
Classification of finitely generated modules
over PIDs

Abstract

Support notes for the MMAC course “Modules and Representations”
of IST in the academic year 2024/2025. As always, all the rings are
unital.
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Part I

Background on rings

1 Euclidean domains

§1. Definition. By an euclidean domain (ED) is meant an integral do-
main R for which there is a function (called an “euclidean norm”)

N : R → Z≥0

such that N(0) = 0 and, for all a, b ∈ R with b ̸= 0, there are q, r ∈ R such
that

a = qb+ r

and either N(r) < N(b) or r = 0. (In other words, R has a division algo-
rithm.)

§2. Example. Z is an ED with euclidean norm N(a) = |a| (modulus of
a).

§3. Example. F [x] is an ED for any field F , with euclidean norm N(p) =
deg(p).

§4. Example. Z[i] ⊂ C (the Gaussian integers) is an ED with euclidean
norm N(a+ ib) = a2 + b2 for all a, b ∈ Z.

2 Principal ideal domains

§5. Definition. By a principal ideal domain (PID) is meant an integral
domain R whose ideals are principal (i.e., they are cyclic submodules of R).

§6. Proposition. Any ED is a PID.

Proof. Let R be an ED, and let F be an ideal of R. If J = {0} then it is
generated by 0, hence principal. Otherwise, let J ̸= {0}, let

m = min{N(a) | a ∈ J \ {0}},
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and let b ∈ J \ {0} be such that N(b) = m. Now let a ∈ J be an arbitrary
element of J , and let us divide a by b: choose q, r ∈ R such that

a = qb+ r

with either N(r) < N(b) or r = 0. If r ̸= 0 we must have N(r) < N(b),
and thus r ∈ J \ {0} with N(r) < m, a contradiction. Hence, we must have
r = 0, and thus a ∈ (b). So we see that J is the principal ideal (b).

§7. Example. Not every PID is an ED. An example of a PID which is not
an ED is the ring of quadratic integers

Z
[
1 +

√
−19

2

]
=

{
a+ b

1 +
√
−19

2
| a, b ∈ Z

}
.

Part II

Modules over PIDs

3 General facts

Let R be any commutative ring.

§8. Lemma. For any finitely generated R-module M there is a surjective
homomorphism of R-modules q : Rn → M for some n ∈ Z≥1.

Proof. Exercise.

§9. Exercise. Let M1, . . . ,Mk (k ≥ 1) be R-modules, and for each i =
1, . . . , k let Ni be a submodule of Mi. Prove that N1×· · ·×Nk is a submodule
of M1 × · · · ×Mk, and that

(M1 × · · · ×Mk)/(N1 × · · · ×Nk) ∼= (M1/N1)× · · · × (Mk/Nk).

§10. Corollary. Let J1, . . . , Jk be ideals of R (k ≥ 1). Then

Rk/(J1 × · · · × Jk) ∼= (R/J1)× · · · × (R/Jk).
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§11. Lemma. Let M be a module, K ⊂ M a submodule, and

q : M → M/K

the quotient homomorphism.

1. If A ⊂ K generates K and a set B ⊂ M is such that q(B) generates
M/K, then A ∪B generates M .

2. Moreover, if A is a basis of K and q(B) is a basis of M/K and q|B is
injective, then A ∩B = ∅ and A ∪B is a basis of M .

Proof. Exercise.

4 Smith normal forms

See section 3.7 of Jacobson’s Basic Algebra.

5 Classification of finitely generated modules

From now on R is always a PID.

§12. Lemma. Let N ⊂ Rn be a submodule. Then N is free with rank at
most n.

Proof. The proof is by induction on n. For n = 1 the module is R, and its
submodules are the ideals, which for a PID are cyclic submodules. Such a
submodule is either the zero module, with rank 0, or a nonzero submodule (a),
hence free with rank 1 because the mapping 1 7→ a defines an isomorphism
of modules R → (a). This is the induction base.

Now assume n > 1, and let N ⊂ Rn be a submodule. Consider the
following exact sequence:

0 // Rn−1 ι

x7→(x,0)
// Rn πn // R // 0.

Now consider the following commutative diagram:

0 // Rn−1 ı // Rn πn // R // 0

0 // N ∩Rn−1 ȷ //
?�

α

OO

N
?�

β

OO

q // πn(N)
?�

γ

OO

// 0.
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By induction hypothesis, both N ∩ Rn−1 and πn(N ∩ Rn) are free, with
ranks at most n−1 and 1, respectively. The homomorphisms ȷ and q are the
restrictions of ı and πn, respectively, and therefore ȷ is of course injective, and
q is surjective by construction. Moreover, πn ◦ ı = 0 implies that q ◦ ȷ = 0,
which means that ȷ(N ∩ Rn−1) ⊂ ker q. Conversely, if y ∈ ker q then, by
construction, y ∈ N and y ∈ ı(N ∩ Rn−1), so ker q = ȷ(N ∩ Rn−1). Hence,
the lower sequence is exact (and α, β and γ define a homomorphism of
short exact sequences), and there are two possibilities. If q ̸= 0, the rank
of πn(N ∩ Rn) equals 1, and thus, by §11, N is free with rank equal to
rank(N ∩Rn−1)+1 ≤ n. If q = 0 we have N = N ∩Rn−1, so N ⊂ Rn−1, and
thus N is free with rank at most n− 1, hence also at most n.

§13. Theorem. (Classification of the finitely generated modules over
PIDs.) Let R be a PID and let M be a finitely generated R-module. Then
there exist m, k ∈ Z≥0 and a1, . . . , ak ∈ R such that

M ∼= Rm ⊕R/(a1)⊕ · · · ⊕R/(ak).

Proof. Since M is f.g., there exist n ∈ Z≥1 and a surjective homomorphism
q : Rn → M . By the previous lemmas, the kernel of q is a free submodule of
Rn with rank m ≤ n. Hence, ker q ∼= Rm, so there is a short exact sequence

0 // Rm ι // Rn q //M // 0.

Moreover, by an appropriate choice of bases, ι can be represented by a Smith
normal form 

a1 0 · · · · · · 0 · · · · · · 0

0
. . .

...
...

...
. . .

...
...

...
. . . 0

...
0 · · · · · · 0 ak 0 · · · 0
... 0 0

...
...

...
. . .

...


,

so ι(r1, . . . , rn) = (a1r1, . . . , akrk, 0 . . . , 0), and thus

ι(Rm) = (a1)× · · · × (ak)× {0} × · · · × {0}.

Hence, by §10,
M ∼= R/(a1)× · · · ×R/(ak)×Rn−k,

which yields the envisaged result with m = n− k:

M ∼= Rm ⊕R/(a1)⊕ · · · ⊕R/(ak).
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§14. Corollary. (Invariant factor decomposition.) Let R be a PID
and let M be a finitely generated R-module. Then there exist unique m, k ∈
Z≥0 and a unique list a1, . . . , ak ∈ R \ (R× ∪ {0}) (up to multiplication by
invertibles) such that ai | ai+1 for all i = 1, . . . , k − 1 and

M ∼= Rm ⊕R/(a1)⊕ · · · ⊕R/(ak).

Note: The elements a1, . . . , ak are the invariant factors of M .

§15. Elementary divisors. Each invariant factor a is a product pn1
1 · · · pnℓ

ℓ

where ni ∈ Z>0 and the pi are distinct primes (equivalently, irreducibles). By
the Chinese Remainder Theorem we obtain

R/(a) ∼= R/(pn1
1 )× · · · ×R/(pnℓ

ℓ ).

Replacing in this way each factor R/(ai) in the invariant factor classification,
we obtain the elementary divisor classification of finitely generated modules
over PIDs.

Part III

Applications

6 Abelian groups

§16. Exercise. Write the statements of the classification of finitely gen-
erated abelian groups both in terms of invariant factors and of elementary
divisors.

§17. Exercise. How many isomorphism classes are there of abelian groups
of order 600? Write the list of invariant factors for each of the isomorphism
classes.

7 Jordan canonical forms

Let F be an algebraically closed field, V a finite dimensional vector space
over F , and T : V → V a linear transformation. Equivalently, let V be an
F [x]-module which is finite dimensional as a vector space over F . Recall
that the equivalence is given by taking T to be defined by T (v) = xv for each
v ∈ V .
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Since F [x] is a PID, and F is algebraically closed, and V is finite dimen-
sional (notice that F [x] is not finite dimensional as a vector space over F ),
the elementary divisor classification gives us

V ∼= F [x]/((x− λ1)
n1)× · · · × F [x]/((x− λm)

nm).

The linear transformation T , which corresponds to the action of x, is com-
ponentwise, so its matrix representation is blockwise diagonal. In order
to see what each block looks like, consider a module of the form M =
F [x]/((x − λ)n). A basis of M as a vector space over F is given by the
following polynomials (why?):

1, (x− λ), (x− λ)2, . . . , (x− λ)n−1

Then in M we have:

x(x−λ)n−1 = ((x−λ)+λ)(x−λ)n−1 = (x−λ)n+λ(x−λ)n−1 = λ(x−λ)n−1,

so (x − λ)n−1 is an eigenvector of T with associated eigenvalue λ. And, for
all i < n− 1, we have that (x− λ)i is a generalized eigenvector:

x(x− λ)i = ((x− λ) + λ)(x− λ)i = (x− λ)i+1 + λ(x− λ)i.

Hence, using this ordered basis, the matrix representation of the restriction
of T to M is a Jordan block:

λ 1 · · · 0
0 λ 1 · · · 0
...

. . . · · · 1
0 · · · λ


So T : V → V has a matrix representation by a Jordan canonical form.

8 Rational canonical forms

The rational canonical form is obtained from the classification theorem of
f.g. modules over PIDs, using the invariant factor classification instead of
elementary divisors. See Dummit&Foote, chapter 12.
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