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4. A uniform planar array consists of 4 20  elements placed along the xoz plane with the 

distance between elements 0.25 . The array is designed so that the direction of maximum 

radiation is the z axis.  

a) Find the required current phaseshifts along the  x and z directions. 

 

For a current distribution that is separable, for equidistant antennas, and for a progressive 

phaseshift, the array spatial factor is a function of the parameters: 
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It is possible to pinpoint any direction of space r̂  (so that the array spatial factor has a 

maximum along that direction), by enforcing that, 

0x zu u   

along r̂ . 

In this problem, we want that the maximum occurs for ˆ ˆr z . 
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In general, ˆ ˆcos   r x  and ˆ ˆcos  r z  (see the figure on the top of the previous page). For 

ˆ ˆr z  it is clear that 90º   and 0º  . These two conditions determine a single direction of 

space (+z axis; there is no “image beam”). 

 

Thus, the required phaseshifts are: 

 

00 cos90º 0ºx xk d       

 0 00 cos0
2z zk d k d
         

 

b) Sketch the radiation pattern of the array spatial factor with a computational tool. 

 

For a uniform array  
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3D representation of F    (ParametricPlot3D) 

 

 

2. Consider a square corner reflector with 90º  . The distance between the dipole and the 

reflector edge is 00.3S  . The dipole is half-wavelength and the feeding current is 

 0 2.83I A .  

a) Find the radiated power. Take into account that the mutual impedance of two dipole 

antennas placed side-by-side is such that  12 0.6
Re 23

d
Z


    and  12 0.42

Re 6
d

Z

  , 

where d is the distance between elements. Neglect the material loss. 

 

Solution: 
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The field radiated by the dipole can be found using the method of images. The images are 

uniformly distributed in a circle of radius S along the azimuthal direction and placed at 

n n  , 0,1,..., 2 1n N  . The image antennas are fed with currents with alternating ( ) 

sign. Here, N determines the angle between the metal planes that form the reflector: 

180º /N  . In this problem 2N   and hence the images are spaced by 90º in the azimuthal 

direction: 

 

 

 

The power accepted by the driven dipole (input power) is determined by the input impedance. 

The input impedance of the driven dipole can be found from the impedance matrix of the 

dipole + images.  

In fact, supposing that the driven element is the antenna “1”, one can write: 
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The second identity uses 1 2 3 4I I I I     . The power accepted by the driven dipole is: 
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   

 

2*
1 1 1

2

11 12 13 14 1

1 1
Re Re

2 2
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2

in inP V I Z I

R R R R I

 

   
 

 

It is clear that by symmetry 12 14R R  because the elements 2 and 4 are equidistant of the 

driven dipole. The distance between (2, 4) and (1) is (see the figure) 2d S . The distance 

between the element 3 and the element one is 2d S . This proves that: 

     2

11 12 2

1
2

2in m md S d S
P R R R I

 
    

where mR  is the mutual impedance between two dipole antennas placed side-by-side and 

separated by a distance d.  

Assuming that the self-impedance is approximately the same as for a dipole alone in free-

space 11 73.1R   and using 
2 2 0.3 0.42

6m m md S d d
R R R

    
     and 

2 2 0.3 0.6
23m m md S d d

R R R
    

     , it is found that: 

2 2
1
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1 1
73.1 2 6 23 38.1 2.83 152.6
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P I W
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 
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 
  

Since the system is lossless, the input power is identical to the radiated power. 
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b) Find the intensity of the electric field radiated by the reflector at a distance of 10km  along 

the xx axis. 

 

Solution: 

 

The field radiated by the system is found using the equivalent array factor and the principle of 

pattern multiplication: 
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Along the x-axis, 90º , 0º   .    
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3. A Yagi-Uda antenna is formed by 3 elements (director, reflector, and driven element) 

spaced by 1 2 0.15d d d    .   

In this problem, neglect (i) the coupling between the reflector and the director, and (ii) the 

variation of the mutual impedance with height of a dipole. 

 

 

Mutual impedance for half-wavelength dipoles placed side by side. The dashed vertical 

line corresponds to the distance 0.15d  . 

 

a) Prove that to minimize the radiation along the direction -xx the lengths of the director ( 2L ) 

and reflector ( 3L ) must be chosen such that the self-impedances satisfy: 

22 33 0arg arg 0.3Z Z k d           

 

Solution: 
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The Yagi-Uda can be regarded as a linear array because the size of the different elements is 

similar. The array spatial factor is: 

 

0 1 0 2cos cos
1 2 3Yagi

jk d jk dF I I e I e     

The currents that feed the director and the reflector can be found from the impedance matrix 

of the system, noting that the voltages at the terminals of these elements vanishes: 

 

1 2 31 11 12 13
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We took into account that the coupling between the reflector and director is negligible. 

Solving for the currents in the reflector and director, one gets: 

1312
2 1 3 1

22 33

,                
ZZ

I I I I
Z Z


  . 

 

Thus, the array factor can be written as: 
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Since 1 2 0.15d d d     it is clear that by symmetry 12 13Z Z . Moreover, from the plot we 

see that 12 13Z Z  are real valued: 12 13 , 0.15m dZ Z R   . Hence, we can write: 

   
0 1 0 2, 0.15 , 0.15cos cos

1Yagi
2 3

1 m d m djk d jk d

in in

R R
F I e e

Z L Z L
     

    
 

 

We identified the self-impedance with the impedance of a dipole antenna alone in free-space: 

 ii in iZ Z L . 

 

Along the direction –xx the angle with the array axis is 180º   and the array factor reduces 

to: 
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To minimize the array factor 
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R
e

Z L
  must be zero. Since the mutual resistance is a positive 

number, it follows that: 
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This can also be written as  

       3 2

2
arg 0.15 argin inZ L Z L
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which proves the desired result! 

 

b) Consider a dipole antenna with  impedance      in in inZ R jX    . In the vicinity of 

the resonance frequency 0  (where 0 / 2L   and  0 0inX   ) one can write 

  in
in in

X
Z R j 




  


, with 0      (here, it is assumed that the input resistance 

73inR    varies weakly with the frequency near the resonance).  

Prove that the -3dB bandwidth of the antenna is 
2 in

in

R
B

X







. The quality factor of the antenna 

gives the fractional bandwidth: 
0

1 B

Q 
 . Verify that near the resonance the impedance can be 

written as  
0

1 2in inZ R j Q



 
  

 
. 

 

Solution: 

The feeding current (controls the antenna radiation) is a function of the input voltage 

impressed by the generator: 

 

 0 in in
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V V
I
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The transfer function of the system is controlled by the input impedance. One can write: 
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Introducing the parameter 
2 in

in

R
B

X







, the input-output relation becomes: 

  res

2 2
0

1 2 1 2

in in

in
in

in

V V I
I

X
R j R

B B
 



  
               

 

where res
in

in

V
I

R
 . 

The plot of this function as a function of frequency is: 

 

The plot confirms that B is the -3dB bandwidth. 

Introducing 
0

1 B

Q 
 , the input impedance can be written as  
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   

 

  

c) Taking into account that the quality factor of a dipole antenna (“thin wire approximation”) 

is on the order of 10Q  , find the lengths of the director and reflector relative to the length  

( 1L ) of the energized element. Note that the impedance of a dipole antenna only depends on 
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the electric length, i.e. on the value of /L c . Thus, the result of the previous question shows 

that for a fixed frequency one can write   1 2in in
res

L
Z L R j Q

L

 
  

 
. 

Solution: 

The input impedance of a dipole antenna can in general be written as: 

  1 2in in

res

L
c

Z R j Q
L

c






    
   

  
    

 

If we set res   so that the energized element is resonant, we obtain: 

  1 2in in
res

L
Z L R j Q

L

 
  

 
 

From the first question, we need to solve: 

 
 

2

3

arg 0.3

arg 0.3

in

in

Z L

Z L





 
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Since  arg arctan 2 arctan 2 10in
res res

L L
Z L Q

L L

    
     

   
 it follows that: 

Director (antenna 2): 0.3 arctan 2 10 0.068
res res

L L

L L


  
      

 
 

Reflector (antenna 3): 0.3 arctan 2 10 0.068
res res

L L

L L


  
      

 
 

 

Hence, lengths of the parasitic elements are: 

Director:  2 0 0 00.5 0.5 0.068 0.466L         

Reflector:  2 0 0 00.5 0.5 0.068 0.534L         

 

5. A Hertz cross-dipole is fed by currents in quadrature. The power accepted by the antenna is 

5kW and the efficiency is 80%. Find the power delivered to a receiving antenna a distance of 

10km from the cross-dipole. Suppose that the receiving antenna has gain 1.64, has linear 

polarization and is terminated with a matched load. The oscillation frequency is 300MHzf   

and the arms of the dipole are parallel to the Earth surface (neglect the effect of reflections in 

the ground). 
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Solution: 

 

 

It is supposed that the xoz plane is parallel to the Earth surface. 

The directive gain of the cross-dipole is: 

 2 2
(Hertz)
turnstile

3
1 sin sin

4
g     

 

The radiation pattern is  

 

 

Thus, the Poynting vector radiated by the antenna is: 

 

2 24 4
in in

inc

P P
S G e g
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In the xoz plane ( 0  ) the polarization of the cross-dipole is linear and the directive gain is 

 2 2
(Hertz)
turnstile

3 3
1 sin sin 0

4 4
g     

Thus, the Poynting vector intensity on the position of the receiving antenna is: 

 
3

2
24

5 10 3
0.8 2.39 /

44 10
incS W m




    

 

The power received by the antenna is (the wavelength is 0 / 1c f m   ): 

 

2 2
0 1

1.64 1 1 2.39 0.31
4 4

inc
r R i pP G C C S W W

  
 

         

It was supposed that the receiving antenna is oriented in such a way that there is no 

polarization mismatch, i.e., if it is a dipole antenna it should be horizontal with respect to the 

Earth surface. 

 


