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Abstract

A technique by Sharkovsky and collaborators is used to study a certain class of boundary value

problems, with nonlinear conditions, through the symbolic dynamics of an associated one dimensional

system, which is implicitly defined. Properties of the implicit map are studied. Particular cases of

cubic, skewed tent and bimodal piecewise linear mappings (b.p.l.m.) are studied emphasizing in their

bifurcations and topological entropy. In the case of the skewed tent and b.p.l.m., a known technique is

used to numerically compute conjugacies with same mappings of slope ±s, which allows to determine

their topological entropy, as well as their isentropic surfaces.
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1 Introduction

The study of partial differential equations has been,

for the past centuries, one of the most rich areas

of mathematics, both theoretical and in applica-

tions to real problems. Many of the world’s nat-

ural phenomena can be modelled by such equa-

tions, however this comes at a cost of a possibly

very complicated behaviour. The study of this in-

herent complexity can have different sources but it

always traces back to some nonlinearity, since lin-

ear equations with linear initial conditions are quite

well studied and understood. In this work we will

focus on boundary value problems with linear par-

tial differential equations and non linear boundary

conditions. We will associate iterated maps to cer-

tain boundary value problems and study their dy-

namical properties. We will use a technique by A.

Sharkovsky [3], [6], [4] in order to achieve so for hy-

perbolic equations. This will allow us to reconstruct

the solutions for the wave equation and the trans-

port equations from the solution of some difference

equation, which will implicitly define an iterated

map.

2 Boundary value problems

Here we briefly describe Sharkovsky’s technique for

obtaining a map, which will retain the basic infor-

mation regarding the solution of a boundary value

problem.

2.1 One dimensional dynamics

We will follow the work present in [3] as well as [6].

With this in mind we will study problems of the

form
Dw(t, x) = 0 , x ∈ Ω ⊆ Rm, t ≥ 0

H0i(w,wt, Dxw)|xi=0 = 0,

H1i(w,wt, Dxw)|xi=1 = 0, ∀i=1:n

w(0, x) = w0(x) , x ∈ Ω ⊆ Rm .

(2.1)
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Where Ω will be assumed to be some perpendicu-

lar domain [ai, bi]
k × Rm−k for some ai < bi and

some k such that 0 < k ≤ m. H0i and H1i are con-

tinuous functions of w : Ω → Rn, wt and Dxw,

and w0 : Ω → Rn is also continuous. The dif-

ferential operator D will be such that the solution

w(t, x) = (w1(t, x), ..., wn(t, x)) can be written as

wi(t, x) = ui(x1 + c11t, ..., xm + c1mt)

+vi(x1 + c21t, ..., xm + c2mt), ∀i=1:n , (2.2)

with cij ∈ R. That is, a certain D’Alembert-like

decomposition holds. This harshly limits the scope

of analysis to hyperbolic like equations, and very

likely is too strong of a restriction. However, in

order to do any explicit calculation this has to be

assumed in practice.

We will also introduce the variable

τ ikj =

{
t+ min(c1j , c2j)xj , i = j

t+ ckj , i 6= j .
(2.3)

The main intuition behind what was shown so far

rests mainly upon the solution depending only in

linear combinations of the variables t and xi. Doing

the change of variables above (2.3), each boundary

condition becomes a differential difference equation.

The idea now is to find a new function to join these

equations in one difference equation that can be

studied through one dimensional dynamics. Find-

ing this is not always possible and largely depends

on the type of the boundary conditions being con-

sidered. We will mostly consider one dimensional

problems with a Dirichlet or a linear Neumann con-

dition at x = 0, and a non linear condition at x = 1.

Theorem 2.1 Considering the problem
Dw(t, x) = 0 , x ∈ [0, 1], t ≥ 0,

a) w|x=0 = 0 or b) wt + ηwx = 0,

wx = h(wt)|x=1,

w(0, x) = u(c1x) + v(c2x) , x ∈ [0, 1] .

(2.4)

For some function h and real η 6= − 1
c2

, with

w(x, t) = u(t + c1x) + v(t + c2x) , c1 6= 0. Then

there exists an iterated map zn satisfying the differ-

ence equation

z(τ + ∆) + bz(τ) = F (z(τ + ∆) + az(τ)) . (2.5)

For some a, b ∈ R, and some F depending on h.

Although this result is restricted to a small class

of problems it is powerful. Defining zn := z(τ),

zn+k := z(τ + k∆), equation (2.5) becomes

zn+1 + bzn = F (zn+1 + azn) . (2.6)

Under certain conditions, that will be later made

clear, this induces a mapping: zn+1 = f(zn), for

some interval mapping f .

2.2 Transport Equation

As an application we begin by applying the theory

to the transport equation. We base this analysis

in [4], the framework is slightly more general since it

allows for different boundary conditions and a more

general transport equation. We begin to analyse

specific cases with the generalized transport equa-

tion. That is
∂u
∂t = A′ ∂u∂x +B′u,

α′u|x=1 + β′u|x=0 = h(γ′u|x=1 + δ′u|x=0),

u|t=0 = ϕ(x) , x ∈ [0, 1], t > 0,

(2.7)

for some h ∈ C(R,R), ϕ ∈ C([0, 1],R) and u ∈
C([0, 1] × R,R), such that the two boundary con-

ditions are compatible, i.e., they agree for u(0, 0)

and u(1, 0). Notice that this equation can be re-

duced by a simple change of variable to the ordinary

transport equation. Indeed, the bijective change of

variable: ũ(x, t) = e
B
Axu(x, t) accomplishes this.

It is well known that the solutions of (2.7) have the

general form

u(x, t) = e−
B′
A′ xw(t+

1

A′
x) . (2.8)

After some work and defining zn := w(t), zn+k :=

w(t + k∆), the previous equation becomes as be-

fore (2.6)

zn+1 + bzn = F (zn+1 + azn) . (2.9)
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With ∆ = A′−1, a = δ′e
B′
A′

γ′ , b = β′e
B′
A′

α′ , F (...) =

e
B′
A′

α′ h(γ′e−
B′
A′ (...)).

This implicitly induces (for certain parameters) a

mapping zn+1 = f(zn), which allows to reconstruct

the solution for problem (2.7)

u(x, t) = e−
B′
A′ xfn(eB

′(t+∆(x−n))ϕ(A′t+ x− n)) .

(2.10)

For 0 ≤ A′t + x − n < 1. The solution will be

continuous iff we have the compatibility condition

e
B′
A′ ϕ(1) + bϕ(0) = F (e

B′
A′ ϕ(1) + aϕ(0)) . (2.11)

2.3 Wave Equation

We will now apply the technique to the wave equa-

tion following [3].

wtt − wxx = 0, 0 ≤ x ≤ 1, t ≥ 0 . (2.12)

Notice that this equation satisfies the D’Alembert

decomposition

w(x, t) = u(t+ x) + v(t− x) . (2.13)

If we consider boundary conditions such as a)

w|x=0 = 0 or b) wt + ηwx = 0 , at x = 0,

and wx = h(wt)|x=1, at x = 1, then we are in

the conditions of the theorem (2.1), with c1 = 1,

c2 = −1, η 6= −1, and ∆ = c1 − c2 = 2. This

will induce an iterated mapping zn+1 = f(zn) (with

zn+k = z(τ+2k)), satisfying the difference equation

z(τ + 2) + bz(τ) = h(z(τ + 2) + az(τ)) . (2.14)

Let’s assume the initial conditions in time are

w(x, 0) = ϕ(x), wx(x, 0) = ψ(x) . (2.15)

This induces the initial condition for the difference

equation (2.14)

z(τ) =

{
ψ(1−τ)−ϕ′(1−τ)

2 , 0 ≤ τ ≤ 1,
ψ(τ−1)+ϕ′(τ−1)

2 , 1 < τ ≤ 2 .
(2.16)

This initial condition has to be compatible with the

other parameters. In practice, what we need to as-

sure is that the range z([0, 2]) is contained in the

domain of f .

With this initial condition, the solution of the

original problem can then be computed via

D’Alembert’s formula for the wave equation

w(x, t) =
1

2

∫ t+x+1

t−x+1

z(τ)dτ . (2.17)

This solution will be continuous as long as z(2) =

f(z(0)) which, taking in account equation (2.16), is

equivalent to the following compatibility condition

ψ(1) + ϕ′(1)

2
= f

(ψ(1)− ϕ′(1)

2

)
. (2.18)

3 Implicit Maps

As we just saw, for a certain boundary value prob-

lem, we can find a difference equation such as (2.6)

which has a solution that allows us to reconstruct

the original solution. Therefore, thanks to the na-

ture of this equation, the induced mapping f will

be implicitly defined, which is in turn determined

by the function F , as well as parameters a and b.

It is therefore important for the understanding of

the problem, that we realize how these parameters

affect the shape of f , and how we can relate it with

F . We will proceed by performing this analysis,

determining conditions in order to ensure that the

induced mapping is only a stretched and rotated

version of F .

We begin with the equation

zn+1 + bzn = F (zn+1 + azn) . (3.1)

Here we study the conditions needed for a mapping

f , such that f(zn)+bzn = F (f(zn)+azn), to satisfy

in order to be well defined.

For that consider the equation

G(x, y) := F (y + ax)− y − bx = 0 . (3.2)

Notice that studying the conditions for defining y

implicitly as a map of x is equivalent to the problem

we want to study since we have x instead of zn, and

y has the role of f(zn).
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Now, G : R× R→ R has a gradient such that

∇G(x, y) = [aF ′(y+ax)−b, F ′(y+ax)−1] . (3.3)

Hence, by the implicit function theorem, as long as

F ′(z) 6= b/a and F ′(z) 6= 1, a mapping is implicitly

defined.

Let us now pay attention to the geometric rela-

tion between the induced mapping f , and the orig-

inal mapping F . Returning to equation (3.2), and

making the change of variable za = y + ax and

zb = y + bx, we simply get zb = F (za). So, in or-

der to study the shape of the mapping f , it suffices

to study the linear transformation that induces this

change of variable, this is[
za

zb

]
=

[
a 1

b 1

][
x

y

]
. (3.4)

In order to do this we will start by analysing the

eigenvalues and eigenspace of this transformation.

Let Ma,b =

[
a 1

b 1

]
, the characteristic polyno-

mial of M is

det(M − λI) = λ2 − (1 + a)λ+ a− b . (3.5)

Equaling (3.5) to 0, gives

λ± =
1 + a±

√
(1− a)2 + 4b

2
. (3.6)

Now, consider the convenient change of variable a =

b+β. Equaling the discriminant D of (3.6) to 0 we

obtain the equation

b2 + 2(1 + β)b+ (1− β)2 = 0 . (3.7)

This defines a subset of R2 given by the union of

the graphs of b+(β) = −1 − β + 2
√
β and b−(β) =

−1− β − 2
√
β, β ≥ 0.

From this, we can already conclude that if we want

only to consider linear transformations that corre-

spond to rotations we have to consider b only in

this interval (which corresponds to the blue region

in figure (1)). Also notice that b+(β) ≥ 0 iff β = 1,

so only negative values of b can ever generate a ro-

tation.

From the range of b and the form of the eigenvalues

Figure 1: The lines in blue and magenta are
the subspace defined by (3.7),the inner region
(in blue) corresponds to the values of b and β
that make the discriminant negative.

we can also conclude that the only possible rota-

tions will be anti-clockwise.

4 Rotated Cubic Mappings

In section (4) we study mappings which are implic-

itly defined by cubic mappings, with parameters a

and b such that the resulting mapping is a rotated

and stretched version of the original mapping. Sim-

ilar work was already performed [2], however this is

not based on that, following a different approach

therefore being completely original.

4.1 Parameter settings

We will begin by finding parameter values that al-

low the induced mapping to have good properties,

such as being well defined in a maximal invariant

interval.

We will consider real cubic mappings of the form

F (x) = Ax3 +Bx . (4.1)

We will consider A < 0. Let us compute the induced

mapping f which we will designate by simplicity

y = f(x). Equation (3.1) yields

y3 + 3axy2 + (3a2x2 +
B − 1

A
)y

+x(a3x2 +
aB − b
A

) = 0 . (4.2)

From here, we can immediately conclude that this

is an odd function, since substituting y → −y,

and x → −x does not alter (4.2), which implies
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Figure 2: On the left the cubic mapping
−2.11x3 + 0.99x, on the right the induced ro-
tated map, with β = 5.5 and b = −2.

∀x f(x) = −f(−x).

Being a cubic equation in the variable y it has at

least one real root, but can have up to 3. We will

have to restrict the parameter space in order to have

one and only one root.

Summarizing we will consider the following condi-

tions

• A < 0 ;

• β > 1;

• 1− β < b < −1− β + 2
√
β;

• max{ b
b+β ,

1−b
1−b−β } < B ≤ −b+b2+3β+bβ

−b+b2−β+2bβ+β2 < 1;

The conditions arise from impositions on the deriva-

tive, since we want to have a smooth function in

the entire interval, and more, we want to ensure

the induced mapping preserves the original signa-

ture (−,+,−), which means we should impose a

positive derivative at the origin.

f ′(0) =
aF ′(0)− b
1− F ′(0)

=
aB − b
1−B

> 0 . (4.3)

The derivative at the origin does not blow up, that

is |f ′(0)| <∞. This is assured by considering B 6=
1. In order to ensure it never blows up we will

assume 1−B
3A < 0, which implies, since A < 0, that

B < 1. Analysing the derivative of f one easily

concludes we should consider a = b+β > 0 in order

to guarantee that the function is decreasing when

we go away from the origin. The other conditions

come as necessary to ensure the mapping is defined

in a maximal invariant interval.

Example 4.1 We shall exemplify this with the

wave equation. Consider the following problem, in-

troduced in subsection (2.3)

wtt(x, t)− wxx(x, t) = 0,

wt(0, t) + 3
2wx(0, t) = 0,

wx(1, t) = F (wt(1, t)),

w(x, 0) = ϕ(x),

wx(x, 0) = ψ(x), 0 ≤ x ≤ 1, t ≥ 0 .

(4.4)

With:

F (x) = −0.1x3 + 0.175x,

ϕ(x) = x2
(1

2
− x

3

)
, ψ(x) = 1− x .

Remembering the work developed in section (3)

we see that we have a wave equation boundary

value problem, with boundary conditions: wt(0, t) +

ηwx(0, t) = 0, with η = 3
2 and wx(1, t) =

F (wt(1, t)). Thus we shall have a = η+1
η−1 = 5, and

b = −a = −5. Therefore, we have the induced equa-

tion

zn+1 − 5zn = F (zn+1 + 5zn) , (4.5)

with zn+k = z(τ + 2k), and the initial condition

z(τ) =

{
−τ2

2 , 0 ≤ τ ≤ 1,
τ(2−τ)

2 , 1 < τ ≤ 2 .
(4.6)

This induces a mapping zn+1 = f(zn) which satis-

fies equation (4.2). This mapping satisfies all cri-

teria discussed above and has negative Schwarzian

derivative. From here, we can deduce a solution

for problem (4.4), via equation (2.17). This solu-

tion will be continuous since the compatibility con-

dition (2.18) is verified.

Figure 3: Graph of the solution w(x,t) of
problem (4.4).
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4.2 Bifurcations

We shall now analyse partially the bifurcations that

occur for the induced mapping f determined by

equation (4.2). In particular we analyse the case

where A, b and β are fixed and B is allowed to vary.

Although this is a big simplification we will still ob-

serve a pitchfork bifurcation and a period doubling

cascade.

Figure 4: Bifurcation diagram obtained vary-
ing parameter B, and fixing A = −0.1, b =
−5, β = 10. A cascade of period-doubling can
be observed.

We begin by analysing the fixed points of the map-

ping. Imposing y = x in equation (4.2) yields

(1 + a)3x
(
x2 − b+ 1− (a+ 1)B

A(1 + a)3

)
= 0 . (4.7)

Looking at (4.7), we see that x = 0 is a so-

lution, therefore this is always a fixed point, we

can however have two other fixed points x =

±
√

b+1−(a+1)B
A(1+a)3 , as long as b+1−(a+1)B

A(1+a)3 > 0. Be-

cause we are assuming A < 0, and a > 1, this is

equivalent to B > b+1
a+1 . So at B = b+1

a+1 , a bifur-

cation occurs at x=0. The mapping is odd and all

conditions are verified so we conclude in the thesis

that we have at this point a supercritical pitchfork

bifurcation.

We shall now turn our attention towards the fixed

points x∗ =
√

b+1−(a+1)B
A(1+a)3 born from this bifurca-

tion. These points loose stability at

B =
ab+ 2β − 1

a2 − 1
. (4.8)

parameter value at which the derivative becomes

−1. This points towards the existence of a flip bi-

furcation. The transversality condition holds, but

the non degeneracy condition may fail since there

are regions of null Schwarzian derivative. In these

cases we may observe higher degeneracies. Regard-

less of its degeneracy, some pure or degenerate flip

bifurcation occurs, so, by Feigenbaum’s Univeral-

ity Theorem, an infinite cascade of period doubling

bifurcations will occur.

Theorem 4.2 Let f(x) = y be the mapping in-

duced by equation (4.2), which has parameters A,

B, b and β. Suppose all but B are fixed. Then,

along all admissible values of B, if possible, there

occurs

• A pitchfork bifurcation at x = 0, at the parameter

value B = b+1
a+1 .

• A flip bifurcation at x = ±
√

b+1−(a+1)B
A(1+a)3 at pa-

rameter value B = ab+2β−1
a2−1 as long as S(f) 6= 0.

Degenerate flips of higher degeneracies may ocurr.

• A cascade of period doublings occurs.

5 Rotated Unimodal Piece-

wise Linear Mappings

In section (5) we study the case where our implicit

mapping f is obtained as a rotated and stretched

version of a skewed tent mapping, that is, an uni-

modal piecewise linear mapping.

5.1 Parameter settings

We begin by setting parameters that allow for the

induced mapping to be expansive and defined in a

maximal invariant interval.

We will consider the general unimodal piecewise lin-

ear mapping

F (x) =

{
α1x , x ≤ x∗

α2(x∗ − x) + α1x
∗ , x ≥ x∗ .

(5.1)

We generally consider α1, α2 > 0. We start by sub-

stituting this in equation (3.1) in order to obtain the

induced map. To have the function defined in an in-

variant interval we should impose that the image of

the critical point is less or equal than the rightmost

zero x0, this occurs at x0 = − α1+α2

α2(b+β)+bx
∗. So the

above condition becomes

(b(1 + α2) + α2β)(b(1− α1) + α1β) ≤ (α1 + α2)β .

(5.2)
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Summarizing, we have the following induced map-

ping

f(x) =


(

α1

1−α1
β − b

)
x, x ≤ x1,

−
[
b+ α2

1+α2
β
]
x+ α1+α2

1+α2
x∗, x ≥ x1 ,

(5.3)

with x1 = 1−α1

β x∗. Notice that the mapping re-

mains a skewed tent. To assure the mapping is ex-

pansive we should also consider β > 1−α1

α1
(b + 1)

and β > 1+α2

α2
(1− b).

Example 5.1 Consider the following transport

equation, boundary problem, introduced in subsec-

tion (2.2)
∂tu = ∂xu+ u,

e · u(1, t)− 61
66u(0, t) = h(U(t)),

u(x, 0) = ϕ(x), t ≥ 0, x ∈ R .

Where h(x) = F1/6,9,19/11(x), U(t) = e·u(1, t)+ 43
22 ·

u(0, t) and ϕ = min(x, 1−x). Comparing with (2.7)

we can see that we have the same problem, for A′ =

B′ = 1, α′ = γ′ = e, δ′ = 43/22 and β′ = −61/66.

From here, we already know, in light of the work

developed in subsection (2.2) , that ∆ = 1, a = δ′ =

43/22, b = β′ = −61/66, and F (x) = h(x). Hence,

particularly equation (2.9) becomes

zn+1 −
61

66
zn = h(zn+1 +

43

22
zn) . (5.4)

This implicitly induces a mapping zn+1 = f(zn),

which satisfies all admissibility conditions, this al-

lows to reconstruct the solution u(x, t).

Figure 5: Frames of u(x, t) for t = 0, 2, 5 and
10 where u is the solution of the transport
equation boundary value problem.

5.2 Topological conjugacy

We now analyse and take conclusions about our

family of induced mappings, the skewed tent family

S(x) =

{
µ1x , 0 ≤ x ≤ x1

(µ1 + µ2)x1 − µ2x , x1 ≤ x ≤ x0

.

(5.5)

We consider that the above mapping is expansive,

that is, we have µ1, µ2 > 1 since this is the case

that leads to more complex dynamics. Notice that

the variable names were changed to emphasize the

generality of the above mapping. We should keep

in mind though that we are focused on the map-

ping (5.3). Directly, we can not say much about

this family of functions, but quite a number of facts

are known about the symmetric tent family

Ts(x) = T (x) =

{
sx , 0 ≤ x ≤ 1/2

s(1− x) , 1/2 ≤ x ≤ 1 .

(5.6)

It is for example known that [1] the topological en-

tropy of the tent is equal to h(T ) = max(log s, 0).

It would be interesting to find a way to relate the

dynamics of these two mappings. In most of this

subsection the ideas in [7] will be used.

Theorem 5.2 For all S ∈ S there is a s0 such that

Ts0 ∈ T is topologically conjugate to S.

We can construct a fixed point method that itera-

tively approximates this conjugacy. Details of this

construction can be seen in [7] and the main thesis.

Theorem 5.3 [7] Let min(µ1, µ2) > 1, then there

is a unique 1 < s0 ≤ 2 and a unique homeomor-

phism h ∈ B such that h ◦ Ts0 = Sµ1,µ2 ◦ h.

Corollary 5.4 λs is a homeomorphism iff

λs(1/2) = x1.

Previous results (5.3) and (5.4) suggest a method

for each skewed tent mapping Sµ1,µ2
, for comput-

ing the tent map to which it is conjugate and the

respective conjugacy. It can be proved that there

will be convergence to a function λs that assures

λs ◦Ts = Sµ1,µ2 ◦λs in its domain. The problem is,

as we have seen, that this function is a conjugacy

only for s = s0. Since this is the value for which
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λs0(1/2) = x1, we can consider λs(1/2) − x1 as a

function of s, and use a root finding algorithm to

approximate s0.

Figure 6: Numerically approximated conju-
gacy with parameters: µ1 = 3.6, µ2 = 1.2,
x1 = 0.25, s = 1.455.

Now, that we can approximate numerically the

value of s = s0 for which the skewed tent is topo-

logically conjugate to the symmetric tent Ts0 we

can compute its topological entropy, since this is a

topological invariant, to be log s0, for 1 < s0 ≤ 2.

Isentropic curves can now be seen as the level sets

of this scalar field.

Figure 7: Isentropic curves of the coordinates
of positions of the peaks of the skewed tent
family.

We now aim at answering a different question. If we

slightly vary the parameters that define a skewed

tent µ1, µ2, do we obtain a new homeomorphism

with the above procedure that is a slight perturba-

tion of the previous conjugacy? We answer affirma-

tively to this. Let C : S → H ⊂ B be the operator

that maps each skewed tent mapping to the home-

omorphism that conjugates it to a symmetric tent

mapping. This lies in H ⊂ B which is a Banach

space with the supremum norm or even in C[0, 1].

Let us define for some δ > 0 the subfamily Sδ ⊆ S

Sδ := {Sµ1,µ2 : [0, x0]→ [0, x0]|

min(µ1, µ2) > 1 + δ ∧ µ1µ2 ≤ µ1 + µ2} . (5.7)

And consider the restriction of C to Sδ which shall

be equally named.

Theorem 5.5 ∀δ>0 C : Sδ → H is a continuous

operator.

6 Rotated Bimodal Piecewise

Linear Mappings

In this last section we study the case where our

induced mapping is implicitly defined as a rotated

and stretched bimodal piecewise linear mapping.

6.1 Parameter Settings

We will now find the parameters for which the in-

duced mapping is expansive and defined in a max-

imal invariant interval. Consider now the general

bimodal piecewise linear mapping:

F (x) =


−α1x+ (α1 + α2)x∗1, x∗− ≤ x ≤ x∗1,
α2x, x∗1 ≤ x ≤ x∗2,
−α3x+ (α2 + α3)x∗2, x∗2 ≤ x ≤ x∗+,

(6.1)

which is a continuous mapping with two criti-

cal points: a local minimum (x∗1, α2x
∗
1) and a lo-

cal maximum (x∗2, α2x
∗
2) as long as we assume

α1, α2, α3 > 1, which will be a general assumption

throughout this subsection. We will also assume

x∗1 < 0 and x∗2 > 0. Notice that the function above

is defined in the interval I = [x−, x+] which has not

been specified already. It would be interesting if we

define this to be a maximal invariant interval for

F . Plugging (6.1) in (3.2) and simplifying a lot we

obtain

y =


− b+α1a

1+α1
x+ α1+α2

1+α1
x∗1, x′− ≤ x ≤ x1,

α2a−b
1−α2

x, x1 ≤ x ≤ x2,

− b+α3a
1+α3

x+ α2+α3

1+α3
x∗2, x2 ≤ x ≤ x′+,

(6.2)

with x′− =
(1+α1)x∗−−(α1+α2)x∗1

β , x′+ =
(1+α3)x∗+−(α2+α3)x∗2

β , x1 = 1−α2

β x∗1 and

x2 = 1−α2

β x∗2.

In order to assure that the mapping is expansive we

should also assume b > 1 − α1

1+α1
β, b < α2

1−α2
β − 1

and b > 1− α3

1+α3
β.
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The following points form an unstable period two

orbit

x′− =
(α2 + α3)(1 + α1)x∗2 + (b+ α3a)(α1 + α2)x∗1

(1 + α3)(α1 + α2)− (b+ α3a)(b+ α1a)

x′+ =
(α1 + α2)(1 + α3)x∗1 + (b+ α1a)(α2 + α3)x∗2

(1 + α1)(α2 + α3)− (b+ α1a)(b+ α3a)
(6.3)

So, they define a maximal invariant interval for our

induced mapping, these will fix x∗− and x∗+ in our

original mapping (6.1).

6.2 Topological conjugacy

We follow the footsteps of [7] and define an operator

in a Banach space which has a fixed point with the

property of being a conjugacy between a b.p.l.m.

and a b.p.l.m. with slope ±s.
Consider the general piecewise linear bimodal map

with slope ±s in the interval [0, 1]. B(x) =
−sx+ s[1− 4δ] + h, 0 ≤ x ≤ c− δ,
sx+ s(1− 2(c+ δ)) + h, c− δ ≤ x ≤ c+ δ,

−sx+ s+ h, c+ δ ≤ x ≤ 1 .

The parameter c is the middle point of the middle

lap of B, while the length of this lap equals 2δ, h is

the value of B(1).

Notice that in order for [0, 1] to be an invariant

interval for B, one must impose that ∀x∈[0,1] 0 ≤
B(x) ≤ 1. For that, we only consider mappings in

the family

Bpl = {Bs,c,h,δ(x)|s ∈]1, 3], c ∈ (0, 1),

h ∈ [0, 1), δ ∈ [δmin, δmax]} , (6.4)

with δmin = max( s+h−1
4s , s−1−h

s − c) and δmax =

min(c, 1−c
3 + h

3s ). Consider the bimodal piecewise

linear mapping

F (x) =


−µ1x+ (µ1 + µ2)x1, x− ≤ x ≤ x1,

µ2x, x1 ≤ x ≤ x2,

−µ3x+ (µ2 + µ3)x2, x2 ≤ x ≤ x+ .

(6.5)

We will assume µi > 0, i = 1, 2, 3, and x1 < 0 , x2 >

0 so the above mappings signature is (−,+,−). x−

and x+ will form a period-2 orbit analogous to the

case of the subsection (6.1). We will further assume

that: µ2x1 ≥ x− and µ2x2 ≤ x+ to assure invari-

ance.

By Milnor-Thurston’s semi-conjugacy we know that

for every mapping F = Fµ1,µ2,µ3,x1,x2
there will be

a mapping B = Bs,c,h,δ, such that they are semi-

conjugate. That is λ∗ ◦ B = F ◦ λ∗, with λ∗ con-

tinuous non decreasing and surjective. Since it is

expansive it has no wandering intervals, intervals of

periodic points, nor stable periodic orbits ,so, as it is

proved in the thesis, it is actually a conjugacy. Now

we can proceed as before, in the unimodal case, and

use some fixed point method in order to numerically

approximate λ∗.

This motivates the definition of an operator Ms,δ,c :

B([0, 1], [x−, x+]) → B([0, 1], [x−, x+]) (6.6) where

B(I1, I2) is the space of Bounded functions I1 → I2

which is a Banach space with the supremum norm.

If Ms,δ,h,c has a fixed point it will satisfy (6.6).

Ms,δ,h,c is an invariant and contractive operator.

We will suppress the proof here, but we stress the

following lemma, that is vital to prove invariance.

Lemma 6.1 We have the following equalities

• (µ1 + µ2)x1 = µ1x− + x+

• (µ2 + µ3)x2 = µ3x+ + x− .

Since (B(I1, I2), ‖·‖∞) is a Banach space, by Banach

fixed point theorem we can thus prove the following

theorem.

Theorem 6.2 There is a unique fixed point λ∗ of

the operator Ms,δ,h,c defined in (6.6) in the space

(B(I1, I2), ‖ · ‖∞). This function is such that λ∗ ◦
Bs,δ,h,c = Fµ1,µ2,µ3,x1,x2 ◦ λ∗.

Theorem 6.3 There are parameters s∗, δ∗, h∗, c∗

such that λ∗ is a conjugacy between Bs∗,δ∗,h∗,c∗ ∈
Bpl and Fµ1,µ2,µ3,x1,x2 .

It would be interesting to understand what com-

binations of parameters yield a conjugacy with a

b.p.l.m. with the slope ±s, that is we would like to

find the isentropic surfaces in the parameter space.

Figure (8) shows a numerical approximation of such

a function in a region of the parameter space of

µ1, µ2, µ3.
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Ms,δ,h,cλ(x) =


µ−1

1 [(µ1 + µ2)x1 − λ(s(1− 4δ − x) + h)] , 0 ≤ x ≤ c− δ,
µ−1

2 λ(s(x+ 1− 2(c+ δ)) + h) , c− δ ≤ x ≤ c+ δ,
µ−1

3 [(µ2 + µ3)x2 − λ(s(1− x) + h)] , c+ δ ≤ x ≤ 1 .
(6.6)

Figure 8: Approximate isentropic surfaces in
the parameter space of µ1, µ2, µ3, for x1 =
−0.5 and x2 = 0.5. The plots correspond re-
spectively to the level sets with s = 1.9, s =
2, s = 2.3.

7 Conclusion

In this work we used a technique, developed by

Sharkovsky and collaborators to analyse solutions

of partial differential equations, with a non linear

boundary condition, therefore studying an infinite

dimensional problem through the solution of a one

dimensional problem, particularly, the dynamics of

the solution of a difference equation in the inter-

val. A partial study of the bifurcations of the ro-

tated cubic mapping is performed and we highlight

that some exotic bifurcations, such as the degener-

ate flip, occur for some parameters, so in the fu-

ture a deeper and complete analysis of bifurcations

of this kind of mapping may be interesting. In

the case of the piecewise linear mappings, besides

the necessary parametrization, [7]’s technique was

also applied. We define an operator in a Banach

space, and we prove that it has a unique fixed point

which will be a conjugacy between the p.l.m. and

a p.l.m with slope ±s. A computation of isentropic

surfaces is also numerically performed. This work

showed the power that one dimentional dynamics

techniques have in order to study partial differential

equations, and indeed this area is not yet fully ex-

plored. A classification of the possible bifurcations

for implicit maps is yet to be achieved. The class of

equations studied in this work is restricted to one

dimensional linear hyperbolic problems, however it

is possible to study higher dimensional problems, as

was shown in [5].

A generalization of the solutions of this problem for

n-modal piecewise linear mappings seems a feasible

and possibly necessary work.
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