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Abstract

Although the manipulation of symbolic data is made since ancient times, the perception of the
importance and complexity of this type of data was only recently seen. The need to extend standard
data analysis methods to this data is the reason of Symbolic Data Analysis.

Due to the complexity of symbolic variables it is not an easy task to apply the traditional inference
methods. In symbolic variables the theoretical distribution of a statistic of interest is, in general,
unknown. The bootstrap seems a natural statistical procedure to use in this framework since it is
distribution independent and provides an indirect method to assess the properties of the distribution
underlying the sample, and the parameters of interest that are derived from this distribution.

In this work, we consider the development of inferential techniques based on bootstrap for the
location and dispersion parameters of univariate symbolic variables.
Keywords: Symbolic data analysis, Statistical Inference, Confidence Intervals, Bootstrap.

1. Introduction

With the technology and computer development,
and the existence of more accurate ways to save a
large quantity of data, the symbolic data emerges
as a type of data that we need to know how to
treat, how to analyze. Since this data is structured
and extremely complex, the tools that we use to
make an analysis to a classical dataset, most of the
times, are not adequate to this different framework.
Despite all the work that has been done to extend
them to a symbolic analysis, the fields that remain
to explore and develop are vast.

The symbolic data analysis has its beginning 25
years ago with a seminar paper of Edwin Diday
[L.Billard and E.Diday(2006)] and after this semi-
nar paper, several books and papers have been done
by Diday and co-authors. Actually, there are many
research groups in several countries such as Por-
tugal, France, India, Italy that contributed to the
development of the theory and algorithms to treat
this data in the better way possible but, despite the
existence of this groups, the literature about sym-
bolic data analysis is scattered.

Since Statistical Inference is one of the fields that
need to be explored, it is through this path that
this work goes. In the symbolic data framework we
have different types of variables but, in this work,
we will only deal with Multi-valued, Interval-valued
and Interval-valued Modal symbolic random vari-
ables in his univariate case. Since the mean value

and variance are the most common summary of ran-
dom variables distributions, we will focus our work
on those two parameters. And, for each one of the
symbolic random variables we will propose a statis-
tical technique to provide interval estimates of the
population parameters of interest.

In symbolic data context, the random samples
have no implicit probability distribution, as in clas-
sical statistics. Thus, classical procedures based on
parametric assumption cannot be used to estimate
the confidence intervals. In order to obtain results
the bootstrap method is a good candidate to be
utilized since this re-sampling method is applica-
ble regardless of the form of the probability density
(mass) function of the random variable.

2. Symbolic Data

With the technological advance, the number of
databases with a very large size has been growing,
but the adequate way to treat them is not the more
appropriate yet. There are only a few traditional
statistical methodologies that are still appropriate
to do an analysis on a dataset of huge size. One
of the ways to overcome this problem is to aggre-
gate the original dataset in a meaningful manner,
reducing the dataset to a more manageable size.
Note that, after the aggregation, the observations
will not be single values (classical values) instead,
they will be lists, intervals or modal values. To all
this new format of the data we give the name of
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symbolic data and aggregations are one of the most
common origins of this new data. Symbolic data
can also be originated from a different source, for
example, some data can be inherently symbolic.

Associated with symbolic data there are some is-
sues responsible for the fact that they cannot be
analysed with the same statistical tools that we use
when dealing with classical data. The major differ-
ences are related with the fact that symbolic data
has an internal variation, that does not exist in clas-
sical data, and the fact that they are structured.
For these reasons the search for new techniques is
indispensable to get a more accurate information
about this type of data.

2.1. Types of Symbolic Variable

A symbolic variable is defined according to its
type of domain. In classical data analysis the
observations are usually represented as a vector
of quantitative or qualitative measurements where
each column represents a variable. In particu-
lar, each individual or object takes just one sin-
gle value for each variable. However, there are
several situations in what this model is too re-
strictive and does not adjusts to more complex
data structures. Variables, in symbolic data anal-
ysis, can assume sets of categories or intervals,
possibly even with frequencies or weight. Before
proceed to the different types of symbolic vari-
ables that we will use, we introduce some notation
that was adopted in [Billard and Diday(2004)] and
[L.Billard and E.Diday(2006)].

First of all, we shall refer to the ith individual as
belonging to the set i ∈ Ω = {1, ..., n} of n individ-
uals in the dataset; and the uth concept/category
wu taking values wu ∈ E = {w1, ..., wm}, the set of
m symbolic concepts. When it is known, we denote
the number of individuals who formed the concept
wu by nu. The dataset Ω may be a sample space of
size n or, when n is extremely large, be the entire
population.

Let p be the number of variables for each individ-
ual i ∈ Ω = {1, ..., n} and let Yj , j = 1, ..., p repre-
sent the jth random variable. A classical value or
realization from the random variable Yj , j = 1, ..., p
on the individual i = 1, ..., n will be denoted by
xij , and a symbolic value or realization will be de-
noted by ξij . That is, Yj(i) = xij if it is a clas-
sical variable and Yj(i) = ξij if it is a symbolic
variable. Note that a classical value is a particu-
lar case of a corresponding symbolic value. Now
let the n × p matrix X = (xij) represent the en-
tire dataset. Analogously, if Yj is measured on a
category wu ∈ E = {w1, ..., wm} , then its par-
ticular value is written as Yj(wu) = ξuj , and the
complete set as ξ = (ξuj). Then, if the domain of
Yj is Yj , j = 1, ..., p, the matrix X takes values in

X = Y1 × ... × Yp and the matrix ξ takes values
Y = Y1× ...×Yp. Note that in the classical setting
each xij in X takes only one possible realized value
whereas in the symbolic setting ξuj takes several
values.

For this section we consider Table 1 and Table 2
that corresponds to some of the results after an ag-
gregation of a classical dataset of medical records of
individuals retained by a health insurance company
[L.Billard and E.Diday(2006)]. The original classi-
cal dataset has dimension (51×30), n = 51 observa-
tions and p = 30 variables and this aggregation was
done with the aim to obtain the Type×Gender cate-
gories for the variables Y1 (City/Town of residence),
Y3 (Type: Dental(D), Medical (M), Optical(O)), Y5
(Marital status: Single (S), Married (M)), Y6 (Num-
ber of Parents Alive), Y9 (Weight) and Y10 (Pulse
rate). Each row of the Table 1 and Table 2 is the
symbolic description of the wu category and each
column correspond to a symbolic random variable.

Table 1: Symbolic data example

wu Type × Y1: Cities Y3:
Gender Age

w1 Dental {Boston, Chicago, [17, 76]
Males Concord, Lindfield,

Salem, Stowe}
w2 Dental {Boston, Byron, [20, 70]

Females Ila,New Haven,
Quincy, Reno}

w3 Medical {Akron, Albany, [6, 84]
Males Bangor, Barry,

Boston, Chicago,
Concord, Kent,
Marion, Omaha,
Quincy,Shelton,
Tara, Trenton}

w4 Medical {Amherst, Atlanta, [11, 87]
Females Boston, Buffalo,

Chicago, Detroit,
El Paso, Fargo,
Lynn, Macon,
Medford, Tampa,
Wells, Yuma}

Table 2: Symbolic data example (continuation)

Y5: Y6: Y9: Y10: nu
Marital Parents Weight Pulse
Status Living Rate

{M,S} {0,1,2} [161, 268] [57, 81] 9
{M,S} {0,1,2} [148, 178] [66, 84] 6
{M,S} {0,1,2} [35, 239] [59, 88] 18
{M,S} {0,1,2} [73, 166] [58, 88] 14
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Now we will give some examples of the symbolic
random variables that we will use in this work.

A Multi-Valued Symbolic Random Vari-
able is a variable that takes one or more values
from a finite list of possible values (quantitative or
qualitative) of its domain Y. Example 1 provides
an illustration of this type of symbolic variable.

Example 1. Using the information of Table 1 and
Table 2 we can see that for the observation w1, cor-
responding to the ’Dental Males’ category, for the
qualitative variable Cities(Y1), we have:

Y1(w1) = {Boston, Chicago, Concord,

Lindfield, Salem, Stowe}

This information tell us that an individual of this
category can live in any one of the cities of the list
presented above.

An Interval-Valued Symbolic Random
Variable takes values in an interval Y = ξ =
[a, b] ⊂ R with a ≤ b and a, b ∈ R (the intervals
ξ can be one of the standard interval types). Note
that a classical observation a can be considered as a
particular case of an observation from this variable,
ξ = [a, a].

Example 2. In Tables 1 and Table 2 the variable
Y3 is an example of an interval-valued symbolic ran-
dom variable. For the category w4, ’Medical Fe-
males’, the observation of this variable is:

Y3(w4) = ξ43 = [11, 87]

i.e, each female in this category has an age be-
tween 11 and 87.

An Interval-Valued Modal Symbolic Ran-
dom Variable is the most common format of
the modal-valued symbolic random variables types,
whose form is:

Y (wu) = ξu = {[auk, buk), puk; k = 1, ..., su]}

where su < ∞ is the finite number of intervals
that form the support of the outcome of Y for the
observation wu. The value puk corresponds to the
weight of a particular subinterval [auk, buk), k =
1, ..., su where

∑su
k=1 puk = 1. The intervals can be

one of the four possible standard types.
The formulation of categories Type×Gender can

be done in many ways different from the one that
gave origin to Table 1 and Table 2. In Example 3
we present an observation obtained from a different
formulation of the categories Type×Gender.

Example 3. The variable corresponding to the
Age, with a different formulation, can be see, for
the ’Medical Females’ category, as:

Y3(w4) = ξ43 = {[0, 20), 1/7; [20, 40), 2/7;

[40, 60), 3/14; [60, 99], 5/14}

in this case, 1/7 of the females in category w4

have age between 0 and 20; 2/7 of these women
have age between 20 and 40 and so on.

In the symbolic data framework there are sev-
eral types of dependencies between variables. Here
we will only consider logical dependencies given in
[L.Billard and E.Diday(2006)]. This type of depen-
dency occurs when the outcome of the variable Yi
is conditional on the outcome of variable Yj . This
relation can be expressed using the logical depen-
dency rule v that is described by:

v : If {Yj ∈ A} then {Yi ∈ B} (1)

where A and B are subsets of the domains Yj
and Yi respectively. This type of dependency can
also occur if there is an underlying condition asso-
ciated to the data or if the analyst wants to impose
some condition to the data. Associated with logical
dependencies we have the following notion:

Definition 1 (Individual description). Individual
descriptions, denoted by x are those descriptions
for which each Dj is a set of one single value only,
i.e, x ≡ d = ({x1}, ..., {xp}), x ∈ X .

If we have a logical rule given in Equation 1 we
need to consider the concept of virtual description
[Billard and Diday(2004)]:

Definition 2 (Virtual description). The virtual de-
scription vector d is the set of all individual descrip-
tion vectors x that satisfy all the rules v in X . Sup-
pose that Vx correspond to the set of all rules v
operating on x, the virtual description is given by:

vir(d) = {x ∈ D : v(x) = 1, for all v in Vx} (2)

3. The Classical Bootstrap Method
Statistics is the theory that searches for the best
ways to extract information from data and the
mathematical framework for statistical inference is
provided by probability theory. In this section we
only consider the case where the observations are a
random sample from a single unknown population
whose properties we want to learn using for that
the observed data. Note that, for the parameters,
we reserve the Greek letters and a hat is used to
represent an estimator. English letters X,Y, Z and
so on are used to represent random variables that
take values x, y, z.

Most of the problems of statistical inference have
the need to estimate some aspects of a probability
distribution F (x, θ) using for that a random sam-
ple drawn from F (x, θ). The estimate of F , F̂ , is
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called empirical distribution and a way to estimate
some aspects related with F , like the mean or the
correlation, is using F̂ .

3.1. General Principles
In statistics we hope, by sampling from a population
and then analysing the observed samples, to draw
some conclusions about the original population. We
expect to be able to make inferences about a popu-
lation, and its parameters, using only the informa-
tion given by the sample data from the distribution
F .

Definition 3 (Random Sample [Ross(2009)]). If
X1, ..., Xn are independent random variables having
a common distribution F , then they constitute a
random sample from the distribution F .

Definition 4 (Sample). To the particular obser-
vation of the random sample X = (X1, ..., Xn)
we give the name of sample and represent it by
x = (x1, ..., xn).

Although in some problems the underlying distri-
bution F is specified up to some unknown param-
eter (parametric inference problems), in all the ex-
periences that we will do we do not know anything
about the distribution F (non-parametric inference
problem).

Suppose that X1, ..., Xn is a random sample
whose distribution F is unknown. Rather than
making inference about F in its totality we often
just want to make inference about some of its prop-
erties. In this work we concentrate our attention in
the location measure mean value and the dispersion
measure variance.

Considering the random sample X1, ..., Xn, from
an unknown distribution function F , since F (x) =
P (Xi 6 x), the most natural estimate of F , is the
empirical distribution function F̂ that is given by:

F̂n(x) =
1

n

n∑
i=1

I{Xi ≤ x} (3)

where I{A} is the indicator function of a subset
A.

Related with statistical inference it is the impor-
tant notion of parameter, statistic and estimator
that we will now introduce. Any quantity that
does not depend on any unknown parameter but
only depends on the sample is called a statistic
[Ross(2009)]. The unknown parameter of interest
will be denote by θ and the set of possible values
that the parameter θ can take is denoted by Θ.

A statistic Tn = T (X) is an estimator of θ if
the values taken by Tn = T (X) are exclusively in
the parametric space Θ . To the observed value of
Tn = T (X), t = T (x) we give the name of estimate
of θ.

In classical statistics, where our data is classic,
the estimator most used to estimate the expected
value of a random variable, whose distribution is
unknown, is the sample mean: X̄ = 1

n

∑n
i=1Xi.

Regarding the variance, the most common estima-
tor is the sample variance: S2 = 1

n

∑n
i=1(Xi− X̄)2.

3.2. Bootstrap
The bootstrap is an important general re-sampling
methodology which has flashed intense interest from
both applied and theoretically researchers since
Efron’s paper [Efron(1979)].

Suppose that X1, ..., Xn is a random sample from
an unknown distribution F and F̂ denote an es-
timate of F , then the bootstrap estimative of an
arbitrary functional, T (F ), is then given by T (F̂ ).
Most of the literature on the bootstrap concerns
the non-parametric situation, where F is completely
unknown, and F̂ is the empirical distributions func-
tion (Equation 3).

One of the major utilities of the bootstrap is
that we can use this method to estimate the sam-
ple distribution of our random variable of interest,
Tn = (X1, X2, ..., Xn, F ), i.e, we are able to esti-
mate:

Rn,F (x) = P (Tn(X1, X2, ..., Xn, F ) ≤ x) (4)

where (X1, X2, ..., Xn) is a random sample of n
dimension from population F . To calculate the
bootstrap estimator of Rn,F we substitute, in Equa-

tion 4, F for F̂ having:

Rn,Boot(x) = Rn,F̂ (x)

= P (Tn(X∗1 , X
∗
2 , ..., X

∗
n, F̂ )

≤ x|(X1, X2, ..., Xn))

= P (T ∗n ≤ x|Xn)

(5)

where (X∗1 , X
∗
2 , ..., X

∗
n) represents the bootstrap

samples of dimension n from population F̂ . To
Rn,Boot we give the name of bootstrap distribution
of Tn and this distribution will be used in the next
section to calculate confidence intervals. In partic-
ular, if F̂ is the empirical distribution, the the re-
samples are obtained by sampling with replacement
from the original sample.

In most practical situations, the bootstrap dis-
tribution of Tn, Rn,Boot is analytically intractable.
In such case a Monte Carlo approximation to
Rn,Boot(x) is obtained, using B independent re-

samples drawn form F̂ .
In general, if we denote the bootstrap sample as

x∗ = (x∗1, x
∗
2, ..., x

∗
n), that is obtained by randomly

sampling, n times with replacement, from the orig-
inal data points x1, x2, ..., xn and apply the boot-
strap method B times originating B bootstrap sam-
ples of length n, and then calculate the value of the
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statistic Tn(x), based on each of the bootstrap sam-

ples, we will obtain Tn(x∗
1

), Tn(x∗
2

),...,Tn(x∗
B

).

3.2.1 Confidence Intervals

With the bootstrap, we do not need to make
assumptions/approximations concerning the sam-
pling distribution of Tn. We can estimate it as part
of the confidence interval procedure.

Let Xn = (X1, X2, ..., Xn) be a random sample
of length n from a population with distribution F .
Our aim is to estimate the parameter θ = θ(F )
that is associated with the unknown distribution F .
Suppose also that Tn = T (Xn) represents the ad-
equate statistic that estimates θ. In the following,
note that we will only consider bilateral confidence
regions in R because these are our regions of inter-
est.

All the confidence regions methods wants that a
confidence region with specified coverage probabil-
ity α be a set of parameter values Cα(x) depending
only upon the data x that satisfies:

P (θ ∈ Cα(X)) = α (6)

The frequentist interpretation states that, the
confidence coefficient, α, corresponds to the relative
frequency with which the confidence region would
include the true parameter value θ in repetitions of
the process that produced the data x. A confidence
interval will be defined by the limits θ̂α1

and θ̂α2
,

such that, for any α:

P (θ̂α1 < θ < θ̂α2) = α, (7)

the coverage of the interval [θ̂α1 , θ̂α2 ] is γ = 1 −
(α1 + α2) where α1 and α2 represent the left- and
right-tail error probabilities, respectively.

So far we have assumed that a confidence region
can be found to satisfy Equation 6 exactly, but this
is only possible for few special parametric models.
In statistical practice, as well as in complex data sit-
uations, the underlying distribution is unknown and
all that is available are the data. Thus, bootstrap
allows to overcome these difficulties and it has the
potential to make central ideas of inferential statis-
tics, like the concept of confidence interval.

Bootstrap confidence intervals has been an ac-
tive area of theoretical research into the bootstrap
(eg, [DiCiccio and Efron(1996)]; [Hall(1988)]) and
in this work, we focus our attention on the boot-
strap percentile method.

3.2.2 Bootstrap Percentile Method

The percentile method interval, introduced by
[Efron(1979)], is based on the notion of the dis-
tribution T ∗n conditional on Xn, and since the ex-
act distribution of Tn is unknown, we calculate

the bootstrap approximated distribution defined in
Equation 5 and, in order to construct a confidence
interval for a parameter θ we use this informa-
tion to obtain the bilateral bootstrap interval at
(1− α)× 100% confidence level:

( R−1n,Boot(α/2) , R−1n,Boot(1− α/2) ) (8)

where R−1n,Boot(α) = Q∗(α) represents the (esti-
mated) probability quantile α, 0 < α < 1, of the
bootstrap distribution.

4. Experiences
Due to the complexity of symbolic variables it is not
an easy task to apply them the traditional inference
methods, then the bootstrap seems a natural sta-
tistical procedure to use in this framework. Since
bootstrap procedure is distribution independent it
provides an indirect method to assess the proper-
ties of the distribution underlying the sample, and
the parameters of interest that are derived from this
distribution.

In this section we will propose interval estimates
for the location measure and the dispersion measure
for the Multi-valued, Interval-valued and Interval-
valued modal variables. For that aim we will use
some different estimators and apply the percentile
non-parametric bootstrap method to obtain the
confidence intervals for the parameter of interest.

All experiences are done in the univariate case
and, for each variable type we will analyse a speci-
fied dataset.

4.1. Multi-valued Symbolic Random Variables Ex-
perience

This type of symbolic data have, has possible val-
ues, a finite list of qualitative or quantitative values.
Related with it we introduce some important defi-
nitions:

Definition 5 (Observed frequency
[Billard and Diday(2003)]). For a set E =
{1, ...,m} of multi-valued observations with real-
izations ξ, the observed frequency associated with
a particular ξ is given by:

OZ(ξ) =
∑
u∈E

πZ(ξ;u) (9)

where:

πZ(ξ;u) =
|{x ∈ vir(du)|xZ = ξ}|

|vir(du)|
(10)

is the percentage of individual description vectors
in vir(du) such that xZ = ξ. In the last equation,
|A| represents the number of individual descriptions
in the space A. Note that any u with vir(du) = ∅ is
ignored in the calculation of the observed frequency.
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In this section we will consider only one estima-
tor for the mean value and for the variance. Be-
cause of the nature and structure of this type of
symbolic variable, it was difficult to give other pos-
sible estimator than the one proposed by the paper
[Billard and Diday(2003)].

Estimator

Mean : Z̄ =
1

m′

∑
ξk

ξkOZ(ξk) (11)

Variance: S2 =
1

m′

∑
ξk

OZ(ξk)[ξk − Z̄]2 (12)

where m′ = (m−m0), with m0 corresponding to
the number of u for which |vir(du)| = 0.

The experience for this type of symbolic vari-
able used the dataset present in Table 3 from
[Billard and Diday(2003)] that correspond to the
cancer incidence in m = 9, individuals having, the
quantitative multi-valued variables Y1 (Presence of
cancer) and Y2 (Number of cancer-related treat-
ments) with the respective domains Y1 = {No =
0, Y es = 1} and Y2 = {0, 1, 2, 3}. The observations
of the variables are shown in Table 3.

Table 3: Cancer incidence

wu Y1 Y2

w1 {0, 1} {2}
w2 {0, 1} {0, 1}
w3 {0, 1} {3}
w4 {0, 1} {2, 3}
w5 {0} {1}
w6 {0} {0, 1}
w7 {1} {2, 3}
w8 {1} {1, 2}
w9 {1} {1, 3}

After obtaining, for each individual, the different
combinations between the elements of variable Y1
and the elements of variable Y2 we imposed a logical
rule:

v : Y1 = 0⇒ Y2 = 0, (13)

to clean the data because, for example, if we have
Y2 6= 0 and Y1 = 0 that correspond to have had a
treatment when a cancer does not exist, this does
not make logical sense. With the existence of this
logical rule we need to calculate the virtual descrip-
tion, for every individuals, to select the combina-
tions that respect this rule. The combinations are
shown in Table 4.

Table 4: Cancer incidence combinations

wu Y1 Y2 vir(du) |vir(du)|

w1 {0, 1} {2} {(1, 2)} 1
w2 {0, 1} {0, 1} {(0, 0), (1, 0),

(1, 1)} 3
w3 {0, 1} {3} {(1, 3)} 1
w4 {0, 1} {2, 3} {(1, 2), (1, 3)} 2
w5 {0} {1} ∅ 0
w6 {0} {0, 1} {(0, 0)} 1
w7 {1} {2, 3} {(1, 2), (1, 3)} 2
w8 {1} {1, 2} {(1, 1), (1, 2)} 2
w9 {1} {1, 3} {(1, 1), (1, 3)} 2

Since we are focus in univariate situations, we
first consider only the variable Y1 (secondly we do
the same process for the variable Y2) and proceed
to the estimation of the mean and the variance as-
sociated with this variable using Equation 11 and
Equation 12. First of all we did the estimations for
the original data sample and secondly we did the es-
timations for each of the B = 1000 bootstrap sam-
ples. With the results for the B bootstrap samples
we obtained the bootstrap sampling distribution of
the mean and the variance that we used to obtain
the confidence intervals at 90%. The confidence in-
tervals for the parameters of interest are given in
Table 5.

Table 5: Confidence Intervals at 90%

Mean Variance

Lowe bound 0.625 0.000
Upper bound 1.000 0.234

Now we focus on variable Y2 and take the same
steps as we did for variable Y1. Using Equation 11
and Equation 12 we calculated the parameters esti-
mates for the original data sample and also for the
B = 1000 bootstrap samples. With these estimates
we then obtained the bootstrap sampling distribu-
tion of the mean value and the variance that we
used to construct the confidence intervals at 90%.
The results are shown in Table 6.

Table 6: Confidence Intervals at 90%

Mean Variance

Lower bound 1.1457 0.4646

Upper bound 2.2860 1.5803
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4.1.1 Conclusions

The conclusions that we can drawn from the above
results, for variable Y1, are related to the shape
of the bootstrap sampling distribution for the es-
timators of the mean and the variance that are not
symmetric, even with B = 1000. This result can be
related with the form of the estimator used. Also
related with the shape of the bootstrap sampling
distribution is the existence of a considerable num-
ber of re-samples whose estimated mean are equal
to one or zero. These values have an enormously in-
fluence in the shape of the distribution. The size of
the original data, m = 9, that determines the size of
each re-sample, can also influence the asymmetry.

Regarding variable Y2, the shape of the bootstrap
sampling distributions are near symmetric. This re-
sult reinforces the idea that the shape of the boot-
strap sampling distributions are related not only
with the estimators but also with the support of
the random variables.

4.2. Interval-valued Symbolic Random Variables
Experience

For this type of symbolic variable we considered
several estimators for the mean and variance of Z.
The third estimator is the one given by the papers
related with symbolic data analysis as the paper
[Billard and Diday(2003)]. The other three are es-
timators that we create with the aim to compare
them with the other one.

Estimator 1

Mean: Z̄1 =
1

m

∑
u∈E

cu (14)

Variance: S2
1 =

1

m

∑
u∈E

(cu − Z̄1)2 (15)

where m represents the number of objects in the
interval-valued symbolic variable image and cu rep-
resents the mean value of the uth object.

Estimator 2

Mean: Z̄2 =
1

m

∑
u∈E

bu (16)

Variance: S2
2 =

1

m

∑
u∈E

(bu − Z̄2)2 (17)

where bu represents the upper value of the uth in-
terval.

Estimator 3

Mean: Z̄3 =
1

2m

∑
u∈E

(bu + au) (18)

Variance: S2
3 = 1

3m

∑
u∈E(b2u + buau

+a2u)− 1
4m2

[∑
u∈E(bu + au)

]2 (19)

where ai and bi represents the lower and upper
value of the uth object, respectively.

Estimator 4

Mean: Z̄4 =
1

m

∑
u∈E

ru (20)

Variance: S2
4 =

1

m

∑
u∈E

(ru − Z̄4)2 (21)

where ru represents the value, (uniformly) ran-
domly chosen, of the uth interval.

Performance Comparison of Estimators

For this type of symbolic random variable we did
an experience with the aim to compare the four es-
timators that we have described before. For that
propose we simulated values from the Normal dis-
tribution, N(µ, σ2), with µ and σ2 specified.

To achieve our goal we generated randomly k =
1000 random samples of size n = 10, and also with
size n = 1000, from Normal distributions with mean
value µ = 10 and variance σ2 = 4.

Since the results of this simulation do not have
the format that we want to study (symbolic data),
we split the individuals of each simulated sample
into classes. To define the number of classes we
used two different methods to obtain interval-valued
symbolic data. The first, corresponds to the square-
root that is defined by: m =

√
n, where n cor-

responds to the sample size and m the number
of classes. For convenience reasons the number of
classes that we will use is the ceiling of the square-
root, i.e, m = d

√
ne. For the samples of size n = 10

we have m = 4 and for the samples of size n = 1000
we have m = 32 classes.

The second method correspond to the Sturge’s
formula that is given by: m = dlog2 n + 1e. In
this case, for the samples of size n = 10 we have
m = 5 and for the samples of size n = 1000 we have
m = 11 classes.

After split the individuals of each random sample,
according to two different formulas, we computed
the estimates for the µ and σ2 (that we assume to
be unknown) using the four different estimators and
for the two options of m.

Since the real value of the mean and the vari-
ance are know we can use the Mean Squared Error,
MSE, as a measure to compare the estimators per-
formance. The MSE is given by:

MSEµ =
1

k

k∑
i=1

(z̄i − µ)2 (22)
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MSEσ =
1

k

k∑
i=1

(
√
si − σ)2 (23)

The obtained results for the samples with length
n = 10 are shown in Tables 7 and 8.and for the
samples with length n = 1000 are shown in Tables
9 and 10.

Table 7: Performance of the estimators for the
mean and variance using the classes from square-
root method and n = 10

MSEµ MSEσ

Estimador 1 0.7043 0.2762
Estimador 2 1.3017 0.2764
Estimador 3 0.7043 0.2599
Estimador 4 0.7447 0.3071

Table 8: Performance of estimators for the mean
and variance using the classes from Sturge’s method
and n = 10

MSEµ MSEσ

Estimator 1 0.7044 0.2693
Estimator 2 1.0826 0.2696
Estimator 3 0.7044 0.2598
Estimator 4 0.7252 0.2854

Table 9: Performance of estimators for the mean
and variance using the classes from square-root
method and n = 1000

MSEµ MSEσ

Estimator 1 0.2538 3.1575
Estimator 2 0.2950 3.1576
Estimator 3 0.2538 3.1641
Estimator 4 0.2536 3.1613

Table 10: Performance of the estimators for the
mean and variance using the classes from Sturge’s
method and n = 1000

MSEµ MSEσ

Estimador 1 0.2541 3.1088
Estimador 2 0.6047 3.1087
Estimador 3 0.2541 3.1638
Estimador 4 0.2653 3.1584

Analysis of the Results: For the samples of
size n = 10 we see that the Sturge’s formula is

the one that leads to better results for the vari-
ance. Related with the comparison of estimators,
for the square-root formula the best estimator for
the mean is Estimator 1 or Estimator 3. Regard-
ing the Sturge’s formula the best estimator for the
mean is Estimator 4 and for the variance is the Es-
timator 3.

For the samples of size n = 1000 we see that the
square-root formula leads to better results for the
parameter mean value and the Sturge’s formula is
the one that leads to better results for the variance.
Regarding the comparison of the estimators, for the
square-root formula the best estimator for the mean
is Estimator 4 and for the variance is Estimator 1.
Using the Sturge’s formula the best estimator for
the mean is Estimator 1 or Estimator 3 and for the
variance is the Estimator 2.

Overall, we can conclude that, for samples from
Normal distributions, the way of splinting the data
into classes that achieves better MSE is the square-
root method for the mean value parameter and the
Sturge’s method for the variance. We can also con-
clude that the size of the samples is very important
and influences the behavior of the estimators.

In the experience of this type of sym-
bolic variable we used an adaptation of
the Mushroom data present in Table 11
([L.Billard and E.Diday(2006)]). Since we are
in a univariate situation we consider, without
lose of generality, the variable Y1 (Width of the
Pileus Cap (cm)). The following table shows some
observations of the mushroom dataset.

Table 11: Mushroom data

wu Species Y1 :Pileus Cap Y2:Stipe
Width Length

w1 arorae [3.00, 8.00] [4.00, 9.00]
w2 arvenis [6.00, 21.0] [4.00, 14.0]
w3 benesi [4.00, 8.00] [5.00, 11.0]
w4 bernardii [7.00, 16.0] [4.00, 7.00]
w5 bisporus [5.00, 12.0] [2.00, 5.00]
w6 bitorquis [5.00, 15.0] [4.00, 10.0]
w7 califorinus [4.00, 11.0] [3.00, 7.00]

...

In this experience we calculated the estimates of
the mean value and the variance using the four dif-
ferent estimators, first for the original data, and
secondly for each of the bootstrap re-samples. With
the results of the re-samples we computed the sam-
ple distribution estimative, of the mean value and of
the variance, of each of the estimators, and used it
to calculate the confidence intervals using the non-
parametric bootstrap percentile method. The re-
sults are present in Table 12 and Table 13.
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Mean value

Table 12: Confidence Intervals at 90%

Lower bound Upper bound

Estimator 1 7.0538 9.3484
Estimator 2 9.8913 13.4359
Estimator 3 7.0538 9.3484
Estimator 4 7.3123 10.4077

Variance

Table 13: Confidence Intervals at 90%

Lower bound Upper bound

Estimator 1 7.0617 14.8929
Estimator 2 16.2128 35.4010
Estimator 3 11.9786 20.6182
Estimator 4 12.7319 25.7879

4.2.1 Conclusions

Regarding the shape of the bootstrap sampling dis-
tribution, the results shown that they are near sym-
metry.

Related with the confidence intervals the best es-
timators are Estimator 1 or Estimator 3 for the
mean value. Regarding the variance we consider
that the best estimator is Estimator 1.

4.3. Interval-valued Modal Symbolic Random Vari-
ables Experience

For this type of variable we consider several esti-
mators that we now introduce. The first estimator
considered is the one, that appears on literature for
the mean and variance [Billard and Diday(2003)].
The other three are estimators that we create, with
the aim of comparing them with the first one.

Estimator 1

Mean: Z̄1 =
1

2m

∑
u∈E

{
su∑
k=1

(buk + auk)puk

}
(24)

Variance: S2
1 = 1

3m

∑
u∈E{

∑su
k=1(b2uk+

bukauk + a2uk)puk} − 1
4m2 {

∑
u∈E

∑su
k=1(buk

+auk)puk}2
(25)

where auk, buk and puk represents the lower, up-
per and frequency value, respectively, of the kth
interval of uth category.

Estimator 2

Mean: Z̄2 =
1

m

∑
u∈E

{
su∑
k=1

cuk puk

}
(26)

Variance: S2
2 =

1

m

∑
u∈E

{
su∑
k=1

(cuk − Z̄2)2puk

}
(27)

where cuk and puk represents the mean and fre-
quency value, respectively, of the kth interval of uth
category.

Estimator 3

Mean: Z̄3 =
1

m

∑
u∈E

{
su∑
k=1

buk puk

}
(28)

Variance: S2
3 =

1

m

∑
u∈E

{
su∑
k=1

(buk − Z̄3)2puk

}
(29)

where buk and puk represents the upper and fre-
quency value, respectively, of the kth interval of uth
category.

Estimator 4

Mean: Z̄4 =
1

m

∑
u∈E

{
su∑
k=1

ruk puk

}
(30)

Variance: S2
4 =

1

m

∑
u∈E

{
su∑
k=1

(ruk − Z̄4)2puk

}
(31)

where ruk and puk represents a random number
and frequency value, respectively, of the kth interval
of uth category.

For this experience we will used the dataset
that correspond to the Weight by age group
with seven categories, m = 7 (Table 6 in
[Billard and Diday(2003)]). Table 14 present some
of these categories:

Table 14: Weight by Age Group

Age (year) u Weights

20-29 1 {[70, 84), 0.02; [84, 96), 0.06;

[96, 108), 0.24; [108, 120), 0.30;

[120, 132), 0.24; [132, 144), 0.06;

[144, 160], 0.08}

30-39 2 {[100, 108), 0.02; [108, 116), 0.06;

[116, 124), 0.40

[124, 132), 0.24; [132, 140), 0.24;

[140, 150], 0.04}
... ...

For this dataset we calculated the estimates of the
mean and the variance for the original data and for
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each of the B bootstrap re-samples. As we did be-
fore, with this information we obtained the sample
distribution estimative of the mean and the vari-
ance and calculate with it the confidence intervals
for 90% confidence level.

Table 15: Confidence intervals for the mean value

Lower bound Upper bound

Estimator 1 134.0074 153.1029
Estimator 2 134.0074 153.1029
Estimator 3 139.2589 158.6059
Estimator 4 135.0840 154.0023

Table 16: Confidence intervals for the variance

Lower bound Upper bound

Estimator 1 242.5010 598.2786
Estimator 2 235.3213 586.6156
Estimator 3 232.4860 597.4903
Estimator 4 262.9959 615.1559

4.4. Conclusions
The first conclusion that we can take is related with
the shape of the sample bootstrap distribution. As
we can see, we have symmetric shapes for all the
estimators.

Considering, firstly, the information of Table 15
we can conclude that, for the mean value, the best
estimator is Estimator 4.

Now considering Table 16 we can conclude that
the best estimator for the variance is Estimator 2.

5. Conclusions
Symbolic data analysis has become an important
tool due to the increasing expansion of the infor-
mation technology. The need to summarize the
data bases, generated by that information technol-
ogy, leads to this new data concept: the symbolic
data. In this framework, the data may no longer
be a single value as in the classical statistics, but
can be represented as lists, intervals and even be
distributions.

The lack of available procedures for inference in
symbolic data framework becomes the subject of
this work. For this purpose, we turn our attention
to interval estimation of the mean and variance of
several types of symbolic random variables. Since
the underlying distributions of these variables are
unknown and, consequently, the sampling distribu-
tions of the parameters estimators are also unknown
or difficult to obtain, the bootstrap it is a good tool
to overcome these difficulties.

Through this work, we focus only on two charac-
teristics, the mean and variance. For each parame-
ter, we obtained the bootstrap confidence intervals

and we have implemented this procedure to several
symbolic data sets. To gain insight on the lack of
information that is lost, when the data are aggre-
gate (as in the case of interval-value symbolic data),
we had performed a simple simulation study and we
concluded that it is important, on the behavior of
the estimators, the way the data were aggregated.

Some of the directions for further research are:

• The extension of the analysis carried out in sec-
tion 3 to incorporate more cases of symbolic
datasets and multivariate symbolic analysis.

• It would also interesting to incorporate in the
comparison the estimates for other data aggre-
gated methods and to study the information
loss when we have this new complex data in-
stead the classical ones.

• It will also be interesting to study deeply the
behavior of the bootstrap estimators.
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