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Abstract— Table tennis is a task with a long history as a
robotics challenge. In table tennis the existence of complex
interactions between the physics of the ball and of the robot
makes it hard to create an analytical model that can match the
skill of a human player. In addition handcrafted models can
be very sensitive to the parametrization of the environment,
requiring manual tuning for any alterations. By using a machine
learning approach the robot can adapt autonomously, learning
the task and model simultaneously.
This dissertation can be divided into two parts. First we
discuss regression with GPs and follow with Cost Regularized
Kernel Regression (CrKR), a state of the art Reinforcement
Learning (RL) algorithm. We explore strategies for online sparsification of the collected samples to overcome the regression’s
O(n3 ) computational complexity, allowing the robot to learn
beyond a fixed budget of samples. In the second part we
address Imitation Learning (IL). Expanding from the stateof-the-art Dynamic Motion Primitives (DMP) framework we
developed Quadratic Program Motion Primitives (QPMP), our
novel method to imitate trajectories. QPMP takes advantage of
the existence of extremely fast solvers for finding the minimum
of convex functions and adds increased flexibility to the existing
methods with the definition of custom optimisation constraints
to the generated trajectory.
We present our results in a table tennis simulation and in a
robotic platform. By combining demonstrations by an human
expert and autonomous learning, we achieve a robot that can
easily adapt to its environment and task.

I. I NTRODUCTION AND R ELATED W ORK
The perception of robots as humanities future helpers,
capable of performing tasks with the same dexterity as a
human has been driving the research of robots with increasing mechanical complexity. Today robots take the place of
humans in the most tedious and dangerous jobs. They can
already be seen vacuuming peoples homes and searching
for life on mars. However these are still relatively simple
robots, with a high degree of specialization for a single task.
More general robots with many degrees of freedom and a
large number of sensors have become common in research
(e.g. iCub, PR2) and are also showing signs of increasingly
more industrial use (e.g. Baxter). However this increase in
mechanical sophistication was lagged by control methods,
many tasks that are relatively simple for humans such as
driving a car or repairing a broken object today remain an
immense challenge to robots. The increased complexity of
the robots leads to an increase in the required human effort
to model the robot and its environment for each new task.
An appealing alternative to extensive hand modeling is to
learn the task and model together by demonstration or by
trial and error. One practical way to allow robots to learn
motor skills is through the ”programming by demonstration” paradigm [1]. The main idea is that the motor skill

Fig. 1: A screenshot of a table tennis swing in our simulation
environment.

is demonstrated to the robot (typically through kinesthetic
teaching) and a representation of the movement is learned
from the recorded data. One key issue is therefore to find
a proper representation for such movement primitives. One
of the most promising approaches draws from the theory of
dynamical systems, giving raise to solutions such as Stable
Estimator of Dynamical Systems (SEDS), sequenced Linear
Dynamical Systems, Implicit Dynamical Systems [2] and,
most notably, Dynamic Movement Primitives (DMPs [3]).
This latter formulation in particular has proven to be a very
effective tool for imitation learning, and has been therefore
widely used in robotics and inspired many extensions to add
velocity goals [4] and allow uncertainty and way-points in
the execution [5]. However, the DMP approach still has a few
drawbacks. One is that, despite allowing quick adaptation to
new start/end positions, it may generate undesired motion
profiles (especially in terms of accelerations) that are not
under full control. Another one is that it lacks the possibility
to impose constraints in the motion, such as joints position
and velocity limits.
In section II we introduce Gaussian Process Regression
(GPR) and CrKR to learn the mapping between a system
state and a desirable robot state according to a cost function.
This mapping is found trough autonomous exploration by
the robot. We also propose a online sparsification based on
Adaptive Non-Maximal Suppression (ANMS) filtering.
We follow with trajectory imitation from expert demonstrations in section III. These trajectories will have a shape
matching those of the demonstrations used for initializing
CrKR. We describe the DMP framework and introduce our
new solution, QPMP based on the minimization of a convex
function. In section VI we present experiments demonstrating
the properties of our methods in a simulation environment
and in our robotic platform.

II. R EINFORCEMENT L EARNING OF M OTION
PARAMETERS
In this section we introduce GP, a simple class of models
of functions suitable for probabilistic inference in both
regression and classification problems. A Reinforcement
Learning method related to Gaussian Processes, CrKR, is
presented in conjunction with a novel strategy to continue
learning beyond the point where the cubic time complexity
with the number of samples becomes a limitation.
A. Gaussian Process Regression
A GP is by definition any distribution over functions such
that any finite set of function values f (x1 ), f (x2 ), ... f (xN )
has a joint Gaussian distribution [6].
The GP before training is specified by its mean function
E[ f (x)] = µ(x)

(1)

and by it’s covariance function or kernel:
Cov[ f (x), f (x0 )] = k(x, x0 ).

(2)

In practice it is common to assume the mean function is
zero everywhere. The choice of the covariance function is of
a greater importance since it implicitly encodes assumptions
about the underlying function to be modeled.
The learning problem for GPR can be seen as, given n
training points (xi , yi )ni=1 , to find the latent function f (xi )
that transforms the input xi into a prediction yi = f (xi ) +
εi where εi is Gaussian noise with zero mean and variance
σ 2 (xi ), i.e. ε ∼ N (0, σ 2 (xi )).
The prediction of a GPR is found by calculating the mean
and the variance at a new evaluation point x∗ :
f¯(x∗ ) = k∗T (K + σn2 I)−1 y

σ 2f (x∗ ) = k(x∗ , x∗ ) − k∗T (K + σn2 I)−1 k∗

(3)

where K is the matrix where each entry corresponds to
the covariance kernel evaluated on the input training data
Ki, j = k(xi , x j ), k∗ is a vector where each entry is the
covariance function evaluated between the input point x∗
and the remaining training data. The variance of the input
data is σn2 and y is the vector of the training outputs.
The kernel defines how the model generalizes to new data.
In this way it provides a prior and specifies the kind of
structure that can be captured by the GP. The specification of
a kernel that represents the particular structure of the problem
being modeled is one of the main challenges in applying GP
for model learning. However in practice the SE kernel has
become the de facto default kernel when the structure of the
function is unknown or hard to specify. It is defined by only
two parameters that are easy to interpret. First the lengthscale
or bandwidth of the kernel l determines the smoothness of
the function and how far away from the training data the
GP can extrapolate. The output variance σ 2 determines the
average distance of the function away from it’s mean. In
practice it acts as a scale factor.
kSE (x, x0 ) = σ 2 exp(−

(x − x0 )2
)
2l 2

(4)

For multidimensional problems we can multiply many SE
kernels, each with a bandwidth adjusted to the corresponding dimension. This multiplication of kernels with different
bandwidths makes the so called SE-ARD kernel in eq. 5.
kSE−ARD (x, x0 ) = σ 2f exp(−

1 D (xd − xd0 )2
∑ l2 )
2 d=1
d

(5)

The high flexibility of the SE-ARD kernel means that
more data may be needed to learn, the called ”curse of
dimensionality” [7]. In principle a kernel with more prior
structure is preferable as it will learn faster, the ”blessing of
abstraction” [8].
B. Marginal Likelihood Maximization.
A very important feature of GPs is the ability to compute
the marginal likelihood of a test data set given the model
or evidence. Models can be compared using the marginal
likelihood, which allows automatically tuning the parameters
of a model and its fit to the data.
n

n

p(y|x, θ) = (2π)− 2 × |K|− 2
(6)
1
× exp{− (y T K −1 y)}
2
We can write in log form and note that it is differentiable.
1
1
n
log p(y|x, θ) = − y T Ky−1 y − log |K| − log 2π
2
2
2
∂
1 T −1 ∂ K −1
1
∂K
log p(y|x, θ) = y K
K y − tr(K −1
)
∂θj
2
∂θj
2
∂θj
1
∂K
= tr((ααT − K −1 )
)
2
θj
where α = K −1 y
(7)
The open parameters of GPR are the hyper-parameters
of the kernel, these can be the σ and l in the particular
case of the SE kernel. The usual practice is to maximize the
log marginal likelihood using common optimization tools
such as quasi-Newton methods or take advantage of its
differentiability (eq. (7)) and use gradient methods [9].
C. Cost-regularized Kernel Regression
Gaussian processes assume that the training points are
sampled from the underlying process with Gaussian noise.
However, some tasks are interactive in nature and must be
actively explored by the robot system. CrKR is a kernelized
version of the reward-weighted regression [10], that is suitable for RL [10] of complex tasks with continuous input and
output spaces. A common application of CrKR is to learn
a small set of continuous meta-parameters that generalize a
motor primitive [10], [4].
CrKR has been successfully applied to many robot learning tasks such as dart throwing, ball throwing and table tennis
in many different robots, outperforming techniques like finite
difference gradient and reward weighted regression [11].
The inference is performed in a way that is similar to
GPR. In eq. 3, the term σ 2 I is replaced by λ C to make a

Algorithm 1 Cost-regularized Kernel Regression algorithm
Preparation steps:
determine initial state s0 , output γ0 and cost c0 of
the demonstration.
initialize the corresponding matrices S, Γ, C.
choose a kernel k, initialize K.
set the exploration/exploitation trade-off λ .
for all iterations j do
Determine the state s j specifying the situation.
Calculate the meta-parameters γ j by:
Determine the mean of each meta-parameter i:
γ¯i (s j ) = k(s j )T (K + λ C)−1 Γi ,
Determine the variance:
σ 2 (s j ) = k(s j , s j ) − k(s j , S)T (K + λ C)−1 k(s j , S),
Draw the meta-parameters from a Gaussian distribution
γ j ∼ N (0, σ 2 )
Execute the motor-primitive using the new metaparameters
Calculate the cost c j at the end pf the episode
Update the matrices S,Γ,C with the new sample
end for
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D. Selection of the Cost Function
Great care must be taken in the choice of a cost function
appropriate to the task. The cost function is employed as
a predictive variance used to guide the exploration. Cost
functions that represent some notion of closeness to the
target tend to perform better than binary success/failure
functions in robotic tasks. Some desirable properties, like low
accelerations, in the learned policy may be discovered by the
autonomous agent without needing to be explicitly included
in the cost function. For easier reasoning we decided to use
the saturating cost function in eq. 8.
1
2
(8)
x − xtarget )
2a2
This cost function is locally quadratic but saturates for
large deviations form the desired target. In [12] it was shown
that this saturated cost mimics well some properties of the
human reasoning.
c(x) = 1 − exp(−

E. Cost weighted Sparsification
Like GPR the prediction step involves the inversion of
a square matrix (K + λC)−1 of order n where n is the
number of samples. The time complexity of most matrix
inversion algorithms is O(n3 ) and the space for storing
the matrix is O(n2 ). The high computational complexity
becomes specially relevant when dealing with on-line learning, and real time applications. Nguyen-Tuong et al. [13]
proposed a online sparsification scheme with a fixed budget
of samples. For the subsequent samples, a independence
measure is used to choose whether or not to replace the
least informative data point. This solution also allows a time
decay adapt to with changing dynamics of the system. This
on-line sparsification method although designed with GPR in
mind is straightforward to apply to CrKR. The time decay
concept can be replaced by a cost decay where high cost
samples are rejected.
The independence measure is stated as:
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Fig. 2: CrKR after learning from an initial demonstration and
performing five exploration iterations. The pink region shows the
95% confidence interval for the CrKR exploration, the error bars
show the cost of each tryout.

cost weighted regression. The open parameter λ expresses a
exploration exploitation trade-off and also a scaling of the
cost function to what could be seen as analogous to the
variance of a GP. This allows similar expressions to GPR 3 to
be used in an interactive task. Given a state of the system s j
the policy for our action is predicted mean γ¯j (s j ) combined
with the predicted variance σ 2 (s j ) to add exploration.

This independence is computationally very expensive to
recalculate for each new sample if we keep high amount
of samples in our budget. The solution found in [13] uses
incremental updates to reduce the complexity of checking
which sample to replace in the dictionary.
F. ANMS Filter
A common approach to overcome the cubic complexity
of regression algorithms is to find a representative subset of
the datapoints. Since in our case the points have weights
associated we can formulate the problem as finding the
sparsest set of N low cost points. This is a similar problem
to the selection of keypoints in images for computer vision
applications. We experimented with a filter commonly used
for for spatial feature distribution ANMS [14] [15]. ANMS
works by sorting the entire dataset according to the weights.
Then starting from the lowest cost data point all data points

are added in sequence by order of cost. For each point the
distance to the closest point already evaluated is saved and
added to a list. The N points with highest distances in this
list are selected for the regression. We provide a pseudo-code
implementation of the algorithm in 2.
Algorithm 2 Naive Implementation of ANMS Filtering
Preparation steps:
Sort P by cost, let p1 ,p2 ,... denote the points in that
order.
result = [(∞, p1 )] //(radius,keypoint)
for all pi ∈ P do
ri = distance to nearest point already in result.
result.pushback((ri ,pi ))
end for
Sort result by radius, return first k entries in result.
Compared to the sparsification methods previously discussed this method allows retaining a larger number of
training samples, and using a subset for the regression.
This avoids discarding samples that when collected were not
relevant but can become necessary due to the collection of
good samples in different locations of the input space. The
filter can also work with any distance measure, increasing
the flexibility in the choice of the kernel used for regression.
The naive implementation showed in 2 has a quadratic run
time complexity. Sub-quadratic algorithms that make use of
approximate nearest neighbor search exist [14].

on the discrete formalization, that is needed to represent
point-to-point tasks.
A. Original Formulation
The DMP system controls the motion of a scalar variable y
through a point attractor g that makes the trajectory converge
asymptotically to the goal and a nonlinear forcing term f
that encodes the characteristics of the demonstration. The
two terms are coupled by a canonical system z that acts as
a replacement of time.
τ 2 ÿ = αy (βy (g − y) − v) + f (z, g)

The gains αy , βy are chosen to make the 2nd order system
critically damped, ie. βy = αy /4. The temporal scaling term
τ allows the primitive to execute the movement faster or
slower while preserving its shape.
Let us consider a demonstrated trajectory as d(t). The
objective of learning a DMP is to compute an approximation
of f such that the observed profile of the trajectory is as
close as possible to the demonstration. Rewriting the first
equation of (9) and replacing the motion variable y by the
demonstration d we have:
˙
ftarget (z, g) = τ 2 d¨ − αy (βy (g − d) − τ d)

IV. I MITATION WITH DMP S
As previously introduced, DMP is a widely adopted formalism to represent motor actions in a way that allows
flexible adjustment without custom parameter tuning. After
a primitive is learned from a demonstration (or a series
of demonstrations) it can then be generalized to different
initial and goal states while maintaining its overall shape.
The original DMP have two formulations, one for discrete
movements and another for periodic motion. Here we focus

(10)

This term can be represented by a normalized linear
combination of Gaussian basis functions [17], as follows:
∑Ni=1 ψi (z)wi
ξ (z, g)
∑Ni=1 ψi (z)
1
ψi (z) = exp(− 2 (z − ci )2 )
2σi
ξ (z, g) = z(g − y(0))

ftarget (z, g) =

III. T RAJECTORY I MITATION AND G ENERALIZATION
LfD or PbD also called IL or Apprenticeship Learning
forgo decomposing and programming the desired behaviours
explicitly to the robot system. By instead relying on demonstrations made by a human expert we can achieve a more
expedite deployment of a robot to a new task, also allowing
the programming of robots by people without a traditional
programming background. In the context of playing table
tennis we want to find the motor trajectory that strikes the
ball with the highest probability of success. An appealing
alternative to trying to define what is the optimal criteria for
such a trajectory is to simply imitate a demonstration by a
human expert. In this section we describe DMP a state of the
art framework for IL of motor trajectories and introduce our
novel solution to this problem based on constrained quadratic
optimization. The methods proposed in this section were
published in [16].

(9)

τ ż = −αz z

τ ẏ = v

(11)

The Gaussian basis functions ψi have centers ci along
the exponential of the Canonical system so that they are
equally spaced in time. The scaling term ξ (z, g) makes the
accelerations converge to zero near the goal and to normalize
their values according to the amplitude of the movement.
The weights wi can be learned from the samples of the
original demonstration at sample times z p , p ∈ {0, · · · , P},
using for example Locally Weighted Regression [3]:
wi =

sT Γi ftarget
sT Γi s

(12)

where
s=



ξ (z0 ) . . . ξ (zP )

T



ftarget (z0 , g) . . . ftarget (zP , g)


ψi (z0 ) . . .
0


..
Γi = 

.
0
0

ftarget =

0

...

T
(13)

ψi (zP )

The canonical system has αz > 0 so that it converges
asymptotically to zero. This ensures that, if the weights
are bounded, the forcing function’s interference eventually

vanishes as the movement ends, ensuring that the point
attractor is free to converge to the goal. The initial value
of z is usually set to 1 but any positive value can be chosen.
B. Hitting Movements using DMPs
For some situations such as striking a moving ball and
throwing darts it is necessary to adapt to an end goal with
a desired final velocity v f , different from zero. A DMP
formulation that adapts to goals with velocity was proposed
by Kober et. al [18]. The proposed system used a shifting
goal with linear velocity. This system however had some
drawbacks: First, fast changes of the goal position and
velocity lead to error in the final velocity. Second, when
the final and starting position are close to each other the
system generates large accelerations. To overcome these
shortcomings Mulling et al [4] proposed an improved system,
which is defined as follows:
τ v̇ = αy (βy (g − y) + ġτ − v) + g̈τ 2 + η f (z)

τ ẏ = v

(14)

Here the goal follows a polynomial that starts and ends
with zero accelerations and the correct starting and final
position and velocity, computed as:


ln(z) j
b
−τ
∑ j
αz
j=0

5

5

g=

5

g̈ =

∑ ( j2 − j)b j (−τ

j=2

ġ =

∑ jb j (−τ

j=1

ln(z) j−1
)
αz

ln(z) j−2
)
αz

(15)
The 5th order polynomial coefficients are found by setting
the boundary conditions such that it has the desired initial
and final positions and velocities. The accelerations are set
to zero at the start and at the end of the movement.
V. Q UADRATIC O PTIMIZATION FOR M OTION P RIMITIVES
The approach in Mulling et al. [4], implemented through
(14) and (15), achieves the final goal position and velocity
with accuracy. However, the polynomial trajectory is computed independently of the demonstrated trajectory and may
lead to accelerations profiles significantly different from the
demonstration. Moreover, the acceleration vanishes at the end
of the movement. This distorts the demonstrated trajectory
at the most important phase in hitting movements. To have
a greater control on the resulting trajectory profiles, we
formulate the problem as a convex QP. The imitation problem
is addressed by computing the trajectory that best imitates the
acceleration profile of the demonstration while constrained to
start and end at specific positions and velocities. Additional
constraints can be incorporated, for instance via-points and
limits in the joint positions, velocities or accelerations during
the whole movement trajectory.

Fig. 3: Here we can see how the weights combine with the gaussian
functions to generate the acceleration of the motor primitive.
In the first panel we plotted the thirty gaussian functions with
centers shifted in time and the corresponding weights found by our
optimization. Each Gaussian was multiplied by it’s weight as shown
in the second panel. Finally by adding together all the gaussians
we get the acceleration profile of the motor primitive as seen in the
third panel.

A. Formulation
We use a dynamical system as (14), but instead of having
separate reference trajectory and forcing terms, we generate
a single desired trajectory directly taking all constraints into
account (imitation of the demonstration, initial and final
states, joint limits, waypoints) and plug it into a reference
tracking dynamical system. This is no longer a DMP but still
ensures robustness to noise and perturbations.
To compute the desired trajectory we use a Gaussian kernel
as in the DMP forcing term (11). Let g(t), t ∈
expansion

t0 ,t f denote the desired trajectory to be executed between
t0 and t f . Its acceleration is represented as:
N

g̈(t) = ∑ wi ψi (t)

(16)

i=1

The Gaussian basis functions ψi (t) are the same ones used
for DMP but time warped to fit the desired time interval.
Since we do not need a canonical system with exponential

decay, we can have the basis functions spaced linearly in
time and with constant width. The expression for the ψi (t)
is the same as in (11), but now the input is time t instead of
phase z, and centers ci and variance σ are shifted and warped
according to the transformation from the demonstration time
interval to the imitation time interval.
The desired trajectory position and velocity can be obtained by integration:
N

0

ġ(t) = v0 + ∑ wi ψi (t)
i=1

(17)

N

00

g(t) = p0 + (t − t0 )v0 + ∑ wi ψi (t)
i=1

where

R

Expanding the
cost function in (18)
and defining ψi j =
R
R
¨ and D2 = d¨2 (t) we get2 :
ψi j (t), θ j = ψ j (t)d(t)
!2
Z
N
2 ¨
J=
∑ w j ψ j (t) − τ d(t) =
dt

j=1

N

N

j=1 i=1

0

ψi (t) =

t0

00

ψi (τ)dτ

ψi (t) =

Z t
t0

J = wT Ψw − 2τ 2 wT θ
w=

∑ wi ψi (t) − τ

minimize
wi

t0

¨
d(t)


Ψ=

ψ1N
.. 
. 
ψNN

(21)

0

00

(18)

wT ψ (t f ) = v f − v0

ÿ = αy (βy (g − y) + ġ − v) + g̈


00
ψ1 (t f )
00


..
ψ (t f ) = 

.
00

The time scaling factor is included directly in the solution
of the minimization problem. Every time a trajectory has to
be computed, the new ψi (t) terms are recomputed to cover
the desired time span, so it is no longer necessary to scale
by τ in the dynamic system.
Note that the computed trajectory plays the role of both
the forcing term and the shifting goal. Because the trajectory
already incorporates the imitation, there is no need to use two
different entities to implement the dynamical controller.
B. Solution
To solve the optimization problem we rearrange (18) as
a QP with linear constraints in standard form. Then, any
existing modern QP solver can be used to obtain the result.
1 The cumulative functions ψ (t) and ψ (t) are, in practice, approximated
i
i
by numerical integration.


0
ψ1 (t f )
0


..
ψ (t f ) = 

.

ψN (t f )



(23)

0

ψN (t f )

Now we can write (18) in standard QP form:
minimize
x

(19)

(22)

where


0

where τ is the time scale due to different durations of the
demonstration and imitation.
After the trajectory is computed, it can be used as a
shifting goal in the acceleration-based controller:

00

...
..
.
...


T
θ = θ1 . . . θN


00

i=1

0

T

wT ψ (t f ) = p f − p0 − (t f − t0 )v0

v0 + ∑ wi ψi (t f ) = v f

ẏ = v

ψ11
..
.
ψN1

dt

p0 + (t f − t0 )v0 + ∑ wi ψi (t f ) = p f
i=1
N

w1 . . . wn



i=1

N

subject to

2



The constraints of (18) can be written as:

!2

N

(20)

where

0

ψi (τ)dτ

Given a demonstration d(t) and the desired initial
and final times, positions and velocities, respectively
(t0 , p0 , v0 ,t f , p f , v f ), the optimization problem is thus written
as:
Z tf

j=1

where wi j = wi w j , ψi j (t) = ψi (t)ψ j (t) and the integrals are
between t0 and t f .
Because the last term does not depend on the wi ’s it can
be left out of the optimization cost J. Therefore, representing
in matrix form we get:

1

Z t

N

J = ∑ ∑ wi j ψi j − 2τ 2 ∑ w j θ j + τ 4 D2

1 T
w 2Ψw + τ 2 θ T w
2

subject to
 00



ψ (tf )
p f − p0 − (t f − t0 )v0
w
=
0
v f − v0
ψ (tf )

(24)

These values can be used in a standard QP solver. For
adapting to new targets only p f , p0 , v f , v0 and Ψ change in
the resulting QP. The basis functions Ψ must be recomputed
for changes in the final time. The θ vector, obtained from
the original demonstration remains unchanged and does not
have to be recalculated. This vector therefore is the invariant
that defines the primitive.
The minimization must be solved each time we want to
execute a new motor action. However existing QP solvers
can find a solution very fast. If we are controlling an arm
with many DOF, solving for each individual DOF is an
intrinsically parallel problem. Additional constraints can also
be added to ensure that joint accelerations, velocities and
positions are bounded within safe physical limits. For a
2 In practice the terms ψ and θ are approximated by numerical integraij
j
tion

discretization of the time interval at instants ti the following
constrains can be added:
q̈min ≤ wT ψ(ti ) ≤ q̈max
T

0

q̇min ≤ v0 + w ψ (ti ) ≤ q̇max
T

(25)
00

qmin ≤ p0 + (ti − t0 )v0 + w ψ (ti ) ≤ qmax

Constraints can also be added to limit jerk:
...
...
q min ≤ wT ψ(ti ) − wT ψ(ti−1 ) ≤ q max

(26)

However each of these limitations requires adding 2
constraints for each sample point and may increase the
computation time. In our case the problem is still solved
in the order of tenths of a second for trajectories with
1000 points. Some solvers allow the use of lazy constraints.
We experimented with a lazy constraint version running
in the proprietary solver Gurobi. The solver introduces the
constraints only when the current iteration’s solution violates
them. In this way most constraints do not have to be used
reducing the computation for each iteration of the solver.

simultaneously. The results presented in this section have
been published in [16].
B. Adaptation to different initial/final states and movement
duration
Both the DMP and the QPMP allow adapting the demonstrated primitive to new initial and final states composed of
position, velocity and time. As it can be seen in Fig. 4 the
DMP and the QP generate similar trajectories. However, the
QP distributes the acceleration difference evenly throughout
the trajectory. This allows a more accurate replication of the
demonstrated movement shape, especially near the end of
the trajectory. The non-zero final accelerations may increase
the velocity error at the final instant. When a precise final
velocity is critical to the task a new constraint can be added
to switch off accelerations at a predetermined final fraction
of the trajectory.
(b) Velocity
[rad/s] ∗ 101

(a) Angle
[rad]
2

(c) Acceleration
[rad/s2 ] ∗ 102

1

VI. E XPERIMENTAL R ESULTS
In this section we present the experimental results obtained
throughout this dissertation. First the DMP and QPMP
presented in section III are evaluated for simple trajectories
in one DOF. More specifically we show the possibilities
provided by the constrained optimisation compared to traditional DMPs. Next we evaluate learning with CrKR and the
ANMS sparsification scheme described in section II. The
sparsification allows continuous learning instead of being
limited to a fixed budget of samples.
In section VII we present the experimental setup and show
results obtained in a simulated environment.
In the final section (VIII), we describe the robotic platform
setup including the state tracking system. We show the
architecture of the software and of the physical system.
A. Evaluation of QPMP and DMP
To test our proposed methods we generated a ball hitting
movement, defined in joints space, with our 6 DOF arm to
serve as a demonstration for both a DMP with polynomial
shifting goal (the system proposed in [4]) and for our QP
formulation. For both the DMP and the QP we use Euler
integration with a 0.001s time step in all experiments. After
the final time both the DMP and the QP accelerations are
set to zero.
We performed three different experiments (Sections VI-B,
VI-C and VI-D) that consisted in adapting the demonstrated
motion to different execution conditions, comparing our QP
method to DMP. Moreover, we discuss how some important
features of the DMP approach are also preserved, namely
the rejection of noise and disturbances during execution
(Section VI-E). Finally, we discuss how both approaches
deal with noise in the demonstration (Section VI-F). Each
experiment shows one useful feature of our proposed method.
For the sake of clarity we present these results in separated
experiments, but in a real application all features can be used
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Fig. 4: Trajectory generated by adapting the demonstration to a
different initial position and a different final velocity. The final time
is set to be at 0.8s instead of the 1.0s of the demonstration. The
movement generated by the global optimization (without additional
constraints) imitates the shape of the demonstration better, especially in the final part of the motion.

C. Inclusion of joint limits
Taking into account the physical limits of the joints is
of crucial importance in practical operations, as every robot
has position, velocities and acceleration limits that cannot be
violated. Moreover, in some specific cases there might be the
need for setting limits that are more conservative than the
maximum, nominal ones; therefore, it is extremely helpful
to have the possibility of changing these limits on-the-fly,
depending on the task requirements, without the overall
shape of the movement being deviated too much from the
demonstration. As shown in Fig. 5, with the DMP formulation the adaptation to new goals can generate trajectories that
violate joint limits (even if the demonstration was bounded).
Conversely, with our approach these limits can be included
as constraints of the QP by adding inequalities in eq. 26. The
results in Fig. 5 show that our proposed method can generate
a trajectory that is feasible and still a good approximation of
the original demonstration.
D. Addition of intermediate way-points
An interesting possibility of the QP is adding intermediate way-points while trying to maintain the shape of the
movement. The way-points can be added in the same way
as the final goal but at an intermediate time; they can be
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Fig. 5: Trajectory generation with joint limits. Here the joint limits
were added as constraints in the QP. The position has a physical
limit at ±2.0rad. To adapt to a new end goal (v f = 10rad.s−1 ,
p f = −1.0rad) the QP can take the limits and a safety margin into
account to generate a good imitation while a DMP generates an
infeasible trajectory.
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Fig. 7: The QP is disturbed by adding 1% noise in the velocity
and position sensor measurements, and by adding an acceleration
of 100 rad/s2 during t = [0.1, 0.3] [s]. The system manages to reject
the noise and recovers from the disturbance accurately reaching the
position and velocity goal.

F. Effect of noise in the demonstration
defined as a specific position and velocity occurring at a
desired time instant. Among many, one practical application
could be to perform obstacle avoidance while keeping the
demonstrated shape of the movement. Fig. 6 shows how the
QP formulation allows to generate a trajectory with the same
initial and final position of the demonstration, but with a
different way-point in the middle; notably, the shape of the
trajectory highly resembles the demonstrated one. Although a
small discontinuity in the acceleration profile seems to occur
near to the way-point, this can be mitigated by adding a jerk
limiting constraint in the QP problem.
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The demonstration of a movement usually consists of
a position signal, that is then differentiated to obtain the
acceleration profile. The noise in the position signal is
amplified by differentiation and may result in a very noisy
acceleration profile unsuitable for imitation.
DMP use the demonstrated position and velocity in addition
to the acceleration for learning the forcing term. This helps to
mitigate the jerky motion caused by noise in the acceleration.
Our QPMP system loses some of the high frequency noise
content by representing the demonstrated accelerations as
Gaussian Basis functions, however if the position signal is
very noisy the stored demonstration will still have very high
accelerations, being unsuitable for imitation. Preprocessing
the demonstration offline through a smoothing filter generates a smooth acceleration profile suitable for imitation.
We used a Savitzky-Golay filter [19] to smooth the position
signal, achieving good results in the imitation (Fig. 8).
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Fig. 6: Intermediate via-points can be added to a trajectory in
the same way as the final goal. Here a via-point is specified with
pwaypoint = 1.0rad and vwaypoint = 1.0rad.s− 1 at time t = 0.5s. The
possibility of adding via-points while following the shape of a single
primitive does not exist with the previous formulations of DMP.
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The acceleration based controller of the DMP (see eq.
19) is stable when following a polynomial goal [4]. In our
case we are following an arbitrary reference instead of a
polynomial: after transients, the system acts as an all-pass
filter and does not diverge when given bounded inputs.
We performed an experiment in which we introduced i) noise
in the sensory measurements (positions and velocities) and
ii) a step disturbance in the acceleration, which can simulate
for example the presence of an unexpected load. The plots in
Fig. 7 show how the controller is able to reject the noise and
recover the desired trajectory when the disturbance vanishes.
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Fig. 8: Differentiation of the position signal with smoothing by a
Savitzky-Golay filter results in better imitation for both the QPMP
and the DMP. To the demonstration’s position signal we added
a noise of amplitude 0.01 [rad] this will be amplified by the
differentiation to 10 [rad/s] in the velocity and to 10000 [rad/s2 ]
in the acceleration. The QP and the DMP used the acceleration
smoothed by the Savitzky-Golay filter. Filtering is very desirable
for the DMP to avoid jerky motion, and necessary for any useful
imitation with the QP.

VII. E XPERIMENTAL S ETUP AND S IMULATION
In order to test the algorithms described in this work we
designed a robot table tennis experiment. In this experiment
the goal is to hit a table tennis ball thrown by a human player
by means of a serial manipulator with a paddle attached.

The experiments were done in a simulated environment
implemented using Gazebo a multi-robot simulator with
dynamics simulation and advanced 3D graphics.

80

75

To learn the mapping between the state of the incoming
ball and the goal for our robotic manipulator we applied
CrKR and the ANMS filtering described in section II. In this
case the input to the system is the measured state of the ball’s
position and velocity in cartesian 3D space. The output is the
position and velocity of each joint of the robotic manipulator
at a desired hit time. This goal can then be passed to a
trajectory generation algorithm that handles the creation of
an appropriate trajectory to achieve the given manipulator
state. During the execution of the swing a game state tracker
stores information to evaluate the cost of the swing, storing:
• The ball state at the goal time thit .
• The cartesian position of the paddle by computing the
forward kinematics with the measured state of the joints
at time thit .
• The state of the ball in the next bounce from ground or
table after time thit .
The swing is classified as successful if the ball in the next
bounce after time thit is traveling away from the robot and
bounces in the table. Only the successful trials were used as
datapoints to update the regression. The position of the ball
and of the paddle at time thit were used to compute the cost
c j associated with the trial according to the saturated cost
function 8.
B. Imitation Learning
Since our simulation model matches the robotic platform
a trajectory was captured by kinestethic teaching to serve
as basis for the motion primitive. The trajectories were then
calculated using QPMP independently for each DOF. The
robot joint limits were added to the optimization as lazy
constraints to add safety to the trajectory execution without
significantly increasing the computation time for most trajectories. The solver will fail to generate the trajectory if it
is not feasible due to the constraints. In these situations no
trajectory is executed and the trial is discarded.
The table acts as a ground plane that significantly limits
the configurations that the serial manipulator can achieve
without collision. To ensure that no collision occurs with
the table we sample the forward kinematics of the generated
trajectory using OpenRAVE. The table was included in the
robot model so that any situation where the arm would
collide with the table is detected internally as a self-collision.
C. Results
The simulation was run starting from an initial set of five
demonstrations and a motion primitive. The system throws
the balls starting with position and velocity sampled from a
uniform distribution that was tuned to generate trajectories
lying mostly within the bounds of the robots reachability.
Regularly the state of the learning is verified by running a
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Fig. 9: The success rate by epoch while learning in the Gazebo
simulator for different λ . After each training epoch of 50 random
samples a evaluation is performed on a fixed test set of 50 trials.
A trial is considered successful if the ball is hit and bounces the
table while moving away from the robot. The cost is calculated by
the expression 8. The plots are averaged over 5 different runs for
each value of the CrKR exploration/exploitation trade-off λ .

fixed set of 50 trials that have the same distribution as the
training samples.
The results obtained can be seen in Fig. 9. We achieved
a success rate of 78% according to the criteria previously
described. It should be noted that this rate is dependent
on the trajectory of the balls thrown to the robot, some
trajectories in the test set may be unreachable for the serial
manipulator so a 100% success rate is not possible. The
learned policy can be visualized by variating one of the input
state dimensions and plotting the resulting policy for the
joint positions in cartesian space by computing the forward
kinematics. Another important consideration is that due to
timings and errors in the physics of the simulation there is
some variability in our test set. The same policy executed in
the same test can result in a slightly different outcome.
VIII. ROBOTIC P LATFORM
For the experiments with the real robot the state of the ball
cannot be measured directly like in the simulation. To track
the ball position we used a vision system based on Motion
Capture (Mo-cap) cameras. The ball position captured by the
vision system must then be filtered to get a state estimation
that includes velocity and is in the referential of the robot.
To get the resulting state we used an Extended Kalman Filter
(EKF). In addition to the filter a reflection coefficient is
applied to the prediction if it crosses the plane of the table.
To handle false positives and detection errors we included a
Mahalanobis distance validation gate. This state is then sent
to the same learning software used in the simulation.

A. Experiments on the Robotic Platform
Our robotic platform has a Biorob V3 X6 serial manipulator set on top of a table with three attached spherical
markers for pose tracking. The measured pose of the serial
manipulator is used to translate the ball position from the
camera’s referential to the robot referential, automatically
adjusting for any alterations in the robot location. To the
end effector of the robot, we attached a 3D printed paddle.
This setup can be seen in Fig. 10.

based on ANMS. This sparsification capable of choosing
online a low cost and representative subset of the collected
samples. Using this subset for regression allows the robot
to continue learning past a set budget of samples beyond
which the matrix inversion becomes too computationally
expensive. Also taking modern developments in DMPs as
a starting point, we take a novel approach by posing the
problem of imitation as a constrained global optimization.
Our experiments show that our QPMP method maintains
the flexibility of the DMP formulation (i.e. adaptation to
different start and end positions , velocities and time) while
adding important additional constraints on the trajectory such
as the joint limits of the robot and intermediate way-points.
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