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Abstract

Until GPS accuracy stopped being purposefully degraded in 2000, DGPS was used extensively to
increase the positioning precision. These algorithms rely on a base station, whose position is known
with great accuracy, to deduct the relative position – or baseline – of one or more rover receivers, by
use of techniques to get rid of the common error sources. These techniques can be used on their own,
or augmented through the use of Kalman Filtering or other algorithms. Receivers used to employ these
techniques have to output a raw measurement of the pseudorange to each satellite, not just the position
in geodetic or Cartesian coordinates. This type of device is known as a surveying receiver. Higher-end
surveying receivers also track and output a measurement of the carrier signal phase sent by the satellite.
Using this signal, having a much higher frequency, centimetre-level accuracy can be achieved. The
use of carrier phase to implement DGPS is usually referred to as Real Time Kinematics (RTK). In this
work, the development of a carrier phase DGPS solution will be presented. The goal is to implement a
standalone, low cost system that delivers performance similar to that of commercial systems, using an
accessible embedded platform.
Keywords: GNSS, Differential GPS, Real-Time Kinematic, Embedded platforms

1. Introduction
1.1. Motivation
When the Global Positioning System was ap-
proved for public use, its accuracy was deliberately
degraded through a mechanism called Selective
Availability (SA). To get around this situation, Differ-
ential GPS (DGPS) saw great development. Know-
ing the exact position of a receiver (known as the
base station) and the position of the visible satel-
lites, corrections to the code pseudoranges can
be calculated and broadcast to nearby receivers
(rovers), increasing positioning accuracy. As SA
was disabled in 2000, this area lost some of its in-
terest.

In its turn, modern higher-end GPS receivers
can output not only regular code pseudoranges,
but also a measurement of the carrier phase. Since
these have accuracies in the order of tenths of a
cycle, and the carrier phases have wavelengths of
around 20 centimeters, centimetre-level accuracy
can theoretically be achieved. This type of po-
sitioning is known as Real-Time-Kinematic (RTK)
positioning. These receivers are also becoming
smaller and more affordable, allowing new imple-
mentations such as in Unmanned Aerial Vehicles
(UAVs).

The last few years also saw a rise in the popular-
ity of the ”Maker” movement, and embedded plat-

forms like the Arduino and the Raspberry Pi have
become viable options for implementing computa-
tionally powerful, yet energy-saving and affordable
systems.

1.2. State of the art
When the GPS was made available for civilian use,
the system was the only one of its kind at full oper-
ating capacity, even if its accuracy was deliberately
degraded for security reasons.

However, since satellite contribution to the ob-
servation error is the same for two close-by re-
ceivers, it can be mitigated by differencing two
measurements that contain said error. This is
known as single differencing. By differencing two
single difference measurements that belong to the
same set of receivers, but two different satellites,
we can get rid of the two receiver clock errors.
These are known as double differences and are
fundamental to a collection of algorithms of DGPS.

Since the GPS is operated and maintained by
the US Department of Defense and Department
of Transportation, its civilian use can be restricted
in exceptional cases, keeping the military function-
ality intact. Because of this possibility, several
governments and international entities started their
own GNSS programs. These include the Russian
federation, with GLONASS, the European Com-
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munity’s Galileo, the Chinese system Beidou, the
Japanese QZSS and Indian IRNSS.

Even if the end-user doesn’t usually care for
which system is available, as long as it works, the
consequence of more systems in action is obvi-
ous: more data is accessible to process, poten-
tially making positioning more precise. This thesis
will stick to observing and processing GPS signals.

In its turn, the embedded system market has
seen a tremendous rise in popularity since the
early 2000s. The Arduino microcontroller plat-
form, launched in 2005 [5], uses 8-bit Atmel AVR
or 32-bit Atmel ARM processors and has sold
over 700,000 official boards (derivative and clone
boards are not accounted for).

In 2012, the first version of the Raspberry Pi was
released. This is a low-cost, credit-card sized com-
puter [6] with a full desktop operating system (sev-
eral distributions of GNU/Linux are available, as
is a Microsoft Windows version core),and uses a
32-bit ARM processor. As of February 2016, over
eight million units have been sold [7], and the most
recent version is the Raspberry Pi 3, which fea-
tures a quad-core 1.2 GHz 64-bit processor and 1
GB of RAM.

These platforms are two examples of affordable
systems that allow a user to develop their own solu-
tion, if so inclined. There are, however, drawbacks
to both of them:

• The Arduino lacks computational power and
memory, but has support for clock interrupts
(on the AVR versions). It also lacks a Float-
ing Point Unit (FPU), so its floating point op-
erations are emulated, and does not support
double precision;

• The Raspberry Pi does not run a real-time op-
erating system, and so has to rely on oper-
ating system timing primitives. This is much
less robust than the AVR counterpart, since
the former uses registers to trigger interrupts.
However, computational power is much more
abundant. Storage and connectivity are also
stronger points of the Raspberry Pi.

Since the processing does not require very pre-
cise timing (the GPS receivers already timestamp
the data to be processed), and the lack of clock
interrupt capabilities of the Raspberry Pi can be
somehow mitigated with the faster clock speed
and multi-core architecture, that was the embed-
ded platform chosen for this work.

2. Background
In this section, we will present an overview of the
reference coordinate systems used in this work,
the segments that compose the Global positioning

system, the measurements that can be deducted
from the signals, and the error sources that pollute
these observables.

2.1. Reference coordinate systems
Three reference coordinate systems are used
throughout this work: Earth-Centered Inertial
(ECI), Earth-Centered Earth Fixed (ECEF), and lo-
cal coordinates. A brief explanation of each one
follows.

The ECI frame is an inertial frame, conveniently
placed to describe points on or near the Earth. It is
defined with its origin being the center of mass of
the Earth, the X axis pointing to the vernal equinox
of J.2000 (Julian date of January 1, 2000), with
the XY plane coinciding with the Earth’s equato-
rial plane, and the Y and Z axes completing a right
handed frame.

Since it is an inertial frame, the rotation motion
of the Earth is not present, and a fixed point on the
ground won’t conserve its coordinates. However,
satellite vehicles obey the laws of motion and grav-
itation on an inertial frame, where the coordinates
are calculated, and then converted to the more us-
able system ECEF.

The ECEF frame is not an inertial frame, but, as
stated above, it gains the convenience of includ-
ing the rotational motion of the Earth, so a sta-
tionary point (such as a base station) conserves
its coordinates over time. It is defined with its ori-
gin being the center of mass of the Earth, the Z
axis being the mean rotational axis of the Earth,
the X axis pointed in the direction of the Greenwich
Meridian, and the Y axis completing a right-handed
frame. From these XYZ coordinates, the latitude,
longitude and altitude of a point can be easily de-
duced, but it is necessary to define the shape of
the Earth. Different models for the shape of the
Earth are called datums. The GPS uses the World
Geodetic System 1984, the parameters of which
are available in [2].

In certain applications, it becomes convenient
to represent coordinates with respect to a base
station, as opposed to the centre of the Earth.
For example, when tracking satellites, the ones
higher above the horizon have a shorter signal path
through the ionosphere, so they’ll provide less er-
roneous measurements. So, if it becomes neces-
sary to establish one satellite as the reference one,
it is generally the one with the highest elevation. It
is also common to apply an elevation mask to dis-
card satellites that are lower than a certain angle.
Two local coordinate systems are used in this work.

The East, North, Up (ENU) frame is defined with
the origin being the position of the reference sta-
tion, the Up axis is normal to the geoid surface on
the origin, while the East and North axes point, re-
spectively, to East and North. This system will be
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used to locate the rover receiver with respect to the
base station.

Azimuth/Elevation coordinates can be derived
from the ENU ones, and are particularly useful to
locate satellites in the sky. The elevation angle is
the angle the ENU vector makes with the EN plane
(-90°< θ < 90°), while the Azimuth is the angle
that the position vector makes with the NU plane
(0°≤ ψ < 360°). Azimuth angles are positive, go-
ing clockwise looking down on the EN plane. A
third coordinate, distance (typically represented by
ρ) can be added to make this a generic spherical
coordinate system.

2.2. GPS Overview
The GPS is a Global Navigation Satellite System
(GNSS) developed and maintained by the United
States Department of Defense and Department of
Transportation. It was originally created to provide
a means for the military forces to continuously and
accurately determine their position, velocity and
time. However, in 1983, Korean Airlines Flight 007
diverted off-course, wandering into USSR airspace
and being shot down by Soviet defences. After this
incident, the GPS was made available for civilian
use, with degraded accuracy, known as SA. Inten-
tional errors were introduced in the pseudorange
measurements, and in the satellite orbital informa-
tion. SA was switched off in 2000.

The GPS consists of three segments:

• The space segment, which is the constel-
lation of satellites. The original arrange-
ment included 24 satellites, although today 31
are actively broadcasting signals, with several
spares waiting in orbit, in case a malfunction
occurs. The constellation is arranged so at
least 4 satellites are visible over 10°anywhere
on Earth, providing constant global coverage.

• The control segment is in charge of moni-
toring the satellites’ health, and making sure
the broadcast signals are accurate and up-to-
date. Monitor stations throughout the planet
track the visible satellites and relay the mea-
surements to the master control station in Col-
orado, in the United States. These measure-
ments are then processed and the parameters
are uploaded to the satellites. These updates
occur at least once a day.

• The user segment includes all the receivers
that use the GPS signals to determine their
position, velocity and time. Since there is no
communication from the receivers to the satel-
lites, the user capacity of the system is unlim-
ited.

2.3. Observables
There are three types of measurements deducted
from the time or phase differences between re-
ceived, and receiver-generated signals:

• Code pseudoranges;

• Phase pseudoranges;

• Doppler measurements.

Code pseudoranges are formed using the travel
time of the signal from the satellite to the receiver,
multiplied by the speed of light. Since these are
affected by receiver and satellite clock errors, as
well as other sources, it is not a true range. It is
the type of observable that the most common sort
of GPS receiver uses to compute its position, usu-
ally through linearisation and a least squares algo-
rithm.

Phase pseudoranges are much more accurate
than their code counterparts, because the fre-
quency is much higher, and can be measured more
accurately. However, since the carrier phase is a
periodical signal, the measured phase differs from
the actual ”phase range” by an integer number of
cycles. This is known as an integer ambiguity, and
it must be resolved if phase measurements are to
be used as high-precision pseudoranges.

The Doppler shift of a wave is related to the ra-
dial velocity between the observer, and the source
of the wave. In practice, this measurement of the
deviation from the nominal frequency is used for
velocity determination, or to aid in the resolution of
integer ambiguities.

The error sources will now be presented. Code
and phase pseudoranges introduced are affected
by systematic errors, as well as random noise.
Doppler data, on the other hand, is influenced by
rates of change of the errors that affect the first two
observables. These errors can be :

• Satellite-related: caused by the error in the
satellite clock or its correction parameters, or
in the broadcast orbital parameters;

• Propagation medium-related: the ionosphere
is a dispersive medium for electromagnetic
waves, which delays the signal. The longer
the path through the ionosphere, the bigger
the delay will be, so this can be treated as a
function of the satellite elevation. In its turn,
the troposphere, located in the lower 20 km of
the atmosphere, is not a dispersive medium at
GPS frequencies, but it is a refractive medium,
bending the path of the signal as per Snell’s
law. Urban areas present one last source of
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error: multipath. Buildings can reflect the sig-
nals and the same signal can arrive in the re-
ceiver antenna through different paths, at dif-
ferent times.

• Receiver-related: The signal acquisition pro-
cess can introduce noise in the measure-
ments, created by thermal noise of the elec-
tronic components. The signal path through
the receiver may also introduce delays that
must be accounted for.

The following is a table of the errors, and their
contribution to the user equivalent range error
(UERE).

Source Nominal value [m]
Satellite clock 1.1
Ephemerides 0.8
Ionosphere 7
Troposphere 0.2
Multipath 0.2
Receiver 0.1
Total 7.1

Table 1: Pseudorange Error Budget, [4]

3. Implementation
The rover receivers (indicated by a subscript r) can
be located with respect to to a base station (in-
dicated by a subscript b), the location of which is
known with great accuracy. The vector that points
from the base station to the rover receiver is known
as the baseline vector, defined as

b = Xr −Xb. (1)

To compute this baseline vector, interferometric
techniques are used. In short, measurements are
subtracted from each other to get rid of the com-
mon sources of error.

3.1. Observables and double differences
Two types of observables are used: code and car-
rier phase measurements. As per [2], the mea-
surement model is, for receiver k and satellite p:

φpk = ρpk + λNp
k + c(tk − tp + T pk − I

p
k) + εpk, (2)

PRpk = ρpk + c(tk − tp + T pk − I
p
k) + εpk, (3)

where φpk and PRpk are code and carrier phase
measurements (unit: meters), from receiver k to
satellite p. ρpk is the geometric distance between
the receiver and the satellite, λ is the carrier wave-
length, Np

k is the unknown integer ambiguity (unit:

cycles), c is the speed of light in vacuum, tk and
tp are, respectively, the receiver and satellite clock
offsets, T pk and Ipk are, respectively, the tropo-
spheric and ionospheric delays, and εpk represents
unmodelled sources of error, such as multipath and
hardware interference.

Subtracting two carrier phase measurements
pertaining to the same satellite and different re-
ceivers (let us call them k and m), we can get rid
of the satellite clock offset, [4]. Assuming the base-
line is short (under 10 km), the signal path between
the satellite and the two receivers is the same, so
the tropospheric and ionospheric delays are also
cancelled. This is known as a single difference
(SD):

∆φpkm = φpk−φ
p
m = ∆ρpkm+λ∆Np

km+c∆tpkm+∆εpkm.
(4)

The single differences of the receivers’ clock bias
are cancelled by double differencing, i.e., subtract-
ing SD’s from two different satellites (let the new
satellite be q):

∇∆φpqkm = ∆φpkm −∆φqkm
= ∇∆ρpqkm + λ∇∆Npq

km +∇∆εpqkm. (5)

For a given system, double differences are made
always with respect to the same satellite, usually
the one with the highest elevation, for reasons
stated earlier. Following the same procedure for
the code measurements yields the code double dif-
ferences:

∇∆PRpqkm = ∇∆ρpqkm +∇∆εpqkm. (6)

The code double differences are much noisier,
but that can be mitigated using a smoothing mech-
anism such as a Kalman Filter, [4].

3.2. Observables covariance
The noise of the measurements is assumed to
have a Gaussian distribution, with expected value
zero, and variance σ2

ρ and σ2
φ, for code and carrier

phase measurements respectively.
For a set of independent, identically distributed

measurements given by a column vector z, and
a disturbance column vector ε, the corresponding
variance-covariance matrix is given by:

cov (z) = E
{

(ε− E (ε)) (ε− E (ε))
T
}

=

E
{
εεT
}

= σ2
zIn×n. (7)

For nmeasurements and where In×n is the iden-
tity matrix of order n.

For a single difference measurement (equation
4) for two receivers k and m (which results in the
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SD error being ∆εkm = εk − εm), the variance-
covariance matrix for the SD vector is given by:

cov (∆zkm)

= E
{

(∆εkm − E (∆εkm)) (∆εkm − E (∆εkm))
T
}

= E
{

(εk − εm) (εk − εm)
T
}

= E
{
εkε

T
k + εmε

T
m

}
= 2σ2

zIn×n. (8)

This results in a diagonal variance-covariance
matrix, which means that single differences of a
given measurement are uncorrelated.

Setting one of the measurements as the refer-
ence to build double differences (DD’s), one uses
a matrix to transform vector ∆zkm, which has n sin-
gle differences, into a vector with n− 1 DD’s:

∇∆zkm = M∆zkm, (9)

where M(n−1)×n is the transformation matrix:

M =


1 −1

1 −1

. . .
... . . .
−1 1
−1 1


(n−1)×n

. (10)

We can now define the variance-covariance ma-
trix of the double difference measurements:

cov (∇∆zkm) =

E
{

(∇∆εkm − E (∇∆εkm)) (∇∆εkm − E (∇∆εkm))
T
}

= E
{
M∆εkm∆εTkmM

T
}

= M
(
2σ2

zIn×n
)
MT =

2σ2
zMMT . (11)

This method is used for pseudorange double
differences, because pseudorange measurements
are assumed to be independent and identically dis-
tributed.

Since for the carrier phase double differences,
the ambiguity resolution algorithms are heavily de-
pendant on the variance-covariance matrix of the
weighted least squares estimation, a finer estimate
of its variance is needed, so it is no longer as-
sumed that the measurements are identically dis-
tributed.

For a single carrier phase measurement, we use
a function of the satellite elevation for an estimate
of variance from [9]:

σ2
k =

a
(
b+ b

sin2θk

)
λ2

, (12)

with θk being the elevation angle of satellite k, and
a and b being two parameters set empirically. It
follows from 8 that the variance-covariance matrix
of the single difference measurements is given by:

cov (∆zkm) =

2σ2
1 . . . 0

...
. . .

...
0 . . . 2σ2

n.

 , (13)

which we’ll call σ∆. Applying the same process as
11, the variance-covariance matrix for the double
difference measurements becomes:

σ∇∆ = Mσ∆M
T . (14)

Regardless of defining the original observations
as identically distributed or having a dependence
on satellite elevation, the variance-covariance ma-
trix of the double differences is not diagonal, which
means these measurements are correlated. This is
one of the biggest hurdles in the integer ambiguity
resolution process.

3.3. Direction cosines
We define the direction cosine as being a unit vec-
tor pointing from receiver k to a given satellite p:

epk =
Xp −Xk

ρpk
ex +

Yp − Yk
ρpk

ey +
Zp − Zk
ρpk

ez, (15)

where (Xp, Yp, Zp) are the coordinates of an arbi-
trary point in the ECEF frame, and ρpk is the true
range between the two points.

Since dealing with short baselines and that the
distances from the receivers to the satellites are of
the order of 20,000 kilometers, the direction cosine
for a given satellite is the same for two receivers
close by. With this, we can define the single differ-
ences of true ranges as the dot product between
the baseline vector and the direction cosine:

∆ρpkm = b · ep, (16)

where ep is now the LoS vector from the system
to satellite p. The single differences of true ranges
are then the projection of the baseline vector onto
the LoS to the corresponding satellite, as explained
in figure 1.

Differentiating 16 for two satellites, we then ob-
tain the double differences of true ranges, ex-
pressed in terms of the baseline vector, and two
LoS vectors:

∇∆ρpqkm = b · (ep − eq) = b · epq. (17)
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SDkm
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ep
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Figure 1: The interferometric technique, for one
satellite.

3.4. Pseudorange-based differential positioning
By combining equations 6 and 17, for n satellites,
one obtains the system:

y(n−1)×1 = B(n−1)×3b3×1 + e(n−1)×1, (18)

where y is the measured double difference pseudo-
range vector, B is the system matrix for the base-
line coordinates, b is the baseline vector, and e is
the noise vector. The subscript in each matrix rep-
resents its dimension.

To solve for baseline, using a weighted least
squares method, the definition of covariance ma-
trix from equation 11 used to define the weighting
matrix as its inverse:

W = cov (∇∆zkm)
−1

=
(
2σ2

zMMT
)−1

. (19)

And the baseline estimate is given by:

b̂ =
(
BTWB

)−1
BTWy. (20)

3.5. Carrier phase differential positioning
Building on 18 and adding the carrier phase double
differences to the measurement vector:

y2(n−1)×1 = B2(n−1)×3b3×1

+A2(n−1)×(n−1)a(n−1)×1 + e2(n−1)×1. (21)

Where the same notation as before applies, A
is the matrix containing the ambiguity contribution
to the phase double differences, and a is the DD
ambiguity vector. As before, the subscript in each
matrix represents its dimension.

Constructing an augmented system matrix
H = [A B] (its dimension being 2 (n− 1) ×
((n− 1) + 3) ), and the corresponding augmented
state vector x =

[
aT bT

]T (with dimension
((n− 1) + 3) × 1 ), the system is solvable if 2 ×
(n− 1) ≥ (n− 1) + 3, or n ≥ 4.

As before, one starts with a weighted least
squares method, defining the weight matrix from

the observation variance-covariance matrix, then,
the estimator is given by:

[
â

b̂

]
=
(

[A B]
T
W [A B]

)−1

[A B]
T
Wy, (22)

to which we will call the float solution, since it is
known that the double difference ambiguities are
integer, and this solution will be real valued. The
next step is to fix the solution to integer values, for
which we need the covariance matrix of the float
solution. Defining the estimation error as x̃ = x−x̂:

x̃ = −
(

[A B]
T
W [A B]

)−1

[A B]
T
We, (23)

e being the double differences noise. The covari-
ance matrix for the estimation error is then:

Qx̂ = Qx̃ = E
{

(x̃− E (x̃)) (x̃− E (x̃))
T
}

=
(

[A B]
T
W [A B]

)−1

=

[
ATWA ATWB
BTWA BTWB

]−1

=

[
Qâ Qâb̂
Qb̂â Qb̂

]
. (24)

The float solution is a good starting point for
search techniques, with the covariance matrix (Qâ)
defining the search space, [8]. The fixed solution ǎ
is then given by the minimisation of the cost func-
tion:

ǎ = arg
(
mina∈Z‖â− a‖2Q−1

â

)
. (25)

Since the ambiguities are correlated, the search
space in question is elliptical. In this case, the
search space can be more elongated in one di-
rection than another, which can result in erroneous
search procedures. However, if we can transform
the ambiguities to get rid of this correlation, and ob-
tain a spherical search space, this problem will be
mitigated. This is the goal of the LAMBDA method
. A transformation is used to decorrelate the er-
ror, diagonalising the covariance matrix of the float
solution. Because a true diagonalisation is hard
to achieve, the focus will be in making the non-
diagonal elements as close to zero as possible.
Having this ”nearly-diagonal” covariance matrix will
result in a nearly spherical search space, making
the search process faster and easier.

Defining the transformation matrix as Z, the co-
variance matrix of the transformed ambiguities is
given by:

Qẑ = ZTQâZ. (26)

It is necessary that both Z and Z−1 only have
integer entries. This way, the original and trans-
formed ambiguities remain integer.
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Decomposing the covariance matrix of the float
solution as

Qâ = LTDL, (27)

and we can express Qẑ as

Qẑ = ZTLTDLZ, (28)

where L(n−1)×(n−1) is a lower triangular ma-
trix with every diagonal entry equal to 1, and
D(n−1)×(n−1) a diagonal matrix. Assuming Z is
close to L−l (making LZ and LTZT close to
the identity matrix, and resulting in the intended
”nearly-diagonal” covariance matrix Qẑ), the co-
variance matrix of the transformed ambiguities can
be decomposed as in 27:

Qẑ = L̃T D̃L̃, (29)

where the non-diagonal elements of L̃, leading to
the intended ”nearly-diagonal” covariance matrix,
[1].

Transforming the ambiguities using the gener-
ated Z matrix, the cost function is now given by

ž = arg
(
minz‖ẑ − z‖2Q−1

ẑ

)
, (30)

with z = ZTa and ẑ = ZT â. Once the decorre-
lation is done, several techniques can be used to
compute the transformed ambiguity set. Three are
presented, sorted by increasing complexity.

• Integer rounding – with this method, the
transformed ambiguity sets are simply
rounded to the nearest integer. Along several
epochs, it is expected that the most frequent
rounded set is the actual transformed ambigu-
ity set, since the double difference noise has
been decorrelated and has null mean.

• Volume search – this method returns all am-
biguity sets that verify the inequality

(ẑ − z)T Q−1
ẑ (ẑ − z) ≤ χ2, (31)

which is the same as saying that it will return
all ambiguity sets whose distance to the initial
point (ẑ) is smaller than the search space vol-
ume χ2, [1]. The search space volume must
take in consideration the application at hand.
Too few candidates and the true ambiguity set
might not be found; too many and a real-time
application won’t be possible.

• Search and Shrink – the more elaborate al-
gorithm returns a stipulated number of can-
didates, by computing conditional ambiguities
and iterating until the residues are minimal.

After having the correct ambiguity set, the fixed
baseline vector can be obtained directly, correcting
the float baseline (from 22), [8], through

b̌ = b̂−Qb̂âQ
−1
â (â− ǎ). (32)

Once the ambiguities are known, it might be-
come advantageous to eliminate the pseudorange
double differences from the baseline calculation.
Removing the pseudorange component of equa-
tion 21, the resulting system is:

y(n−1)×1 = B(n−1)×3b3×1

+A(n−1)×(n−1)a(n−1)×1 + e(n−1)×1, (33)

where once again the subscript indices represent
the dimensions of the matrices and vectors in-
volved.

Isolating the baseline terms and removing the er-
ror vector yields

Bb = y −Aa, (34)

and using the definition of left pseudoinverse from
[3], the weighted least squares solution is

b =
(
BTB

)−1
BT (y −Aa) , (35)

which is a baseline vector computed using solely
carrier phase measurements.

4. Results
In this section, an overview of the tests and re-
sults will be done. Four tests were made, each
with different purposes. In each case, the result-
ing baseline in ENU coordinates is compared to
the expected value, and the Circular Error Proba-
ble (CEP) accuracy is calculated. For Code DGPS
and the LAMBDA solutions, 30 seconds averages
and medians were taken in an effort to decrease
variability and increase accuracy, at the expense
of real-time positioning performance. These fig-
ures are also compared with the standalone, code-
only solution, to assess the benefit of a differential
setup.

4.1. Base test
The first test was performed with two stationary an-
tennas present in the lab. It ran for one hour, and
its purpose was to evaluate the validity of the algo-
rithms and their performance with very short base-
lines. The results are compiled in table 2

The benefits of using differential positioning are
apparent even using only code pseudoranges.
Comparing with the announced optimal accuracy
of the standalone u-blox receiver (2.5 metres CEP),
the standalone accuracy was of 4.19 metres. Us-
ing differential positioning increases precision to
1.34 metres. The average and median operations
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Code DGPS LAMBDA CP
Method CEP [m]
Raw 4.189 1.336 0.978 0.839
30s Av. 0.9317 0.813
30s Med. 0.939 0.813

Table 2: Precision comparison for the base test.

had the same effect, bringing it down to sub-metre
precision.

Adding carrier phase to the baseline calculation
also brings the accuracy to sub-metre level, with
the unsmoothed LAMBDA baseline having a CEP
of 97.8 centimetres. While the average and me-
dian operations, applied to the DGPS baseline,
decreased the CEP value in 30 percent, applying
them to the LAMBDA baseline only decreased it
in 16 percent, to 81.3 centimetres in both cases.
Using only carrier phase to calculate de baseline
yielded a CEP of 83.9 centimetres, which is higher
than the smoothed LAMBDA solutions, but better
suited for real-time operations. This amounts to
decimetre-level precision, where commercial solu-
tions can offer centimetre-level precision.

4.2. Campus test
The second local test was made on campus, with
a baseline length of around 100 metres. Using the
same base antenna on every test, this was the first
test performed with the mobile setup acting as the
rover receiver, which is shown on figure 2, and it
was done to test its feasibility.

Code DGPS LAMBDA CP
Method CEP [m]
Raw 7.720 3.252 2.696 3.146
30s Av. 3.132 2.753
30s Med. 3.143 2.729

Table 3: Precision comparison for the campus test.

The standalone precision was of 7.72 metres,
compared to the 4.19 metres the previous test. Us-
ing differential positioning helped reduce this figure
to 3.25 metres, which is 42% of the initial value.
Introducing carrier phase observations helped the
accuracy, with the CEP precision for LAMBDA be-
ing 2.696 metres, worse than the first test’s sub-
metre accuracy. The smoothing algorithms also did
little to improve this, even deteriorating the accu-
racy. The carrier phase baseline also exhibited an
accuracy worse than the LAMBDA one, on par with
the DGPS solution.

The worse performance of this test may be due
to three factors:

Figure 2: The solution developed for portable data
collection: 1: Raspberry Pi and Wi-Fi adapter. 2:
u-blox receiver. 3: Portable battery pack. 4: Bread-
board with the LCD screen, button and LED’s. The
GPS antenna is not visible and sits at the top of the
tripod, where a camera would usually be.

• The site was surrounded by two tall buildings,
which blocked part of the sky and may have
introduced some amount of multipath;

• The reference values retrieved from Google
Earth may be off. It is possible that the equip-
ment was a few metres to the East. This is
corroborated by a constant error in the East
component of the baseline. It is possible that
the equipment was a few metres to the East;;

• The antenna used in this and the following
tests was a different, smaller model, intended
for portable applications. It is expected that it
would have worse performance than the big-
ger model which includes a choke ring to re-
duce multipath interference.

4.3. Long baseline test
For the off-site test, a hill in a nearby park was cho-
sen, since this site had good visibility of the sky,
and sat at roughly 1600 metres from the base sta-
tion.

The standalone precision was a bit better than
the second test, which was to be expected since
more of the sky was visible. These results are in
line with the second test, and a limit to the precision
seems to have been hit, with an apparent minimum
of 2.7 metres. The sky was almost totally visible on
this site, and the values show the same amount
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Code DGPS LAMBDA CP
Method CEP [m]
Raw 6.888 3.081 2.722 2.723
30s Av. 2.840 2.696
30s Med. 2.872 2.678

Table 4: Precision comparison for the campus test.

of noise as the previous tests. Using average and
median didn’t have as much effect as in the first
test. There are also biases on both the East and
North components of the baseline vector. So, it is
possible that, once again, the references are off
by a few metres. For the East component, this is
possible (there was a path that ran from east to
west), but unlikely for the North component, which
has a similar bias.

4.4. Final test
The final test was made to showcase the point log-
ging capabilities of the setup. We returned to the
park, which is filled with little paths and intersec-
tions, and pressed the logging button. The process
was repeated for 14 points. Only carrier phase was
used to calculate the coordinates. There were sev-
eral points with multiple solutions, due to the in-
teger ambiguity set changing over time, since the
sets for each epoch were being averaged after 30
seconds with a consistent constellation.

Of the 26 measurements, the least accurate was
7.92 metres away from the true position. How-
ever, it is a considerable deviation from the aver-
age, since the mean error was of 3.64 metres. It
should be noted that the average East and North
errors, respectively 2.14 and 1.75 metres, should
be much closer to zero, since the error in the sig-
nals observations have a null mean. This might be
indicative of an error in the base receiver position.

4.5. Real-time applicability
For the final test, the real time applicability of the
system was also tested. Each program (Code
DGPS, LAMBDA, and carrier phase positioning)
was ran three times, with the average times in sec-
onds in table 5. In table 6, we included the per-
formance of the system, measured in epochs pro-
cessed per second.

DGPS LAMBDA CP
Preparation 33.66 33.73 33.74
Processing 4.00 16.77 17.25
Total time 37.66 50.50 50.99

Table 5: Average running times in seconds, for the
final test.

The phase labelled ”Preparation” pertains to the
initial part of the program, where the binary files
from the base and rover are opened and decoded,
and the double differences are formed. The ”Pro-
cessing” phase includes calculating the satellites’
positions and direction cosines, and all the the re-
maining math to determine a baseline.

DGPS LAMBDA CP
Preparation 49.38 49.27 49.26
Processing 415.5 99.1 96.35
Total 44.13 32.91 32.59

Table 6: Performance of each program, for the final
test (in epochs per second).

We can see that the decoding of the information
has the same performance in the three programs,
since the data to be decoded is the same. This
shows an average of 49 epochs of information pre-
pared per second, or, that each epoch will take
less than 25 milliseconds to prepare for process-
ing, once the binary information is received.

For the processing phase, the Code DGPS algo-
rithm is, as expected, the fastest of the three, at-
taining more than 400 epochs per second, so each
epoch will be processed in less than 2.5 millisec-
onds. Adding the carrier phase double differences
greatly decreases the performance of the system,
due to the ambiguity resolution algorithms. Using
the baseline vector output by the LAMBDA algo-
rithm, the average performance was of 99 epochs
per second, and using only carrier phase to calcu-
late the baseline through weighted least squares
brought the performance down to 96 epochs pro-
cessed per second. It is then to be expected that
the system be able to process one epoch of infor-
mation in less than 20 milliseconds (50 epochs per
second).

In total, we can see that the system is, on av-
erage, able to decode and process more than 25
epochs of information per second. This means
that all the operations necessary, after the data has
been received over serial port or over the internet,
it will take less than 40 milliseconds to process and
output a baseline. So, in a real time application,
there is remaining computational power to imple-
ment the smoothing algorithms, be it the simple av-
erage and median shown in this chapter, or more
sophisticated algorithms such as Kalman Filtering.

5. Conclusions
The main objective of this work was to develop
a carrier phase DGPS solution that was imple-
mented on an embedded platform, and that, with
affordable components, could come close to the
precisions offered by commercial solutions. While

9



the all the parts were not successfully implemented
at the same time, all of them were, at one point,
tested and successful on an embedded platform,
namely:

• The communication, both over the internet
with a base station, or with the local GPS re-
ceiver over USB;

• The data collection;

• The implementation of the algorithms on the
platform, with promising results where the
computational performance is regarded.

5.1. Future work
While the results were satisfactory, further work
can be done to improve this solution. The consid-
ered approaches are:

• Solving the connectivity issues by successfully
receiving and processing the serial data in real
time.

• Improve the user interface by using more so-
phisticated means of user I/O. Relatively in-
expensive touch screens are available for the
Raspberry Pi and would solve the issues with
user experience.

• Make the device more standalone like a true
product. The developed prototype is not stan-
dalone. It requires a device to initially launch
the programs, cancel the data collections, and
provide internet access if applicable.

• Employ more sophisticated algorithms to the
data processing. [9] adds Kalman Filtering
to carrier phase positioning with satisfying re-
sults. These operations are, in principle, pos-
sible to implement on the Raspberry Pi with-
out compromising real time operation. A rover
receiver capable of L2 measurements would
also highly increase solution precision.
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