TEEN ICO Antennas
LISBOA Problem Set 10

1. An array of 10 elements is formed by half-wavelength dipoles oriented along the z
direction. The dipoles are fed through the central point and are placed along the X-axis, as
illustrated in the figure. The spacing between the elements 5 and 6 of the array is 34, and the
remaining elements are spaced by A/2. The feeding current (amplitude and phase) is the

same for all antennas. Suppose that the receiving antenna is a half-wavelength dipole centered

at the point (r,6’,(p) oriented along the z-direction. Find the open-circuit voltage induced on

the terminals of the receiving antenna.
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Solution:

From the theory of linear arrays the radiated field is:

I_E single array element
positioned at the origin

Loy |

E

array | |

The generic element is a half-wavelength dipole antenna:
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Thus, to find the radiated field we need to find the array spatial factor. For a linear array it is

given by:
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Sketch of a linear array

It is possible to determine F with the above formula. However it is more practical to note

that the 10 array of 10 elements can be regarded as an array of an array.

Specifically, we can group the antennas into two sets of 5 antennas each. Each set is a
uniform broadside array because the feeding currents are identical. Thus, the array of 10
antennas can be seen as an array of 2 elements, with each element (a sub-array) a “uniform

array with 5 elements”:
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Exploring this point of view, we can write:
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The array factor for an array of two elements is:

(*)

array

| - | 10 antennas | 5 elements

field radiated by a uniform
array of 5 antennas

ood ood
Jkg—cos —jkg—=cos ¥
=1 o+ :

array ar,l

2 elements

ar,2

where d =5/ is the distance between elements (such that after a translation by d the two

elements should be superimposed!). In the above, |, is the total current that feeds the sub-

ar,l

array in the positive X-axis, and |, is the total current that feeds the sub-array in the negative

ar,2
x-axis. They are evidently equal to:

| =1 .,=51,

—arl —

where |, is the current that feeds a generic antenna.

We can note that:

array =2
2 elements

arl

F

‘cos 57 cos ;()‘

ar,l

cos(k d cos ;(j‘
=
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On the other hand, the ficld radiated by a sub-array of 5 antennas spaced by d’ is:

E =|F |Ei/ 2 |
L||field radiated by a uniform — uniform array
array of 5 antennas 5 elements l ( 0 )‘
T skek
cos| —cosd (**)
60 2

- | F uniform array

5 elements r sin @

As is well know, the array factor of a uniform array is:

. (5
sinNzu s1n(2 kod’cos;( sin —cos;(
|F uniform array — |_0| = |_()| |_0|
5 elements . u . 1 ,
sin— sin| —k,d cos;( s1n cos;(
2 N=s 2
u=k,d'cos y+5

where we used d' =4, /2.

From (*) and (**) we can write:
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F uniform array

_ 5 elements Eﬂ/2|
|E 10 antennas grgllemems ‘ I
I:|un1f0rmar1'ay COS COSQ ‘
5 elements
gr?llgments ‘ | r sin @ ‘
' (5 P
sin cos y cos| —coséd
I
gr?llgments 5 l()| . (ﬂ' j Sln 9 ‘
sin 2 cos y
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i sin 7cos;( 60 cos Ecos@
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Hence, it follows that
sin (5272 cos ;(j‘ 60 cos(;rcos 6)‘
|E10 antennas = 2|I0HCOS(57Z—COSz)‘ T

sin z cos
> X

We can finally calculate the field at the terminals of the receiving antenna. From the theory of

sin @ ‘

|Farra

y
10 elements

the receiving antenna:
Voc — h; (9!) . Einc — her (0/)67 . Einc

where E™ is the field radiated by the array of 10 antennas calculated at the terminals of the

receiving antenna (in the far-field of the array).
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The field E™ is oriented along the direction 0, similar to a dipole antenna (the polarization
of an array is always identical to the polarization of a single element, because the array spatial

factor is a scalar!).

Since 0'=0 and @' = 7 -0 (see the figure) we find that:

Vol = (&) E™[ <[ (7 -0 |E

10 antennas

The effective height of receiving half-wavelength dipole is (sinusoidal current

approximation):

Noting that

h, (6’)‘ =|h, (7[—0)‘ one gets the final result:

2

cos (7[ cos 0)
2

sin @ ‘

sin 5—ﬂcos
2 4 1120

i (7[ j K,r
sin Ecos;(

|\/0C| = 2| IOHcos(Sﬂcos;()‘

with cos y =r-X =cos@siné .
2. Consider a broadside uniform array of N isotropic radiators spaced by d. Suppose that
kd <<1 but that Nkd >>1. Show that the directivity of the array is approximately 2Nd /A .
40 . 2
Suggestion: j %X =7.
—0 X

For convenience, we take the array axis as the z-axis. Since the elements of the array are

isotropic radiators we can write:

sin(Nu/Z)
sin(u /2)

E

N| |~
array

where we used the formula for the array factor of a uniform array. Since the array is broadside

(0 =0, i.e., all the currents are in phase) one can write:
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u=k,dr-z+0=Kk,d cosé

Note that if the array axis were the X-axis, we would write instead

u=kdr-x+5=Kk,dcosy+95.

VX
vt M
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The radiation intensity of the system is

2

U:Srr2~|E2 N| |2~SIH(NU/2)
sin(u/2)

array

(*)

The directive gain is:

U 420  4xU

Uiso Prad ) IJ.UdQ

The unknown scale factor in (*) cancels out in the evaluation of the directive gain (as U is

present both in the numerator and in the denominator). This shows that:

sin(Nu/2)["
sin(u/2)
sin(Nu /2)[
sin(u/2)
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The directivitity D is the maximum of the directive gain. For a broadside array it occurs for

sin(Nu/2)

; = N, it follows that:
sin(u/2)

u=0

6 =90°, or equivalently u=0. Since

B 47N*? B 47N*
sin(Nu/2)
sin(u/2)

. 2 2w oz
”((TJ//;)) s [dpfdosing

2

Since U =K, d cos @, the integrand does not depend on ¢ . This shows that:

2N?

P2 in(Nu/2)| ©
jd@sinﬁw

. sin(u/2)

To evaluate the integral we note that since Kk,d <<1 one has |u|<<1, and thus

sin(u/2)~u/2. Hence:

2

z]{dé?siné?
0

2

sin(Nu/2)
sin(u/2)

sin(Nu/2)

Id@sin@
0 u/2

Let us introduce the variable q = Nu/2. Noting that dq=—(N /2 )k,dsin@d@, one finds:

z . 2 _Nkyd/2 . 2
jd@sin@ s1r'1(Nu/2) _ J- dg |sin(q)|
) sin(U/2) | e —(N/2 )kd| a/N |
N M sin? q
_k()_d—Nkod/z q2

_2N % qsinzq_27zN
Tkd T g kd

In the last line, we used the suggestion and Nk,d >>1. Substituting the above formula in (*)

we finally find that:
2N*  2d
D= 27N 70 N
kO
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The directivity scales linearly with the number of antennas!

6.

(a) Find the distribution of currents for an optimal broadside array of 4 elements that radiates
a beam with MBW= 120°. Suppose that the spacing between the antennas is A/2.

Solution:

An optimal array is a Dolph Chebyshev array. The current distribution is determined by a

Chebyshev polynomial such that

|F| ~ ‘TN o (X)‘ , with X =X, cos% (Dolph-Chebyshev array).

N is the number of antennas and u=Kk,d cos y +9 is the usual parameter for a progressive

phaseshift array.

The parameter X, is the only degree of freedom and determines the MBW and the SLL.

In this problem, MBW=120°, and hence we must use:

e

’ (kod . (MBWD
COS sSin
2 2

Substituting values, we get:

For N=4, the current distributions are determined by |F|~ ‘T3 (X)‘ with T, = 4%’ -3x.

For N even, we must take:

+ju/2 +ju/2
F~T.e ~Te
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The current distribution is found by writing F as a truncated Fourier series of powers of e .

This is done with the help of the auxiliary formulas:

u) X/ |
x> =X cos’| = =—°(e1“+2+e"”)
2 4

) . u X i
Xe+]u/2 _ e+]u/2X0 COS(EJ :70(e1u +1)

In the present example, T, = 4x’ —3x, and thereby:

Te 2 =g 2 (4x3 —3x) =g '2xx(4x2 —3)
[ —
even function

:?O(e’“ +1)x (4x§%(e"” +2+e“'“)—3j

From here,

ju
- +ju/2 _ e +1 21 ju A
F Dolph T.e = xo( 5 ]x(4x0 1 (e +2+e ) 3}

:%(xge"” +(3% =3)+(3x; -3)e" + x§e”“)

~(x2 e M +(3x —-3)+ (3x§—3)ej“+x§ej2”)

The coefficients of the Fourier series give the current distribution. For elements centered at

X, =nd with n=-1,0,1,2, the feeding currents satisfy the proportionality relations:
L Lo 1 [ =6 (3% =3): (3% =3) %6
The phases of the currents are all identical (broadside array). Using X, =4.14 we get:

3 3
\L_l\;m:\LHLZ\:1;[3_73}(3_75}1

=1:2.83:2.83:1

Note that the current distribution of a Dolph array is always symmetric with respect to the

array center.
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(b) Find the sidelobe level (SLL).

The sidelobe level is determined using:

_ 1
Dolph ‘TN L (XO )‘

SLL

In the present example:
_ 1
‘Ta(xo)‘ ‘4)(3_3)(0‘

The sidelobes amplitude is very small.

SLL= =0.0036

(c) Compare SLL found in the previous question with that of uniform array of 4 elements with

the same MBW.

The MBW of a broadside uniform array is determined by

MBW,, = 2arcsin !

X

In the present case, 120° = 2 arcsin 4l . Solving with respect to the distance we find that:
g leinlzo =0.216
/10 uniform
array
~F
N
8 & I L
— >
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SLL

Antennas 2019/2020



The SLL of the uniform array is:

SLL IF(3z/N) |
uniform ~ =
wy—|F(0)) ‘Nsm”
2N
:;3-:0.27
4sin 7
2x4

The SLL is much larger for a uniform array as compared with the optimum array!

(d) Sketch the array factor.

It is sufficient to make a polar plot of the function

. u 7T COS
|F|~‘T3(X)‘:‘4X3—3X‘, with X =X, cos—=4.14cos £
2 2
This yields:
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Alternatively, the radiation pattern can be constructed graphically.

We start by making a plot of the Chebyshev polynomial. To this end, we use the properties:
T,(1)=1

T, 1s even (odd) for m even (odd).

Zerosof T, m>1: X =cos(2i(2i—l)], i=12,.,m.
m

Extrema of T : Xi:cos(zij, i=12,...m-1.
m

In the present example m=N-1=4-1=3:
X, =0.87, X, =0, X, =—0.87

% =0.5, %, =—0.5

The rest of the procedure is described in the lecture notes.
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