
Exercises n. 1
1. For each of the following portfolios, draw the expiry payoff diagram and explain what view

of the market holding this position expresses:

a) One long call and one long put options, both with the same strike (straddle strategy).

b) One short forward and two long calls, all with the same strike price.

c) One long call and two long puts, all with the same strike price (strip strategy).

d) One long put and two long calls, all with the same strike price (strap strategy).

e) One long call with strike price K2 and one long put, with strike price K1.

f) One long call with strike price K1, one long call with strike price K2 and two short

calls, both with strike price (K1 + K2)/2 (butterfly strategy).

• A bond has face value 500 Euros, and coupons equal to 30 Euros, paid at the end of each

year. The maturity date for such product is 5 years. Prove that the value of the bond is

528.142, assuming that the annually compounded interest rate is 5%.

2. You purchase a long call ladder, which results from buying one call with strike price 90 for

12.35, selling one call with strike price 100 for 3.15 and selling a call with strike price 110

for 1.20. Plot the payoff diagram and make a comment, in terms of the market drift and

volatility.

3. The so-called box spread consists of four options: you buy a call and sell a put, both with

strike price K1, and you sell a call and buy a put, both with strike price K2. All the options

are written on the same underlying asset and have the same maturity. Calculate the payoff

from a box spread at expiration, in terms of K1 and K2. What is the non-arbitrage price

of this strategy?

4. Prove that the price (c) of one European call option, at time t = 0, with strike price K

and maturity T is such that

c ≥ max
(
0, S(0)−Ke−rT

)
where S(0) is the price of the underlying asset and r is the interest rate.

5. The present price of a stock is 40. The price of a European call option with strike price

38 and maturity 6 months is 5.5. The cost of a risk-free 1 bond with maturity 6 months

is 0.97. Consider a European put option with price 1.25 (same strike price and maturity

as the call option). Show that this is inconsistent with put-call parity. Describe how you

can take advantage of this situation, creating an arbitrage possibility example. Put-call

parity:

c + Ke−rT = p + S(0)

where c (p) is the price of the call (put), K is the strike price, r is the interest rate, T is

the maturity and S(0) is the current price of the underlying stock. In this case:

B(0) = 0.97 = e−r∗0.5B(1)⇔ e−r×0.5 = 0.97

42.36 = 5.5 + 38× 0.97 > 1.25 + 40 = 41.25
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which means that the call is redoverpriced. So the arbitrage argument goes as follows:

– Sell a call, buy a put, borrow 40− 5.5 + 1.25 = 35.75 and buy one stock;

– At maturity:

∗ If S(0.5) < 38: you exercise the put. Sell your stock, receiving 38. Return

35.75 × 1.03093 = 36.8557 to the bank. Then you have a net profit of 38 −
36.8557 = 1.1443.

∗ Otherwise,the call is exercised. Then you sell your stock, again receiving 38, and

with a net profit of 1.1443.

So in both cases you have a positive profit without any initial investment, which is an

arbitrage possibility.

6. Consider a European call option and a put option on a stock each with a strike price of

22e, with maturity 6 months. The price of the call is 4e and the price of the put is 3e.

The 6-month risk free rate of interest is r = 10% (which you may assume continuously

compounded). The current stock price is S0 = 20e. Identify the arbitrage strategy.

7. Consider a binomial model with 3 periods, with u = 1.25, d = 0.8 and r = 1.07 (per period).

Assuming an European call option whose current underlying asset price is S0 = 400 and

strike price equal to K = 375, derive its price.

8. Suppose that in each year the cost of a security either goes up by a factor of 2 or down

by a factor of 1/2 (i.e., u = 2 and d = 0.5). Assume a continuously compounding euro

interest rate of 3%. If the initial price of the security is 100, determine the non-arbitrage

cost of a European put option to sell the security at the end of three periods for a strike

price of 90. Derive also the price and the optimal strategy for the corresponding american

option.

9. Consider a binomial model, with 3 time steps (each one corresponding to one year), with

u = 1.25 and d = 0.8. If the initial price of the security is 100, determine the non-arbitrage

cost of a European option with a contract function equal to S(T )195≤S(T )≤140}, assuming

that the interest rate is 2% (per year). Derive also the price of the corresponding American

option and explain what is the optimal strategy in terms of exercise.

10. Consider a call option with S0 = 30, strike price 30, u = 1.1, d = 0.9, and r = 5% per time

period. Just before the second year, dividends are paid (2.5, regardless the state of the

market). Compute the price of this call, assuming the binomial model with two periods,

and that you can exercise earlier.

11. Let X = {Xn, n ∈ N0} be a martingale on (Ω,F , {Fn, n ∈ N0}, P ) and assume that

G = {Gn, n ∈ N0} is another filtration in F , coarser than {Fn, n ∈ N0}. Then show that

X is also a martingale w.r.t. G.

12. Let {Mn, n ∈ N} be a martingale, and let {Yn, n ∈ N} be a predictable process. Prove

that {
∑n

k=1 Yk(Mk −Mk−1), n ∈ N} is a martingale.
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13. Let {Sn, n ∈ N}, with Sn being the price of a stock at time n, such that S(0) = 1. Let

Yn = Sn−1 × (1 + r), where r is the interest rate. Prove that the process {Yn, n ∈ N}
is predictable with respect to {FS

n , n ∈ N} (the filtration generated by {Sn, n ∈ N}).
Compute E

[
Yn|FS

n

]
.

14. Consider the filtered space (Ω,F , {Ft, t ∈ R+}, P ), and a stochastic process Y = {Y (t), t ∈
R+}, defined by:

Y (t) = EP [X|Ft]

where X is a r.v. measurable w.r.t. F . Prove that {Y (t), t ∈ R+} is a martingale w.r.t.

{Ft, t ∈ R+}.
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