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Antennas 
  

Problem set 8 
 

______________________________________________________________________________________ 
 

2. Two Hertz dipoles are placed along the z axis and are separated by a 

distance d. The orientation of the dipoles is the same. Find an 

expression for the mutual impedance as function of /dl   for the case 

/ 2d  . 

 

 

Solution: 

When of the antennas is “linear” the mutual impedance can be calculated using the formula: 

 

 
 
 

rad
21

21 12
field radiated by antenna 1 current distribution induced on (the linear) antenna 21 2antenna 2 alone in free-space calculated over when it radiates alone in   axis antenna 2 axis

ˆ

0 0

I u
Z Z dl

I I


   

E u

 free-space

 

 

 

In this problem, the axis of antenna 2 is oriented along ˆ ˆu z . The current distribution of an 

Hertz dipole is constant: 
 
 

2

2

1
0

I u

I
 . This means that the mutual impedance reduces to: 

   

rad rad
1 1

21 12 2
field radiated by antenna 1 field radiated by antenna 11 1antenna 2 alone in free-space calculated over alone in free-space calculated over

   axis antenna 2 axis antenna

ˆ ˆ

0 0
Z Z dl dl

I I

 
    

E z E z

 2 axis

 (*) 
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The integration was carried out explicitly because the length of the Hertz dipole is 

“infinitesimal”. 

 

 

 

So, we just need to find the z-component of the field radiated by the first dipole 

( rad
1 ˆrad

zE  E z ) on the position of the 2nd dipole. The fields radiated by an Hertz dipole are 

known in closed analytical form. In spherical coordinates, we have: 

Hertz
ˆ ˆrE E E θ r  

 
 

0

0 0 2
0 0

1 1
0 sin 1

4

jk re
E jk I dl

r jk r jk r
  



  
   

 
 

 

 
0

0 2
0

1
0 cos 1

2

jk r

r

e
E I dl

r jk r
 



  
  

 
 

Note that for the calculation of the mutual impedance we cannot use the far-field 

approximation, as the mutual impedance depends on the near-field.  

When the observation point is over the antenna 2, we have the situation depicted in the figure 

below. As seen, at the observation point (antenna 2) we have: 

   0º

ˆˆ

r d




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From here, we can write:  

 

º

º

0

rad
1

Hertz
0

0

10 1 2
0

ˆ

ˆ      

      

1
      0 1

2

rad
z

r d

r dr

jk d

E

E

e
I dl

d jk d
















 

 



 
  

 

E z

E r

 

Using / 2d   (or equivalently, 0k d  ), we get: 

 

rad
1

0 1 0 1 0 12 2 2
1

ˆ 1 1 1
1 1 1

0 2 2 2

je j j
dl dl dl

I d j d d



  
     

                 
    

E z
 

Hence, substituting in (*) it is found that the mutual impedance is: 

0 1 2
21 12 2

0 1 2
2
0

1
2

2
              1

dl dl j
Z Z

d

dl dl j


 

  

    
 
   
 
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3. Two Hertz dipoles in the same plane are oriented as shown in the figure.   

(a) Find the mutual impedance of the antennas. 

 

 

 

 

Solution: 

We need to generalize the formalism of the previous problem to the general configuration of 

the figure. As before, we pick antenna 2 as the one on the top of the figure. Proceeding as in 

the previous question, we find: 

 
 
 

rad
21

21 12
field radiated by antenna 1 current distribution induced on (the linear) antenna 21 2antenna 2 alone in free-space calculated over when it radiates alone in   axis antenna 2 axis

ˆ

0 0

I u
Z Z dl

I I


   

E u

 

 

rad
1

field radiated by antenna 11antenna 2 alo

n

ne in free-space calculated 

rad
1

field

 

over
   a

i

free-spa

 

c

 rad ated by antenna 11 alone in free-space calculated over
ante

xis antenna 2 ax

e

n

is

ˆ

0

ˆ

0

dl
I

I


 


  

E

u

u

E

2

a 2 axis

dl

(**) 

The orientation of the antenna 2 is determined by the vector û . To ease the calculation of the 

fields radiated by the 1st antenna, we pick the z-axis directed along the axis of the first 

antenna: 

 

 

From the figure, the axis direction of the antenna 2 ( û ) can be written in terms of the vectors 

associated with the spherical coordinate system attached to antenna 1 as follows: 

2

1
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  2 2
ˆˆˆ cos sin  u r θ  

 

Using now rad
1 Hertz

ˆ ˆrE E  E E θ r , we get: 

 

   
 

1

rad
1 2 2

2 2

ˆ ˆˆ ˆˆ cos sin

sin cos

r

r dr

E E

E E




 

 

  


    

 

E u θ r r θ
 

 

Using again the expression of the field radiated by the Hertz dipole,  

 
 

0

0 0 2
0 0

1 1
0 sin 1

4

jk re
E jk I dl

r jk r jk r
  



  
   

 
 

 

 
0

0 2
0

1
0 cos 1

2

jk r

r

e
E I dl

r jk r
 



  
  

 
 

we get: 

 
 

 

 
 

0 0

1

0

rad
1 0 0 2 0 22 2

0 00

10 1 0 1 2 1 22
0 00

1 1 1
ˆ 0 sin 1 sin 0 cos 1 cos

4 2

1 1 1 1 1
0 1 sin sin 1 cos cos

2 2

jk r jk r

r d

jk d

e e
jk I dl I dl

r jk r r jk rjk r

e
I dl jk

d jk d d jk djk d

 

     
 

    


 






    
              

    
             

E u

 
       

0

10 1 1 2 1 22 3 2 3
0 0 0 0 0

2
0

1 1 1 1 1 1
0 sin sin cos cos

2 2

jk de
I dl

jk d jk d jk d jk d j
k

k d
    







    
        
    


   

 

Substituting this result into (**) we find that the mutual impedance is: 

       

       

0

0

2
21 12 0 1 2 0 1 2 1 22 3 2 3

0 0 0 0 0

1 2
0 1 2 1 22 3 2 32

0 0 0 0 0 0

1 1 1 1 1 1
sin sin cos cos

2 2

1 1 1 1 1 1
2 sin sin cos cos

2

jk d

jk d

e
Z Z dl dl k

jk d jk d jk d jk d jk d

dl dl
e

jk d jk d jk d jk d jk d

    


    






    
         
        

   
       
   
   




 

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4. Find the mutual impedance between two short 

vertical monopoles with heights H and h, 

respectively. The ground plane can be assumed a 

perfect conductor. Suppose that the current 

distribution on the monopole with height H is 

linear, and that the current distribution on the 

monopole with height h is constant.  

 

Solution: 

One can take into account the effect of the ground plane using the image method: 

 

Let us find the mutual impedance of the antennas in the problem without the ground plane. 

When the ground plane is removed, the antenna with height h becomes a standard Hertz 

dipole (distribution of current is constant) with height 2dl h . Since we know the fields 

radiated by the Hertz dipole in closed analytical form, it is convenient to take this antenna as 

the “antenna 1”  in the formula: 

 
 
 

rad
21

21 12
field radiated by antenna 1 current distribution induced on (the linear) antenna 21 2antenna 2 alone in free-space calculated over when it radiates alone in   axis antenna 2 axis

ˆ

0 0

I u
Z Z dl

I I


   

E u

 free-space

 

Since the antenna 2 (with height H) is also a short antenna and is oriented along z ( ˆ ˆu z ) we 

can simplify the integral as follows: 

 
 
 

rad
21

21 12
field radiated by antenna 11 2antenna 2
at the center point of antenna 2 axis    axis

ˆ

0 0

I z
Z Z dz

I I


   

E z
 

For this geometry: 
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 rad Hertz Hertz
1

90º 90º90º

ˆˆ ˆ Hertz
r d r dr d

E
 
 
 

       E z E z E θ  

 

    

 

Using  
 

0

0 0 2
0 0

1 1
0 sin 1

4

jk re
E jk I dl

r jk r jk r
  



  
   

 
 

, we get: 

 

    
0rad

1
0 0 2

1 0 0

2
ˆ 1 1

1
0 4

j d

dl

k

j
h

e
jk

I d k d jk d




  
    

 
 

E z
 

 

Hence, the mutual impedance (without the ground plane) is: 

 

 
 
 

0
2

21 12 0 0 2
0 2antenna 20

   axis

1 1
2 1

4 0

jk d I ze
Z Z jk h dz

d jk d Ijk d




  
    

 
 

  

 

For a linear distribution of current, the integral (area under the curve) evaluates to 

 
 

2

2antenna 2
   axis

1
2

0 2

I z
dz H

I
   
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Hence: 

 
0

21 0 0 2
0 0

1 1
2 1

4

jk de
Z jk h H

d jk d jk d




  
     

 
 

 

The currents in the feeding point of the antennas are the same with and without ground plane. 

However, the voltages are two times larger when the ground plane is removed: 

     

This means that 
GP

with ground plane without GP

1

2
V V


. The mutual impedances that we determined are 

for a configuration without the ground plane. For example, we can write: 

   1,without GP 11 1 12 2without GP without GP
V Z I Z I  ,  etc 

But this implies that: 

   1,with GP 1,without GP 11 1 12 2without GP without GP

1 1 1

2 2 2
V V Z I Z I    

This shows that: 

   12 12with GP without GP

1

2
Z Z  

Thus, the mutual impedance of the system (with ground plane) is: 
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   
 

   

   

0

0

0

12 21 0 0 2with GP with GP
0 0

2
0 0 2 3

0 0 0

0 2 32
0 0 0 0

1 1
2 1

4

1 1 1

4

1

1

1 1

2

jk d

jk d

jk d

e
Z Z jk h H

d jk d jk d

e
k h H

jk d jk d jk d

h H
e

jk d jk d jk d
















 
       

 
 

 
      

 
 

 
    

 
 

.  

 

7. A radiation system is formed by two monopoles with one quarter of wavelength. The 

height of the monopoles is one quarter of wavelength and they are spaced by the distance 

/ 4 . The antennas are fed by currents with equal amplitude but in quadrature. Find the 

voltage and current at the terminals of each antenna so that the system radiates the power 

10kW. Suppose that 11 22 46 30Z Z j     and 12 20.5 14.5Z j   . 

 

Solution: 

The power delivered to the antennas is given by 

   * *
,tot ,1 ,2 1 1 2 2

1 1
Re Re

2 2in in inP P P V I V I    . (*)         

The voltages are determined by the mutual and self impedances (the mutual impedances 

highlighted in red are identical because of reciprocity): 

1 2

2

12

12

1 11

12 22

V Z I I

V I Z

Z

Z I

 

 
      (**) 

In this problem 2 1I j I   to guarantee that the currents have the same amplitude and that the 

phase difference is 90º. I pick the “+” sign for definiteness (it makes no difference because 

the antennas are identical: picking a different sign corresponds to interchanging the labels “1” 

and “2” of the antennas)). Thus,  2 1I j I  . 

Substituting these formulas into (*), one gets: 

     

     

 

* *
1 2 1 2,tot 11 12 1 12 22 2

2 2 * *
1 211 1 22 2 12 2 1

real number!

2 2 * *
1 211 1 22 2 12 2 1

real number!

1 1
Re Re

2 2

1 1 1
Re Re Re

2 2 2

1 1 1

2 2 2

inP Z I Z I I Z I Z I I

Z I Z I Z I I I I

R I R I R I I I I

   

      
  

   




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So, the power delivered to the antenna only depends on the resistive part of the impedance 

matrix! (see the lecture notes). 

Using now 2 1I j I  , and assuming that the system is lossless so that the delivered power is 

identical to the radiated power, one finds that: 

 

 2 2 2 23
11 1 12 1 11 1 1

1 1
10 10 2 46

2 2
R I R j j I R I I         

 

This shows that 
3

1 2

10 10
14.74

46
I I A


   . Picking the phase of the first current equal to 

zero, we get: 

  
 
 

1

2

14.74

14.74

I A

I j A




 

Finally, we can find the input voltages using (**): 

         
        2

3

1

1 2 11

1

9

1

.9º

06.8º
2

46 30 20.5 14.5 46 30 20.5 14.5

20.5 14.5 4 5

1161

4856 30 20.5 14 . 46 30

j

j

V

V

j I j I j j j I

V j I j I j j j I

e V

e

          
          

 

  

 

 


