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Abstract

In this thesis we approach equivalent formulations of Connes Embedding Conjecture (CEC). In

particular, we give special emphasis to the relation between hyperlinear groups and CEC (for groups)

and to the relation between the Weak Expectation Property (WEP) Conjecture and CEC. Moreover, we

establish some classical results such as the existence and uniqueness of the hyperfinite type II1 factor.

Furthermore, we introduce some techniques in non commutative Galois Theory, leading us to compute

some Galois groups and Galois correspondences.
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1 Projections in von Neumann algebras

During this chapter, we aim to establish some results abouts projections in von Neumann algebras and to

introduce important terminology, consistently converging to a decomposition theorem of von Neumann

algebras.

Definition 1.1. Let E and F be two projections in a von Neumann algebra N . We say that E and

F are Murray-von Neumann equivalents if there is a partial isometry V such that E = V V ∗ and that

F = V ∗V . In this case, we write that E ∼ F . When E is equivalent to a subprojection1 of F , we write

E � F and whenever that holds but E is not equivalent to F , we write E ≺ F .

Remark 1.2. In fact, ∼ is an equivalence relation in the set of projections P of a von Neumann algebra

N . Hence, it induces equivalence classes in the set of projections of N .

Proposition 1.3. Let N be a von Neumann algebra and let P be its set of projections. Then, � is a

partial ordering in the equivalence classes (under ∼) of P. If N is a factor, then � is a total ordering.

Proof: The reader can find a proof in [1] (Remark 1.1.9 e Corollary 1.1.14). �

Definition 1.4. Let N be a von Neumann algebra and let E be a projection in N . We say that E is

infinite if there is a subprojection E0 < E such that E ∼ E0 and otherwise, we say that E is finite. If E

is infinite and for each central projection P either PE = 0 or PE is infinite, E is said to be properly

infinite.

Definition 1.5. Let N be a von Neumann algebra and let E be a projection such that ENE is an

abelian von Neumann algebras. Then, E is said to be abelian.

Definition 1.6. Let N be a von Neumann algebra and let E be a projection. We define the central

carrier of E as CE = ∧αPα, where {Pα}α is the family of central projections such that Pα > E

Definition 1.7. Let N be a von Neumann algebra. Then:

1. N is of type I if there is an abelian projection with central carrier 1. In this case, N is said to be

of type In (n ∈ N) if there are n equivalent abelian projection with sum 1. If N is of type I and

there is an infinite family of equivalent abelian projections with sum 1, N is said to be of type I∞.

2. N is of type II if there are no non zero abelian projections but there is a finite projection with

central carrier 1. In this case, if 1 is finite N is said to be of type II1 and if 1 is properly infinite,

N is said to be of type II∞.

3. N is of type III if there are no non zero finite projections.

1Let F be a projection from a Hilbert space H onto a closed subspace X ⊂ H. Recall that if F0 is a projection onto a

closed subspace Y ⊂ X, we say that F0 is a subprojection of F .
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Theorem 1.8. Let N be a von Neumann algebra. Then, N = N1⊕N 1
II ⊕N∞II ⊕NIII , where NI , N 1

II ,

N∞II and NIII are von Neumann algebras respectively of type I, II1, II∞ and III, some being possibly

zero. If N is a factor, then N is either of type In (n ∈ N ∪ {∞}) or of type II1, II∞ or III.

Proof: The reader can find a proof in [1] (Theorem 1.3.3 e Corollary 1.3.6). �

If N is a type In factor, with n ∈ N∪{∞}, then N is ∗-isomorphic to L(H), for H a Hilbert space with

dimension n. Thus, and since that for each cardinal number d there is a Hilbert space with dimension

d, we conclude that there is an uncountable infinity of isomorphism classes for type In factors. In [1],

we prove the existence of factors of each type, using a measure-theoretic approach.

Now let’s consider G to be a discrete group and let H = l2(G). For each x ∈ H, we define the

operator Lx : H → l∞(G), such that Lx(y) := x ∗ y where ∗ denotes the convolution product in H. Let

LG = {Lx : x ∈ H,Lx ∈ L(H)}. Then, we have the following:

Proposition 1.9. LG is a finite von Neumann algebra. If G is an i.c.c. group 2, then LG is a type II1

factor.

Proof: The reader can find a proof in [1] (Proposition 1.4.11 e Theorem 1.4.12). �

Remark 1.10. LG is called the group von Neumann algebra of G.

Since free groups Fn and S∞ (the group of permutations on N such that only a finite subset of N is not

fixed) are i.c.c. groups, it follows that LFn
and that LS∞ are type II1 factors. Although LS∞ and LFn

are not isomorphic, it is still an open problem whether LFn
and LFm

are isomorphic or not, whenever

n 6= m. In [1], we sketch the ideas that allowed to prove the existence of an infinity of isomorphism

classes for type II1 factors, following the work of Dusa McDuff ([4])

Theorem 1.11. There is an infinite family of non isomorphic type II1 factors.

2 Uniqueness and existence of the hyperfinite type II1 factor

In this chapter we establish the uniqueness of the hyperfinite type II1 factor, denoted byR. Furthermore,

we build a model for R, proving its existence. These results will be widely used throughout the thesis.

Proposition 2.1. Let N be a factor and P the set of its projections. Then:

(i) If N is of type III, there is no non-zero normal tracial semi-finite weight.

(ii) If N is not of type III, there is a normal tracial semi-finite weight ρ that is faithful and unique

up to multiplication with positive scalar.

(a) N is of type In if and only if ρ|P has {0, c, ..., nc} as range, for some c > 0.

2A group G is said to be i.c.c. (infinite conjugacy classes) if every element g ∈ G \ {1G} has an infinite conjugacy class.

3



(b) N is of type I∞ if and only if ρ|P has {0, c, 2c, ...,∞} has range, for some c > 0.

(c) N is of type II1 if and only if ρ|P has the interval [0, c] as range, for some c > 0.

(d) N is of type II∞ if and only if ρ|P has the interval [0,∞] as range.

Proof: The reader can find a proof in [1] (Corollary 2.1.9). �

Remark 2.2. If R is a finite factor, one can take ρ to be τ , with τ being the trace. Thus, the previous

result is a very useful criterion to identify types of finite factors.

Definition 2.3. Let N be a von Neumann algebra. We say that N is hyperfinite if there is a sequence

{nk} ⊂ N and factors Mnk
of type Ink

such that Mnk
⊂Mnk+1

and that N =
⋃
k∈NMnk

WOT
.

Theorem 2.4. All hyperfinite type II1 factors are ∗-isomorphic.

Proof: The reader can find a proof in [1] (Corollary 2.2.10). �

Remark 2.5. The previous result was proven in [3] by Murray and von Neumann. We have mentioned

before that LFn and LS∞ are not isomorphic. In fact, for n ≥ 2, LFn is not hyperfinite, while LS∞ is

indeed hyperfinite (cf.[3]) and therefore, every hyperfinite type II1 factor is ∗-isomorphic to LS∞ .

In the latter remark, we asserted the existence of a hyperfinite type II1 factor, R. However, it is

more common to consider a different model for R. In fact, in [1] we consider the following construction:

Let {Mn}n∈N0
be a family of C∗-algebras such that M0 = C and Mn = M2n(C). Let’s consider

in : Mn−1 ↪→ Mn to be the inclusion given by A 7→ 1 ⊗ A, where ⊗ denotes the Kronecker product.

Defining Φkn := ik ◦ ... ◦ in+1, we have that {Mn}n∈N0
together with {Φkn} forms a directed system

of finite dimensional C∗-algebras. Let M2∞ be its inductive limit. Then, one defines a positive linear

functional τ in M2∞ using the traces τn of each Mn. Let (Hτ , πτ ) be its associated GNS construction.

Theorem 2.6. R = [πτ (M2∞)]
′′ ⊂ L(Hτ ) is a hyperfinite type II1 factor.

Proof: The reader can find a proof in [1] (Theorem 2.3.4). �

3 Connes Embedding Conjecture

This is the central chapter in [1]. Henceforth, R will denote the hyperfinite type II1 factor.

3.1 Formulation

Definition 3.1. Let N be a von Neumann algebra. We say that N is separable if one of the following

equivalent conditions hold:

1. The predual N∗ is separable in the norm topology.

2. N is weakly separable.
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3. There is a faithful representation of N in some L(H) with H separable.

Proposition 3.2. There is a free ultrafilter in N.

Proof: The reader can find a proof in [1] (Corollary 3.1.9). �

Connes Embedding Conjecture (CEC): Any separable type II1 factor can be embedded into a

suitable ultrapower RU , with U a free ultrafilter in N.

Quoting Alain Connes: ”Apparently such an embedding ought to exist for all type II1 factors because

it does for the regular representation of free groups” (cf. [2], pg.105). In fact, we can embedd LFn into

a ultrapower RU (cf.[2] or [1](Corollary 3.2.47)), which was the original motivation to this conjecture.

But what does it mean if this conjecture is true?

One can prove thatRU is still a type II1 factor (cf.[5]) and that, assuming the Continuum Hypothesis, all

ultrapowers RU are isomorphic, regardless the choice of the ultrafilter U (cf.[6] or [1](Corollary 3.5.8)).

Furthermore, any type II1 factor contains an isomorphic copy of R (cf. [1](Lemma 3.3.12)). Thus, while

any separable type II1 factor contains R, if the CEC is true, on the other hand we also have that any

separable type II1 factor is contained into some RU . Therefore, assuming the Continuum Hypothesis,

one may say that while R is minimal in the sense that it is contained in any type II1 factor, RU is

maximal, regardless the choice of U . Note that it is important to be sure that the ultrapower RU is not

hyperfinite. Indeed, any hyperfinite algebra is separable (cf.[1] (Remark 3.1.11)). Moreover, we have the

following result that guarantees that the ultrapower is not hyperfinite:

Proposition 3.3. Let U be a free ultrafilter in N. Then, RU is not separable.

Proof: The reader can find a proof in [1] (Proposition 3.1.10). �

3.2 Connes Embedding Conjecture for Groups

Connes Embedding Conjecture for Groups: Let G be a countable i.c.c. group. Then, LG can be

embedded into a suitable ultrapower RU .

As mentioned before, the remark that whenever G = Fn, LG can be embedded into some ultrapower

RU , motivated Connes to suggest the conjecture for any separable type II1 factor.

Definition 3.4. Let G be a group. We say that G is hyperlinear if for each F ∈ Pfin(G) and every

ε > 0, there is some n ∈ N and a map ϕ : G→ U(n) such that: 3

(i) ||ϕ(gh)− ϕ(g)ϕ(h)||2 ≤ ε,∀g, h ∈ F

(ii) ||ϕ(g)− ϕ(h)||2 ≥
√

2− ε,∀g, h ∈ F such that g 6= h

(iii) ||ϕ(1)− 1||2 ≤ ε
3U(n) denotes the unitary group of n× n matrices in C and ||.||2 in this context denotes the Hilbert-Schmidt metric.
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Proposition 3.5. G is hyperlinear if and only if there is an embedding ϕ : G→
∏U
i∈I U(ni), for some

index set I, {ni}i∈I ⊂ N and an ultrafilter U in N.

Proof: The reader can find a proof in [1] (Proposition 3.2.7). �

Proposition 3.6. Let H be a metric group endowed with an invariant metric d. Suppose that there is

chain of subgroups {Hk}k∈N of H such that each Hk is isometrically isomorphic to some U(mk) and

such that their union
⋃
k∈NHk is dense in H. Then, a group G is hyperlinear if and only if G can be

embedded into a suitable ultrapower of some H in these conditions.

Proof: The reader can find a proof in [1] (Proposition 3.2.9). �

Proposition 3.7. Let G be a group. Then, G is hyperlinear if and only if G can be embedded into

U(RU ) for some ultrafilter U on an index set in N.

Proof: The reader can find a proof in [1] (Proposition 3.2.14). �

Lemma 3.8. Let U and V be ultrafilters in I and J respectively. Then:

(i) U ⊗ V is an ultrafilter in I × J . Moreover, U ⊗ V is free if and only if either U or V are free.

(ii) (RU )V ≈ RU⊗V .

Proof: The reader can find a proof in [1] (Proposition 3.2.17 e Proposition 3.2.19). �

Joining these alternative definitions of a hyperlinear group given in Prop.3.5 and Prop.3.7 with several

comments made along [1], we can conclude the following:

Theorem 3.9. Let G be a group. Then, G is hyperlinear if and only if LG can be embedded into a

suitable ultrapower RU . Moreover, U can be chosen to be free.

Proof: The reader can find a proof in [1]. �

As an immediate consequence, choosing G to be a countable i.c.c. group, one establish the following

alternative formulation of Connes Embedding Conjecture for groups:

Corollary 3.10. The following assertions are equivalent:

1. Connes Embedding Conjecture for Groups holds.

2. All countable i.c.c. groups are hyperlinear.

The latter conclusion allows us to approach Connes problem through an algebraic-flavoured perspective

and reveals a fundamental characteristic about the conjecture: the profusion of (open) problems that are

equivalent to CEC and the adjacent multidisciplinary setting. The next concept, of a sofic group, will

allow us to obtain examples on which the conjecture is verified. In particular, the conjecture is verified

for all countable i.c.c. amenable groups.
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Definition 3.11. Let G be a group. We say that G is sofic if for each K ∈ Pfin(G) and every ε > 0,

there is a non empty finite set F and a map ϕ : G→ Sym(F ) such that: 4

1. dF (ϕ(gh), ϕ(g)ϕ(h)) ≤ ε,∀g, h ∈ K

2. dF (ϕ(g), ϕ(h)) ≥ 1− ε,∀g, h ∈ K, g 6= h

Proposition 3.12. Every sofic group is hyperlinear.

Proof: The reader can find a proof in [1] (Theorem 3.2.29). �

Proposition 3.13. Let G be a sofic group. Then, any subgroup H ⊂ G is sofic. Let {Gi}i∈I be a family

of sofic groups. Then,
∏
i∈I Gi and

⊕
i∈I Gi are sofic.

Proof: The reader can find a proof in [1] (Proposition 3.2.36 e Corollary 3.2.37). �

Corollary 3.14. Let {Gi}i∈I be a family of sofic groups and let
∏
i∈I Gi or

⊕
i∈I Gi be denoted by G.

Then, LG can be embedded into some ultrapower RU , for a free ultrafilter U in N.

Remark 3.15. Hence, we have reached a sufficient condition for CEC to be verified. In particular,

every amenable group is sofic (cf.[7]) and thus, CEC is verified for all i.c.c. countable amenable groups.

3.3 Connes Embedding Conjecture and WEP

Definition 3.16. Let N ⊂ L(H) be a von Neumann algebra and let A ⊂ N be a weakly dense C∗-

subalgebra. Then N is said to have the weak expectation property (WEP) relative to A if there exists

an unital completely positive map Φ : L(H)→ N that fixes A.5

Along this chapter, we explore the relation between the WEP and CEC.

Proposition 3.17. Let N be a type II1 factor. Given any sequence {kn}n∈N ⊂ N, there exists a ∗-

monomorphism such that
∏
n∈NMkn(C) ↪→ N . In particular, any type II1 factor contains an isomorphic

copy of R, the hyperfinite type II1 factor.

Proof: The reader can find a proof in [1] (Lemma 3.3.12). �

Proposition 3.18. Let N be a separable type II1 factor. Then, there is a ∗-monomorphism ϕ :

C∗(F∞) ↪→ N such that ϕ(C∗(F∞))
WOT

= N .

Proof: The reader can find a proof in [1] (Proposition 3.3.13). �

Definition 3.19. Let A ⊂ L(H) be a C∗-algebra. A tracial state τ is said to be an invariant mean if

there is a state Ψ in L(H) invariant under the action of U(A) on L(H) and such that its restriction to

A coincides with τ .

4Here, dF denotes the Hamming metric in Sym(F ).
5Let A and B be two C∗-algebras and let ϕ : A → B be a linear map. For each n ∈ N, define a map ϕn : Mn(A)→Mn(B)

such that ϕ([aij ]) = [ϕ(aij)]. We say that ϕ is completely positive if ϕn is positive for any n.
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Proposition 3.20. Let τ be a tracial state on A ⊂ L(H), a separable C∗-algebra. The following

assertions are equivalent:

(i) τ is an invariant mean on A.

(ii) There is a sequence of maps Φn : A →Mk(n)(C) such that ||Φn(ab)−Φn(a)Φn(b)||2 → 0 and that

τ(a) = limn→∞ τ(Φn(a)).

(iii) Given a faithful representation ρ : A → L(H), there is an unital and completely positive map

Φ : L(H) → (πτ (A))
′′

such that Φ(ρ(a)) = πτ (a), where πτ denotes the GNS representation

associated to τ .

Proof: The reader can find a proof in [1] (Proposition 3.3.19). �

Joining the previous results, we reach an alternative formulation of CEC:

Theorem 3.21. Let N be a separable type II1 factor. The following assertions are equivalent:

(i) Connes Embedding Conjecture.

(ii) N has a WEP relatively to some C∗-subalgebra A ⊂ N .

Proof: Ver [1] (Theorem 3.3.3). �

We finish the third chapter with two small sections. On the first one, we briefly expose other equivalent

formulations of the CEC. On the second one, we sketch how proficuous can be the cooperation between

Model Theory and Operator Algebras. We emphatize two results:

Theorem 3.22. The following assertions are equivalent:

(i) C∗(F∞)⊗max C∗(F∞) ≈ C∗(F∞)⊗min C∗(F∞). (Kirchberg Conjecture) 6

(ii) Connes Embedding Conjecture.

Theorem 3.23. Assume the Continuum Hypothesis. Let R be the hyperfinite type II1 factor and let U

be a free ultrafilter in N. Then, all ultrapowers RU are isomorphic.

Proof: The reader can find a proof in [1] (Corollary 3.5.8). �

4 Non commutative Galois Theory

Let R be the hyperfinite type II1 factor. It is a result from the seminal work of Connes (cf. [2]) that

any subfactor N ⊂ R is still hyperfinite. On the other hand, given the uniqueness of the hyperfinite

6Let A and B be two C∗-algebras and consider their algebraic tensor product A ⊗ B. Let’s define ||.||max to be given by

||x||max = sup{||π(x)|| : π : A⊗B → L(H)}, taken on all ∗-representations π. The completion of A⊗B under ||.||max is denoted

by A⊗max B. On the other hand we can define ||.||min in the following way: Let x ∈ A⊗B be given by x =
∑n

k=1 ak ⊗ bk and

let π : A → L(H) and ρ : B → L(K) be faithful representations. We define ||x||min = ||
∑n

k=1 π(ak) ⊗ ρ(bk)||L(H⊗K) and we

denote the completion of A⊗ B under ||.||min as A⊗min B.
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type II1 factor, one has that any infinite dimensional subfactor N ⊂ R is necessarily isomorphic to R.

Thus, while aiming to distinguish these subfactors, a different approach is needed.

Definition 4.1. Let Ni and Mi, with i ∈ {1, 2}, be von Neumann algebras. Suppose that Ni ⊂ Mi.

We say that these inclusions are conjugated, denoted by (N1 ⊂ M1) ∼ (N2 ⊂ M2), if there is a

∗-isomorphism ϕ :M1 →M2 such that ϕ(N1) = N2.

Definition 4.2. Let N ⊂ M be a pair of von Neumann algebras. We define their Galois group as

Gal(N ,M) = {α ∈ Aut(M) : α|N = 1N }.

Remark 4.3. It is easy to verify that ∼ is an equivalence relation and that Gal(N ,M) is a group

(under composition). Furthermore, if (N1 ⊂M1) ∼ (N2 ⊂M2), then Gal(M1,N1) ≈ Gal(M2,N2).

During this chapter, we make a small, but concise, digression on Jones Index and some techniques

related to towers of algebras. One of the results contained in this intermezzo that is worth emphatizing

is the following:

Theorem 4.4. Let M be a type II1 factor and let N ⊂M be a subfactor. Then:

(i) Either [M : N ] ≥ 4 or [M : N ] = 4 cos2(πq ), for some integer q ≥ 3.7

(ii) If M = R, all values in {4 cos2(πq ), q ∈ N, q ≥ 3} ∪ [4,∞[ are assumed as an index [R : N ] for

some subfactor N ⊂ R.

Proof: The reader can find a sketch in [1] (Theorem 4.2.11) or consult [8]. �

After establish some technical results throughout the forth chapter in [1], we are ready to compute

some Galois groups:

Theorem 4.5. Let G be a finite group, M be a type II1 factor and α be a free action of G on M.

Then, Gal(M,MG) ≈ G.

Proof: The reader can find a proof in [1] (Theorem 4.2.15). �

Theorem 4.6. Let G be a finite group, M be a type II1 factor and α be an outer action of G on M.

Then, Gal(Moα G,M) ≈ G/[G,G].

Proof: The reader can find a proof in [1] (Theorem 4.2.19). �

Theorem 4.7. Let G be a finite group, α be an outer action of G on R and let H ⊂ G be a normal

subgroup. Then:

(i) Gal(RH ,RG) ≈ G/H

(ii) Gal(Roα G,Roα H) ≈ (G/H)/([G/H,G/H])

Proof: The reader can find a proof in [1] (Corollary 4.2.21). �

7Here, [M : N ] denotes Jones Index. For any consideration regarding its definition, the reader can check [1] (Definition

4.2.2).
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We finish the fourth chapter establishing some Galois correspondences, converging with the spirit of

classical Galois theory. It is relevant to emphatize that the following results assume the existence of an

outer action α of a finite group G on R. Indeed, such action exists. The interested reader can check it

in [2].

Theorem 4.8. Let G be a finite group and let α be an outer action of G on R. Then:

(i) There is a biunivocal correspondence between subgroups H ⊂ G and subfactors between RG and R

that are invariant under α|H .

(ii) There is a biunivocal correspondence between subgroups H ⊂ G and subfactors P between R and

Roα G.

Proof: The reader can find a proof in [1] (Theorem 4.2.30 and Theorem 4.2.31). �

Theorem 4.9. Let G be a finite group, α be an outer action of G on R and let H ⊂ G be a normal

subgroup. Then:

(i) There is a biunivocal correspondence between subgroups K ⊂ G/H and subfactors between RG and

RH .

(ii) There is a biunivocal correspondence between subgroups K ⊂ G/H and subfactors between RoαH

and Roα G.

Proof: The reader can find a proof in [1] (Theorem 4.2.32). �
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