Tecnologia e Projecto de Antenas: The loop antenna

The loop antenna

A. Introduction

A loop antenna is a type of radio antenna consisting of a closed conductive loop,
usually circular, that is energized by a voltage source (Fig. 1a) [1, 2]. It is widely used
for its directional properties and efficiency in transmitting and receiving
electromagnetic signals, especially at lower frequencies. The diameter of the loop is
2R, and the radius of the metallic wire (with circular cross-section) is a. The

metallic wire is assumed to be a perfect conductor, and the voltage at the antenna

terminals is V, . The voltage generator induces a current distribution | = | (go') on the

surface of the metallic wire (see Fig. 1b).

(a) , (b)
X Vin
2R

Fig. 1 (a) Loop antenna fed by a voltage generator. (b) Top view.

B. Method of Moments

The radiation properties of the loop antenna can be characterized using the Method of

Moments (MoM) [3]. As shown in the Appendix, the current | = | ((p') induced in the

metallic wire satisfies:
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where K, =m,/g,1, is the wave number, 7, =./4,/&, is the intrinsic impedance,

r—r'|= \/a2+(2R)2 sin’ (%j and ¢, corresponds to the position of the

generator, which we take ¢, =0. In Eq. (1), W:W((p) is an arbitrary function

defined over the metallic wire.

The unknown current distribution | =1 ((0’) can be approximated as a linear

combination of elements of some basis of functions A (go’) (n=1,2,...N):

(o) =3 1A, (o) @

n=1

In the above, |, are the unknown coefficients of the expansion. Substituting (2) in (1)

one obtains:

— jk(,‘r-r"

31 T[S0t R coto-auton. ()

, . V.,
mdﬁﬂdfﬂ } = —JkoW((Pg)—

0

The above formula should be satisfied for an arbitrary test function W:W(go). In

particular, we can take the test functions identical to the expansion functions, i.e. such

that w(p)=A, (¢) (m=1,2,..N). In this way, we obtain a linear system for the

unknown current coefficients:

N
> Znaly = A (24 Vi (M=1,...N) (3a)

n=1
2, = [ [0 ()8 () Rk cos (- 1) Ay () A, (o) e e
m,n__jko )4 d(D @ d¢7’ %4 0 - m @ n % 47Z'|I'-I"| puQ
(3b)
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The linear system can be written in matrix form as follows:

Z. ..z, 0\ [Adley)
| .. v, @)
Zy, o Zy )1y AN(%)

By numerically solving this system, one can determine the unknowns | and, using
(2), the unknown current distribution. The matrix [Zm’n] is referred to as the

impedance matrix.

C. Expansion functions

We choose the expansion functions A, to be of the triangular type. Specifically,
suppose we divide the domain of integration (0 <@ <27 ) into N intervals defined by

the equally spaced nodes ¢, =0,9,,...,¢,,9,,, =27 defined by (see Fig. 2):
2
g, =(n-1)A (n=1,..,N), where A=W. (5)
The nth triangle function A can be explicitly written as (see Fig. 2):

|¢_¢n|

1= _7nl

<p<
A, (p)= AR G A (=5 W ) (6)
0, otherwise

Note that as A, (¢, )=,

nm?>

it follows Eq. (2) that | (¢, )=1,, i.e. the unknown I is

precisely the current at the nth node.

Fig. 2 Expansion functions of the current.
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From Eq. (6),

1
dAn (¢) — _ngn(¢_¢n)’ (Dn—l < ¢S ¢n+1 (nzl, - N) (7)

do 0, otherwise

where sgn(u) =1 when U >0 and sgn(u) =—1 when u < 0. By substituting (6) and

(7) into (3b), the impedance matrix elements can be written explicitly as follows':

Pt Pngl = jko|r-r'| .
Zo= im0 | Igmn(w,q)’)mdwd(p', with (8a)
Pm-1 Pn-1

U (2,0') = —%sgn((p—cvm)sgn(co’—con)+ Rk, COS((P—CD')(l— |¢’_A¢m|](1— o ;(/)”'J

(8b)
The double integrals can be computed numerically, using the trapezoidal rule or
another method; see [4].
It is possible to to speed up the computation of the impedance matrix, using the
following property:
Zinn = Linafors )
Therefore, to determine the impedance matrix, it is sufficient to compute the elements

of the first column (or of the first line), as the elements of the remaining columns can

be obtained from those of the first.

. . . .. . . Pt
' As the functions 98n are discontinuous, it is advisable to break the integral I o 3 follows

do

Pm-1
Pl Pn—0" Pt N .- ..

J‘ dep= J‘ do+ I do> where 0" represents a small positive number. A similar comment
Pm-1 Pm-1 @ +0"

applies to the integral ‘[
(2

n-1
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D. Report and delivery of the work

Using the procedure delineated in the previous sections, implement a numerical code
that solves numerically Eq. (4) (you can use your favorite numerical platform: Matlab,

Mathematica, C,...). The work can be done in groups of two or individually.

A report with the results and answers to the questions must be submitted through

Fenix until the end of 20th June 2025. I will not accept reports delivered after the
deadline.

The report should contain the answers to the following questions (in all the
questions suppose that 2 =1m, V, =1 [V], a=0.0054, and ¢, =0):

¢ QI1- Plot of the current (real and imaginary parts) for a loop antenna with arc
length 27R =1.04, calculated for the number of expansion functions N=S5,
15, 25.

e Q2- Same as Q1 for N=25, for 27zR =0.54 and 27R =1.541.

¢ Q3- Input impedance of the antenna for 27R =1.14 and N=5, 15, 25.

e Q4- Plot of the input impedance of the antenna (resistance and reactance) as a
function of 27R/A. Use N=25, and consider the range 0.1<27R/A<1.6.
Indicate the values of R for which the antenna is resonant.

e (S5- Based on the results derived in the theoretical class, prove that the far-
field of the loop antenna in the direction #,¢ can be calculated using the

following formulas:

e*jkor

E = jik,[f(60,0)xF]xF o

2

f(9’¢) — Rj I (¢!)@rejknRsianos((pf(p')d¢!

0
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where @' =(-sing’,cos¢’,0) and f=(cosgsind,singsind,cosd) is the
observation direction.

Q6- Represent the radiation patterns of |Ee| e ‘E q)‘ (normalized to arbitrary
units) in the planes xoy (8 =7/2), X0z (¢ =0) e yoz (¢ = /2). Consider the
cases of a small loop, 27R/ A1 =0.2, and a loop with 2zR/A=1.12.

Note: E,=E-f and E,=E-¢ with @=(-sinp,cosp,0) and

0= (cosgocos 0,sin ¢ cos @, —sin 9) .

Q7- Plot the directivity of the loop antenna as a function of 27R/A. Use

N=25, and consider the range 0.1<27R/1<1.6.

Q8- Annex with the numerical implementation (matlab or mathematica code).
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Appendix (reading is optional)

This appendix describes the variational formulation used in the Method of Moments
[3]. A wire-type antenna with arbitrary geometry (not necessarily linear) is considered

(see Fig. Al).

\ Wire-type

antenna

Fig. A1. Geometry of an arbitrarily shaped wire-type antenna (the generator is not shown in the
figure).
The relationship between the vector potential A and the induced electric current

I (S') in the wire antenna is:

A(r)=22 [ 1(s)i(s)—as’ (A1)

r-r|
where s’ represents the distance measured along the wire, r'=r'(s") represents the

position of a generic point of the wire, t is the tangent vector, and r = (X, Y, Z) s a

generic observation point (see Fig. Al). The integration is carried out over all points
along the wire, i.e., it corresponds to a line integral.
The electric field is related to the vector potential through the formula (valid in the air

region):

E=—L vxvxa=—1 (vv.A-vA), (A2)
Jog, 1, Joe
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Substituting (A1) in (A2) it can be shown that:

dl e*iko‘r"" e*jko"’"’"

E(r)=j’7—k°0 V [ o) sk [ 1(S)E(S)

47r|r-r’| as'). (A3)

47z|r-r’

wire wire

where K, = w,/¢,1, is the wave number and 77, =/, / €, is the vacuum impedance.

Equation (A3) gives the radiated electric field as a function of the current I(S')

induced in the antenna.
Formula (A3) is valid in the air region, and in particular for an observation point

arbitrarily close to the surface of the antenna. In what follows, we obtain an integral

equation that allows the determination of the current distribution I(s’) imposed by
the generator on the surface of the antenna.

Consider an arbitrary function w= W(S) defined along the wire (note that each value
of s corresponds to a specific point on the wire). Taking the inner product of both

sides of Eq. (A3) with the vector w(s)(s), one obtains:

. 7, d dl . e*jko\r-r’\ , s . Nao e*jko“""" ,
t(s)-E(s)=-1" — | —(5')———ds"+k t(s) | I t d
) Ble) 2 (o) L) e u(ee) (i) £

(A4)
Integrating (with respect to the variable s) both sides of the equation, it follows that:

e JkoJr-r']

dsds’ (AS)

Ik J' w(s)t(s)-E(s)ds= J' _[(—Z—\;V(S)%(S')Jrkfw(s)'(S'ﬁ(s)'i(S’ﬂ

'70 wire wire wire 47[ |r - l‘l|
Here, r=r(s) and r'=r'(s') represent points on the axis of the antenna indexed by s

and s', respectively.
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The tangential component of the electric field vanishes on the metallic wire (perfect

conductor), t(s)-E(s)=0, except at the position of the generator (s =s,). Assuming

that the distance between the generator terminals is infinitesimal, it follows that:
t(s)-E(s)=-V5(s—s,), (over the wire). (A6)

Substituting this result into (A5) it is finally found that:

dw . dl a0 et o y
aisals(—g(s)@(s )+kaw(s)1(s)E(s)-E(s ))—4ﬂ|r_r,| dsds :_Jkow(so)n_o (A7)

The above relation is valid for an arbitrary test function w = W(S) .

In the case of the loop antenna, (see Fig. 1),

ds=Rdg, ds'=Rd¢,

d_l(s'):ld_l and d_W(5):id_W
ds’ R d¢' ds Rde

Since ¢ =(—sing,cos¢,0) and ¢ =(-sing’,cos¢’,0) we can write explicitly
t(s)-t(s')=p-¢' =cos(p—¢'). Furthermore, on the metallic wire we have

r=(Rcosp,Rsinp,0) and r'=(Rcos¢’,Rsing’,0), and hence it follows that

|r—r’|2 :(ZR)2 sin’ (%j As the metallic wire has radius a, we use instead

!

r—r'|= \/ a’ +(2R)2 sin” (%} . Substituing these results into (A7) we obtain Eq.

(D).
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