒𝑙 and 𝜕𝑔 𝜕𝜎𝑖𝑗⁄  may vary. Φ only remains constant provided that all the referred quantities remain 

unchanged. This is the situation in which stress state is either at the critical state in shear tests or on 

the 𝐾0 relationship in oedometer tests. Nevertheless, the results shown subsequently serve as an 

implicit demonstration of the isotach behaviour because the viscoplastic scalar multiplier is directly 

related to the total strain rate according to equations 4.1 and 4.2. 

The stress paths studied hereafter consider the value of Φ at critical state or 𝐾0 condition to be higher 

than the value of Φ at the beginning of the triaxial and oedometer tests, respectively. Therefore, the 

observations made herein may not be completely valid in other situations but they serve as reference 

for their interpretation. 
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Figures 4.1(a.1) to (b.2) give the semi-logarithm model prediction of a CRS oedometer test with an 

applied total axial strain rate of 100% strain per day on a sample with an OCR equal to 1.5 

(isotropically consolidated to 400 kPa). 

  
(a.1) (b.1) 

 

             

 

          
(a.2) (b.2) 

Figure 4.1 – Semi-logarithm model prediction of a CRS oedometer test with an applied strain rate of 100% 

strain per day on a sample with an OCR equal to 1.5: (a.1) step 1 in 𝒒 − 𝒑′  space; (a.2) step 2 in 𝒒 − 𝒑′ 

space; (b.1) step 1 in 𝑽 − 𝐥𝐧𝒑′ space and (b.2) step 2 in 𝑽 − 𝐥𝐧𝒑′ space (stress values in kPa) 

 
The magnitude of viscoplastic strains ‖∆휀𝑣𝑝‖ is given by the product of the viscoplastic scalar 

multiplier Φ and the time step increment ∆𝑡.  

‖∆휀𝑣𝑝‖ = Φ ∙ ∆𝑡 (4.3) 

In the semi-logarithm model, Φ is quantified by the ratio between the size of the current loading 

surface, 𝑝′0 and the reference pre-consolidation pressures, 𝑝′0𝑟𝑒𝑓 or by the horizontal distance 

between their corresponding NCLs in 𝑉 − ln 𝑝′. The reference NCL and the current NCL are 

(1)

(2)
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represented by the black and blue dashed lines in figures 4.1(b.1) and (b.2), respectively. The latter 

NCL is simply termed as the current loading NCL hereafter. ∆𝑡 is constant in each step and 

represents the elapsed time increment during each step.  

The loading pre-consolidation pressure is much lower than the reference pre-consolidation pressure 

in the first few step increments, yielding a very small value of Φ based on equation 4.4. 

Φ =
𝜓

1 + 𝑒
∙
1

𝑡0
∙ (

𝑝′0
𝑝′0𝑟𝑒𝑓

)

𝜆−𝜅
𝜓

∙
1

𝑝′0
(4.4) 

where the quantities are the same as the ones in equation 3.55. Since ∆𝑡 is not sufficiently large to 

compensate this value, the resulting magnitude of viscoplastic strains may be neglected and the soil 

response is approximately purely elastic: the stress path, represented by the red line follows the 

recompression line in 𝑉 − ln 𝑝′ space, and a linear relationship characterised by equation: 4.5 in 𝑞 − 𝑝′ 

space. 

∆𝑞

∆𝑝
=
3(1 − 𝐾0)

1 + 2𝐾0
(4.5) 

where 𝐾0 is the coefficient of earth pressure at rest, and during elastic behaviour this can be shown to 

be equal to 𝑣/(1 − 𝑣), where 𝑣 is the Poisson’s ratio. 

In the meantime, the size of the current loading surface 𝑝′0 and its associated NCL in 𝑉 − ln 𝑝′ space 

shifts to the right, increasing the value of the viscoplastic scalar multiplier. However, ∆𝑡 is so small 

herein that soil response remains largely elastic even in a situation like the one illustrated in figure 

4.1(b.1), in which the current pre-consolidation pressure is already higher than the reference pre-

consolidation pressure. The viscoplastic behaviour of the soil only becomes relevant when the 

combination of Φ and ∆𝑡 yields sufficiently high values for the magnitude of viscoplastic strains. This 

can be observed with the continued shifting to the right of the current loading NCL until it reaches a 

position where one starts to observe the deviation of the stress state from the recompression line 

[note the differences in the red path between figure 4.1(b.1) and highlighted zone (1) in figure 

4.1(b.1)]. The faster the applied strain rate (smaller ∆𝑡 for a given axial strain increment) the more the 

current loading NCL shifts to the right before the stress state deviates from the recompression line. 

Generally speaking, it corresponds to the location at which the apparent yielding of the soil occurs.  

In figure 4.1(b.2) the soil state seems to follow a step wise path; that corresponds to the decomposing 

of the strain increment into the elastic component (during which the soil state moves along the instant 

time line) and the viscoplastic component (vertical path). The viscoplastic strain component does not 

cause stress changes and therefore it occurs at constant effective stresses [vertical path in figure 4.1 

(b.2)]. The viscoplastic strain components are calculated using equation 3.16; the magnitude of red 

vertical segments of the stress path illustrated in figures 4.1(b.2) allow the direct quantification of the 

volumetric viscoplastic strain increment (by definition V/V). Alternatively, the volumetric viscoplastic 
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strain increment can also be calculated using equation 4.6 based on the flow rule (i.e. the directional 

component of the viscoplastic strains). 

휀𝑣𝑜𝑙
𝑣𝑝
= Φ ∙

𝜕𝑔

𝜕𝑝′
∙ ∆𝑡 (4.6) 

where 휀𝑣𝑜𝑙
𝑣𝑝

 is the volumetric viscoplastic strain increment and 𝜕𝑔 𝜕𝑝′⁄  is the derivative of the plastic 

potential in order to the mean effective stress. 

After the current loading NCL reaches the apparent yielding stress, two scenarios maybe observed 

depending on the variation of the derivative of the plastic potential (i.e. whether soil behaviour is 

dilative or contractive): the current loading NCL continues its shifting to the right for contractive 

behaviour or reverses back to the left side for dilative behaviour, corresponding to an increase or 

decrease of Φ and the size of the current loading surface, respectively. In oedometer tests, since soil 

behaviour is contractive, the current loading NCL continues to shift slightly to the right until the 

derivative of the plastic potential stabilises when stress state tends towards the 𝐾0 relationship, which 

is represented by the green double dotted-dashed line in figure 4.1(a.2). Furthermore, the viscoplastic 

scalar multiplier, the volumetric elastic and viscoplastic strain increments become simultaneously 

constant with continuous straining, resulting in the stress path illustrated in the highlighted zone (2) in 

figure 4.1(b.2). 

The whole process of change in soil behaviour in 𝑉 − ln 𝑝′ space can be associated to the apparent 

yielding of the soil [highlighted zone (1) in figure 4.1(b.2)], followed by the dislocation of its stress 

state towards the 𝐾0 relationship projection in the same space and remaining on it afterwards 

[highlighted zone (2) in figure 4.1(b.2)]. A well-defined yielding point does not exist compared to time 

independent constitutive models due to the development of viscoplastic strains throughout the stress 

path, even if of very small magnitude up to this apparent yielding. In 𝑞 − 𝑝′ space [figure 4.1(a.2)], the 

stress path deviates from the initial linear relationship and tends towards the 𝐾0 relationship as 

viscoplastic strains develops. The relationship ensures that the dilatancy ratio is such that the total 

horizontal strain remains zero, being one of the boundary conditions imposed by the oedometer test. 

Identical behaviour to that described above would be observed if using the constitutive model with the 

hyperbolic creep law. 

Figures 4.2(a.1) to (b.2) show the predictions of CRS oedometer tests with applied total vertical strain 

rates of 1%, 10% and 100% strain per day on a sample with an initial OCR equal to 4.0 (isotropically 

consolidated to 150 kPa) given by the EVP model with both the semi-logarithm and the hyperbolic 

creep laws, in the single stress point algorithm (MATLAB) and FLAC 2D. 

The figures evidence the behaviour of a soil element with isotach viscosity as these illustrate the 

increase in the apparent yield stress of the soil element with faster applied strain rates. The increase 

may be interpreted as an increase in pseudo-elastic regime the soil acquires: the stress state travels 

further on the recompression line in 𝑉 − ln 𝑝′ space and on the linear relationship with its slope 

expressed by equation 4.5 in 𝑞 − 𝑝′ space before bending towards the 𝐾0 relationship due to the 
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development of greater viscoplastic strains in each step increment. Assuming that the same strain 

increment per step is considered in the various simulations, the time step ∆𝑡 decreases with faster 

applied strain rates, reducing the subtractive component of equation 4.7. Consequently, higher stress 

increments are predicted by the equation. 

{∆𝜎′} = [𝐷] ({∆휀𝑇} − 〈Φ〉 ∙ {
𝜕𝑔

𝜕𝜎′𝑖𝑗
} ∙ ∆𝑡) (4.7) 

where ∆𝜎′ is the stress increment and [𝐷] is the elastic constitutive matrix.  

Semi-logarithm model Hyperbolic model 

  
(a.1) (b.1) 

  

(a.2) (b.2) 

Figure 4.2 – CRS oedometer tests with applied strain rates of 1%, 10% and 100% strain per day on a 

sample with an OCR equal to 4.0: (a.1) semi-log model in 𝒒 − 𝒑′ space; (a.2) semi-log model in 𝑽 − 𝐥𝐧𝒑′ 

space; (b.1) hyperbolic model in 𝒒 − 𝒑′ space and (b.2) hyperbolic model in 𝑽 − 𝐥𝐧 𝒑′ space (stress values 

in kPa) 

Stress state remains on the stress path that corresponds to the applied strain rate with continued 

straining, highlighting the permanency of the effect of strain rate on the response of the soil. 

The comparison of the set of stress paths between the semi-logarithm and hyperbolic models in 𝑉 −

ln 𝑝′ space shows the underlaying characteristics of the implemented creep laws. The vertical spacing 

between these is constant in the semi-logarithm model and monotonically increasing for higher 
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applied strain rates in the hyperbolic model, representing implicitly their respective creep behaviour 

depicted in 휀𝑣𝑜𝑙 − ln 𝑡 diagram: linear relationship for the former and non-linear for the latter.  

The value of the vertical spacing is controlled by the creep parameter, 𝜓0 or 𝜓0/𝑉 depending on the 

model, whereas the rate at which the spacing increases for faster applied strain rates (observed in the 

hyperbolic model) is governed by the limit of volumetric viscoplastic strain, 휀𝑣𝑜𝑙,𝑚,𝐿𝑖𝑚𝑖𝑡
𝑣𝑝

.  

Figures 4.3(a) and (b) illustrate the effects of these model parameters. Figure 4.3(a) gives the same 

CRS oedometer tests presented in figure 4.2(a.2) but with 𝜓0 set equal to 0.0001 in the semi-

logarithm model and it shows that the current loading NCLs at 𝐾0 conditions for 1%,10% and 100% 

strain per day are all coincident with the reference NCL. The corresponding apparent yielding stress 

and stress paths are therefore for practical purposes unique regardless of the strain rate being 

applied, indicating a time independent soil response. Figure 4.3(b) gives the same CRS oedometer 

tests presented in figure 4.2(b.2) but with 휀𝑣𝑜𝑙,𝑚,𝐿𝑖𝑚𝑖𝑡
𝑣𝑝

 set equal to 0.6. The comparison of figure 4.3(b) 

to figures 4.2(a.2) and (b.2) suggests the approximation of the hyperbolic model to the semi-logarithm 

model when the limit of volumetric viscoplastic strain is set to a relatively large value (in this case to 

the volumetric strain necessary to eliminate all the void ratio of the soil), since the increase in the 

vertical spacing between the stress paths plotted in figure 4.3(b) became less remarkable. 

 

 

 
(a) (b) 

Figure 4.3 – Same CRS oedometer tests as the ones presented in figure 4.2 but (a) with 𝝍 =  .      in 

the semi-logarithm model and (b) with  𝒗𝒐𝒍,𝒎,𝑳𝒊𝒎𝒊𝒕
𝒗𝒑

=  .𝟔 in the hyperbolic model (stress values in kPa) 

 

4.2.3 Constant rate of strain triaxial compression tests 

The hyperbolic model simulation of an undrained triaxial compression CRS test (100% strain per day) 

on a soil with an OCR equal to 4.0 (isotropically compressed to 150 kPa) is illustrated in figures 

4.4(a.1) to (b.3). 
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(a.1) (b.1) 

  
(a.2) (b.2) 

 

      

 

      
(a.3) (b.3) 

Figure 4.4  – Hyperbolic model prediction of an undrained triaxial compression CRS test (100% strain per 

day) on a soil with an OCR equal to 4.0 (isotropically compressed to 150 kPa): (a.1) to (a.3) step 1 to 3 in 

𝒒 − 𝒑′ space and (b.1) to (b.3) step 1 to 3 in 𝑽 − 𝐥𝐧𝒑′ space (stress values in kPa) 
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The operation of the hyperbolic model is very similar to the semi-logarithm model except: (a) it 

presents a region where soil response is genuinely purely elastic (i.e. a region where viscoplastic 

strains are not even quantified by the model) and (b) the evaluation of the viscoplastic scalar multiplier 

is based on the vertical distance of the volumetric strain at the current pre-consolidation pressure 

NCL, 휀𝑣𝑜𝑙,𝑚, to both the volumetric strain at the reference and the limit NCLs, 휀𝑣𝑜𝑙,𝑟𝑒𝑓 and 휀𝑣𝑜𝑙,𝑙𝑖𝑚𝑖𝑡. 

Response is purely elastic in the first few step increments [figures 4.4(a.1) and (b.1)] because 휀𝑣𝑜𝑙,𝑚 is 

distant from 휀𝑣𝑜𝑙,𝑟𝑒𝑓 and stress state is within the yield surface (i.e. domain of purely elastic response). 

Given that total strains are equal to elastic strains, and the total volumetric strain is null for undrained 

conditions, only deviatoric stresses are developed in the first steps of strain increment. Therefore, the 

stress path is vertical in 𝑞 − 𝑝′ space [figure 4.4(a.1)] and the soil state remains unchanged in 𝑉 −

ln 𝑝′ space [figure 4.4(b.1)]. 

Figures 4.4(a.2) and (b.2) show the case in which soil state is above the yield surface but soil 

response remains essentially elastic as the current loading NCL is still distant from the apparent yield. 

When viscoplastic strain prevails, volumetric elastic strains are developed such that the volumetric 

total strains remain zero, resulting in mean effective stress variations until the stress state reaches 

failure [figures 4.4(a.3) and (b.3)]. Because soil behaviour is dilatant in this case, Φ decreases with 

straining after attaining its maximum value at the apparent yield location, and then remains constant 

once critical state is reached. 

Figures 4.5(a) to (c) give the hyperbolic model prediction of CRS undrained triaxial compression tests 

with applied strain rates of 1%, 10% and 100% strain per day on samples with 1.0, 1.5 and 4.0 OCR. 

Figure 4.5(a) and (c) indicate the increase in undrained shear strength with faster applied strain rates. 

However, since the effective stress critical envelop (represented by the CSL) remains unchanged in 

𝑞 − 𝑝′ space, the increase is owed to the development of lower creep induced pore water pressures at 

the critical state, the evidence being shown in figure 4.5(b). With a reduction in the applied strain rate 

the soil has more time to develop delayed volumetric deformations. If drainage was allowed, the 

increase in delayed volumetric deformations would cause the soil to contract, but since undrained 

conditions are imposed, extra pore water pressures are generated instead, reducing the acting mean 

effective stress and the undrained shear strength of the soil.  

The increase in undrained shear strength with faster applied strain rates suggests the inability of the 

model to reproduce soil failure due to incremental load or creep rupture. As strain rate increases 

drastically in the imminence of collapse, the model predicts an increase in undrained shear strength 

which will surpass the current total sustained load and prevent the failure. Further studies concerning 

this aspect are performed in 4.3. 

Similar to the results of CRS oedometer tests, it is possible to observe the larger pseudo-elastic 

regime the soil acquires with increasing applied strain rates in figures 4.5(a) to (c): stress state travels 

longer on the vertical line in 𝑞 − 𝑝′ space due to the increase in surface’s size, generating more pore 

water pressure as shown in 𝑝𝑝 − 휀𝑎 space. Furthermore, the set of stress paths for soil elements with 

an initial OCR equal to 1.5 highlights the change in soil behaviour with applied strain rate. Contractive 
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behaviour is predicted for 1% and 10% applied strain per day and dilative behaviour for 100% applied 

strain per day. An increase in the applied strain rate suggests an increase of the apparent OCR of the 

soil. 

 
(a) 

  

(b) (c) 

Figure 4.5 – Hyperbolic prediction of CRS undrained triaxial compression tests with 1%, 10% and 100% 

applied strain per day on a sample with 1.0, 1.5 and 4.0 OCR in: (a) 𝒒 − 𝒑′; (b) 𝒑𝒑 −  𝒂 and (c) 𝒒 −  𝒂 space 

(stress values in kPa) 

 
Figures 4.6(a) and (b) assess the effects of strain rate on the Critical State Line. The figures depict 

the hyperbolic model prediction of CRS drained triaxial compression tests for 1%, 10% and 100% 

applied strain per day on a sample with an initial OCR equal to 4.0. They show the uniqueness of the 

CSL in 𝑞 − 𝑝′ space regardless of the applied strain rate. All three stress paths present the same 

value of 𝑞 and 𝑝′ at the critical state. Hence, the angle of shear resistance is rate independent and an 

increase in its value would imply the development of structuration.  

However, figure 4.6(c) suggests that the projection of the CSL in 𝑉 − ln 𝑝′ space depends on the 

applied strain rate. Soil state attains higher values of specific volume at the critical state for faster 

applied strain rates, the increase being approximately 0.025 per logarithm cycle of strain rate. 

Sorensen (2006) and Bodas Freitas et al. (2011) indicated that existing laboratory data corroborates 

the uniqueness of the CSL in 𝑞 − 𝑝′ space but is inconclusive about its non-uniqueness in 𝑉 − ln 𝑝′ 

0

200

400

600

0 200 400 600 800

D
e
v
ia

to
ri
c
 s

tr
e
s
s
, 
q

Mean effective stress, p'

CSL
MATLAB OCR1.0 1%/day
MATLAB OCR1.0 10%/day
MATLAB OCR1.0 100%/day
MATLAB OCR1.5 1%/day
MATLAB OCR1.5 10%/day
MATLAB OCR1.5 100%/day
MATLAB OCR4.0 1%/day
MATLAB OCR4.0 10%/day
MATLAB OCR4.0 100%/day
FLAC OCR1.0 1%/day
FLAC OCR1.0 10%/day
FLAC OCR1.0 100%/day
FLAC OCR1.5 1%/day
FLAC OCR1.5 10%/day
FLAC OCR1.5 100%/day
FLAC OCR4.0 1%/day
FLAC OCR4.0 10%/day
FLAC OCR4.0 100%/day

-150

0

150

300

450

0 0.025 0.05

P
o

re
 p

re
s
s
u

re
, 
p

p

Axial strain, εa

0

200

400

600

0 0.025 0.05

D
e

v
ia

to
ri

c
 s

tr
e

s
s
, 
q

Axial strain, εa



 

67 
 

space as the variance of the specific volume per logarithm cycle of strain rate is within the expected 

scatter of the experimental measurements. 

  
(a) (b) 

Figure 4.6 – Hyperbolic prediction of CRS drained triaxial compression tests with 1%, 10% and 100% 

applied strain per day on a sample with 4.0 OCR in: (a) 𝒒 − 𝒑′; (b) 𝒒 −  𝒂 and (b) 𝑽 − 𝐥𝐧𝒑′ space (stress 

values in kPa) 

 
All the above figures illustrate a perfect fit between the results predicted by the single stress point 

algorithm and by FLAC 2D, concluding the validation of the implementation procedure in the latter 

numerical program. Some sequential illustrations of stress paths with different applied strain rates for 

each test may also be found in Appendix B (figures B.1 to B4) to further illustrate the effects of strain 

rate on the stress-strain response of the soil. 

 

4.2.4 Drained creep tests under isotropic stress conditions 

Figures 4.7(a.1) to (b.2) show the prediction of the EVP model based on the hyperbolic creep law of a 

drained creep test under isotropic stress conditions on a normally consolidated sample with a pre-

consolidation pressure of 600 kPa. No elastic strains are predicted in drained creep tests under 

isotropic stress conditions because the applied effective stress is maintained constant throughout the 

entire testing procedure. All the deformation developed during the test are viscoplastic strains, this 

being shown in figures 4.7(b.1) and (b.2): the stress path traces a vertical line in 𝑉 − ln 𝑝′ space. If 

there were any changes in the effective stresses acting in the soil element, one would observe the 

development of volumetric elastic strains in 𝑉 − ln 𝑝′ space, in which case the soil state would move 

along a given recompression line.  

At first, since the input OCR is defined with reference to the reference time line and this has been set 

equal to 1.0, the current loading and reference NCLs coincide. The viscoplastic strain is subsequently 

estimated for the imposed time step, bringing the soil state to the appropriate NCL. The same 

procedure is repeated to all the following step increments. However, since the volumetric strain 

increases while maintaining the mean effective stress constant, the soil state becomes progressively 

further away from the reference NCL and tends to the limit time line, and equation 4.8 estimates 

progressively smaller values of Φ (i.e. the strain rates decreases). 
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Φ =
𝜓0
𝑉 ∙ 𝑡0

∙ (1 +
휀𝑣𝑜𝑙,𝑚
𝑟𝑒𝑓

− 휀𝑣𝑜𝑙,𝑚

휀𝑣𝑜𝑙,𝑚,𝐿𝑖𝑚𝑖𝑡
𝑣𝑝 )

 

∙ exp

[
 
 
 
 
 

𝑉

𝜓0

휀𝑣𝑜𝑙,𝑚
𝑟𝑒𝑓

− 휀𝑣𝑜𝑙,𝑚

(1 +
휀𝑣𝑜𝑙,𝑚
𝑟𝑒𝑓

− 휀𝑣𝑜𝑙,𝑚

휀𝑣𝑜𝑙,𝑚,𝐿𝑖𝑚𝑖𝑡
𝑣𝑝 )

]
 
 
 
 
 

∙
1

𝑝′0
(4.8) 

where the quantities in equation 4.8 are the same as equation 3.65. 

  
(a.1) (a.2) 

  
(b.1) (b.2)  

Figure 4.7 – Hyperbolic model prediction of a drained creep test under isotropic stress conditions on a 

normally consolidated sample with a pre-consolidation pressure of 600 kPa: (a.1) step 1 in 𝒒 − 𝒑′  space; 

(a.2) step 2 in 𝒒 − 𝒑′ space; (b.1) step 1 in  𝒗𝒐𝒍 − 𝐥𝐧𝒑′ space and (b.2) step 2 in  𝒗𝒐𝒍 − 𝐥𝐧𝒑′ space (stress 

values in kPa) 

 
Thus, lesser viscoplastic strains are developed with further stepping. The current loading NCL tend to 

the limit NCL at infinite creep time. 

In 𝑞 − 𝑝′ space, the current loading surface remains unchanged throughout the entire test [blue 

dashed line surface in figure 4.7(a.1) and (a.2)]. Contrarywise, both reference and limit surfaces 

expand such that in relative terms the current loading surface moves away from the reference surface 
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and approaches the limit surface [black and magenta dashed line surfaces in figure 4.7(a.1) and 

(a.2)]. 

The limit surface does not exist in the semi-logarithm model and viscoplastic strains are always 

predicted but, similar to the hyperbolic model, the semi-logarithm model also estimates progressively 

lesser viscoplastic strains with time stepping as the current state moves away from the reference 

normal compression line.  

Figure 4.8 shows the results of a series of drained creep tests under isotropic stress conditions on a 

normally consolidated sample isotropically consolidated to 600 kPa in 휀𝑣𝑜𝑙 − log 𝑡 space, predicted by 

the semi-logarithm and hyperbolic creep laws. For the analysis using the hyperbolic creep law, the 

limit of volumetric viscoplastic strain was varied from 0.06 to 10000. 

 

Figure 4.8 – Drained creep tests under isotropic stress conditions on a normally consolidated sample 

with a pre-consolidation pressure of 600 kPa predicted by the semi-logarithm and the hyperbolic models 

in  𝒗𝒐𝒍 − 𝐥𝐨𝐠 𝒕 space (time in days) 

 
Figure 4.8 supports that the hyperbolic creep law gives predictions very close to the semi-logarithm 

creep law when a large limit of volumetric viscoplastic strain is adopted; the approximation increasing 

for larger limit of volumetric viscoplastic strain.  

One may expect a perfect overlay of the creep laws when a sufficiently large value is adopted for the 

limit of volumetric viscoplastic strain. However, this is not the case; as shown in figure 4.8 the semi-

logarithm creep law deviates slightly from the perfect linear relationship which is obtained by the 

hyperbolic model with a limit equal to infinite (this data series was obtained analytically).  

This deviation is due to the fact that the two creep laws are defined in different spaces: in the semi-

logarithm model it is assumed that the creep parameter 𝜓0 is constant, while in the hyperbolic model 

a constant value of 𝜓0/𝑉 is considered instead. In addition, a large displacement approach is used 

when updating the current specific volume. 
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Therefore, the difference between the slope of the linear relationships predicted by the models gains 

relevance for larger deformations. As the specific volume decreases with the development of creep 

deformations, the slope of the semi-logarithm linear relationship 𝜓0/𝑉𝑐𝑢𝑟𝑟𝑒𝑛𝑡 increases, resulting in the 

differences observed in the figure. 

 

4.3 Assessment of the model’s potentials and limitations 

4.3.1 Boundary conditions, model parameters and initial state 

This section aims to provide a comprehensive assessment of the model’s potentials and limitations. It 

was suggested in the previous section that the models fail to reproduce undrained failure conditions 

under load control conditions and tertiary creep. In the imminence of soil failure, strain rate increases 

drastically, causing the models to predict a continuous gain in the undrained shear strength, which 

surpasses the current applied load and inhibits the failure of the soil.  

In this respect, numerical simulation of load controlled undrained triaxial compression tests under 

constant rate of stress (termed as CRSS tests hereafter) are performed with FLAC 2D to further 

investigate the situation. A series of CRS tests is superimposed by two CRSS tests at different 

loading rates to interpret the response of the soil with continued loading. The CRS tests act as total 

axial strain rate contours and serve to highlight the continuous increase in strain rate of the CRSS 

tests. A value of 0.06 is initially assigned to the limit of volumetric viscoplastic strain 휀𝑣𝑜𝑙,𝑚,𝐿𝑖𝑚𝑖𝑡
𝑣𝑝

. A 

sensibility analysis is performed subsequently by varying the limit of volumetric viscoplastic strain. 

The numerical simulations performed in this section are summarised in table 4.4. A schematic 

representation of the boundary conditions of the CRSS tests as well as the necessary commands to 

reproduce these in FLAC 2D can be found in Attachment C. The model parameters are the same as 

the ones specified in table 4.2 with the exception of the limit of volumetric viscoplastic strain, which is 

set according to the values presented in table 4.4. Table 4.5 gives the initial state of the soil. 

 
Table 4.4 – Summary of the numerical predictions performed for the assessment of the models’ 

potentials and limitations 

Type of test Strain/loading rate Value of 휀𝑣𝑜𝑙,𝑚,𝐿𝑖𝑚𝑖𝑡
𝑣𝑝

 

Undrained triaxial compression 
constant rate of stress 

100 kPa/day 0.06 

1000 kPa/day 0.06, 0.6 and 10000 

Undrained triaxial compression 
constant rate of strain 

0.1%, 0.2%, 0.5%, 1%, 2%, 
5%, 10%, 20%, 50%, 100%, 

200%, 500% and 1000% 
strain/day 

0.06 

 

Table 4.5 – Initial state of the soil (stress values in kPa) 

𝑒0 
OCR with reference to the 

reference time line 
𝜎′𝑥𝑥 𝜎′𝑦𝑦 𝜎′𝑧𝑧 𝜏𝑥𝑦 𝜏𝑦𝑧 𝜏𝑧𝑥 

1.5 1.0 600 600 600 0 0 0 
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4.3.2 Result assessment of constant rate of stress tests 

Figure 4.9 present the predicted 𝑞 − 𝑝′ stress path obtained with the EVP model with the hyperbolic 

creep law for two CRSS undrained triaxial compression tests with an applied axial stress rate of 100 

and 1000 kPa/day, assuming 휀𝑣𝑜𝑙,𝑚,𝐿𝑖𝑚𝑖𝑡
𝑣𝑝

 equal to 0.06.  

The contours of constant applied total axial strain rate, also presented in the figure, do not correspond 

to lines of constant Φ. As demonstrated in 4.2.2, in CRS undrained triaxial compression tests Φ will 

only be constant when soil state reaches critical state conditions. Therefore, the isotach behaviour 

(unique relationship of Φ− 𝑝′
𝑚
− 휀𝑣𝑜𝑙,𝑚)  is not directly explained by these contours. However, given 

that the viscoplastic scalar multiplier was also shown to be a function of the total applied strain rate, 

the contours serve as an indirect illustration of the continuous increase of Φ with loading. In addition, 

figure 4.10 is presented to aid the interpretation of the stress paths of these CRSS tests. The figure 

depicts the relationship between the size of the current loading surface 𝑝′
𝑚

 and the associated 

volumetric strain 휀𝑣𝑜𝑙,𝑚 (see equation 3.66). 

The stress paths seem to follow closely a constant axial strain rate contour in the first few load 

increments, corresponding to 0.1 and 1% strain per day. This may be explained by the fact that the 

resulting axial strain rate due to incremental load is approximately constant in these increments. 

The stress paths then cross contours of increasing axial strain rate with continued loading, which is 

due to the higher rate of increase of the viscoplastic scalar multiplier of the CRSS tests compared to 

that of the CRS tests (figure 4.10). 

The stress paths eventually reach the CSL but, because of the assumed uniqueness of the stress-

strain-strain rate relationship, the continued increase in strain rate force the stress state to travel 

upwards on the line, increasing the undrained shear strength. An overshoot is observed just before 

the stress paths join the CSL, coinciding with the dislocation of the stress states of the CRSS tests 

slightly under the dashed-dotted horizontal line illustrated in figure 4.10, which defines the critical 

state for the CRS tests.  

It is not clear why the stress states of the CRSS tests dislocated under the horizontal line in 휀𝑣𝑜𝑙,𝑚 −

𝑝′
𝑚

 space and overshot the CSL in 𝑞 − 𝑝′ space. The author suggests this occurs due to the 

transition of soil behaviour predicted by the model. Soil behaviour is initially contractive: the volumetric 

strain associated to the current loading surface increases and the stress paths depicted in 𝑞 − 𝑝′ 

space tend towards decreasing values of mean effective stress. However, it is likely that the drastic 

increase in strain rate in the imminence of soil failure causes an increase of the soil apparent OCR, 

changing the behaviour of the soil from contractive to dilative. Consequently, the stress paths in 𝑞 − 𝑝′ 

space bend to the right to comply with the change in soil behaviour, overshooting the CSL. In 

addition, it is possible to observe the decrease in 휀𝑣𝑜𝑙,𝑚 in 휀𝑣𝑜𝑙,𝑚 − 𝑝
′
𝑚

 space, such that after 

overshooting the soil state approaches the critical state line from the dilatant side. 
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Figure 4.9 – Prediction of undrained triaxial compression CRS and constant rate of stress tests with 

 𝒗𝒐𝒍,𝒎,𝑳𝒊𝒎𝒊𝒕
𝒗𝒑

 set equal to 0.06 for a NC sample (isotropically consolidated to 600 kPa) in 𝒒 − 𝒑′ space (stress 

values in kPa)  

 

 

Figure 4.10 – Prediction of undrained triaxial compression CRS and constant rate of stress tests with 

 𝒗𝒐𝒍,𝒎,𝑳𝒊𝒎𝒊𝒕
𝒗𝒑

 set equal to 0.06 for a NC sample (isotropically consolidated to 600 kPa) in  𝒗𝒐𝒍,𝒎 − 𝒑′𝒎 space 

(stress values in kPa) 
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Figure 4.11 gives the same CRSS tests plotted in 𝑞 − 휀𝑎 space. 

 

Figure 4.11 – Hyperbolic prediction of undrained triaxial compression CRS and constant rate of stress 

tests with  𝒗𝒐𝒍,𝒎,𝑳𝒊𝒎𝒊𝒕
𝒗𝒑

 set equal to 0.06 for a sample with 1.0 OCR (isotropically consolidated to 600 kPa) in 

𝒒 −  𝒂 space (stress values in kPa) 

 
Figure 4.11 illustrates the increase in deviatoric stress with continued straining, even at very large 

axial deformation. At very large deformations, the rate at which the deviatoric stress rises is higher for 

the soil element loaded at a faster applied loading rate. This result goes against experimental 

evidence and common sense. On the other hand, for a given level of deviatoric stress, the axial strain 

decreases with increasing applied loading rates due to the assumption of a unique stress-strain-strain 

rate relationship.  

The model is unable to predict a well-defined failure load because the strain rate increases as failure 

is approached, which in turn lead to an increase in the available shear strength that inhibits failure. 

Further, a faster rate of strain rate acceleration leads to a faster rate of undrained shear strength gain.  

The intersection of the CRSS stress paths with the contours of constant axial strain rate demonstrates 

the gain of the undrained shear strength with strain rate. As referred in 4.2.2, the increase in the 

vertical spacing between contours of axial strain rate is a function of the limit of volumetric viscoplastic 

strain. Take the contours of 10%, 100% and 1000% strain per day for example, if the limit of 

volumetric viscoplastic strain is set to a larger value, the increase in the vertical spacing between 

these contours will be smaller and the contours would correspond to lower values of deviatoric stress 

compared to the ones illustrated in the figure. Since the stress paths of the CRSS tests cross these 

contours, the resulting undrained shear strength increases would also be lower. Hence, the gain in 

undrained shear strength with strain rate is shown to be controlled by the limit of volumetric 

viscoplastic strain as well. 
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4.3.3 Sensibility analysis of  𝒗𝒐𝒍,𝒎,𝑳𝒊𝒎𝒊𝒕
𝒗𝒑

 and concluding remarks 

Figure 4.12 illustrates the effect of the value of the limit of volumetric viscoplastic strain on the model 

predictions of constant rate of stress undrained triaxial compression tests. In the simulations shown in 

figure 4.12 a constant rate of stress of 1000 kPa/day was assumed and the value of 휀𝑣𝑜𝑙,𝑚,𝐿𝑖𝑚𝑖𝑡
𝑣𝑝

 was 

considered equal to 0.06, 0.6 and 10000. 

As the value of 휀𝑣𝑜𝑙,𝑚,𝐿𝑖𝑚𝑖𝑡
𝑣𝑝

 increases (i.e. the hyperbolic model approximates the semi-logarithm 

model), the gain in undrained shear strength predicted for the CRSS tests is less remarkable, 

improving slightly the capability of the model to reproduce soil failure under load controlled conditions. 

 

Figure 4.12 – Hyperbolic prediction of undrained triaxial compression constant rate of stress tests with 

 𝒗𝒐𝒍,𝒎,𝑳𝒊𝒎𝒊𝒕
𝒗𝒑

 set equal to 0.06, 0.6 and 10000 for a sample with 1.0 OCR (isotropically consolidated to 600 

kPa) in 𝒒 −  𝒂 space (stress values in kPa) 

 
Figure 4.13 plots a series of relationships between the normalised strain rate Φ𝑐𝑢𝑟𝑟𝑒𝑛𝑡 Φ𝑟𝑒𝑓⁄  and the 

vertical distance of the current soil state to the reference NCL (associated to the reference 

viscoplastic scalar multiplier Φ𝑟𝑒𝑓). The vertical distance is represented by 𝑑𝑟𝑒𝑓 hereafter, and this is 

negative for soil states located above the reference time line and positive for soil states located below 

the reference time line. Each relationship corresponds to a given value for the limit of volumetric 

viscoplastic strain and it gives an idea of the variation in the vertical spacing between lines of constant 

Φ in 휀𝑣𝑜𝑙 − ln 𝑝′ space. The value of the creep parameter 𝜓0/𝑉 is changed to 0.01 exclusively to 

amplify the differences between the Φ𝑐𝑢𝑟𝑟𝑒𝑛𝑡 Φ𝑟𝑒𝑓⁄ − 𝑑𝑟𝑒𝑓 relationships. 

The phenomenon of creep usually involves a range of strain rates that is slower than the reference 

strain rate (left part of figure 4.13). In this range, the hyperbolic model has the advantage in relation to 

the semi-logarithm model because it predicts non-linear creep behaviour with a limiting value at 

infinite creep time. By choosing the value of the limit of volumetric viscoplastic strain, one decides the 

maximum value for 𝑑𝑟𝑒𝑓 at infinite creep time. 
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On the contrary, soil undrained failure under load controlled conditions is associated to a range of 

strain rates faster than the reference strain rate (right part of figure 4.13). The improvement of the 

adopted creep law for low strain rate values to recover good predictions of long term creep 

deformations (by adopting a value of 휀𝑣𝑜𝑙,𝑚,𝐿𝑖𝑚𝑖𝑡
𝑣𝑝

 well below the value associated with the deformation 

required to reach zero void ratio) means that the creep law performs deficiently at higher strain rates 

predicting realistic gains in the soil undrained shear strength or apparent yield stress with increasing 

strain rate.  

A good value for the limit of volumetric viscoplastic strain to obtain good estimates of creep 

deformations leads to a very poor model performance at very large strain rates that occur when 

analysing conditions close to failure. The semi-logarithm relationship (associated to a large value of 

the limit of volumetric viscoplastic strain) still predicts a continuous increase in the soil undrained 

shear strength (or apparent consolidation) for increasing large strain rate, however at a much slower 

rate. Therefore, the semi-logarithmic law is still unable to predict accelerating creep and undrained 

failure under load controlled conditions, but for large strain rates its performance is better than that of 

the hyperbolic law with a low value of 휀𝑣𝑜𝑙,𝑚,𝐿𝑖𝑚𝑖𝑡
𝑣𝑝

. 

A temporary improvement is to determine which behaviour one desires to model and calibrate the 

limit of volumetric viscoplastic strain according to the situation. Nevertheless, the problem of the 

continuous gain in the undrained shear strength with strain rate persists. It is necessary to implement 

changes in the formulation of the model in order to solve this issue. Some possible improvements are 

discussed in 5.2. 

 

Figure 4.13 – 𝚽 𝒖𝒓𝒓𝒆𝒏𝒕 𝚽𝒓𝒆𝒇⁄ − 𝒅𝒓𝒆𝒇 relationships with values of  𝒗𝒐𝒍,𝒎,𝑳𝒊𝒎𝒊𝒕
𝒗𝒑

 ranging from 0.06 to 10000  
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5 Conclusion and future work 

 

5.1 Conclusions 

A literature review on the time and rate dependent behaviour of soils was presented based on which 

the author developed and then implemented, in a single stress point algorithm and a finite difference 

commercial software, an elastic-viscoplastic constitutive model. The review focused on the behaviour 

of soils with isotach viscosity, that are found to follow a unique relationship between stress, strain and 

strain rate. Some published constitutive relations that have been developed to reproduce the 

observed time and rate dependent behaviour of soils were also presented, serving as a basis for the 

implemented model. 

The constitutive model was subsequently implemented in a single stress point algorithm and in the 

finite difference program FLAC 2D. The model is based on the overstress theory and incorporates: 

1) a versatile surface proposed by Lagioia et al. (1996). The user may calibrate its model 

parameters such that the resulting drained and undrained shear strength fits the in situ data; 

2) Van Eekelen’s (1980) failure criterion in the deviatoric stress space to define the slope of the 

Critical State Line under different shear conditions; 

3) A semi-logarithm and hyperbolic creep law to characterize the delayed deformation of the soil 

under isotropic stress conditions. In particular, the hyperbolic model is able to predict non-

linear creep behaviour with different strain limits at infinite creep time. 

Numerical predictions of constant rate of strain tests showed that the constitutive model follow a 

unique relationship between the viscoplastic scalar multiplier Φ, the size of the current loading surface  

𝑝′𝑚 and its associated volumetric strain 휀𝑣𝑜𝑙,𝑚. 

The effects of isotach behaviour were clearly visible. Soils subjected to faster applied strain rates 

presented larger pseudo-elastic regimes, higher effective stresses and undrained shear strengths. 

The observed effects were also permanent as long as the straining was maintained constant. The 

Critical State Line was found to be rate independent in 𝑞 − 𝑝′ space, indicating that an increase in the 

angle of shear resistance would imply the occurrence of structuration (additional gain in strength and 

stiffness of a natural soil in relation to a reconstituted one). However, the Critical State Line was found 

to be rate dependent in 𝑒 −  𝑝′ space, with the void ratio at critical state increasing with the applied 

strain rate.  
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The increase in the undrained shear strength with applied strain rate was thus found to be associated 

with the differences in the predicted pore water pressures generated during shear.  

Because the constitutive model predicts a unique stress-strain-strain rate relationship it is unable to 

predict tertiary accelerating creep, as this would require that various increasing strain rates can occur 

at a given stress-strain state. Therefore, the model fails to predict undrained shear failure under load 

controlled conditions. Some numerical simulations of constant rate of stress tests were therefore 

performed to assess this issue. The results showed that the strain rate increased drastically in the 

imminence of soil failure (when stress state approaches the CSL) and, owed to the isotach behaviour 

and the formulation of the model, a continuous gain in the undrained shear strength was predicted. 

Stress state dislocated upwards on the CSL in 𝑞 − 𝑝′ space. An overshoot was observed when stress 

state reached the CSL. The author suggests that it was likely due to the change in soil behaviour 

(from contractive to dilative). 

A sensibility analysis of the limit of volumetric viscoplastic strain during constant rate of stress 

undrained triaxial compression tests was then performed. The results showed that, though the model 

performance is often improved in the range of low strain rates, for example to estimate long-term 

creep deformations, by setting a relatively small value to the limit of volumetric viscoplastic strain to 

mimic a non-linear creep law, such values of 휀𝑣𝑜𝑙,𝑚,𝐿𝑖𝑚𝑖𝑡
𝑣𝑝

 lead to poor model performances for high 

strain rates. For small values of 휀𝑣𝑜𝑙,𝑚,𝐿𝑖𝑚𝑖𝑡
𝑣𝑝

, the model predicts unrealistic high gains in the undrained 

shear strength or apparent yield stress. During undrained shearing at constant stress rate, the rate of 

undrained shear strength increase during continued straining was higher for smaller values of 

휀𝑣𝑜𝑙,𝑚,𝐿𝑖𝑚𝑖𝑡
𝑣𝑝

. In this respect, the parameter should be set to the maximum possible value to achieve the 

minimum rate of increase in the undrained shear strength, leading to predictions identical to that of 

the semi-logarithm model. 

The author concluded the thesis by suggesting a temporary measure to this issue: the user should 

first determine which behaviour desires to model in order to calibrate the limit of volumetric 

viscoplastic strain according to that behaviour. However, the problem persists as the semi-logarithm 

model still predicts a continuous increase in the undrained shear strength with increasing strain rate. 

Possible improvements of the model are discussed subsequently. 

 

5.2 Future works 

The cause of the continuous increase in the soil undrained shear strength during load controlled 

conditions and the failure of the model to predict tertiary creep lies in the formulation of the model, 

which predicts a unique stress-strain-strain rate relationship, such that an increase in strain rate leads 

necessarily to an increase in the shear stress sustained by the soil element. In the model presented in 

this thesis, at the very least, a linear increase in the undrained shear strength with logarithm cycles of 

strain rate is predicted for large values of strain rate. Generally speaking, the rate at which this 

increase occurs depends on the vertical spacing between NCLs corresponding to consecutive 

logarithm cycles of strain rate, in 𝑉 − ln 𝑝′ or 휀𝑣𝑜𝑙 − ln 𝑝′ space. In order to have a well-defined value 
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for the undrained shear strength, the NCL associated with an infinite high strain rate needs to be 

located at a finite distance from the reference NCL (so that the increase in undrained shear strength is 

also finite). The objective is therefore to define a creep function that has two limits: one for the amount 

of volumetric viscoplastic strain during a drained creep test and an upper limit to the states that can 

be reached when soil is loaded at very large strain rates.  The resulting creep function would be 

depicted similarly to an S shape in figure 4.13. 

It would also be very important to calibrate model parameters for several natural soils and compare 

the model performance with results from laboratory tests, to establish the ability of the model to 

simulate the observed response. Further validation should see the use of these constitutive models in 

the analysis of case studies for which there is monitoring data.  

Another line of work would be the development of a constitutive model that considers both the effect 

of strain rate and temperature. Temperature effects on the soil stress-strain response is another 

manifestation of the viscous nature of soils. For fine grained soils, the available experimental data 

suggests that an increase in the temperature is equivalent to a reduction in strain rate. Such model 

would enable the investigation of the interaction of temperature and rate effects, namely to study the 

role of frictional heat in the failure of large displacement geostructures. Consider the example of an 

embankment: a slip surface is formed in the beginning of the collapse of the structure, and very fast 

strain rates are installed in the surface. The model implemented herein would predict a continuous 

gain in the undrained shear strength. However, the friction generated on the same surface may 

increase the temperature in the slip surface, which would reduce the undrained shear strength, and 

hasten the failure.  
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Attachment A 

 
                    Oedometer test                Isotropic creep test 

  
Drained (undrained) triaxial compression test with pre-consolidation 

 

Figure A.1 – Schematic representation of the boundary conditions of CRS tests (note: undrained 

boundary conditions correspond to the ones within the parenthesis) 

Table A.1 – FLAC 2D commands for the boundary conditions of the laboratory tests 

Laboratory test Boundary conditions commands Observations 

Strain controlled 
undrained triaxial 
compression test 

config axis creep gw 
fix y j=1 
ini sxx -150. syy -150. szz -150. 
set crdt 1.e-5 
apply pressure 150. from 2,2 to 2,1 
apply yvel -1.e-5 j=2 
set flow off 

Configure FLAC to groundwater flow and creep 
Fix y velocity (vel) in the bottom-side boundary (vel=0) 
Assign initial stresses 
Assign time increment 
Assign confining pressure on the right-side boundary 
Assign velocity on the top-side boundary 
Set groundwater flow to off (undrained condition) 

Strain controlled 
drained triaxial 

compression test 

config axis creep 
fix y j=1 
ini sxx -150. syy -150. szz -150. 
set crdt 1.e-5 
apply pressure 150. from 2,2 to 2,1 
apply yvel -1.e-5 j=2 

Configure FLAC to creep 
Fix y velocity (vel) in the bottom-side boundary (vel=0) 
Assign initial stresses 
Assign time increment 
Assign confining pressure on the right-side boundary 
Assign velocity on the top-side boundary 

Strain controlled 
oedometer test 

config axis creep 
fix x y 
ini yvel -1.e-5 j=2 
ini sxx -150. syy -150. szz -150. 
set crdt 1.e-5 

Configure FLAC to creep 
Fix y and x velocity on all boundaries 
Assign initial velocity on the top-side boundary 
Assign initial stresses 
Assign time increment 

Notes in this example:  
(1) all the above tests are subjected to a CRS of 100% strain per day;  
(2) initial stresses are set equal to 150 kPa;  
(3) the boundary conditions are applied in a single finite difference zone with a grid varying from (i=1, j=1) to (i=2, j=2); 
(4) axisymmetric conditions are applied, meaning that the left-side boundary has a fixed velocity condition in the x 
direction (with velocity=0); 
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Table A.1 – FLAC 2D commands for the boundary conditions of the laboratory tests (continuation) 

(5) the single finite difference zone reproduces only a quarter of the schematic representations given in figure A.1, 
resulting from symmetry simplifications; 
(6) the fix command implies that x and y velocities are fixed at the boundary gridpoints (note that these are not 
displacement boundaries); 
(7) since the default velocity at these grid points is zero, they will automatically be assumed as zero displacement 
boundaries provided that nothing else is specified; 
(8) the combination of the commands (fix x y) and (ini yvel -1.e-6 j=2) in the strain controlled oedometer test implies 
that the top boundary has an applied velocity of -1.e-5 in every step increment while displacement is equal to zero 
on every other boundary. 

 

Table A.2 – Single stress point algorithm boundary conditions applied to the four laboratory tests 

Laboratory test Constraint equations [𝑆] and [𝐸] matrices 

Strain controlled undrained 
triaxial compression test 

𝑑휀𝑣𝑜𝑙 = 𝑑휀𝑥𝑥 + 𝑑휀𝑦𝑦 + 𝑑휀𝑧𝑧 = 0 and 𝑑휀𝑥𝑥 = 𝑑휀𝑦𝑦 

1st row: 2𝑑휀𝑥𝑥 + 𝑑휀𝑧𝑧 = 0 

2nd row: 2𝑑휀𝑦𝑦 + 𝑑휀𝑧𝑧 = 0 

3rd row: 𝑑휀𝑦𝑧 = 0 

4th row: 𝑑휀𝑥𝑧 = 0 

5th row: 𝑑휀𝑥𝑦 = 0 

6th row: 𝑑휀𝑧𝑧 = 𝑑𝑋 

[𝑆] =

[
 
 
 
 
 
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0]

 
 
 
 
 

 

[𝐸] =

[
 
 
 
 
 
1 0 0.5 0 0 0
0 1 0.5 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 1 0 0 0]

 
 
 
 
 

 

Mixed controlled drained 
triaxial compression test 

𝑑𝜎′𝑥𝑥 = 𝑑𝜎′𝑦𝑦 = 0 

1st row: 𝑑𝜎′𝑥𝑥 = 0 

2nd row: 𝑑𝜎′𝑦𝑦 = 0 

3rd row: 𝑑𝜏𝑦𝑧 = 0 

4th row: 𝑑𝜏𝑥𝑧 = 0 

5th row: 𝑑𝜏𝑥𝑦 = 0 

6th row: 𝑑휀𝑧𝑧 = 𝑑𝑋 

[𝑆] =

[
 
 
 
 
 
1 0 0 0 0 0
0 1 0 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 0]

 
 
 
 
 

 

[𝐸] =

[
 
 
 
 
 
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 1 0 0 0]

 
 
 
 
 

 

Strain controlled 1-D 
compression test 

1st row: 𝑑휀𝑥𝑥 = 0 

2nd row: 𝑑휀𝑦𝑦 = 0 

3rd row: 𝑑휀𝑦𝑧 = 0 

4th row: 𝑑휀𝑥𝑧 = 0 

5th row: 𝑑휀𝑥𝑦 = 0 

6th row: 𝑑휀𝑧𝑧 = 𝑑𝑋 

[𝑆] =

[
 
 
 
 
 
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0]

 
 
 
 
 

 

[𝐸] =

[
 
 
 
 
 
1 0 0 0 0 0
0 1 0 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 1 0 0 0]

 
 
 
 
 

 

Drained creep test 
(constraints from stress 

controlled isotropic 
compression) 

𝑑𝜎′𝑥𝑥 = 𝑑𝜎′𝑦𝑦 = 𝑑𝜎′𝑧𝑧 

1st row: 𝑑𝜎′𝑥𝑥 − 𝑑𝜎′𝑧𝑧 = 0 

2nd row: 𝑑𝜎′𝑦𝑦 − 𝑑𝜎′𝑧𝑧 = 0 

3rd row: 𝑑𝜏𝑦𝑧 = 0 

4th row: 𝑑𝜏𝑥𝑧 = 0 

5th row: 𝑑𝜏𝑥𝑦 = 0 

6th row: 𝑑𝜎′𝑧𝑧 = 𝑑𝑋 where 𝑑𝑋 = 0 

[𝑆] =

[
 
 
 
 
 
1 0 −1 0 0 0
0 1 −1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 1 0 0 0]

 
 
 
 
 

 

[𝐸] =

[
 
 
 
 
 
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0]
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Attachment B 

  
(a.1) (b.1) 

  
(a.2) (b.2) 

 

        

 

       
(a.3) (b.3) 

Figure B.1 – Semi-logarithmic model prediction of oedometer CRS tests (1%, 10% and 100% strain per 

day) on a soil with an OCR equal to 4.0 (isotropically compressed to 150 kPa): (a.1) to (a.3) step 1 to 3 in 

𝒒 − 𝒑′ space and (b.1) to (b.3) step 1 to 3 in 𝑽 − 𝐥𝐧𝒑′ space 
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(a.1)  (a.2) 

  
(b.1)  (b.2) 

  
(c.1)  (c.2) 

Figure B.2 – Hyperbolic model prediction of undrained triaxial compression CRS tests (1%, 10% and 

100% strain per day) on a soil with an OCR equal to 4.0 (isotropically compressed to 150 kPa): (a.1) to 

(a.2) step 1 to 2 in 𝒒 − 𝒑′ space; (b.1) to (b.2) step 1 to 2 in 𝒒 − 𝒑𝒑 space and (c.1) to (c.2) step 1 to 2 in  𝒒 −

 𝒂 space 
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(a.3)  (a.4) 

  
(b.3)  (b.4) 

  
(c.3)  (c.4) 

Figure B.3 (continuation of figure B.2) – Hyperbolic model prediction of undrained triaxial compression 

CRS tests (1%, 10% and 100% strain per day) on a soil with an OCR equal to 4.0 (isotropically 

compressed to 150 kPa): (a.3) to (a.4) step 3 to 4 in 𝒒 − 𝒑′ space; (b.3) to (b.4) step 3 to 4 in 𝒒 − 𝒑𝒑 space 

and (c.3) to (c.4) step 3 to 4 in 𝒒 −  𝒂 space 
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(a.1) (b.1) 

  
(a.2) (b.2) 

 

      
 
 
 

 

          
(a.3) (b.3) 

Figure B.4 – Hyperbolic model prediction of drained triaxial compression CRS tests (1%, 10% and 100% 

strain per day) on a soil with an OCR equal to 4.0 (isotropically compressed to 150 kPa): (a.1) to (a.3) step 

1 to 3 in 𝒒 −  𝒂 space and (b.1) to (b.3) step 1 to 3 in  𝒗𝒐𝒍 − 𝐥𝐧𝒑′ space 
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Attachment C 

 

Figure C.1 – Schematic representation of the boundary conditions for undrained triaxial compression 

constant rate of stress tests 

Table C.1 – FLAC 2D commands for the boundary conditions of undrained triaxial compression constant 

rate of stress tests 

Laboratory test Boundary conditions commands Observations 

Stress controlled 
undrained triaxial 
compression test 

config axis creep gw 
fix y j=1 
ini sxx -600. syy -600. szz -600. 
set crdt 1.e-5 
apply pressure 600. from 2,2 to 2,1 
set flow off 
apply nstress -1000. his ramp j=2 

Configure FLAC to groundwater flow and creep 
Fix y velocity (vel) in the bottom-side boundary (vel=0) 
Assign initial stresses 
Assign time increment 
Assign confining pressure on the right-side boundary 
Set groundwater flow to off (undrained condition) 
Assign normal stress increment [see note (8)] 

Notes in this example:  
(1) initial stresses are set equal to 600 kPa;  
(2) the boundary conditions are applied in a single finite difference zone with a grid varying from (i=1, j=1) to (i=2, j=2);  
(3) axisymmetric conditions are applied, meaning that the left-side boundary has a fixed velocity condition in the x 
direction (with velocity=0); 
(4) the single finite difference zone reproduces only a quarter of the schematic representations given in figure C.1, 
resulting from symmetry simplifications; 
(5) the fix command implies that x and y velocities are fixed at the boundary gridpoints (note that these are not 
displacement boundaries); 
(6) since the default velocity at these gridpoints is zero, they will automatically be assumed as zero displacement 
boundaries provided that nothing else is specified; 
(7) the apply nstress command indicates FLAC to apply a total stress equal to the assigned value, but with the ramp 
function stated, the command changes implicitly to an application of stress increment 
(8) “ramp” is a fish function that defines the portion of the assigned value in each step: 
            def ramp 
                  ramp=0.6+0.4*float(step)/10000 
            end 
0.6 is the portion of the applied nstress at the beginning of the tests: 0.6*(-1000)=-600 (initial state of the soil) 
10000 is the number of steps defined by the user. 
For this example, in step 200 the value of apply nstress is -1000*(0.6+0.4*200/10000) 
At the end of stepping (step 10000) the portion of the applied nstress should be 1 corresponding to an increment of 400 
kPa        
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