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Antennas 
  

Problem Set 12 
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2. A small current loop (with radius 0 / 30a  ) is placed 

in the vicinity of a ground plane, as illustrated in the 

figure. 

a) Find the radiated electric field in the far-field zone. 

 

 

 

Solution: 

 

The far-field of any antenna is expressed by 

     
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0 0far-field
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For a loop antenna alone in free-space ( 2A a  is the loop area) the effective length is: 

 

0loop
ˆsine j k A  h φ  

 

Hence, the far-field for a single loop alone in free-space: 

    
0

0 0 0single-loop
ˆ0 sin

4

jk re
jk I j k A

r
 





 E r φ  

 



 
_________________________________________________________________________________________ 

 

_________________________________________________________________________________________ 
 

       Antennas 2019/2020 

 

In the present problem we need to take into account the effect of the ground plane. As usual, 

this is done with the help of the image method. The antenna and its image can be regarded as 

antenna array, formed by two antennas. The antennas are fed by symmetric currents, because 

the currents are horizontal with respect to the ground plane, and hence the sign of the image 

current is flipped ( 0,image 0I I  ). This shows that the array spatial factor is: 

 

0 0,image0 0 0 0 0
cosˆ ˆ ˆ cos cos

0 0,image
n n n

jk zjk jk z jk z jk z
n n n

n n n

F I e I e I e I e I e             r r r z  

 

From here, using 0 0,imagez h z    : 

 

   0 0cos cos
0 0 02 sin cosjk h jk hF I e e jI k h      

 

From the principle of pattern multiplication: 
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After substituting the relevant formulas, one finds that: 
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b) The directions of the radiation pattern nulls when 0h  . 

 

The radiation pattern vanishes when  

 

 

 

0sin cos sin 0

sin 2 cos sin 0

sin 2 cos 0  or sin 0

k h  

  

  

  

  

 

 

 

The zeros of  sin 2 cos   (nulls of the equivalent array factor) are such that 

2 cos ,   =0, 1, 2,...n n     . The physical solutions are in the range 0º 90º   (because 

of the ground plane!) and are found from: 

2 cos 0 90º

2 cos 60º

2 cos 2 0º

  

   

   

  

  

  

 

The equation sin 0   does not generate new solutions. Hence, the nulls are along 

0,60º ,90º  . 

 

c) Find the minimal height h in order that there is a null for 60º  . 

 

We need to solve 
60º

0F
 

 . This is equivalent to (using 0 02 /k   ): 
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2   (situation of the previous question)
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5. A helical antenna has N=10 turns. The helix radius is a and the spacing between the helix 

turns (the helix pitch) is p. The perimeter of the helix is 02 1.1C a    and the “pitch angle” 

is 12.5º   (see the figure). 

 

 

 

a) Find the electric field radiated by a single helix turn. Suppose that the effective length is 

 one turn
ˆ ˆˆ ˆe j a j     h x y r r  (electric dipole approximation for the axial mode). 

 

We use      
0

0 0far-field
0 ,

4
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e

e
jk I

r
  





E r h , which yields: 
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b) Find the intensity of the radiated electric field at a distance of  2km  from the helix in the 

direction of the z-axis. The feeding current is 0.1A  and the oscillation frequency is 3GHz (the 

helix feeding circuit is in the semi-plane z<0). What is the antenna polarization in the +z-

direction? What is the orientation of the winding of the helix? 

Solution: 

For ˆ ˆr z , one has: 
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For a travelling wave approximation   0
hjk sI s I e , the helix can be seen as a uniform array. 

The array parameters are:  

   0hk L    

d p  

The equivalent array spatial factor is: 

0helix

sin
2

sin
2

Nu

F I
u

 
 
 
 
 
 

,  0 cosu k p    . 

 

 

 

The Hansen-Woodyard array approximation for the current propagation constant leads to: 
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 0 0helix
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From the principle of pattern multiplication: 
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The second identity assumes that the direction of observation is along z. Substituting values 

( 8 9
0 / 3 10 / 3 10 0.1c f m      ): 

 

 


 0
3helix

0

sin 5 sin 51.12 2
0.1 120 7.3    /

2 4 2 10sin sin
2 2a

u u
mV m

u u


 
 

    
   
   

E  

 

Using finally  0 cos 1 2 2 2
10z axis

u k p
N N

     
 

          , it is found that: 

 

helix
0.046  /V mE  

 

The antenna polarization is the same as the polarization for a single turn (the array factor 

never changes the polarization). Since the radiated electric field along the +z-axis is of the 

form: 
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 one-turn 0
+z-axis

ˆ ˆE j E x y  

it follows that the instantaneous field is: 

       

   

one-turnone-turn 0
+z-axis+z-axis

0

ˆ ˆRe cos cos 90º

ˆ ˆ                cos sin

j tt e E t t

E t t

  

 

     

   

E E x y

x y

 

The polarization curve is: 

 

 

Evidently the wave is right-circular polarized (RCP) because the direction of propagation is 

+z. Thus, the antenna polarization int the +z direction is RCP. The orientation of the helix 

winding is to the “right” with respect to the +z-axis (similar to the figure in page 5), because 

it determines the sense of rotation of the wave! 

 

c) Suppose that a receiving antenna identical to the transmitting antenna is placed at the point 

where the electric field was calculated in question b). Find the power delivered to matched 

load. The power gain of the helix can be found using the empirical formula 

2 3
0/GG K N p C      with 15GK  . 

 

From the theory of the receiving antenna: 

 


2
0

         1
(matched load)

4
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r ef i p i pP A S C C GS C C





   
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Since the receiving antenna is identical to the transmitting antenna they have the same 

polarization, and hence 1pC  .  

The incident Poynting vector intensity is: 

2
2

2

0

0.046
2.91 /

2 2 120

inc

inc
E

S W m
 

  


 

The helix pitch is found from tan12.5º tan 0.22
p

p C
C

     

 

The power gain is: 

     2 3
0 0 015 10 0.22 1.1 1.1 / 43.9G           

 

Hence, the received power is ( 0 0.1m  ): 

20.1
43.9 2.91 0.1

4
inc

r ef i pP A S C C W W 


     

 

d) Solve again question c) supposing that the turns of the receiving helix are wound in the 

opposite direction (left winding) 

 

The polarization of the antenna depends on the winding direction of the metal wire. Changing 

the winding direction, changes the polarization of the receiving antenna from RCP to LCP. 

Consequently, in that case the polarization mismatch coefficient vanishes (recall that RPC and 

LCP points are antipodal in the Poincaré sphere, 2 180º   and 2cos 0pC   ), and thereby 

0rP  . 

 

7.  

a) Find the directivity of optimal E-plane sectoral horn antenna with axial length 

30 ,10 ,6E    . Suppose that the width of the horn antenna in the H-direction is  . 

 

The directivity of a E-sectoral horn antenna can be estimated with the formula: 

2
0

4 E
ED a B




     

where the aperture efficiency is 
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2
2

2

0

8
,       1.0033 0.119 2.752 ,              0< 0.262,      

8

E E E
ph ph

E

s s s

B
s



 

    



  

 

The optimal value (that maximizes the aperture efficiency) is 
1

4
s  . It corresponds to 

0.649E
opt   and 02opt EB   . 

 

The geometry of the horn antenna is: 
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Hence, in the present problem: 

 

0

0 02
0 0 0

0

28.3,              6

4
2 0.649 4 2 0.649 36.5,              10

63.2,              30

E

E E
E E

E

D




     
  










       






 

 

b) Find the half-power beamwidth in the E-plane for the horns considered in the previous 

question. 

 

The half-power beamwidth can be estimated using (in the second identity we use 

02opt EB   ): 

 

0

0
E-plane
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0
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54º
HPBW 54º 12.1º,              10

2 /
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E
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E
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


 
 









    






 

 

1.   

a) Consider a radiator formed by a superposition of 3 Herz dipoles oriented along the x, y and 

z directions, respectively, and fed by the complex-valued currents , ,x y zI I I . Prove that the far-

field of the antenna is given by  
0

0 0 ˆ ˆ
4

jk re
jk dl

r






  E I r r
r

 where ˆ ˆ ˆx y zI I I  I x y z . 

Solution: 

See Sect. 8.4 of the lectures notes (see in particular Eq. 8.29 for a turnstile antenna which can 

be generalized in a trivial way to this problem, due to the superposition principle). 
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b) Prove that the directivity of the radiator is 3/2, independently of the currents , ,x y zI I I . 

Suggestion: Decompose j  I I I  in real and imaginary parts. 

 

Solution: 

Following the suggestion we can write  

j  I I I  

with , I I  real-valued vectors. The two vectors generate a plane, which we can assume 

without loss of generality to be the xoy plane. 

 

 

 

The field radiated by the antenna is: 

   
0

0 0

real-valued real-valued
vector vector

ˆ ˆ ˆ ˆ
4

jk re
j jk dl

r





 
 

       
 
 

E I r r I r r


   

The first (second) parcel can be regarded as the field radiated by a Hertz dipole oriented along 

the direction determined by I  ( I ). Importantly, the two fields are in quadrature. This means 

that the radiated powers add up! 

 

U U U    
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 Here,   U U   is the radiation intensity for the Hertz dipole associated with the current I  

( I ). Since the two dipoles are in the xoy plane it is clear that both ,U U   reach a maximum 

along the z axis, which is perpendicular to both I  and I . Thus, the direction of maximum 

radiation of this antenna (maximum of U U U   ) is along the z-axis. 

 

Because the powers add-up, the directivity is: 

 
 

 

z-axis
z-axis z-axis

z-axis

44

4 4

rad rad rad

rad rad
rad radz axis

rad rad

U UU
D g

P P P

U U
P P

P P

P P



 



 
  

 

  
     
 

 

Since the directivity of a Hertz dipole alone in free-space is 3/2 it follows that 

z-axis

4 4 3

2rad radz axis

U U

P P

 



 
 

 
. Using this result, we finally find that independent of the current 

distribution one has: 

 

3 3
32 2
2

rad rad

rad rad

P P
D

P P

   
  

 
 


