TE CNICO Antennas
LISBOA

Problem set 5

Problem 1. An antenna is illuminated by a plane electromagnetic wave with linear
polarization that propagates along the d' =—% direction. Suppose that the electric field makes

the angle of 60° with the y axis and has amplitude ‘E"‘c

=0.1V /m. The effective length of

the receiving antenna in the direction of arrival of the incoming wave is h! =2 [m].
(a) Find the open-circuit voltage at the antenna terminals.

Solution

The voltage induced at the antenna terminals when they are in open-circuit is:

\LOC = hg ’ ng

yacg"% G

Here, E° is the incident electric, which must be perpendicular to d'=—% because the

incoming wave is transverse electromagnetic (TEM). This means that:
E; = E"§+E)2

Since the wave is linearly polarized, it is necessary that the components EIM,E;C are either in
phase or in opposition of phase:

arg (Eim ) =arg (Eznc ) or arg (Eiﬂc ) =arg (Eznc ) + [linear polarization]
This is equivalent to say that E}° is real-valued apart from an overall phase factor:

Er =g ( E™y+ E;“i) with E",E real-valued.
Using the fact that the electric field makes an angle of 60° with the y-axis, it follows that:

E;* =¢"E, (cos 60"y +5in60'2)
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where E; = \/ﬁ :‘Ei)nc

the problem to decide which of the signs + is the correct one). Hence, using h; =Z one finds

=0.1[V /m] (there is not enough information in the wording of

that:

V,, =1e"E sin60 =+e'0.1sin60" = +e1°0.087 [V]

0

87 [mv].

In conclusion, the open-circuit voltage amplitude is l\ioc| =

(b) Represent the equivalent circuit of the antenna and identify all the parameters that are part

of the circuit. Suppose that the antenna impedance is Z, = 70Q.

Solution:

<
N
<

——— i — —

Z, is the load impedance, connected at the antenna terminals.

(¢) Find the power delivered to a load of 50Q2.

Solution:

From the equivalent circuit, it is possible to show that the power delived to the load is given
by the general formula (see the lecture notes)

P =C(R),,

r

4R R,
(R, +R. ) +(X, +X.)
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where (Pr )Opt = is the power received by a matched load [maximum power that can be

a

extracted by the antenna from a given incident wave] (in the above, Z, =R, + jX, and

;L = RL + jXL )
’V 2 0.087°
Substituting values: (P.) =1—l - = =13.51
8 ( r)OPt 8R, 8x70 N
_ 4R,R, :4><50><70_0972

5 — Y.

(R, +R.) +(X,+X.)" (50+70)

Thus, the received power is P. =0.972x13.514W =13.13 W

r

Problem 2.
A short-dipole with length L=0.0lm is illuminated by a plane wave with electric field

amplitude E =8+/157 [V/m]. The oscillation frequency is 300/x [Hz].

(a) Find the power incident on the antenna per unit of area.
Solution:

The Poynting vector intensity (i.e., the power density) is:

[P _(857) _eaxis

= =4W /m?
2n, 2x120r  2x120

S inc

(b) What is the directivity and maximum of the effective area of the antenna? Ignore losses.
Solution:

For an short dipole oriented along the z-direction:

shortdipole (same result as for an Hertz dipole)

The antenna effective area (parameter of the receiving antenna) can be related to the power

gain (G ) (parameter of the transmitting antenna) through the universal formula:
A A
0,0)=—"2G(6,p)=-"¢eg(0,p).
Aaf( ¢) e ( ¢) 4 g( ¢)

In the last identity, we used G =eg with e the antenna efficiency and g the directive gain.

From here, the maximum effective area is

2 2 2
=2 maxG="emaxg=—eD
Aot s 4 47 9 47
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In conclusion,

2
=20 eD
A\%f ,max 472_

For a lossless antenna e=1 and we obtain:

2 2 8 \2
A =2p= D[] L3O 11762y 47510 [m] (1)
T g 4| f 471300/ 7 4

For small frequencies and lossless antennas the maximum effective area can be huge (many
orders of magnitude larger than the physical size of the antenna) because it varies with the
wavelength squared (note that D >1)!

(c) Suppose that the antenna terminals are connected to a load adjusted to receive the
maximum power, and that the antenna axis is parallel to the incident electric field. What is the
received power? Ignore losses.

Solution:

The received power can be written in terms of the effective area using:

P =CiCpA%fSinc

Here C, is the impedance matching coefficient, which for a load adjusted to receive the

maximum (conjugated matched load) is C; =1. On the other hand, C is the polarization

matching coefficient defined by:
b -E[

2

p 2 ‘

inc
E,

h;

Because of the reciprocity theorem, the effective height of the receiving antenna is identical to

that of the transmitting antenna:

h!=h

e

For a linear antenna, (with axis oriented along z) the effective height is

h, = heé . (effective height of the transmitting antenna)
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¢ lat-dypsb

2

6 . Einc
This implies that for the short dipole C, = ‘_—02 The direction of maximum gain of the
i
A i 2
o - z-Ey
short dipole is @=90°. For 8=90° one has @ =-z and therefore Cp‘a o = ‘ ——=1,
= Egnc

where the last identity follows from the fact that the incident electric field is parallel to the
antenna axis (the z-axis).
In summary, in the conditions of the problem (incoming wave arrives along direction of

maximum gain € =90°), the received power is identical to the available power:

_ inc
Pr - A\ef ,maxS

Substituting values P, =1.17x10" x4 =4.71x10" [Watt](!!").

(d) Suppose now that the loss resistance of the antenna is 0.1€2. Repeat the previous question.
Comment.

Solution:

Supposing that there is still impedance matching, the formula P, = A, S™ still holds true.

2
As before, A; . = 4—°eD , but now the antenna efficiency is less than 1 because of the loss.
' T

Clearly, we have:

P, =4.71x10" xe[Watt] (same result as before multiplied by the efficiency).
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To find the efficiency, we use:

R

B R _12x L’
e= R .+ RL ’ rad |short-dipole _Z?UO

x? the radiation resistance of the short

rad 0

dipole (1/4 of the radiation resistance of an Hertz dipole).

2 2 2
We have R_| =207 L—2 =207" 80'01 - =207" 0'016 —=2x10""Q).
shortdipol pE (3x10° /(300/7)) (710°)

Since this value if much less than the loss resistance, we can write:

e~ % =2x107"". Thus, the received power is:
L

P, =0.094[Watt]

which is now a reasonable value. The lesson is: electrically small antennas are greatly

affected even by a small loss.

<< R ) one may generally find that (using

rad

. R L .
Using eer—ad (which is possible when R
L

A
A =—-eD):
f ,max 4”_ )
T
Ay L phRu 6™ " L-tplh

4r R, 4r R_ 24 R,
The disproportionaly large factor A, disappears and in the end the effective area is

determined by the physical dimensions of the dipole (L factor).

Problem 3. A half-wavelength dipole is oriented along the z-direction in free-space. The
antenna is illuminated by a incoming plane wave. The direction of incidence makes an angle

of 30° with respect to the antenna axis. The frequency of operation is 300MHz and the power
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available at the antenna terminals is 100uW. Suppose that the antenna impedance is
Z, =73+ j42.5Q.

(a) Find the amplitude of the incident electric field.

Solution:

The available power by definition is the power received by an antenna when there is both

impedance (C; =1) and polarization matching (C, =1).

Pa — A%f Sinc

The antenna effective area is given by:

2

] 2
0 h, Ty h,
4R 4R

a a

Ay

where the second identity used the reciprocity relation h; =h,. For a dipole antenna, we

know that (sinusoidal current approximation): h, = heé with

cos (ﬂ cos 9)
_2_\2 )

e( )‘L:A/2 - ko

sin @

Adwe

Weve
(A

h
\
3\-

[an
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6
Using 6€=30° and noting that Kk, = @ _27x300x107 _ Zn[m"lj

X0 (the free-space
c X

wavelength is 4, =1m), one finds that:

cosS (ﬂ cos 30")
2 2

L=A2 21 sin 30°

h, (0=30") =0.13[m]

Hence, the effective area is:

2 2
1y 1207(0.13]
4R, 4xT3

a

A, =0.021m’

The Poynting vector intensity is then:

-6
s o MO0y 6si02fw/me].
A, 0021

The intensity of the incident electric field is therefore: E™ = W =1.87[V /m].

(b) Suppose that the polarization of the incident wave is linear and the electric field is
contained in a plane ¢ = const.. Find the power delivered to a load of 50€2.

Solution

Weuse P, =C,C A,;S™ =C,C,P, =C,C, x1004W . The impedance matching coefficient is:

C - étRaRL - 4><502><73 - 0.6
(R, +R) +(X,+X.)  (50+73) +42.5

2

hl’ . Einc .
The polarization matching coefficient is C, = 62;02 For a dipole antenna, h, =h,0 and
b £
hence:
~. .12
emc . EIOHC
Cp - inc|?
E:
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where 0™ is calculated for the direction determined by the incident wave. Since the incoming

~ inc

wave is TEM, one can always write: EJ° :Eléi“" + E,@™ . In order that the electric field is

contained in a plane @ =const. it is necessary that E, =0 (incident field is contained in the

incident plane defined by the antenna axis and by the direction of incidence). Thus, in these

conditions:

n a2
OlnC.ElelnC
Cp: ~ 2 =1

EIGIHC

This shows that P, =0.86 x1x100W =864W .

(c) Repeat b) for the case in which the incident field is perpendicular to a ¢ =const. plane.

Solution

2

Ainc A inc
0" -E,

E,o™

In this case, EJ = Eléim +E,¢™ with E, =0. Then, C,= =0 and the received

2

power is P. =0.86x0x1004W =0. The incident electric field is horizontal (perpendicular to

the dipole axis), and due to this reason it does not interact with the antenna.

(d) Repeat b) for the case in which the incident field has right-circular polarization.
Solution

As previously mentioned, the incident field is generically of the form:
E;* =E 0™ +E,™
The polarization of the incident field is
(i) circular when |E,|=|E,| and argE, =argE, +90°
(i)  linear when arg (El ) =arg (Ez) or arg (El ) =arg (Ez ) +7

(i)  elliptical all the other cases.
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The condition (i) is equivalent to say that E, =+ JE,. One of the signs determines a right-
circular polarization (RCP) and the other a left-circular polarization (LCP), but we do not
need to worry at the moment which is which. Substituting E;* :EI(éi“" + j(f)i“) into

2

0" -E;°
C, =‘E—z e et
=0
A N HS ?
. ﬁmc-(emci](l)mc) i |1|2 :l
(e MR 2

The C, coefficient is independent of the sense of rotation of the electric field, i.e.

independent if the polarization is RCP or LCP. Thus, the received power is

P =0.86x0.5x100W =430V ,

which is half the value obtained in question b). Indeed, the ¢ component of the incident

field does not interact with the antenna, and hence only half of the incident energy is available

to the antenna.
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