TE CNICO Antennas
LISBOA Problem Class 4b

Problem 4. A Hertz dipole radiates at a height h above a perfect electric conductor (plane

z=0). The Hertz dipole is oriented horizontally. Using the image method find the intensity of
the radiated field in the far-field region along the +z-direction. Show that it differs by a factor

2‘sin(koh)‘ from the field radiated by the same dipole alone in free-space. What is the

(minimal) optimal height for the dipole?

Solution:

From the image method,
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Thus, the image dipole is anti-parallel to the original dipole. Without loss of generality,
suppose that the dipole is oriented along the +Xx-direction (axis of the dipole). Then, in the far-
field region the electric field only has a theta-component, with 6 the angle measured with

respect to the dipole axis (X-axis):
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For an observation direction along the +z-axis, & =90° and 0=-% (direction of maximum
radiation). The total field is the superposition of the field radiated by the original Hertz dipole

and by its image:
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The minus sign “— is due to the different orientation of the image dipole. In the above, we
have (it is implicit that z >>h):
r=|z—h|=z-h and r,=|z+h|=r+2h
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Using the approximation — = — one gets:
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where E|dip is the field radiated by the dipole alone in free-space. Hence, we have

z-axis

alkh _ gk

E

=[Els,

z-axis

1 — e_jkOZh ‘ = |E|dip

z-axis

= |E|dip 2 ‘sm(koh)‘

Z-axis .
z-axis

The “gain” factor F = 2‘sin(k0h)‘ varies with h such that 0 < F <2 due to the interference of

the dipole and its image. The case of constructive interference (F=2) occurs when

k,h = %+ nz, or equivalently when h= %+ n%, n=0,1,2.... Thus, the optimal case (more

compact system) is when h = % .

Problem 5.
A short L-inverted antenna with height h=A1/80 is placed near a perfect electric conductor

as illustrated in the figure below. As a first approximation, one may assume that the current

varies linearly along the wire, decreasing from 1(0) at the feeding point down to zero at the

end point.
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Perfect electric conductor

(a) Represent in currents in the antenna and image currents.
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(b) Prove that the effective height of the inverted —L is he(é?):%hsiné? . In solving the

problem, take into account that the radiation from some parts of the antenna is negligible.

From the image method, the original radiation problem is equivalent to the radiation problem
wherein the ground plane is removed and the image currents are added to the system. The
radiated fields are identical in the two configurations for z >0 (North hemisphere). Since the
currents in the horizontal arms are anti-parallel and because h=4/80 the radiation emitted
by the two horizontal arms cancels out and can be ignored (note that the gain factor of

Problem 4 is F ~0 when k;h = 0). Thus, the fields are radiated mainly by the vertical arms

of the antenna.
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The current distribution in the vertical arms is: 1(z') :I_(O)[l—

from 1(0) (at 2’=0) down to 1(0)/2 at the end of the vertical arm (at z'=h) [the current
also varies linearly from I_(O) /2 down to zero in the horizontal arm]. The current has even

symmetry in z', because the currents in the vertical arms are identical (image method).

Hence, the effective height of the dipole is:
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In the last identity, we used |k,z'cos 8| < k)h = /1—7[ h=2L <«<Irad so that e"%"*’ ~1 (short-
0

dipole approximation). Doing the integration:
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(c) Find the radiation resistance of the inverted-L

The power radiated by the inverted-L + image can be found in a standard way using
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The power radiated by the inverted-L in the original configuration (with metal plane) is only

half of P
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aenna D€CaUse in the original scenario there is no radiation towards the “south
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Thus, the radiation resistance of the inverted-L is given by:
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Problem 6.

Consider a loop antenna with the distribution of current constant
along the perimeter of the antenna (panel a). Consider now the
structure of panel b) that consists of ¥4 of the loop enclosed by a

90°-corner reflector formed by two (perfectly conducting) metal \ \_/

planes. The current distribution is also constant in this second

configuration. Find the relation between the radiation resistance

of the antennas in the two scenarios.

Solution: ()
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Using the method of the images, it is possible to place a perfect electric conductor plane at
either the x=0 plane or at y=0 plane without affecting in any manner the fields radiated by

wire segment (the same property holds true for any vertical plane of the form ax+by=0).

This is so because the current in scenario (a) has the required symmetry with respect to the
x=0 and y=0 planes: horizontal (vertical) segments of the current have an image current with
the same magnitude but that is anti-parallel (parallel) [this is illustrated in the figure for the
y=0 plane]. Thus, we can place metal plates at both the x=0 and y=0 planes without affecting

in any manner the fields in the quadrant x>0,y > 0.

By symmetry in scenario a) the power radiated to the 1* quadrant of space (quadrant

x>0,y >0) is identical to the power radiated to the other 3 quadrants of space. This shows
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Since the radiation resistance is R, = and the feeding current is identical in the two

scenarios it follows that:
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Note that a similar derivation holds true when the corner reflector interior angle (®) is
different than 90°. Indeed, for a generic ©® it is still possible to apply the method of images
(as previously mentioned, it is possible to place a perfect electric conductor at any vertical
plane of the form ax+by =0, without affecting the fields radiated by the original loop
antenna). In general case, one finds that:
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