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1. A generic polarization state can be mapped into a unit radius sphere: the Poincaré sphere. 

The relevant mapping is: 

   polarization curve cos 2 cos 2 ,sin 2 cos 2 ,sin 2      

where 0 180º   is the angle that the major axis of ellipse makes with some reference 

direction in the transverse plane; furthermore, the angle   is defined by cot AR    with 

the axis ratio AR  given by the quotient between the major and minor axes of the ellipse, and 

the + () sign is chosen for a left (right) sense of rotation. 

                  

(a) Verify that states with a circular polarization are mapped into the poles of the sphere, 

and that states with a linear polarization are mapped into the equatorial line (see the 

figure). 

 

Solution: 

 

 

 

LCP

RCP
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For a state with circular polarization, one has 

major axis
AR= 1

minor axis
  

 

 

Therefore, cot 1 45º      . 

From here 2 90º   , and hence it is evident that the LCP polarization ( 2 90º   ) is 

mapped into the North pole, whereas the RCP polarization is mapped into the South pole 

( 2 90º   ). 

 

On the other hand, for states with a linear polarization one has: 

major axis major axis
AR=

minor axis 0
    

 

This means that cot 0º    . Thus, 2 0º  , and any linear polarization is mapped 

into some point in the equatorial line. 

 

(b) Using the Poincaré sphere find the loss due to polarization mismatch when an antenna 

with LCP polarization is illuminated by an left-elliptically polarized wave with axial 

ratio of 2. 
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We need to represent the polarization states of the antenna and of the wave on the Poincaré 

sphere. As seen in the previous question, the polarization state of the antenna (LCP) is 

mapped onto the North pole. 

 

For the incident wave, cot AR=+2 26.56º    .  

Hence, 2 53.13º  . 

 

Next, we need to find the angle between the polarization state of the antenna and the 

polarization state of the wave: 

    

 

In the present problem, it is clear that 2 90º 53.13º 36.87º    . The polarization mismatch 

coefficient is given by: 

2 2 36.87º
cos cos 0.9

2pC    . In conclusion, only 90% of the available power can be 

captured by the antenna. 

 

(c) Suppose that the plane that contain the polarization curve is defined by the directions 

1û  (reference axis) and 2û . Suppose that the direction of propagation of the wave is 

1 2
ˆ ˆ ˆ d u u . Prove that the complex amplitude of the electric field associated with the 

polarization state with coordinates  ,   is such that  0 1 2ˆ ˆcos sinE j   E u u  

com 1 1 2ˆ ˆ ˆcos sin   u u u  e 2 1 2ˆ ˆ ˆsin cos    u u u  . If the direction of propagation 

is 1 2
ˆ ˆ ˆ  d u u  what is the complex amplitude of the electric field? 

 

Solution: 
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The major axis of the polarization ellipse is along the direction   

 

 

 

 

 

 

 

 

 

From the figure, the unit vector ( 1ˆ u ) along the direction   is evidently: 

1 1 2ˆ ˆ ˆcos sin   u u u  

The vector 2 1 1 2
ˆˆ ˆ ˆ ˆsin cos      u d u u u . 

 

Thus, the complex electric field is of the form: 1 21 2ˆ ˆE E  E u u  

 

The complex components of the electric field along the two principal axis are necessarily in 

quadrature (otherwise the field amplitude would not reach a maximum/minimum along these 

axes!). Assuming without loss of generality that 1 0 0E E   is a positive number, we can 

write: 

2 2E j E   

This means that 2
0 1 2

0

ˆ ˆ
E

E j
E

 
   

 
E u u . From the definition of the axial ratio: 

2

0

major axis
cot =AR=

minor axis

E

E
  . 

Therefore, it follows that  

 0 1 2ˆ ˆcotE j   E u u  

Let us suppose we pick the “+” sign in the equation. Then, the electric field 

(     0 1 2ˆ ˆRe cot j tt E j e  E u u ) at time t=0 is: 

  0 1ˆ0t E  E u  

1ˆ u

2ˆ u
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If we increase time slightly: 

    
 

0
0 1 2

0 1 0 2

0 1 2

ˆ ˆ0 Re cot

ˆ ˆ                cot cos 90º 0

ˆ ˆ                0

jt E j e

E E

E











  

   





 

E u u

u u

u u

 

Thus, the electric field rotates clockwise in the plane of the drawing, which corresponds to the 

left rotation because the direction of propagation 1 2
ˆ ˆ ˆ d u u  points to the outside of the plane 

of the drawing. Since, for left polarization cot cot   , we finally conclude that: 

 0 1 2ˆ ˆcotE j   E u u  

It is easy to check that for right polarization (“-” sign) the expression remains valid (because 

cot cot    for a right polarization). 

 

If the direction of propagation is flipped ( 1 2
ˆ ˆ ˆ  d u u ) the “+” sign becomes associated with 

a right polarization. Thus, in this case  0 1 2ˆ ˆcotE j   E u u . 

 

2. Consider a lossless antenna with a omnidirectional radiation pattern (independent of the 

azimuth angle  ) and with the radiation intensity U shown in the figure. Suppose that the sky 

temperature BT  (brigthness temperature) varies as indicated below. Find antenna temperature 

AT . 

 

 

 

Solution: 

The power captured by an antenna due to thermal noise can be written as: 

, 2r B A i

d
dP k T C




   
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Here, AT  is the antenna temperature which is a weighted average of the brightness 

temperature of the sky: 

   

 

ef

ef

, ,

,

B

A

d T A

T
d A

   

 









 

The same result can be written in terms of the power gain as: 

   

 

, ,

,

B

A

d T G

T
d G

   

 









 

Since the power gain is proportional to the radiation intensity   4
,

in

U
G

P

   , we may also 

write: 

   

 

, ,

,

B

A

d T U

T
d U

   

 









 

In the current problem, neither the directive gain nor the brightness temperature depend on the 

azimuth angle. This implies that: 

   

 

   

 
0

0

sinsin , ,

sin ,
sin

BB

A

d T Ud d T U

T
d d U

d U





         

       


 





 
 

The antenna gain is negligible (according to the figure) for 90º  . Hence, 

1º 30º 90º
30/10 10/10 10/10

0 1º 30º

1º 90º
30/10 10/10

0 1º

10 10sin 10 10sin 10 100sin

10 sin 10 sin
A

d d d

T

d d

     

   

 
     

 
 

 
 

  

 
 

After integration 

               
          

4 2 3

3

10 cos 1º cos 0º 10 cos 30º cos 1º 10 cos 90º cos 30º
87.95

10 cos 1º cos 0º 10 cos 90º cos 1º
AT K

       
 

    

 

 

3. A short lossless vertical electrical dipole receives radiation in the frequency of 30GHz. 

Suppose that the height of the dipole is / 0.05L    and that the bandwidth is 5%. The 
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brightness temperature of the surrounding region is 300BT K for 90º 180º   and 

0BT K  for 0 90º  . Find the power captured by the antenna due to thermal radiation. 

 

Solution: 

We start by finding the antenna temperature. Similar to the previous problem: 

 

   

 

   

 

, , , ,

, ,

B B

A

d T G d T g

T
d G d g

       

   

 
 

 

 

 
 

For a short dipole   23
, sin

2
g     (same result as for an Hertz dipole). This implies that: 

   

 

   

 

 

0

0

3

0

3

0

sinsin , ,

sin ,
sin

sin

sin

BB

A

B

d T gd d T g

T
d d g

d g

d T

d









         

       

  

 

  





 





 

Taking into account the temperature profile: 

/2
3 3 3

0 /2 /2

3 3

0 0

0 sin 300 sin 300 sin

150

sin sin
A

d d d

T K

d d

  

 
 

     

   

  
  
  

 
 

Note that the integral on the numerator is ½ of the integral on the denominator. 

The power captured by the antenna is: 

, 2r B A iP k T C




   

Assuming a matched load: 

,r B AP B k T  ,  0.05 30 1.5GHz
2

B GHz




     

Using 231.38 10 /Bk J K  , we finally find that: 

, 3.1rP pW   

        


