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1. Consider an antenna for which the electric field in the far-zone is 

 
0

0
ˆ ˆ sin

jk re
E j

r
  



 E . 

(a) Find the polarization of the antenna. 

Solution 

To begin with we find the polarization curve. To this end, we determine the instantaneous 

electric field. It is given by:  

      0
ˆ ˆRe Rej t j tt e E j e    E E  ,  with 

0

0 0 sin
jk re

E E
r




  some constant that only 

depends on the observation point. 

 

Writing 1 2
ˆ ˆE E  , we see that (below   represents the phase of 0E ): 

 

     01 0Re cosj tE t E e E t       

     02 0 0Re cos sin
2

j tE t jE e E t E t            
 

    

It is clear that     22 2

1 2 0E t E t E         , which corresponds to the equation of a 

circumference. Therefore the polarization is circular.  
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To find the sense of rotation, we determine the instantaneous field at two neighboring time 

instants. To simplify the calculations, we choose the first time instant to be such 0t    

( /t    ). We have: 

 

0t         1 0 2,                      0E t E E t   

The second time is instant is chosen to be infinitesimally larger than the previous one, so that: 

0t          1 0 2 0,                      sin 0 0E t E E t E       

We represent the calculated electric field at the two time instants in the polarization curve 

(green arrows). With this information, we can immediately find the sense of rotation (black 

arrow on the circle). 

 

Finally, we need to represent the direction of propagation ( ˆ ˆd r ) of the wave in the diagram. 

Since ˆˆ ˆ r θ φ  it follows that d̂  points in the outward direction. 

Using the right-hand rule one can compare the geometrical sense of rotation (anticlockwise) 

with d̂ . It should be clear that the wave rotates to the “right” with respect to d̂ . So the 

polarization is RCP for any direction of space. 

 

(b) Suppose now that the antenna is illuminated by a plane wave that propagates along the –x 

direction with the incident field   0ˆ ˆ jk xinc incE j e E y z . Find the polarization mismatch loss. 

Verify that the field of the incident wave rotates in a direction opposite to the field radiated by 

the antenna in transmission mode. 

 

 

 

 



 
_________________________________________________________________________________________ 

 

_________________________________________________________________________________________ 
 

       Antenas 2019/2020 

Solution: 

 

 

 

The polarization mismatch coefficient is determined by 

2

2 2

inc
e

p
inc

e

C



h E

E h
, where eh  is the 

effective length of the antenna. This coefficient can also be written in terms of the field 

radiated by the antenna in transmission mode radE  as: 

2

2 2

rad inc

p
inc rad

C



E E

E E
 

     

The direction of arrival of the wave from the point of view of the antenna is 

ˆˆ ˆi inc   r d x . This direction corresponds to  90ºi   and 0ºi  . Therefore, we 

have ˆ ˆi  z  and ˆ ˆi  x . Hence, the radiated field is of the form  
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     
0

0

0
ˆ ˆˆ ˆ ˆ ˆsin ~

jk r
rad i i i i

E

e
j E j j

r
    



     E z y




 

 

 

Using  antenna
terminals
(origin)

ˆ ˆinc incE j E y z  and  ˆ ˆ~rad j E z y , we find that: 

   
   

2 2

2 2

ˆ ˆ ˆ ˆ 2
1

2 2ˆ ˆ ˆ ˆ
p

j j j
C

j j

    
  

  

z y y z

z y y z
 

Hence, the incoming wave is polarization matched to the antenna and there is no polarization 

loss. Proceeding as in the question a), we can find the polarization curves of the incident field 

and of the radiated field: 

    antenna
terminals
(origin)

ˆ ˆReinc inc j tt E j e  E y z  

    0 ˆ ˆRerad j tt E j e   E z y  

They are represented below (details are omitted): 

 

As seen, in both cases the wave polarization state is RCP. This justifies why there is no 

polarization loss: the optimal polarization for the incoming wave is identical to the antenna 

polarization. Even though the polarizations are identical, geometrically the electric field 



 
_________________________________________________________________________________________ 

 

_________________________________________________________________________________________ 
 

       Antenas 2019/2020 

rotates in opposite directions in each curve (anticlockwise on the left, and clockwise on the 

right). 

 

(c) Find the polarization loss for the incident field   0ˆ ˆ jk xinc incE j e E y z . Show that in this 

case the field associated with the incident wave rotates in absolute terms in the same direction 

as the field radiated by the antenna in transmission mode. 

 

For this question we have  antenna
terminals
(origin)

ˆ ˆinc incE j E y z  (notice the minus sign compared to the 

previous case) and  ˆ ˆ~rad j E z y  (unchanged). The polarization mismatch coefficient is 

now: 

   
   

2 2

2 2

ˆ ˆ ˆ ˆ
0

2 2ˆ ˆ ˆ ˆ
p

j j j j
C

j j

  



 




  



z y y z

z y y z
 

This means that the incident wave does not interact with the antenna! The polarization curves 

are now found using: 

    antenna
terminals
(origin)

ˆ ˆReinc inc j tt E j e E y z      (notice the minus sign) 

    0 ˆ ˆRerad j tt E j e   E z y     (unchanged) 

The polarization curves are: 

 

The polarization of the incident wave is LCP. As seen, the field of the incident wave rotates in 

absolute geometrical terms in the same sense as the field radiated by the antenna. 

Counterintuitively, that is the worst case scenario from the point of view of the received 

power! 
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(d) Find the polarization mismatch coefficient for the incident field   0ˆ ˆ2inc jk yincE j e E x z . 

A generic plane wave in free-space is of the form: 

0
ˆ

0

incinc inc jke  r dE E  

where  , ,x y zr  is a generic point in space and ˆ incd  is a unit vector that determines the 

direction of propagation of the wave. Comparing the propagation factor of the incident wave 

( 0jk ye ) with the generic one 0
ˆ incjke r d  it is found that ˆ ˆinc  d y . The complex amplitude of the 

incident field at the origin (coincident with the antenna terminals) is  0 ˆ ˆ2inc incE j E x z . 

  

The field radiated by the antenna in the direction of arrival of the wave is now (see the figure) 

   0 0
ˆ ˆ ˆ ˆrad i iE j E j     E z x   

The polarization mismatch coefficient is now: 

   
   

2 2 2

2 2 2 2

ˆ ˆ ˆ ˆ2 2 1

2 5 10ˆ ˆ ˆ ˆ2

rad inc

p
rad inc

j j j j
C

j j

      
   

  

E E z x x z

z x x zE E
 

The incident wave is poorly matched to the antenna (the reason is that it is elliptically 

polarized to the left (prove this!); as seen in previous questions, the optimal polarization 

rotates to the right). 

 

2. Two antennas are separated by 1km. If the transmitting antenna radiates the power of 

100W, find the power available at the terminals of the receiving antenna when: 
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(a) The directivity of the transmitting antenna is 1.64 and the effective area of the receiving 

antenna is 0.25m2.  

From the Friis formula: 

   
 

   
2

0
, ,2

0

, , , ,
4

in
r in E R i p ef E ef R i p

P
P P G G C C A A C C

d d

        
 

       
 

 

The available power is the power received by a polarization and impedance matched antenna: 

( 1, 1i pC C  ). It is given by: 

   
 

   
2

0
, ,2

0

, , , ,
4

in
a in E R ef E ef R

P
P P G G A A

d d

        
 

       
 

 

The gain and the effective area are linked by the universal relation: 

2
0

4efA G



  

The power gain and the directive gain are related by the efficiency: 

mG e g G e D    

The input power is related to the radiated power through the efficiency 

rad inP eP  

Supposing that the antennas are oriented in the direction of maximum gain, it is then possible 

to write: 

 

2

0
, ,

, ,2

, ,2

0

         (1)
4

1
                  (2)

4

                     (3)

a in m E m R

in m E ef R

in
ef E ef R

P P G G
d

P G A
d

P
A A

d








   
 




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In question (a) we use (2) to find that 

 , 22 3

1 1
100 1.64 0.25 3.26

4 4 10
a rad E ef RP P D A W

d


 
      

(b) The effective areas of the antennas are 0.5m2 and the wavelengh is 0.05m. In this question 

suppose that the transmitting antenna is lossless. 

Using (3) with 100in radP P W   we get: 

   
2

, ,2 2

0

100
= 0.5 0.01

0.05 1000
rad

a ef E ef R

P
P A A W

d
 


 

(c) The directivity of the antennas is 1.5 and the wavelengh is 0.10m. In this question suppose 

that the receiving antenna is lossless. 

Now we use (1) 

2 2 2

0 0 0
, ,

2
2

1

4 4 4

0.1
100 1.5 14

4 1000R

rad
a in m E m R E E R R rad E R R

E

e

P
P P G G e D e D P D e D

d e d d

nW

  
  



            
     

   
 

 

 


