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1. European put and call options have an exercise price of 50 Euros, and expire in 120 days. (6.0)

The underlying asset is priced today at 52 Euros. The risk-free rate for that period (120 days)
is 4.5% and the put option price is 3.80 Euros. Derive the price of the call option, according
to the put-call parity. Show that if the price of the call option is 5 Euros, then you have an
arbitrage.

According to the put-call parity, the price of the call, c, should be:

c = p +S(0)−K e−r T = 3.80+52−50e−0.045 = 8

If the call is priced 5 Euros, then it is underspriced. So we have an arbitrage opportunity, as
described:

– At t = 0, buy the call, sell the put, and short-sell one stock, which you sell in the
market. So you have 52+3.8−5 = 50.8 Euros, that you invest in the bank.

– At maturity, one of two things happen:

• S(T ) < 50: the put is exercised, meaning that you are obliged to buy a stock,
paying 50, and receiving, in exchange, a stock, that you return to the short-seller.
So your profit is 50.8e0.045 −50 = 3.128.

• S(T ) ≥ 50: you exercise your call, buying a stock by 50,and returning it to the
short-seller. As in the other case you have a profit equal to 3.128.

So, with probability 1, you have a positive profit, which means that you have an arbitrage
portfolio.

2. Consider the binomial option pricing model with 3 time periods. The current stock price is (7.0)

100 Euros. The stock price evolves by either rising 50% or dropping by 25% each period. The
risk free interest rate for each period is 10%. Assume that a put option is written on this stock
,with exercise price X = 120 Euros and expiration date at the end of period 3. Derive the price
of the European and the American option.
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Martingale probabilities=
(1.1−0.75

1.5−0.75 = 0.467;1−0.467 = 0.533
)
.

The price of the european option is 1
1.13

(
3×0.467×0.5332 ×35.625+0.5333 ×77.813

) =
19.505. For the american option, we need to check when do we exercise:

a) Stop=Continuation=0

b) Stop=7.5; Continuation= 1
1.10 (0.533×35.625) = 17.262; So do not exercise.

c) Stop=63.75; Continuation= 1
1.10 (0.467×35.625+0.533×77.813) = 52.828; So exercise.

d) Stop=0; Continuation= 1
1.10 (0.533×17.262) = 8.364; So do not exercise.

e) Stop=45; Continuation= 1
1.10 (0.467×17.262+0.533×63.75) = 38.218; So exercise.

So the price of the american option is 1
1.10 (0.467×8.364+0.533×45) = 25.355, and the

optimal strategy is to exercise if in the first time period the stock price decreases. Otherwise
the exercise is only at the maturity.

3. Suppose that you are offered the following investment strategy: the value of an asset depends (7.0)

on the result of a game, where one flips a (fair) coin. If the result is head, the stock price
increases by 1; otherwise it decreases by 1. Let Xi the result of the nth tossing of the coin,
and let

Sn = X1 +X2 + . . .+Xn

so that Sn is the value of the stock at time n. Show that {Sn ,n ∈N} is a martingale and prove
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that its expected value is zero.

Let {F n ,n ∈ N} denote the filtration, such that {Sn ,n ∈ N} is adapted to this filtration. In
order to prove the martingale property, we prove that E [Sn+1|Fn] = Sn ,∀n. And indeed this
hols as:

E [Sn+1|Fn] = E [Sn +Xn+1|Fn] = E [Sn |Fn]+E [Xn+1|Fn]

= Sn +E [Xn+1] = Sn +1×0.5+ (−1)×0.5 = Sn , ∀n

where in the last equality we used the fact that Sn is measurable w.r.t. Fn (because {Sn ,n ∈
N} is adapted to the filtration {Fn ,n ∈ N}), and {Xi , i ∈ N} is a sequence of independent
random variables (and hence Xn+1 is independent of Fn).
Moreover, as E[Xi ] = 0,∀i , it follows that

E[Sn] =
n∑

i=1
E [Xi ] = 0

put-call parity: c +K e−r T = p +S(0)

Martingale probabilities:
(

1+r−d
u−d , u−(1+r )

u−d

)
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