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1. Three isotropic sources spaced by d are placed along the z axis. The radiators are fed in 

phase with an amplitude current distribution satisfying the proportionaly rule 1:2:1. For the 

spacing / 4d   between the elementos, find: 

(a) the array spatial factor 

Solution: 

 

For a linear array the array spatial factor is (note that here the array axis is z, and therefore the 

antenna coordinates are n nx z  ): 
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In the present problem, we can write: 
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From here, 
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For / 4d  , one has 0
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(b) the directions observation associated with the nulls of the radiation pattern. 

The radiation pattern of an antenna array is determined by: 
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Since the antennas are isotropic emitters, the far-field is independent of the observation 

direction (
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 for a constant r). This means that: 
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Thus, the nulls of the radiation pattern are the nulls of the array spatial factor. From the 

diagram there are no nulls. We can verify this analytically noting that (from 
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(c) the directions observation associated with the maxima of the radiation pattern. 
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From the figure, the maxima occur for 90º  , i.e. for any direction in the xoy plane (note 

that the array is broadside!). 

 

3. A uniform antenna array is formed by 100 equidistant elements spaced by / 2 . Find the 

main beam width (MBW) when the array is design to work as: 

(a) a “broadside” array. 

 

 

 

For a broadside array, we can simply use the formula derived in the lecture notes: 
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(b) an “endfire” array. 

 

Similarly, for simplicity, for an endfire array we use the formula of the lecture notes: 
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(c) an array with maximum direction of radition of 45º with respect to the array axis. 

 

 

In this case, we need to calculate the angles indicated in the figure above. This can be done 

with the help of the figure below, which shows the array spatial factor of a uniform array as a 

function of 0 cosu k d    . 

 

 

The direction ( max ) of the maximum is always determined by 0u  : 
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0 max 0 max0 cos cosk d k d         

The directions of the nulls 1 2,   are determined by 2 /u N  : 

0 1,22 / cosN k d      

Combining this equation with the previous one, it is found that: 

 0 1,2 max2 / cos cosN k d      

Solving the equation for the directions of the nulls: 
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Hence, it follows that: 

2 1 3.24ºMBW      

 

4. Consider a uniform broadside array formed by N isotropic radiators placed along the  

x axis. The spacing between the elements is /10d  . Find the number of array 

elements N (integer) such that in the xoy plane one has: 

(a) The half-power beamwidth (HPBW) is approximately 60º. 

 

Solution: 

 

   
 
 

  


 
 

far-field
array

rad

single array element
positioned at the origin

elements
are isotropic 
radiators

uniform array

ˆ
0

ˆ              ~

sin / 2
              ~

sin / 2

F
I

F

Nu

u


E r

E r r

r  



 
_________________________________________________________________________________________ 

 

_________________________________________________________________________________________ 
 

       Antennas 2019/2020 

The half-power beamwidth is determined by the radiation intensity of the array: 
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Since in the far-field, 
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(the missing scaling factor determines the total power radiated and is irrelevant for the 

calculation of directional properties, such as the HPBW). 

Since the array is broadside ( 0º  ), 0 cosu k d   and the direction of the maximum is 

max 90º  . From the definition of HPBW, one sees that: 
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One sees that 
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To enforce that HPBW 60º , we need 2 60º 30º     . Thus,  
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From here, 
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The equation is nonlinear and can be solved by “trial and error” considering different values 

for N integer. To guarantee that the HPBW is less than 60º, the identity needs to be 

transformed into an inequation: 
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The smallest N that ensures HPBW>60º is N=9. 

 

(b)The main beam width is 60º. 

 

In this case, we can simply use: 
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From here 
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N . We need an array with at least 20 elements. 
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6. Consider an array formed by two half-wavelength dipoles. The dipoles are lossless, are 

aligned with the z axis and distanced by / 4d   along the x axis. The feeding circuits of the 

two dipoles are independent. The feeding currents have identical amplitude. The current in the 

second dipole is in quadrature (with a phase advance) with respect to the current in the first 

antenna. 

a) Find the array spatial factor. 

 

 

For a linear array with elements in the xx-axis  0 cosnjk x
n

n

F I e   . This implies that: 
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where we used 2 1I jI , which is a consequence of the wording of the problem. Since 

/ 4d   ( 0 / 2k d  ), one can also write: 
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b) Depict the array spatial factor and the antenna radiation pattern in the 3 principal 

planes. 

 

 Array pattern 
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When the angle   increases from 0 to 180º the angle   decreases monotonically from 90º to 

0º. Hence, it is evident that the array spatial factor has a maximum for 180º  . The 

corresponding radiation pattern as a cardioid type shape: 

 

 

 Antenna pattern 

 

The antenna pattern is determined by the principle of pattern multiplication. 
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In the present example, the elements are half-wavelength dipoles and hence: 
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The dipole radiation pattern is the standard one: 

 

 

The far electric field of the array is determined by the product of the two radiation patterns: 
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The product of the two diagrams in each of the principal planes is as follows: 
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i) xoy plane 

 

ii) yoz plane 

 

iii) xoz plane 

 


