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Interest rate
In all investments, you need to take into account the interest rate.In general, the interest rate is defined for a certain time frame andunknown in future periods.

The interest rate is in fact a random process, and thereforeunpredictable.
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Compound Interest rate

• Discrete time: 0 = t0 < t1 < . . . < tN = T , and rn is the interestrate in the period [tn, tn+1]. Then at time T the initial value B0worth:
B0(1+ r0)(1+ r1) . . . (1+ rN−1) = B0

N−1∏
i=0

(1+ ri)

Remark: the value of the interest rate is fixed at the beginningof each time interval
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Example: If the annual interest rate is 10%, yearly compounded,then at the end of the year we have 1.1B0.But if the interest rate is 10% but monthly compounded, then atthe end of the year we have (1+ 0.1012 )12B0 = 1.10471B0.
If you have more compounding intervals, the return will belarger
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• Continuous time: r(s) is the interest rate at time s. Then at time
T the initial value B0 worth... depends on the compounding!In case of continuously compounded: B0e∫ T0 r(s)ds
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Example: Assume an annual interest rate of 10%.If it is only annually compounded, the return after one year is1.10× B0.If it is continuously compounded, then it is B0e0.1 = 1.10517× B0
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Discounting vs Counting

• Invest now B0; what is its value in a later time T? B0e∫ T0 r(s)ds(assuming continuously compounded)
• Receive B0 at time T ; what is this value today? B0e− ∫ T0 r(s)ds

In the course we assume
The interest rate is fixed and completely known, and mostlycontinuously compounded.
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The different types of products can be classified according to theirrisk:
risk-free (zero risk) −→ risk products ((full risk)

Example: webpage Novo Banco
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Types of risk-free products

• Bank deposits
• Bonds
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Bonds

A bond is a fixed-income instrument that represents a loan madeby an investor to a borrower (typically corporate or governmental).A bond could be thought of as an I.O.U. (I owe you) between thelender and borrower that includes the details of the loan and itspayments. Bonds are used by companies, municipalities, states,and sovereign governments to finance projects and operations.Owners of bonds are debtholders, or creditors, of the issuer.Bond details include the end date when the principal of the loan isdue to be paid to the bond owner and usually include the terms forvariable or fixed interest payments made by the borrower.(in Investopedia)
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Characteristics of a bond:
• Face value (par value) is the money amount the bond will beworth at maturity (BT )
• The maturity date is the date on which the bond will matureand the bond issuer will pay the bondholder the face value ofthe bond.
• The coupons: value and date in which the bond issuer willmake payments (Ci and Ti)
• The issue price is the price at which the bond issuer originallysells the bonds (B0)

What is the issue price?
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By arguments that we will see later on:
B0 = e−rTBT +

n∑
i=1
e−rTiCi

If there are no coupons, the bond will be called zero-coupon bond.
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Rating
Are bonds really risk-free products?

A bond rating is a way to measure the creditworthiness of a bond,which corresponds to the cost of borrowing for an issuer. Theseratings typically assign a letter grade to bonds that indicates theircredit quality. The higher a bond’s rating, the lower the interest rateit will carry, all else equal.Rating agencies:
• Standard & Poor’s
• Moody’s Investors Service
• Fitch Ratings Inc.
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Types of assets with risk

• Futures
• Forwards
• Stocks
• Options
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Futures

A futures market is an auction market in which participantsbuy and sell commodity and futures contracts for delivery ona specified future date. Futures are exchange-traded deriva-tives contracts that lock in future delivery of a commodity orsecurity at a price set today.
Futures contracts are made in an attempt by producers andsuppliers of commodities to avoid market volatility. Theseproducers and suppliers negotiate contracts with an investor whoagrees to take on both the risk and reward of a volatile market.
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• Both parties take risk in this contract
• Both parties are obliged to exercise the contract
• Most of the time, there is no initial price/investment.
• Used also for speculation
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Forwards

A forward contract is a private and customizable agreement thatsettles at the end of the agreement and is traded over the counter(OTC).
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Stocks

Stocks are a type of security that gives stockholders a share ofownership in a company. Stocks also are called equities.Stocks offer investors the greatest potential for growth (capitalappreciation) over the long haul.But stock prices move down as well as up. There is no guaranteethat the company whose stock you hold will grow and do well, soyou can lose money you invest in stocks.
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The risks of stock holdings can be offset in part by investing in anumber of different stocks. Investing in other kinds of assets thatare not stocks, such as bonds, is another way to offset some of therisks of owning stocks.
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Financial Indexes

A financial index produces a numeric score based on inputs such asa variety of asset prices. It can be used to track the performance ofa group of assets in a standardized way. Indexes typically measurethe performance of a basket of securities intended to replicate acertain area of the market.
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Examples of Indexes
• Dow Jones (stock values from just 30 USA publicly tradedcompanies)
• S&P 500 (80% of the total stocks traded in USA)
• Nasdaq 100 (basket of the 100 largest companies,excluding financial industry companies)
• DAX (basket of the 40 companies with the bestperformance in Germany)
• CAC40 (basket of the 40 companies with the bestperformance in Germany)
• FTSE(basket of the 100 companies trading in LondonStock Exchange)
• PSI(basket of the all companies with more than 1000millions of Euros of capital in Portugal)
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Trading stocks

• Usually stocks are traded by brokers (either buying or selling).
• There are trading fees. Those fees can be a flat trade(regardless of how many shares you are purchasing) or it canbe a commission per share. In that case, the amount you payto trade through your broker matters for one very importantreason: fees can take a bite out of investment earnings. Themore frequently you trade, the more you could pay in fees.
• Usually you can sell/buy fractions of stocks (fractional shares)
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Short-selling

Short selling involves borrowing a security whose price youthink is going to fall from your brokerage and selling it on theopen market. Your plan is to then buy the same stock backlater, hopefully for a lower price than you initially sold it for,and pocket the difference after repaying the initial loan.

Cláudia Nunes Philippart (IST cnunes@math.tecnico.ulisboa.pt)Quantitatitve Finance February 26, 2024 25 / 126



Options

An option is financial instrument that is based on the value ofunderlying securities such as stocks, indexes, and exchangetraded funds (ETFs).An option contract offers the buyer the opportunity to buy orsell - depending on the type of contract they hold- the under-lying asset.
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Elements of an option

• Two parties: the seller and the buyer of the option
• Contract function (i.e., return of the investment if the option isexercised)
• Maturity
• Price
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Examples of Options
• Call Option
g(S(T)) =

{
max(S(T)− K ,0) European option
max(S(t)− K ,0) American option, exercise time t ≤ T

• Put Option
g(S(T)) =

{
max(K − S(T),0) European option
max(K − S(t),0) American option, exercise time t ≤ T

• Call Option
g(S(T)) =

{
K1{a≤S(T)≤b}
K1{a≤S(t)≤b,∀t∈(0,T]}
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Spme properties of options

• You buy a call when you believe the market price will increase;if you believe it will decrease, then you will invest in a put.
• You can also combine several types of products (without risk,with risk, options, stocks, etc).
• Hedging is a strategy that tries to limit risks in financial assets.It uses financial instruments or market strategies to offset therisk of any adverse price movements.
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Hedging
• Covered call: You purchase the underlying stock as younormally would, and simultaneously write (or sell) a call optionon those same shares.

• Married put: you purchase stocks and put options
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• Bull Call Spread: buy and sell calls, with the same underlyingand maturity but selling with a larger strike price.

• Bear Put Spread: buy and sell puts, with the same underlyingand maturity but selling with a smaller strike price.
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• Long Straddle : buy a call and a put option, with the sameunderlying and maturity.

• Long Strangle: as before, but now the put has a lower strikeprice.
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• Long Call Butterfly Spread: purchasing two call options withstrike price K1 and K3, while also selling two call options withstrike price K2, with K1 < K2 < K3.

• Iron Condor: selling one put and buying one put of a lowerstrike, and selling one call and buying one call of a higherstrike.
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Assumptions about Options

• The interest rate is constant during the entire contract.
• The market is liquid, ie., an investor can trade a very largeamount without moving the price. And there are alwaysbuyers/sellers for all contracts.
• The market is complete, i.e., the transaction costs arenegligible, there is perfect information, and every asset inevery possible state of the world has a price.
• Short-selling is possible and does not lead to any cost.
• There is no-arbitrage.
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Pros and Cons

• Options can be a better choice when you want to limit risk to acertain amount. Options can allow you to earn a stock-likereturn while investing less money. Buying calls versus buyingthe stock lets you control the same amount of shares with lessmoney.
• Options are useful for experienced investors.
• Futures and options are both commonly used derivativescontracts that both hedgers and speculators use on a varietyof underlying securities. Futures have several advantages overoptions in the sense that they are often easier to understandand value, have greater margin use, and are often more liquid.
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Portfolios

A portfolio is a collection of financial investments like stocks,bonds, commodities, cash, and cash equivalents, as well as theirfund counterparts.One of the key concepts in portfolio management is the wisdom ofdiversification (not putting all of your eggs in one basket).Diversification tries to reduce risk by allocating investments amongvarious financial instruments, industries, and other categories. Itaims to maximize returns by investing in different areas that wouldeach react differently to the same event.
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Value of the portfolio
In the course, we will assume that the portfolio is a collection ofbonds and stocks.

h = {h(t) = (x(t), y(t)), t ∈ [0, T ]}

where
x(t) =number of zero-coupon bonds, with B0 = 1,

that the investor holds at time t
y(t) =number of stocks (from the same underlying asset as the option)

that the investor holds at time t
Then the value of the portfolio is:

Vh = {Vh(t) = x(t) + y(t)S(t), t ∈ [0, T ]}
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Long/short positions

(x(t), y(t)) ∈ R2

• x(t) < 0: short-position in money (you have a loan)
• y(t) < 0: short-position in stock (you have short-sell |y(t)|stocks)

Investors maintain long positions in the expectation that the stockwill rise in value in the future.Investors who sell short believe the price of the stock will decreasein value.
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Long/short positions in options

A long call position is one where an investor purchases a calloption. Thus, a long call also benefits from a rise in the underlyingasset’s price.A long put position involves the purchase of a put option. A putoption rises in value when the underlying asset drops in value.
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Definition

We say that the portfolio h is an arbitrage-portfolio if:
Vh(0) = 0 (zero initial investment)

P(Vh(T) > 0) = 1 (you earn value for sure)

Cláudia Nunes Philippart (IST cnunes@math.tecnico.ulisboa.pt)Quantitatitve Finance February 26, 2024 42 / 126



Value of the porfolio

Assuming that Vh(0) = 0 means that x(0) + y(0)S(0) = 0, i.e.:
y(0) = −x(0)

S(0)

• Either you have a bull attitute: x(0) < 0 and y(0) > 0 (buystocks)
• Or you have a bear attitute: x(0) > 0 and y(0) < 0(short-sell stocks)
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Self-financing portfolio

dVh(t) = x(t)rertdt + y(t)dS(t)
A portfolio is self-financing if there is no external infusion orwithdrawal of money.
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Arbitrage arguments
Using non-arbitrage arguments, one can show, for instance, thefollowing

If two portfolios have, with probability one, the same return,then their price is the same. (no dominance principle)
Proof: Imagine that price of portfolio A (pA) is larger than price ofportfolio B (pB). Then (short) sell portfolio A and buy portfolio B.Invest the difference (positive) of the prices in the bank. At thematurity T you get:

erT ((pA − pB) + (rB − rA)) = erT(pA − pB) > 0
(with rA and rB being the return of portfolio A and B, respectively)surely, which shows that without any initial investment, you have apositive profit, leading thus to an arbitrage possibility.
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As a consequence: if portfolio A has a larger return than port-folio B with probability one, then the price of portfolio A islarger.
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Bounds on prices of calls

c ≥ max(0, S(0)− Ke−rT)

(c is the price of a standard European call)
Proof: Consider portfolio A with the call and Ke−rT and portfolio Bwith a stock.

Portfolio Initial Value S(T) < K S(T) ≥ KA c+ Ke−rT K (S(T)− K) + KB S(0) S(T) S(T)
VA(T) > VB(T) VA(T) = VB(T)
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If the stock pays a dividend d1 at time t1 then
c ≥ max(0, S(0)− d1e−rt1 − Ke−rT)

Proof: Consider portfolio A with the call, Ke−rT and d1e−rt1 , andportfolio B with a stock.
Portfolio Initial Value S(T) < K S(T) ≥ KA c+ Ke−rT + d1e−rt1 K + d1er(T−t1) S(T) + d1er(T−t1)B S(0) S(T) + d1er(T−t1) S(T) + d1er(T−t1)

VA(T) > VB(T) VA(T) = VB(T)
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c ≤ S(0)

Proof: Assume portfolio A has a call and portfolio B has a stock.
Portfolio Initial Value S(T) < K S(T) ≥ KA c 0 S(T)− KB S(0) S(T) S(T)

VA(T) < VB(T) VA(T) < VB(T)
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Early exercise

• The early exercise of a call option on a stock that pays nodividends prior to expiration is never optimal.
• Then the price of an American call option equals theprice of an otherwise identical European call.

Proof: Let te be any time point prior to expiration. Then we knowthat if we exercise at that time,
ce ≥ S(te)− Ke−rte > S(te)− K

which means that the price of the call is larger than the return ofthe option. Therefore early exercise is not optimal.
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Put prices
What about the price of the puts? Do we also have bounds?

p ≥ max(0,Ke−rT − S(0))

(p is the price of a standard European put)
Proof: Consider portfolio A with the put and a stock and portfolio Bwith Ke−rT .

Portfolio Initial Value S(T) < K S(T) ≥ KA p+ S(0) K S(T)B Ke−rT K K
VA(T) = VB(T) VA(T) ≥ VB(T)

Cláudia Nunes Philippart (IST cnunes@math.tecnico.ulisboa.pt)Quantitatitve Finance February 26, 2024 51 / 126



Put-Call Parity

There is a tight put-call parity relationship between the valueof an European put and call:
c+ Ke−rT = p+ S(0)

Proof: Consider portfolio A consisting of an European call optionplus Ke−rT , and portfolio B consisting of a put option plus a stock.
Portfolio Initial Value S(T) < K S(T) ≥ KA c+ Ke−rT K S(T)B p+ S(0) K S(T)

VA(T) = VB(T) VA(T) = VB(T)
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Another view of put-call parity

Suppose I buy one call and I sell one put. The sum of the payoffs is
Portfolio Initial Value S(T) < K S(T) ≥ KA c 0 S(T)− KB p S(T)− K 0

VA(T) = VB(T) VA(T) = VB(T)

ie., the payoff is S(T)− K with probability one. Therefore,discounting this to the present gives:
c− p = S(0)− Ke−rT
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Factors affecting options prices

• The current stock price S(0)

• The option strike price K
• The time to expiration T
• The volatility of the stock price σ
• The risk-free interest rate r
• The value of dividends expected during the life of theoption
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Impact on option prices

variable call putstock price + -strike price - +expiration date + +volatility + +risk-free rate + -dividends - +
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Model dynamics
For the binomial model, we assume discrete time. Thereforewe let Sn denote the (underlying) stock price at time tn, with0 = t0 < t1 . . . < tN = T .

Let {Zi, i = 1, . . . ,N} be a sequence of independent and identicallydistributed random variables,with:
Zi =

{
u with probability p
d with probability 1− p

Sn = Sn−1Zn
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Iterating the consecutive Zn’s leads to
Sn = S0uXndn−Xn

with Xn ∼ Bin(n,p). In particular:
SN = S0uXdN−X

with X ∼ Bin(N,p).
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Example
S0 = 100; T = 3,u = 1.2,d = 0.8,p = 0.5
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Pricing
Once we have the dynamics of the underlying asset, we can write acontract for an option.Examples: Call option, with K = 100 orBinary option, with 25× 1{75≤SN≤120}.
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(Wrong) prices
What are the prices of these options?

call option price: 1
(1+ r)3 × 14.8

binary option price: 1
(1+ r)3 × 18.75

Why are they wrong? We will see why latter on... 
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Non-arbitrage condition

There is no arbitrage possibility in the binomial model if andonly if:
d < (1+ r) < u
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Martingale probabilities
As a consequence of the inequality:

d < (1+ r) < u
it follows that E[xistsq ∈ (0,1) such that:

1+ r = qu+ (1− q)d
which leads to

q =
1+ r − d
u− d , 1− q =

u− (1+ r)
u− d

being a probability function.
Q =

(1+r−d
u−d , u−(1+r)u−d )

): Martingale probability
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Risk-neutral formula
• One period

EP [S1] = pS0u+ (1− p)S0d
EQ [S1] = qS0u+ (1− q)S0d

. . .

= (1+ r)S0

S0 =
1
1+ rE

Q[S1]

• Multi-period
S0 =

1
(1+ r)NE

Q[SN]
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Interpretation

Interpretation of S0 = 11+rEQ[S1]:
On average (using this new probability), the return of investingin risk-free product or in stocks is the same.
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Different interest rates

It is possible also to assume that the interest rate changes in eachtime period...How?
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Pricing of options
Returning to the question:

What is the price of the option?
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Pricing of options

Notation:
• g is the contract option that defines the option;
• X = g(S(T)) is the option/derivative/contingent claim
• Π(t; X) is the price of X at time t

First result:
Π(T ; X) = X

(by non-arbitrage arguments)How much is Π(t; X)?
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Replicating portfolio

An option X is said to be reachable if there exists a portfolio h suchthat:
VhT = X

with probability 1.Then we say that h is a replicating portfolio.
In a complete market, all options can be replicated.
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Pricing principle

If h is a replicating portfolio of X then:
Π(t; X) = Vht , ∀t

(this can be proved by non-arbitrage arguments)
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One period
If h is a replicating portfolio of X then:

Vh1 = Π(1; X) = X =

{
g(S0u) w.p. q
g(S0d) w.p. 1− q

Therefore:
(1+ r)x0 + y0S0u = g(S0u)

(1+ r)x0 + y0S0d = g(S0d)

whose (unique) solution is:
x0 =

1
1+ r

ug(S0d)− dg(S0u)

u− d
y0 =

1
S0
g(S0u)− g(S0d)

u− d
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Price

Π(0; X) = x0 + y0S0
=

1
1+ r

ug(S0d)− dg(S0u)

u− d +
g(S0u)− g(S0d)

u− d
= ...

=
1
1+ r

[1+ r − d
u− d g(S0u) +

u− (1+ r)
u− d g(S0d)

]
=

1
1+ r E

Q[X]
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Initial probabilities

The price of the option:
Π(0; S(0) =

1
1+ r

[1+ r − d
u− d g(S0u) +

u− (1+ r)
u− d g(S0d)

]
does not depend on the initial probabilities p and 1− p!
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Multi-period

We use also the idea of replicating portfolio. Moreover, we assumethat
The portfolio h is self-financing, i.e.:

(1+ r)xt + ytSt = xt+1 + yt+1St
(budget equation)
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Value of the portfolio and price of X

If a claim X is possible to replicate with a self-financing portfo-lio h, then:
Π(t; X) = Vht , ∀t = 0,1, . . . , T

So how do we compute the replicating portfolio?
We apply the result for one-period model, backwards!
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Example
a : S0 = 144, r = 0.05, u = 1.2, d = 0.8, x2 = −95.24, y2 = 1
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Example
a : S0 = 144, r = 0.05, u = 1.2, d = 0.8, x2 = −95.24, y2 = 1, V = 48.762
b : S0 = 96, r = 0.05, u = 1.2, d = 0.8, x2 = −28.95, y2 = 0.40, V = 9.047
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Price:
Vh0 = −46.05+ 0.671× 100 = 21.123
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General algorithm/formula

• k is the number of up-moves
• (t, k) denotes a node in the tree
• Vt(k) is the value of the portfolio at the node (t, k)

Then {
Vt(k) = 11+r [qVt+1(k + 1) + (1− q)Vt+1(k)]

VT(k) = g(S0ukdT−k)
with k being a kind of binomial (each observation belongs to
{u,d}, informally speaking).
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General algorithm/formula

Moroever
q =

1+ r − d
u− d , 1− q =

u− (1+ r)
u− d{xt(k) = 11+r uVt(k)−dVt(k+1)u−d

yt(k) = 1
St−1

Vt(k+1)−Vt(k)
u−d

and the price of the derivative X is then given by:
Π(0; X) =

1
(1+ r)T E

Q[X] =
1

(1+ r)T
T∑
k=0

(T
k
)
qk(1−q)T−kg(S0ukdT−k)
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Price: 1
1.053

[0.6253 × 72.8+ 3× 0.6252 × 0.375× 15.2] = 21.123
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How do we price american options?
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Exercise vs Continuation

The model is also useful for valuing American options that can beexercised before expiry.
Exercise the option if the value of the exercise is larger thanthe value of the option.
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• Value of the exercise at time t ≤ T : g(S(t))

• Value of the option at time t ≤ T : Π(t; S(t))

So early exercise is optimal if and only if
g(S(t)) > Π(t; S(t))
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Example
a) :

1
1.05 [0.625× 72.8+ 0.375× 15.2] = 48.761

b) :
1
1.05 [0.625× 15.2+ 0.375× 0] = 9.048 
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c) :
1
1.05 [0.625× 48.761+ 0.375× 9.048] = 32.256

d) :
1
1.05 [0.625× 9.048+ 0.375× 0] = 5.385

e) :
1
1.05 [0.625× 32.256+ 0.375× 5.385] = 21.123 
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Early exercise is not optimal!
Price (American)= Price(European)
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Last comments

• Non-constant interest rate
• Trinomial model
• Stocks with dividends
• Moving to the continuous case
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Randomness

Consider the following example:
• The stock price today is 100;
• Next year, it can be equal to 50 or 150, equally likely;

What is the value of a call option on this stock, with a strike of100, expiring in one year?
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We may propose a price using two different reasonings:
Naive: as the expected value of the stock price next year is0.5× 50+ 0.5× 150 = 100, we would say that the value of theoption is zero.
Close to the truth: if the stock price increases, we have a payoofequal to 50; otherwise we have zero payoff. So the value of thisoption is 0.5× 50+ 0.5× 0 = 25

Which one do you thing is correct?

Cláudia Nunes Philippart (IST cnunes@math.tecnico.ulisboa.pt)Quantitatitve Finance February 26, 2024 89 / 126



Neither! But the second reasoning is closer to the truth...
In fact, this is a result of:

PayoffE[stock price] < E[Payoff(stock price)]
which is know as Jensen’s inequality: if f is a convex function, then:

E[f (X)] ≥ f (E[X])
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Why does this inequality hold?
• Write X = X̄ + a, with X̄ = E[X] and a such that E[a] = 0
• Use Taylor series around E[X]:

E[f (X)] = E[f (X̄ + a)] = E
[
f (X̄) + af ′(X̄) +

1
2a2f ′′(X̄) + . . .

]
≈ f (X̄) +

1
2 f ′′(X̄)E[a2]

= f (E[X̄]) +
1
2 f ′′(X̄)E[a2]

== f (E[X̄]) +≥ 0
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• f ′′(E[X]): Convexity of an option (and it adds value to an option)
• E[a2]: Randomness in the underlying
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So we need to come up with a probability model for the stocks incontinuous time!
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Returns
Return is the percentage growth in the value of an asset (and, incase there are dividends, we also include them):

Return =
Change in the value of the asset+dividends

Original value of the asser
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We compute the series of the returns as follows:
Ri =

Si+1 − Si
Si

(forgetting the dividends!) Measures of interest:
• Mean of returns: R̄ = 1

N
∑N
i=1 Ri

• Sample deviation: √ 1
N−1

∑N
i=1(Ri − R̄)2
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These values (statistics) may be used as estimates of the thedrift (or expected return or growth rate) and of the volatilityof the stock prices.But what do we mean by drift and volatility???
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In order to have a better understanding about the data, we shouldconstruct an histogram, which may then be compared with thenormal probability density function.Inserir o histograma!Comments?
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Probability

• σ-algebra and filtrations
• Conditional expectation
• Stochastic process

• Stationarity
• Independence
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Probability spaces

(Ω,F ,P)

• Ω: state space (elements of Ω: ω)
• F : sigma-algebra
• P: probability function
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Sigma-algebra

A sigma-algebra F is a collection of subsets of Ω such that:
• ∅ ∈ F
• If A ∈ F ⇔ Ā ∈ F
• If Ai ∈ F , i ∈ N then ∪iAi ∈ F

Examples?
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Probability

Kolmogorov axioms
• P(A) ∈ [0,1],∀A ∈ F
• P(Ā) = 1− P(A), ∀A ∈ F
• A,B ∈ F such that A ∩ B = ∅ then P(A ∪ B) = P(A) + P(B)
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Random variables

A random variable X is a (measurable) function from Ω to Rd, suchthat:
P(X ∈ [a,b]) = P(ω ∈ Ω : X(ω) ∈ [a.b])

as long as {ω ∈ Ω : X(ω) ∈ [a,b]} ∈ F .

Measurable vs non-measurable: examples
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Stochastic process

A stochastic process is a collection of random variables indexed bya set usually related with time.
Suppose that (Ω,F ,P) is a probability space and that I ⊂ Ris of infinite cardinality. Suppose further that for each α ∈ I,there is a random variable Xα : Ω→ R defined on (Ω,F ,P).The function X : I× Ω→ R defined by X(α, ω) = Xα(ω) is calleda stochastic process with indexing set I, and it is denoted by:

X = {Xα, α ∈ I}.
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• If I = N0, we call X a discrete time stochastic process.
• If I = [0,∞), we call X a continuois time stochastic process.

Sometimes we consider X as the (random) function α ` X(α, ω),which is called the sample path (or trajectory) of X at ω, which canalso be written as X(ω).
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Examples of stochastic process
In discrete time:
• I.i.d. noise: assume that X1, X2, . . . are independent andidentically distributed random variables on (Ω,F ,P). Let
X : N× Ω→ R defined by:

X(n, ω) = Xn(ω)

Then X is called the i.i.d. noise. From this we can also define
S : N× Ω→ R as:

S(n, ω) = Sn(ω) =
n∑
i=1
Xi(ω)

which is called a random walk.
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In continuous time:
• Consider the probability space (Ω,F ,P) and let Z be a r.v. suchthat P(Z = 1) = P(Z = −1) = 0.5. Define X = {Xt, t ≥ 0} by:

Xt(ω) = Z(ω) sin t
Note that there are two possible trajectories for X : either one,when Z(ω) = 1 and therefore the trajectory is t ` sin t; or if
Z(ω) = −1, and therefore the trajectory is t ` − sin t. Eachtrajectory has probability 0.5.
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Filtrations

A family of σ-algebras F = {Ft, t ∈ I} is a filtration on (Ω,F) iffor s, tıI such that s ≤ t imply that Fs ⊆ Ft ⊆ F . Then we saythat (Ω,F ,F,P) is a filtered probability space.
So a filtration is simply an increasing family of sub-σ-algebras of F ,indexed by I. We may think of

Ft as the σ-algebra of events up to time t
The larger the σ-algebras in a filtration, the more events areavailable.
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Interpretation of a filtration

Ft represents the whole information about the process untiltime t
plot example...
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Some properties

• Intersections of σ-algebras is another σ-algebra. We can usethis to create new filtrations.
• The intersection of flitrations defined on the same space (Ω,F)is also a filtration. And it is the finest filtration that is coarserthan Ft.
• But unions of σ-algebras are not, in general, σ-algebras!
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Stochastic processes and filtrations

• A stochastic process X = {Xt, t ∈ I} on (Ω,F) is adaptedto the filtration F = {Ft, t ∈ I} on (Ω,F) if Xt ismeasurable with respect to Ft, for each t ∈ I.
If X is adapted to F then it is adapted to any filtrationthat is finer than F.

• If I = N, then the stochastic process X is predictable bythe filtration F = {Fn,n ∈ N} if Xn+1 is measurable withrespect to Fn, for all n ∈ N.
A predictable process is also measurable. Butpredictable is stronger, in the sense that we do not needas much information.
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Stationarity
• A stochastic process is called strict stationary if the jointdistribution of any collection of samples depends onlyon their relative time:

fXt1 ,Xt2 ,...,Xtn (x1, x2, . . . , xn)

= fXt1+ε,Xt2+ε,...,Xtn+ε
(x1, x2, . . . , xn),

∀n, t1, . . . , tn, x1, . . . , xn
If n = 1: first order stationarity; n = 2: second orderstationarity; for all n: strict stationarity

Consequences:
• The expected value and the variance are independent of time.
• The correlation depends only on the time differences, i.e.,
Corr(Xt1 , Xt2) depends only on |t2 − t1|.
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Independence of increments

Let (Ω,F , {Ft},P) be a filtered probability space and X astochastic process adapted, with state space E. We say that
X has independent increments if for every s < t:

Xt − Xs is independent of Fs
i.e., previous information about the process until time s does notadd any knowledge about what will happen afterwards.
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Review of conditional densities and expectations
Given two r.v. X and Y :
• Conditional density of X given Y = y:

fX|Y=y(x) =
fX,Y(x, y)
fY(y)

• Conditional distribution of X given Y = y:
P(a ≤ X ≤ b|Y = y) =

∫ b

a
fX|Y=y(x)dx

• Conditional expectation of X given Y = y:
E[X |Y = y] =

∫ ∞
−∞
xfX|Y=y(x)dx

Similar definitions for discrete random variables.
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Example
Roll a dice until we get a 6. Let Y be the total number of rollsand X the number of 1’s we get. Then:

X |Y = y ∼ Bin(y, 15)

E[X |Y = y] =
1
5(y − 1)

We do the experiment and get an outcome ω. Then E[X |Y = Y(ω)]and therefore it is a random variable, that we denote by
E[X |Y ]
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Conditional expectation as a random variable

The conditional expectation E[X |Y = y] is a function of y andtherefore E[X |Y = y] is a random variable that depends on Y .
Check with a simple example...
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E[X |Y ] is the function of Y that bests approximates X . This isa vague statement since we have not said what bests means.We consider two extreme cases.
• Suppose that X is itself a function of Y (for example,
X = Y2). Then the function of Y that best approximates Xis X itself.
• The other extreme case is when X and Y areindependent. In this case, knowing Y tells us nothingabout X .
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Properties of conditional expectation

Let X , Y and Z be random variables, a,b ∈ R and g : R→ R. Then ifall the following expectations exist, we have:
• E[aX |Y ] = aE[X |Y ]

• E[aX + bZ|Y ] = aE[X |Y ] + bE[Z|Y ]

• E[X |Y ] ≥ 0 if X ≥ 0
• If X and Y are independent, then E[X |Y ] = E[X]

• E[E[X |Y ]] = E[X]

• E[Xg(Y)|Y ] = g(Y)E[X |Y ]

• E[X |Y , g(Y)] = E[X |Y ]

• E[E[X |Y ]] = E[X]
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Example

Let Xn be an i.i.d. sequence with mean µ and variance σ2. Let N be ar.v. independent of Xi ’s, taking values in N. Let
SN =

N∑
j=1
Xj

Derive E[SN|N] and E[S2N|N].
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Conditional expectation involving filtrations

Let (Ω,F ,P) be a probability space, G ⊂ F a σ-algebra and Xan integrable random variable. Then the conditional expecta-tion of X given G, denoted by E[X |G], is a random variable thatsatisfies:
• E[X |G] is G-measurable (note that E[X |Y ] is
σ(Y)-measurable, which means that E[X |Y ] = E[X |σ(Y)])
• For all A ∈ G: ∫

A
E[X |G]dP =

∫
A
XdP

• This r.v. is unique almost surely.

Cláudia Nunes Philippart (IST cnunes@math.tecnico.ulisboa.pt)Quantitatitve Finance February 26, 2024 119 / 126



Properties of conditional expectation

• Linearity: E[a1X1 + a2X2|G] = a1E[X1|G] + a2E[X2|G]

• Positivity: if X ≥ 0 a.s. then E[X |G] ≥ 0 a.s.
• If X is G-measurable then E[XY |G] = XE[Y |G]

• Tower property: If H ⊂ G ⊂ F then E[E[X |G]H]] = E[X |H].In particular, E[E[X |G]] = E[X].
• Independence: X is independent of G if E[X |G] = E[X].
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Example
Usually we are not interested in computing the conditionalexpectation, but we rather use its properties.

In some cases we are able to compute...
Consider the stochastic process {W(t), t ∈ R+0 }, with indepen-dent and stationary increments. Then:

E[W(t)|FWs ] =

{
W(t) t ≤ s
E[W(t − s)] +W(s) t > s

E[W2(t)|FWs ] =


W2(t) t ≤ s
E[(W(t)−W(s))2] +W2(s)
+2W(s)E[W(t)−W(s)] t > s
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Q-probability in the binomial model

EQ[
1
1+ r S1|S0] = S0

EQ[
1
1+ r S2|S1] = S1

......
EQ[

1
1+ r Sk|Sk−1] = Sk−1

and we call Q the martingale probability.
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Martingales in discrete time: let X = {Xn,n ∈ N0} be a stochasticprocess defined on the filtered space (Ω,F , {Fn,n ∈ N0},P), suchthat X ∈ L1. Then
X is a martingale with respect to the filtration {Fn,n ∈ N0} if:

EP[Xn|Fm] = Xm, ∀m ≤ n
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Martingales in continuous time: let X = {X(t), t ∈ R+0 } be astochastic process defined on the filtered space
(Ω,F , {F(t), t ∈ R+0 },P), such that X ∈ L1. Then
X is a martingale with respect to the filtration {F(t), t ∈ R+0 } if:

EP[X(t)|F(s)] = X(s), ∀s ≤ t
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Properties of martingales

• If X is a martingale then its expected value is constant.But having constant expected value does not imply thatit is a martingale.(proof in discrete case is rather simple. Alsocounterexamples...)
• In discrete time, the martingale equality is equivalent to:

EP[Xn+1|Fn] = Xn, ∀n
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Predictable processes and martingales
In general, a predictable process is not a martingale.
Let {Xn,n ∈ N0} be a martingale w.r.t. {Fn,n ∈ N0}, and let
{Cn,n ∈ N0} be a predictable process w.r.t. {Fn,n ∈ N0}. Con-sider another process {Mn,n ∈ N0}, defined as follows:

M0 = 0, Mn =
n∑
i=1
Ci(Xi − Xi−1)

Then {Mn,n ∈ N0} is a martingale with respect to {Fn,n ∈ N0},and it is called the martingale transform, denoted by:
[C • X]
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