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Abstract

Although machine learning models are now ubiquitous in high-stakes decision-making scenarios, full

automation is prevented by these model’s limitations: their performance is often constrained by their

training data, making them ineffective in the face of distribution shifts, and their lack of transparency

undermines human trust in these systems. Human-AI collaboration (HAIC) has been proposed as a

solution to these issues, leveraging the complementary strengths of human experts to mitigate the mod-

els’ limitations. Despite its promise, the leading framework for HAIC, Learning to Defer (L2D), has a

critical shortcoming: it struggles in dynamic environments where machine learning models fail to gen-

eralize to out-of-distribution data, often producing inaccurate predictions. Therefore, estimating model

uncertainty correctly and leveraging humans’ adaptability becomes essential in these scenarios. In this

thesis, we propose two uncertainty-aware methods to enhance HAIC systems in dynamic environments.

The first enhances L2D by employing distance-aware models, combining machine learning outputs with

a density function to enhance robustness, thus providing reliable uncertainty estimates. The second

method uses density-based conformal prediction to assess epistemic uncertainty, deciding whether an

instance should be processed through L2D or deferred directly to human experts via rejection learn-

ing. We further extend both methods to handle cost-sensitive scenarios, limited human predictions, and

capacity constraints. Using constraint programming, we optimize the assignments to ensure that each

decision-maker, human or machine, handles the instances they are most likely to classify correctly. Our

results demonstrate that both approaches outperform state-of-the-art baselines, particularly in dynamic

environments, while also improving calibration.
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Resumo

Modelos de aprendizagem automática são amplamente usados em decisões de alto risco, mas têm

limitações que impedem uma automação total. O seu desempenho é condicionado pelos dados de

treino, tornando-os ineficazes perante alterações de distribuição, e a sue falta de transparência reduz

a confiança humana. A colaboração Humano-IA (HAIC) é vista como solução, tirando proveito das

forças complementares de especialistas humanos para mitigar as limitações dos modelos. Apesar do

seu potencial, a principal abordagem para HAIC, o Learning to Defer (L2D), enfrenta dificuldades em

ambientes dinâmicos, onde modelos têm dificuldades em generalizar para dados fora de distribuição,

frequentemente com previsões excessivamente confiantes. Nesta tese, propomos duas abordagens

para aprimorar os sistemas HAIC em cenários dinâmicos. A primeira refina L2D através de modelos

sensı́veis à distância, que combinam as previsões do modelo de aprendizagem automática com uma

função de densidade, aumentando a robustez e fornecendo estimativas de incerteza mais fiáveis. A

segunda abordagem usa conformal prediction com uma função de densidade para avaliar a incerteza

epistémica, decidindo entre processar uma instância através de L2D ou delegá-la diretamente a espe-

cialistas humanos via rejection learning. Ambos os métodos são estendidos para cenários sensı́veis

a custos, com previsões humanas limitadas e restrições de capacidade. Utilizando programação por

restrições, otimizamos as atribuições para garantir que cada decisor, humano ou máquina, lide com

as instâncias que mais provavelmente classificarão corretamente. Os nossos resultados demonstram

que ambas as abordagens superam os métodos atuais, especialmente em ambientes dinâmicos, e

melhoram a calibração.

Palavras Chave

colaboração humano-IA, learning to defer, estimação de incerteza, conformal prediction
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Chapter 1

Introduction

1.1 Motivation

In recent years, advances in artificial intelligence (AI) and, particularly, machine learning (ML) have

produced models that match or even surpass human experts’ accuracy across a broad range of tasks.

These technologies have been successfully deployed in many high-stakes decision-making areas such

as finance, criminal justice, and healthcare. In finance, ML models are used in applications like credit

scoring [50] and fraud detection [7], where they efficiently analyze large datasets to identify risks and

anomalies. In criminal justice, AI models are employed to assess recidivism risk and influence sen-

tencing decisions [31]. Similarly, in medicine, ML models assist in diagnosing diseases such as di-

abetic retinopathy [35], cardiac arrest [81], and skin cancer [24], often achieving diagnostic accuracy

comparable to or surpassing that of experienced medical professionals [35]. The strengths of ML mod-

els—particularly their speed, scalability, and capacity to leverage vast amounts of data to make accurate

predictions—make them relevant tools in these sectors.

Despite these strengths, ML models exhibit limitations that restrict their applicability in high-stakes

domains, where decisions have the potential to significantly impact human lives. These models are

highly reliant on the data used during training and may struggle to maintain performance when faced

with data distributions that differ from those previously encountered [28, 65]. This lack of generaliz-

ability can lead to significant errors in dynamic environments with constantly evolving patterns. Addi-

tionally, widely adopted ML models such as neural networks are often opaque in their decision-making

processes, with complex “black-box” algorithms providing little insight into how specific decisions are

reached [76]. This lack of interpretability can lead to trust and accountability concerns, particularly in

sensitive fields like healthcare and criminal justice. Consequently, deploying ML systems as fully au-

tomated decision-makers is often impractical or outright illegal [2] for high-stakes applications, where
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accuracy and interpretability are critical.

To address these limitations, human-AI collaboration systems have been proposed, combining the

complementary strengths of humans and ML models [18, 20]. AI systems excel at processing vast

amounts of data quickly and consistently, while humans bring unique abilities to the table: they can

access information beyond what is available to the model, adapt to new and evolving circumstances, en-

gage in causal reasoning [32], and provide explanations for their decisions. This makes human decision-

makers better equipped to handle tasks requiring flexibility and interpretability. Conversely, humans are

slower and may be less consistent, especially when faced with complex statistical information, where

ML models excel [17, 34]. Human-AI collaboration leverages these complementary strengths, creating

decision-making systems that are potentially more accurate and resilient than either humans or ma-

chines alone.

A fundamental challenge in designing human-AI collaboration systems is determining how to best

assign each instance to either the AI model or a human expert to maximize the system’s overall effec-

tiveness. A simple approach, known as rejection learning [15], involves the ML model refraining from

making predictions when it detects high uncertainty, thereby deferring these decisions to human ex-

perts. However, rejection learning only considers the ML model’s confidence and does not take into

account the potential strengths or weaknesses of the human decision-makers. To improve upon this, the

learning to defer (L2D) framework was developed as a more sophisticated instance-assignment strat-

egy [11, 39, 59, 63, 64]. L2D not only assesses the ML model’s confidence in making a prediction but

also estimates human experts’ confidence levels, assigning each instance based on the estimated per-

formance of each decision-maker, human or otherwise. This approach optimizes instance assignment

by actively balancing the strengths of both human and AI decision-makers.

Despite its promise, L2D faces challenges in practical applications. A significant unresolved issue

in L2D systems is their limited adaptability in dynamic environments, where data distributions evolve,

rendering prior model assumptions inaccurate [28]. In performative prediction scenarios, where system

outputs influence future data distributions—such as in fraud detection where fraudsters adapt to detec-

tion strategies—L2D systems may struggle to maintain performance [69]. Additionally, human experts’

decision-making processes can change based on new information and experiences, further complicat-

ing the model’s capacity to predict human accuracy. Therefore, to maintain robustness, a L2D system

must dynamically adapt to these non-stationary elements, a necessity that current research has not

adequately addressed.

Other challenges also hinder the broader applicability of L2D [55]. Many L2D methods require ex-

tensive datasets containing every experts’ prediction on every instance, which are often unavailable

due to constraints on human capacity or prohibitive data acquisition costs. Additionally, L2D systems

typically do not account for human work capacity constraints when making assignments. In real-world
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applications, human experts are limited in the rate of instances they can process, yet most current L2D

methods lack mechanisms to ensure that assignments are feasible within these limitations. Furthermore,

in cost-sensitive applications such as fraud detection, it is critical to account for the varying costs of mis-

classifications. Current research focuses only on accuracy maximization, disregarding scenarios where

cost-sensitive objectives apply. This is particularly common in high-stakes decision-making scenarios

such as medicine and fraud detection, where errors carry unequal consequences.

This dissertation addresses the main limitations of current L2D systems by developing two robust

assignment frameworks for human-AI collaboration. Specifically, it focuses on handling dynamic envi-

ronments by incorporating strategies that respond to data drift, while also overcoming challenges related

to human work capacity constraints, data availability, and cost-sensitive decisions.

1.2 Contributions

This thesis makes three contributions to advancing human-AI collaboration systems for assignment

and decision-making in dynamic environments. The first contribution is an enhanced, distance-aware

L2D system designed to improve robustness in settings where data distributions may shift. By incor-

porating distance-aware models [10], this approach leverages density-based adjustments to account

for distributional uncertainty, reducing overconfidence in unfamiliar regions, and enhancing overall cal-

ibration. This allows the assignment mechanism to make more informed deferral decisions by better

estimating the confidence levels of both the ML model and human experts. Additionally, the system

uses constraint programming to compute the optimal set of assignments, taking into account misclassi-

fication costs and human work capacity constraints.

The second contribution is a hybrid system that uses density-based conformal prediction [37, 62] to

balance rejection learning with L2D in dynamic environments. This approach applies conformal predic-

tion to identify instances likely to fall outside the training data distribution and defers them directly to

human experts, using a rejection learning strategy. For in-distribution data, the system employs L2D

to assign instances based on reliable correctness estimates for all decision-makers. Like the first sys-

tem, this hybrid system handles work capacity constraints and cost-sensitive scenarios, using constraint

programming to compute assignments that take into account the relative costs of errors and the human

decision-makers’ capacity.

The third contribution is an experimental study within a cost-sensitive fraud detection context to

validate the effectiveness of the proposed methods. To create realistic testing scenarios, we generate

synthetic fraud analysts with varying behaviors and feature dependencies, simulating real-world traits

of human decision-making, including algorithmic bias [4]. In this human-AI collaboration setup, our

proposed systems are tasked with assigning alerts flagged by an ML model. We evaluate our systems
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under a wide array of conditions, introducing different magnitudes and types of noise in the test set

to simulate data drift, varying the number of instances that can be deferred to the expert team, and

altering the number of experts available. Additionally, we vary the data availability to simulate scenarios

with limited expert labels at training time. Our evaluation compares the performance of the proposed

methods against a state-of-the-art L2D method, as well as against rejection learning and random deferral

baselines, demonstrating that our approaches outperform the baselines across a set of diverse, realistic

settings. To summarize, our contributions are as follows:

• Distance-aware L2D system: a L2D approach incorporating distance-aware models to enhance

calibration and robustness against out-of-distribution (OOD) data, with the ability to compute opti-

mal assignments under misclassification costs and work capacity constraints.

• Conformal prediction for human-AI collaboration: a hybrid system that uses density-based

conformal prediction to balance rejection learning and L2D for adaptive deferral to human experts

under distribution shifts, while also accommodating cost and capacity constraints.

• Empirical validation in a fraud detection setting: an extensive experimental evaluation in a

cost-sensitive fraud detection setting, featuring synthetic fraud analysts and a range of testing con-

ditions. This study shows improved performance over baseline methods across diverse scenarios,

including noise, data availability, and work capacity constraints.

1.3 Thesis Outline

This dissertation is organized as follows. In Chapter 2, we cover key concepts in human-AI collabo-

ration, rejection learning, uncertainty estimation, and L2D, laying the foundation for the thesis. The next

chapters focus on the two main contributions: Chapter 3 introduces distance-aware models to handle

distribution shift in L2D, while Chapter 4 discusses using density-based conformal prediction to guide

the deferral strategy between L2D and rejection learning. Chapter 5 addresses practical constraints by

optimizing assignments based on cost and capacity limits. The methodology for testing the proposed

models in a simulated fraud detection setting is detailed in Chapter 6. Chapter 7 presents and discusses

the performance and calibration of the models. The thesis concludes with a summary of findings and

directions for future research.
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Chapter 2

Background and Related Work

2.1 Machine Learning for Decision Making

ML has rapidly evolved in recent years, due to its ability to transform vast datasets into actionable

insights efficiently and at scale. This capability has rendered ML, particularly supervised learning, a

valuable tool across various fields that depend on data-driven decisions. In supervised learning, the

objective is to predict an output variable y from input features x. This involves learning a hypothesis

h that models the relationship between x and y, from training data D = (x1, y1), . . . , (xn, yn), which

consists of a collection of feature-outcome pairs.

Decision-making is a process in which individuals or organizations leverage available data and in-

formation to select the best among various options. This typically involves the collection of relevant

data, the analysis of trends and patterns, and the application of reasoning to predict or classify out-

comes. The application of supervised learning in this context is particularly valuable, as evidenced by

its success across multiple domains. For example, in healthcare, convolutional neural networks (CNNs)

have demonstrated the capability to detect melanoma from images with higher accuracy than derma-

tologists [9]. CNNs have also been shown to make more accurate referral recommendations in cases

of retinal disease, highlighting their potential in clinical settings [25]. In the financial sector, Khandani

et al. [50] show that ML can predict credit risk based on a client’s financial status and spending history,

while Awoyemi et al. [7] show its effectiveness in detecting credit card fraud.

Although ML has been successful across various decision-making domains, it has its drawbacks and

limitations. One key limitation is that ML models can become obsolete due to distribution drifts [28].

Since an ML model relies solely on its training data, its performance can deteriorate significantly when

the distribution of this data no longer reflects the real-world environment in which it is used. This creates

a need for alternatives. In contrast, humans possess the ability to reason through causal relationships
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[32] and are not confined to the data used during a training phase. This leads some researchers to

argue that, in many circumstances, humans are far more adaptable and robust decision-makers than

ML models.

Another significant limitation of ML models is their inability to provide explanations for their deci-

sions [76]. In many decision-making contexts, it is crucial to be able to justify how a decision was

reached and why it was considered the best option. Indeed, under the European Union General Data

Protection Regulation (GDPR), individuals affected by automated algorithmic decisions have the right to

an explanation. This right encompasses understanding the reasons behind a decision and the ability to

appeal it. While simpler statistical models like linear or logistic regression can represent their decisions

as a weighted sum of input features, the shift towards more complex models has led to what is often re-

ferred to as the “black box problem”. This term denotes the substantial challenges in understanding and

explaining how these models obtain their predictions. This “opacity” raises increasing concerns about

human trust in these models, as the lack of explainability can be a critical barrier to their adoption and

acceptance, particularly in high-stakes scenarios like healthcare and finance.

Research into explainability, leading to the development of explainable artificial intelligence (XAI)

methods, is driven by several key perspectives [76]. The regulatory perspective emphasizes compliance

with laws like the GDPR, mandating that AI systems provide “right to explanation” to ensure fairness.

From a scientific standpoint, explainability is crucial for uncovering new insights and understanding com-

plex model behaviors. Industrially, there is a focus on balancing performance with transparency to

maintain user trust and meet regulatory standards. The developmental perspective highlights the role

of explainability in debugging and refining AI systems, helping developers to improve accuracy and fair-

ness. Finally, the end-user and social perspective addresses the broader societal impacts, stressing the

importance of trust and fairness in AI decisions, ensuring they are equitable and just.

The development of XAI has introduced techniques that allow for a better understanding of predic-

tions made by black-box models. Notable among these are methods such as LIME [75] and SHAP [57],

which help to clarify the influence of individual features on a model’s prediction. Despite their potential,

the practical implementation of XAI methods is not without complications [19], as the process of explain-

ing an AI’s decision-making process is not straightforward. An example of this is the use of criminal

recidivism prediction algorithms in the United States. While these systems deliberately exclude vari-

ables like race, gender, employment, and residence to minimize biases and aim for objectivity, research

shows that such systems still predict higher recidivism rates for black defendants [51], suggesting that

outcomes are shaped by complex data interactions. This complexity makes it challenging for “explain-

ers” to produce interpretations that are both accurate and comprehensible to the general public. As

such, incorporating human decision-makers into the system provides a complementary path to fostering

trust in AI systems. Rather than relying solely on automated explanation methods, human oversight can
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introduce an added layer of accountability, ensuring that critical decisions are not made in isolation.

2.2 Human-AI Collaboration

Humans and AI possess distinct strengths and weaknesses in decision-making. ML models can

quickly become outdated in the face of distribution shifts [28] and often lack the capability to explain their

decision-making processes [76]. In contrast, humans have the ability to continuously learn and adapt to

changes in their environment and, in some cases, can provide justifications for their decisions. However,

humans are generally slower and less capable of processing large volumes of data when compared

to ML models, which have demonstrated superior performance in several domains, such as detecting

melanoma [9] and predicting recidivism rates [85].

Due to the complementary capabilities of humans and AI, several researchers advocate for a col-

laborative approach to enhance decision-making performance in some applications. A common method

involves an algorithm-in-the-loop process, where an ML model provides insights to a human who ulti-

mately makes the final decision [33]. Such systems are increasingly common in everyday settings, such

as judges using risk assessments for sentencing decisions [51], banks employing models to manage

credit risks [50], and caseworkers deciding whether to investigate potential child maltreatment based on

hotline reports [18]. This process allows for human oversight, thus ensuring accountability and trust in

these systems.

Building on the complementary strengths of humans and AI in decision-making, hybrid intelligence

systems [20] have been proposed as a way to further optimize the combined strengths of humans and

AI. By distributing tasks between algorithmic and human agents, these systems aim to solve complex

problems more effectively than either humans or AI could independently. The challenge in these systems

lies in determining the optimal instance distribution between human and AI agents.

One of the first proposed methods for distributing tasks between humans and AI is the rejection learn-

ing framework [13, 15]. In this approach, models are trained with the option to abstain from decision-

making at the cost of a rejection loss. Consequently, the ML model enhances its performance on in-

stances it does not reject, while the rejected instances are typically redirected to an alternative decision-

maker, often a human. However, Madras et al. [59] critique this method for its lack of consideration

of the downstream decision-maker, pointing out that it fails to account for situations where the human

decision-maker may be equally uncertain. They argue that it would be more effective to allocate tasks to

humans in scenarios where they are likely to outperform the ML model and vice-versa. To address this,

they propose an approach called L2D, which assigns instances based on the estimated performance of

each decision-maker, thereby optimizing the collaboration between human and AI strengths. We further

delve into this approach in Section 2.4.
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2.3 Rejection Learning and Uncertainty Estimation

2.3.1 Rejection learning

Standard ML models always produce predictions, regardless of their certainty or the potential for

error. In real-world high-stakes applications, such as medical diagnosis [93] or autonomous driving [88],

where incorrect predictions can lead to serious consequences, this characteristic can be problematic.

It is essential for models to recognize their limitations and refrain from making predictions in cases

of high uncertainty. The rejection of these instances leads to better performance of the models on

instances selected for prediction. This branch of ML is known as machine learning with a reject option,

or rejection learning, where models are designed to abstain from making predictions in cases where

they are uncertain.

Rejection learning can be dated back to 1970, when Chow [13] first studied the trade-off between

error rate and rejection rate. This approach has gained interest in recent years with a number of papers

developing the framework [15, 29]. In rejection learning systems, the output space of the model is

extended to include a new value ® corresponding to abstaining to predict. This new output value can be

seen as an additional class [15,29]. Formally a model with a reject option m : X → Y∪{®},

m(x) =

{
® if the prediction is rejected;
h(x) if the prediction is accepted.

(2.1)

can be represented by a pair (h, r), where h : X → Y is the predictor and r : R → R is the rejector. At

test time, the model m outputs ® when the rejector r determines that the predictor h has high chance of

making a mistake.

In their survey of rejection learning, Hendrickx et al. [41] identify three prevalent architectures of

rejection learning systems (Figure 2.1): a separate rejector architecture, where the rejector functions

independently of the predictor; a dependent rejector architecture, in which the rejector’s decision is

based on the predictor’s output; and an integrated rejector architecture, which treats rejection as an

additional class, merging the rejector and predictor into a single model.

Hendrickx et al. [41] categorize rejection into two distinct types. Ambiguity rejection enables the

model to withhold predictions in scenarios where the target variable y is ambiguous. This can arise

from the inherent properties of the relationship between features and label P (Y |X), such as class over-

lap in specific regions of the instance space for classification tasks, or compromised training data (i.e.

incorrectly labeled instances). Conversely, novelty rejection permits the model to refrain from predict-

ing on instances that deviate significantly from the training data. During testing, if P (X,Y ) shifts away

from the training distribution, the training data may become unrepresentative. Additionally, certain rare

out-of-distribution examples might not be included in the training dataset due to their inherent rarity.
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Figure 2.1: Different architectures of rejection learning systems [41]. Separated rejector (top); dependent rejector
(middle); integrated rejector (bottom).

2.3.2 Aleatoric and Epistemic Uncertainty

Ambiguity rejection and novelty rejection are linked to the field of uncertainty quantification, which

assesses the uncertainty in predictions made by ML models [27, 43]. Uncertainty quantification dif-

ferentiates between aleatoric uncertainty, stemming from intrinsic randomness in the data (e.g. non-

deterministic relationships between features and the target), and epistemic uncertainty, which corre-

sponds to incomplete knowledge. An example of aleatoric uncertainty is the outcome of a coin toss,

where the uncertainty is considered irreducible, that is, it cannot be reduced regardless of how much ad-

ditional information is gathered. In contrast, epistemic uncertainty arises from a lack of knowledge and

is thus reducible as more information becomes available. These forms of uncertainty are closely related

with rejection learning. High aleatoric uncertainty leading to rejection is characteristic of ambiguity rejec-

tion scenarios (Figure 2.2 a)). Conversely, epistemic uncertainty can result in either novelty or ambiguity

rejection. Novelty rejection (Figure 2.2 c)) occurs with out-of-distribution instances that differ significantly

from the training data. However, when epistemic uncertainty is due to model uncertainty—uncertainty

about the correct model to fit the data, thereby introducing high bias—it falls under ambiguity rejection

(Figure 2.2 b)).

In ML, the distinction between aleatoric and epistemic uncertainties is often overlooked. However,

in specific applications like rejection learning [13] or active learning [66], recognizing these two types of

uncertainty can be essential. Senge et al. [77] highlight the importance of distinguishing these uncer-

tainties within medical decision-making contexts, arguing that it allows for more reliable and interpretable

decisions. Nguyen et al. [66] demonstrate that, in active learning, particularly in uncertainty sampling,

epistemic uncertainty—which represents the reducible part of uncertainty—is more indicative of an in-

stance’s utility than aleatoric uncertainty, which is irreducible.
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Figure 2.2: Illustration of ambiguity and novelty rejection [41]. The dotted lines represent the rejector, the dash-
dotted line the fitted predictor h, and the solid line the ground-truth relation f . a) ambiguity rejection
due to a non-deterministic relation between X and Y , b) ambiguity rejection due to the model bias, and
c) an example of novelty rejection.

It is important to recognize that the concepts of aleatoric and epistemic uncertainty are context-

dependent, defined within the framework (X ,Y,H,P), where H denotes the hypothesis space and P

represents the joint probability distribution over X × Y. An illustrative example is shown in Figure 2.3,

where two class distributions overlap in a low-dimensional space, leading to aleatoric uncertainty in

specific regions of the feature space. This type of uncertainty can be mitigated by embedding the data

in a higher-dimensional space, which may separate the classes and resolve the aleatoric uncertainty.

Typically, moving data to a higher-dimensional space tends to decrease aleatoric uncertainty while in-

creasing epistemic uncertainty, as the complexity of fitting a model increases and may require more

data.

Figure 2.3: On the left, the classes overlap, causing aleatoric uncertainty. On the right this uncertainty is resolved
by augmenting the feature space with an extra dimension [43].

Assuming a fixed setting (X ,Y,H,P), uncertainty can stem from three distinct sources, with the first

being aleatoric and the remaining two representing types of epistemic uncertainty:

1. Aleatoric uncertainty emerges if the relationship between X and Y is non-deterministic. Full knowl-

edge of P does not eliminate uncertainty regarding the actual outcome y.

2. Model uncertainty arises when the best predictor within the hypothesis space h∗ does not align with

the pointwise Bayes predictor f∗. This misalignment, between h∗ and f∗, highlights uncertainties

related to choosing the correct model type to fit the data, and thus the choice of the hypothesis
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space H (Figure 2.4).

3. Approximation uncertainty refers to the gap between the hypothesis ĥ generated by the learning

algorithm and the optimal hypothesis h∗. This gap is significantly influenced by the quality and

quantity of the training data (Figure 2.4).

Figure 2.4: Illustration of the sources of epistemic uncertainty, where f∗ represents the pointwise Bayes predictor,
h∗ indicates the optimal predictor within the hypothesis space, and ĥ denotes the predictor obtained
through the learning algorithm. Model uncertainty is identified by the disparity between f∗ and h∗,
whereas approximation uncertainty is defined by the difference between ĥ and h∗ [43].

2.3.3 Uncertainty Estimation Methods

An ideal rejection learning system must balance ambiguity and novelty rejection by creating a combined

uncertainty metric to rank instances for rejection. ML models, while trained to predict correct classes on

training data, often struggle with OOD data. Hein et al. [38] show that ReLU-based neural networks can

give overconfident predictions on instances far from the training data. Similarly, k-nearest neighbors and

decision trees assign high confidence to outliers because they assign the same probability as nearby

instances or those in the same node of a tree. Uncertainty estimation methods seek to mitigate these

issues by providing better confidence measures for the predictions of ML models.

Probabilistic Predictors and Calibration

Calibration ensures that a model’s predicted probabilities correspond to the actual likelihood of

events. For instance, if a probability estimate is a value between 0.6 and 0.7, we expect the empir-

ical observed probability to be approximately between 60% and 70%. Good calibration is critical for

providing reliable uncertainty estimates, particularly in high-stakes applications. One common metric

for measuring calibration quality is the expected calibration error (ECE), which quantifies the difference

between predicted probabilities and actual outcomes. It is computed by partitioning predictions into bins
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based on their confidence and then comparing the average predicted probability to the actual frequency

of positive outcomes in each bin:

ECE =

M∑
m=1

|Bm|
n
|acc(Bm)− conf(Bm)| , (2.2)

where Bm is the set of samples in the m-th bin, acc(Bm) is the accuracy of the samples in that bin,

conf(Bm) is the average confidence of predictions in the bin, and n is the total number of samples.

Many ML models function as probabilistic predictors, producing posterior probability estimates p(y|x, h),

rather than point predictions h(x) ∈ Y. These probability estimates are often obtained by minimizing

loss functions, such as the well-known cross-entropy loss, which are designed so that their minimization

results in calibrated models, that is, models that produce accurate estimates of the “true” posterior prob-

ability distributions [30]. However, some models produce scores that are not “true” probabilities, such

as the decision boundary margin in support vector machines or the relative vote counts in ensemble

methods like bagging or boosting. To address this, calibration techniques are commonly used to convert

these scores into better-calibrated probability estimates [36].

For probabilistic predictors, the model’s own confidence metrics can serve as a baseline for uncer-

tainty estimation. Hendrycks and Gimpel [42] demonstrate that using the predicted class’s confidence

— often measured by the maximum class probability (MCP) — can establish a simple benchmark for

identifying OOD samples. However, this approach suffers from the previously mentioned propensity for

overconfidence in OOD data, and primarily corresponds to aleatoric uncertainty.

Bayesian Inference

Bayesian inference presents a coherent probabilistic framework that allows for modeling uncertainty,

and, for long, has been regarded as one of the preferred methods to perform uncertainty quantification.

These methods provide insights into both epistemic and aleatoric uncertainty by learning a distribution

over the hypothesis space. For instance, Bayesian neural networks [58] learn a probability distribution

over the models’ weights and deep Gaussian processes [16], a variant of Bayesian neural networks,

assume the weights follow a normal distribution and estimate their mean and variance from the training

data. Since these models consider a probability distribution, instead of fixed values for the weights, their

predictions are also probability distributions. Consequently, the uncertainty of each prediction can be

quantified by taking said distribution’s variance. Depeweg et al. [21] propose differentiating aleatoric and

epistemic uncertainties in Bayesian neural networks by calculating total uncertainty as the entropy of

the predictive posterior H[p(y|x)] and aleatoric uncertainty as the expectation over the entropies of the

predicted distributions Ep(w|D)[H[p(y|x;w)]], with epistemic uncertainty being the difference between the

two.

12



In spite of the aforementioned benefits, Bayesian models are known for their significant computa-

tional demands. To address this, Gal and Ghahramani [27] propose Monte-Carlo dropout (MCD) as an

approximation of Bayesian inference within deep Gaussian processes, utilizing dropout combined with

Monte-Carlo sampling. Their findings indicate that MCD effectively estimates uncertainty in deep learn-

ing models while maintaining manageable computational complexity and test accuracy. In this method,

a neural network is trained with dropout regularization in the standard fashion. However, during pre-

diction, dropout is still applied. The network then performs N stochastic forward passes for each input,

creating an ensemble of predictions from the approximate deep Gaussian process. The final prediction

is obtained by averaging these passes. The collected statistics from these multiple passes approximate

those of the underlying deep Gaussian process, allowing the variance of these predictions to act as an

estimate of point-wise uncertainty.

It is important to distinguish between point-wise uncertainty estimates, which focus on individual

predictions, and the uncertainty about the predicted class itself. For example, if we apply MCD to two

different instances and find that one has a mean prediction of 0.9 with a standard deviation of 0.05,

while the other has a mean of 0.5 with a standard deviation of 0.01, the former exhibits higher point-wise

uncertainty despite the latter being more uncertain about the predicted class. This distinction highlights

a limitation of using only the variance from MCD to assess uncertainty without additional uncertainty

measures. Geifman and El-Yaniv [29] compare MCD compared to the MCP baseline across three

datasets: CIFAR-10, CIFAR-100, and ImageNet. Their evaluation using risk-coverage curves shows

similar results for the CIFAR datasets, but MCP outperforms MCD on the ImageNet dataset, showing

that relying solely on variance can misrepresent uncertainty. Corbière et al. [14] demonstrate that using

the average of predictions from MCD’s passes is a more effective uncertainty measure than variance.

This method outperforms MCP on CIFAR-100, emphasizing that averaging predictions produces better

uncertainty estimates than considering variance alone.

Ensembling Predictions

The concept of ensembling predictions for uncertainty estimation, as in MCD [27], has been revisited

in several studies. Lakshminarayanan et al. [53] propose training multiple neural networks and averaging

their softmax outputs to predict the class with the highest average probability. They achieve sufficient

variability through random weight initialization and data shuffling, finding that bagging reduces perfor-

mance. This aligns with Lee et al. [54], who showed that training deep ensembles on the full dataset

with random initialization outperforms bagging, which reduces training data and increases the risk of

networks converging to local minima. Although training multiple networks in parallel requires significant

computational resources, their method surpasses MCD (using the mean of stochastic passes) on the

MNIST and SVHN datasets. Additionally, their approach was tested on distinguishing between known
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and unknown classes (e.g., MNIST versus NotMNIST and SVHN versus CIFAR-10), yielding lower con-

fidence for OOD samples compared to single network predictions.

Shaker and Hüllermeier [79] suggest employing ensemble techniques to estimate the entropy mea-

sures defined by Depeweg et al. [21], representing the posterior p(h|D) with an ensemble {h1, ..., hM}.

They estimate total uncertainty ut as the entropy H of the average predictive distribution:

ut(x) = H

(
1

M

M∑
i=1

p(y|hi, x)

)
= −

∑
y∈Y

(
1

M

M∑
i=1

p(y|hi, x)

)
log2

(
1

M

M∑
i=1

p(y|hi, x)

)
,

aleatoric uncertainty ua as the average entropy of each individual model’s predictions:

ua(x) =
1

M

M∑
i=1

H(p(y|hi, x)) = −
1

M

M∑
i=1

∑
y∈Y

p(y|hi, x) log2 p(y|hi, x),

and epistemic uncertainty ue as the difference between total and aleatoric uncertainty.

Malinin et al. [60] explore ensemble methods for gradient boosted decision tree (GBDT) models,

recognizing the challenge posed by the limited randomness in gradient boosting compared to neural

networks [53]. They propose three methods for creating GBDT ensembles. The first method involves

using stochastic gradient boosting [26], where data is randomly subsampled at each iteration to generate

independent models, introducing diversity within the ensemble. The second method, stochastic gradient

Langevin boosting (SGLB) [86], integrates random Gaussian noise into the gradient updates to better

explore the solution space. Both methods increase time and space complexity due to the need to

train multiple models. To mitigate this, the third method creates a virtual ensemble by using truncated

sub-models from a single GBDT model (Figure 2.5). This method differs from random forests, where

trees are built independently, as the trees in a GBDT model are built sequentially. The virtual ensemble

leverages this structure to form an ensemble without additional computational cost.

Figure 2.5: Virtual ensemble [60], where each tree is truncated sequentially from the root.

These three methods distinguish between epistemic and aleatoric uncertainty by following the same

approach used by Shaker and Hüllermeier [79]. To estimate both types of uncertainty, the model pa-

rameters θ are assumed to be drawn from the posterior distribution p(θ|D), although this assumption is
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fully satisfied only in the SGLB method. Total uncertainty is measured as the entropy of the predictive

distribution of the target y conditioned on x and the dataset D, while expected aleatoric uncertainty is

the average entropy over the distribution of possible parameters θ. Epistemic uncertainty is then the

difference between total and aleatoric uncertainty.

I[y, θ|x,D]︸ ︷︷ ︸
Epistemic Uncertainty

= H[P (y|x,D)]︸ ︷︷ ︸
Total Uncertainty

− Ep(θ|D)[H[P (y|x; θ)]]︸ ︷︷ ︸
Expected Aleatoric Uncertainty

≈ H

[
1

M

M∑
m=1

P (y|x; θ(m))

]
− 1

M

M∑
m=1

H[P (y|x; θ(m))].

(2.3)

The authors test these methods on a synthetic dataset to evaluate their ability to distinguish between

epistemic and aleatoric uncertainty. Figure 2.6 shows the results for an SGLB ensemble.

Figure 2.6: Separation of epistemic uncertainty (knowledge uncertainty) from total uncertainty in a synthetic dataset
using a SGLB ensemble [60] Total uncertainty correctly detects class boundaries and ‘sectors’ of input
space outside the training dataset. Estimates of knowledge uncertainty allow discrimination between
out-of-domain regions and class boundaries

In their experiments using the CatBoost library [72] on UCI datasets, Malinin et al. [60] find that GBDT

ensembles offer limited improvement in error detection over a single model, since GBDT is already an

ensemble of trees. However, the ensembles provide valuable epistemic uncertainty estimates that are

far more effective for OOD detection than measures of total uncertainty.

Reliable Classification

Senge et al. [77] were the first to differentiate between epistemic and aleatoric uncertainty in ML

through their reliable classification approach. They introduce the normalized likelihood πH for a hypoth-

esis h in the hypothesis space H as

πH(h) =
L(h)

L(hml)
=

L(h)

maxh′∈H L(h′)
, (2.4)

where L(h) =
∏N

i=1 p(yi|h, xi) is the likelihood of h, and hml is the hypothesis with the maximum likeli-

hood within H. For a particular instance x, they define the support π(y|x) for the two classes y ∈ {0, 1}

as
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π(1|x) = sup
h∈H

min[πH(h), p(1|h, x)− p(0|h, x)], (2.5)

π(0|x) = sup
h∈H

min[πH(h), p(0|h, x)− p(1|h, x)]. (2.6)

The value of π(1|x) is high only if a plausible hypothesis significantly favors the positive class over the

negative class, and conversely for π(0|x). Using these supports, they define the degrees of epistemic

uncertainty ue and aleatoric uncertainty ua as, respectively,

ue(x) = min[π(1|x), π(0|x)], (2.7)

ua(x) = 1−max[π(1|x), π(0|x)]. (2.8)

Here, epistemic uncertainty reflects situations where both classes seem equally plausible, while aleatoric

uncertainty measures the extent to which neither class is decidedly supported. It is important to note

that the calculations for support and, consequently, uncertainty are complex and heavily reliant on the

chosen hypothesis space H.

Density Estimation

When employing learning methods with a large hypothesis space H, such as neural networks or

nearest neighbors, model uncertainty is typically negligible, leaving epistemic uncertainty primarily at-

tributed to approximation uncertainty. Consequently, inference is essentially local, with predictions for a

class y made in regions of the feature space where that class has been previously observed, aleatoric

uncertainty occurring in regions with overlapping classes, and high epistemic uncertainty in areas of

the feature space where no samples have been seen. Generative models that assess densities p(x) are

able to quantify epistemic uncertainty by differentiating areas of high and low density, the latter signifying

greater epistemic uncertainty. This approach is similar to outlier detection, applying a density threshold

to p(x) to detect outliers. This concept ties into the framework of rejection learning, where, for instance,

a classifier may decline predictions in low-density regions [70].

Bui and Liu [10] argue that, while methods like Bayesian neural networks, MCD, and ensembles

have shown promise in uncertainty estimation, they are computationally intensive due to the need for

multiple forward passes during inference or additional parameters. The authors also point out that these

methods tend to produce overconfident predictions on OOD data (Figure 2.8), leading to miscalibration.

Consequently, they present density-softmax, which combines density estimation with a classifier to im-

prove the quality of uncertainty estimation in the presence of distribution shifts. Their density-softmax

model includes 4 main components: a feature extractor, a density model on the latent feature space,

a classifier, and a softmax layer. The density function is the key innovation that allows the model to
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improve predictive uncertainty.

The model begins by pre-training the feature extractor f , which maps inputs into the latent space

Z. After this, the learned feature representations z = f(x) are used to estimate a density function

p(z;α), where α are the parameters of a normalizing flows model [74]. Normalizing flows are a class of

generative models that transform a simple probability distribution into a more complex one by applying

a series of invertible functions. This allows the model to estimate the marginal density in the latent

space, assessing how likely a new input is based on the distribution of previously seen data. Finally,

after combining the classifier with the likelihood value, the weights of the classifier are updated. During

inference, the density score p(z;α) is multiplied by the logits from the classifier g(z), and the result is

passed through a softmax function to generate the final class probabilities.

The overall inference formula is:

p(y = i | x) = exp(p(z;α) · (z⊤θgi))∑K
j=1 exp(p(z;α) · (z⊤θgj ))

, for all i ∈ Y. (2.9)

Here, z⊤θgi represents the logits for class i and p(z;α) modulates these logits based on the density of

the feature z in the latent space. This approach ensures that predictions in low-density regions (indicative

of OOD data) reflect higher uncertainty.

Figure 2.7: Architecture and training procedure of the density-softmax model [10], where f is the encoder, g is the
classifier, and p(Z,α) is the density function. The dashed lines represent the backward pass, solid lines
represent the forward pass, the circle with a cross represents the softmax layer. Initially, f and g are
optimized through expected risk minimization. Then the density function p(Z,α) is estimated on the
representation space Z. Finally, the classifier g’s weights are refined to integrate the density function.
At test time, the density function and the classifier are combined to make the prediction.

Density-softmax is evaluated on a toy dataset [56] to illustrate uncertainty visualization (Figure 2.8).

In comparison to baselines for uncertainty estimation, density-softmax demonstrates strong distance

awareness, providing uniform class probabilities and high uncertainty for OOD data. While SNGP [56]

also exhibits distance awareness, it can produce overly confident predictions for OOD data (Figure 2.8)

and is more computationally expensive. Density-softmax performs comparably to leading methods in

terms of negative-log-likelihood and accuracy on perturbed datasets like CIFAR-10-C, CIFAR-100-C, and

ImageNet-C. Moreover, when models trained on CIFAR-10 are tested on CIFAR-100, density-softmax

exhibits higher entropy for OOD data and lower entropy for in-distribution data. Additionally, it achieves
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better uncertainty estimates and calibration, with lower ECE, on models trained on CIFAR-10 and tested

on CIFAR-10.1.

Figure 2.8: Comparison of various uncertainty estimation methods on a toy dataset [10]. Both Density-Softmax
and SNGP [56] demonstrate the ability to generate distance-aware probabilities.

Hechtlinger et al. [37] take a different approach to density-based uncertainty estimation. They sug-

gest fitting a generative model p(x|y) for each class and merging density estimation with set-valued

predictions via conformal prediction [91]. Three outcomes are possible: a null set prediction indicating

high epistemic uncertainty; multiple class predictions signifying high aleatoric uncertainty; or a single

class prediction, indicating both epistemic and aleatoric uncertainties are acceptably low. We discuss

this approach in more detail below.

Conformal Prediction

Conformal prediction [6,68,78,91] is a method that generates prediction sets rather than point predic-

tions, which are sets of possible outputs that contain the true label with a predefined level of confidence.

It was first introduced by Vovk et al. [91] as a transductive online learning method that directly derives

prediction sets for each instance based on all previous instances. Papadopoulos et al. [68] then develop

an inductive version, where a rule is derived from a set of predictions and is then applied to all new

instances. In the following paragraphs, we will explain both the transductive and inductive versions of

conformal prediction in detail.

Transductive conformal prediction, or full conformal prediction, is a method where, given n + 1 ex-

changeable1 data points (X1, Y1), ..., (Xn+1, Yn+1), the model is presented with (X1, Y1), ..., (Xn, Yn) and

Xn+1 and is tasked with predicting Yn+1. The objective is to determine a set-valued function C : X → 2Y

that satisfies

P(Yn+1 ∈ C(Xn+1)) ≥ 1− α, (2.10)

1Exchangeability refers to a set of random variables having a joint probability distribution that does not change when the
variables are reordered. This means that the variables can be considered statistically equivalent in any order.
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where α is a pre-defined error level. For each possible outcome y ∈ Y, a model f̂y is trained on the

augmented dataset (X1, Y1), ..., (Xn+1, y). This model must be invariant to permutations of the data.

After calculating f̂y across all y ∈ Y, a non-conformity score function syi = s(Xi, Yi, f̂
y) is computed for

i = 1, ..., n and syn+1 = s(Xn+1, y, f̂
y), where higher scores reflect poorer agreement between x and y.

A good example of such a score function is s(X,Y, f̂y) = 1 − (f̂y(X))Y , assuming the output of f̂y are

probability scores (e.g. its final layer is a softmax), where higher scores indicate greater uncertainty by

reflecting lower predicted probabilities for class Y . The conformal quantile is then determined by

q̂y = Quantile
(
sy1, ..., s

y
n;
⌈(n+ 1)(1− α)⌉

n

)
.

The confidence set for Yn+1 contains all y values that align sufficiently with the data (X1, Y1), ..., (Xn, Yn):

C(Xn+1) = {y : syn+1 ≤ q̂y}.

Vovk et al. [91] have theoretically validated that the defined set C satisfies the coverage guarantee in

Equation (2.10). The main drawback of this approach is the computational cost required to estimate f̂y

and to compute s(Xi, Yi, f̂
y) for every y ∈ Y.

Inductive conformal prediction [68], also referred to as split conformal prediction, is a less computa-

tionally demanding alternative for calculating prediction sets. The method involves training a model f̂

on a given training set, reserving a portion of exchangeable data, called the calibration data. The goal

remains to construct a set C(x) that guarantees

P(Ytest ∈ C(Xtest)) ≥ 1− α, (2.11)

where (Xtest, Ytest) represents a new data point from the same distribution, and α is the predefined error

rate. Using f̂ and the calibration data, a non-conformity score si = s(Xi, Yi, f̂) is computed for each

calibration data point, leading to the calculation of the conformal quantile as

q̂ = Quantile
(
s1, ..., sn;

⌈(n+ 1)(1− α)⌉
n

)
.

For a test instance Xtest the prediction set is created according to

C(Xtest) = {y : s(Xtest, y) ≤ q̂}.

Both the transductive and inductive methods ensure that conformal prediction provides sets that contain

the true label with probability 1− α, as opposed to offering a single point prediction.

Hechtlinger et al. [37] suggest a density-based conformal prediction method, which is a variation of
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the inductive approach. Their strategy uses an estimate of p(x|y), denoted p̂(x|y), as the scoring function

in conformal prediction. Contrary to previously mentioned scoring functions, higher values of p̂(x|y)

indicate stronger concordance between x and y, indicating that it is a conformity score, as opposed to

the previously mentioned non-conformity score. Despite this difference, the conformal prediction process

can be adapted by modifying the prediction sets to

C(Xtest) = {y : s(Xtest, y) ≥ 1− q̂}.

Hechtlinger et al. [37] define q̂y as the empirical 1− α quantile of the values p̂(X1|y), ..., p̂(Xn|y), specif-

ically:

q̂y = sup

t : 1

ny

∑
{Zi∈Dcal

y }

I(p̂(xi|y) ≥ t) ≥ 1− α

 ,

where ny is the number of calibration set examples in class y, Dcal
y is the subset of calibration examples

that belong to class y, and I(p̂(xi|y) ≥ t) equals 1 when the estimated probability p̂(xi|y) is greater than

or equal to t, and 0 otherwise. For a novel test instance Xtest, the prediction set is determined by

C(Xtest) = {y ∈ Y : p̂(Xtest|y) ≥ q̂y}.

This formulation ensures that instances with a low likelihood of being observed under any class are

classified as the null set ∅, reflecting epistemic uncertainty, while instances likely under multiple classes

are assigned a set with various classes, indicative of aleatoric uncertainty. The authors also demonstrate

the validity of their approach, proving that for a new observation (Xtest, Ytest), the probability that Ytest

falls within the prediction set C(Xtest) converges to 1−α as the minimum number of examples per class,

miny ny, approaches infinity.

Figure 2.9: Classification boundaries for different methods on the Iris dataset [37]. In methods a) and b), the class
boundaries cannot be justified in most of the OOD space. Conformal prediction (with α = 0.05) outputs
the null set in the white area representing epistemic uncertainty, and outputs multiple classes in the
overlapping areas representing aleatoric uncertainty.

In their empirical analysis using the ImageNet dataset, the authors remove the last layer from the pre-

trained Xception convolutional neural network [12] and use it as a feature extractor. Then, for each class,
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they train a distinct kernel density estimator, which Lei, Robins, and Wasserman [46] have previously

identified as optimal under certain conformal settings. The performance achieved with class-specific

independent density estimators matched that of GoogLeNet [83], which is noteworthy given that the

density estimators do not account for inter-class data relationships. They also discuss that an important

aspect of their approach is the adjustability of α, which influences the conservativeness of the prediction

sets: higher α values yield more frequent null-set predictions, while lower α values tend to produce

prediction sets that include both labels (Figure 2.10).

Figure 2.10: Performance plot for the conformal method on the ImageNet dataset. Accuracy decreases linearly as
a function of α but affects the number of classes predicted per sample. [37]

Messoudi et al. [62] extend the use of density-based conformal prediction to multiple data types,

including images, text, and tabular data. Through binary classification tasks across three datasets, their

results demonstrate the method’s effectiveness in detecting noisy and OOD samples. This approach

also proves capable of differentiating between aleatoric and epistemic uncertainty with a high degree of

accuracy.

By using the aforementioned techniques to measure an ML model’s prediction uncertainty, these can

be integrated into a rejection learning system, as decisions to reject or accept predictions are dependent

on the model’s confidence level. Section 2.4 focuses on an alternative strategy, where rejection decisions

also consider the downstream decision-maker’s performance [59].

2.4 Learning to Defer

L2D was developed based on the critique of confidence-based deferral methods by Madras et al.

[59]. In confidence-based deferral methods, a deferral rule that employs the confidence of the classifier

determines whether or not to defer an instance to a more intricate classifier, often a human expert.

In their proposal of L2D, Madras et al. [59] argue that confidence-based methods fail to consider the

performance of the downstream decision-maker when the automated classifier abstains from predicting,

and in some cases downstream humans can be just as uncertain as the model. For example, a human
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decision maker might be a specialist who performs well only on a specific sub-group of the data. In such

scenarios, confidence-based deferral may erroneously forward samples where the downstream human

performs worse than the model [47].

Madras et al. [59] adapt the work of Cortes et al. [15] in their formulation of L2D. Cortes et al. [15]

introduce the concept of a reject option directly into the learning algorithm by devising a specialized loss

function (Equation (2.12)). Their objective is to fine-tune the balance between accuracy and rejection,

encouraging the model to maximize its accuracy on the cases it chooses to classify. Simultaneously,

the model faces a constant penalty, denoted by γreject, whenever it opts to reject an instance (r(x) = 1).

The regular loss L is downweighted by a factor of 1− r(x), thus not penalizing the classifier for rejected

predictions:

Lreject(x, y, h, r) =
∑
i

[(1− r(xi))L(yi, h(xi)) + r(xi)γreject]. (2.12)

Madras et al. [59] extend this loss function to consider the performance of the downstream human

decision-maker, thus creating L2D. In their formulation of the deferral system’s loss function,

LL2D(x, y, h, r) =
∑
i

Es∼Ber(r(x))[(1− si)LCE(yi, h(xi)) + si(LCE(yi, ŷi) + γreject)] (2.13)

a decision to defer results in the cross entropy loss between the human prediction ŷi and the true label,

in addition to the constant rejection penalty γreject. If the decision is not deferred, the loss is computed

as the cross entropy loss between the model prediction h(xi) and the true label. Minimizing this loss

ensures that the rejector is penalized for deferring instances where the downstream decision maker

made an incorrect prediction.

To differentiate the loss in training, it is necessary to consider continuous outputs for the functions

h(x), r(x) ∈ [0, 1]. Due to this, the authors suggest using a mixture of experts, where said experts are

the human decision maker and the classifier. A deferral indicator variable si is introduced to denote who

predicts on a particular instance. If si = 1, the human expert predicts, otherwise the ML classifier pre-

dicts. We can now parameterize r and h with neural networks and optimize the loss directly with gradient

descent, estimating LL2D and its gradient by sampling s from a Bernouli distribution (Equation (2.13)) for

each instance. Training both h and r on the system loss allows each network to adapt to the behaviour

of the other, optimizing the performance of the system as a whole.

Madras et al. [59] argue that incorrectly deferring examples can have significant fairness conse-

quences, and thus focus on also developing a fairness-focused approach for L2D. For example, if the

downstream human’s decisions are biased against a certain group, then it is preferable, from a fairness

perspective, for the deferral system to defer less frequently on the instances pertaining to said group.

For this purpose they build a regularized fair loss function that combines the error rate with a fairness
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metric.

To evaluate their approach, Madras et al. [59] test three distinct scenarios, each representing a

different type of decision-maker. They conduct experiments on two datasets (COMPAS [51] and Her-

itage Health [1]), simulating decision-maker data by training three distinct classifiers under the following

conditions: the first classifier is trained with access to additional information correlated with the label,

representing a high-accuracy decision-maker; the second is trained with inverse fairness objectives, in-

troducing bias against a specific group; the third is a variation of the first, where some decisions are

randomly flipped to simulate an inconsistent decision-maker. These settings are tested in parallel and

compared against a rejection learning baseline. The results demonstrate that L2D consistently outper-

forms the rejection learning baseline, regardless of the type of decision-maker considered.

Since the introduction of L2D, several other authors have made significant contributions in improving

and expanding this framework. Mozannar and Sontag [64] show that the mixture of experts loss pro-

posed by Madras et al. [59] is not consistent, meaning that it does not necessarily converge to the Bayes

optimal solution, even as the amount of training data approaches infinity. Therefore, they propose learn-

ing a single classifier with an additional class for deferral, trained on a consistent surrogate loss. This

approach yields better results in practice when compared with the loss of Madras et al. [59], according

to their experiments. Furthermore, Mozannar and Sontag emphasize the necessity of joint training for

the classifier and rejector, arguing that it enables the classifier to adapt to the expertise of the human

decision-makers, ensuring that the classifier is allowed to maximize its performance on instances that

are not rejected (Figure 2.11).

Figure 2.11: Mozannar and Sontag [64] argue that jointly training the main classifier and the rejector improves
the overall system performance, as it allows the main classifier to focus on the instances that will be
assigned to it.

Verma and Nalisnick [90] investigate the calibration of L2D systems, focusing on Mozannar and

Sontag’s [64] surrogate loss. They demonstrate both theoretically and practically that this loss is not

calibrated with respect to expert correctness due to a degenerate parameterization. To address this lim-
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itation, Verma and Nalisnick propose a one vs. all (OvA) approach, where the classifier and rejector are

trained independently. This setup allows the classifier to focus on predicting correctly for all instances,

whether they are likely to be deferred or not. Experimentally, they show that this OvA approach results

in a better calibrated model, achieving improved calibration without sacrificing predictive performance.

In the OvA framework, the classification task is decomposed into K binary classification tasks, with

each scoring function gk trained to predict whether an instance belongs to class k or any other class.

The rejector, represented by g⊥, models whether or not the expert is correct. The final classification

is determined by selecting the class with the maximum score: arg maxk∈{1,...,K}(gk(x)), that is, the

decision-maker which is most likely to be correct on a given instance. Verma and Nalisnick adapt

Mozannar and Sontag’s approach and propose the following consistent surrogate loss for this framework:

ΨOvA = Φ[gyi
(xi)] +

∑
y′∈Y,y′ ̸=yi

Φ[−gy′(xi)] + Φ[−g⊥(xi)] + I[ŷi = y](Φ[g⊥(xi)]− Φ[−g⊥(xi)]), (2.14)

where, Φ is a proper binary surrogate loss, such as the logistic loss ϕ[g(x)] = log(1 + exp(−g(x))),

which ensures that the posterior probability p(yi = 1 | xi) can be recovered [73]. The inverse link

function translates the raw scores from the classifier into calibrated probability estimates, which is vital

for making accurate predictions and, consequently, properly deferring instances. The rejector’s function

g⊥(x) maximizes the value when the expert is correct, ensuring that deferral occurs only in instances

where it is beneficial. Overall, this formulation allows the system to make more accurate predictions

while maintaining correct deferral behavior, achieving better calibration and outperforming Mozannar

and Sontag’s approach.

Keswani et al. [49] expand upon the single expert L2D framework to incorporate multiple human

decision-makers. In their approach, an entire team of decision-makers is regarded as a collective unit

from which the system may select when deferring decisions. The authors return to a mixture of experts

setting considered by Madras et al. [59], where each human decision-maker and the main classifier

are considered as the experts in this framework. The system is structured as a multi-output neural

network, with each output corresponding to an individual decision-maker, including the main classifier.

Each decision-maker’s prediction is weighted in the final system decision, with the weight reflecting

their influence. To compute the loss, they use a sigmoid transformation of the dot product between the

output weights and the vector of individual predictions from each decision-maker. This allows for the

integration of contributions of all decision-makers in the final prediction. At test time, the weights can

be used to either determine the optimal overall prediction considering all decision-makers, or to identify

the best individual decision-maker by ranking the output weights. The authors also revisit the topic of

fairness within the L2D system, implementing minimax Pareto fairness to alleviate disparities across all

groups [61].
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Hemmer et al. [39] offer a similar approach to the one of Keswani et al. [49] for extending L2D to the

multiple expert setting. Their key innovation is the use of a softmax function applied to the allocation

system’s output (ŷL2D = softmax(w) · ŷDM ), which calculates the probability that a team member will

provide the correct output, replacing the sigmoid function used in [49] (ŷL2D = σ(w · ŷDM )). Empirical

comparisons between these two approaches demonstrate that Hemmer et al.’s method [39] surpasses

the prior baseline established by Keswani et al. [49].

Given the lack of consistency and calibration in the aforementioned works [39,49], Verma et al. [89]

tackle this problem by adapting the work of Verma and Nalisnick [90] and the softmax surrogate loss

of Mozannar and Sontag [64] to propose two consistent and calibrated loss functions for the multiple

expert setting. The first one is based on the softmax parameterization in [64], being analogous to the

surrogate loss presented in that work for the single expert setting, while the second is analogous to the

OvA loss presented in [90] for the single expert setting. When studying the calibration of the system

with respect to expert correctness (i.e. the system’s ability to estimate P(mj = y|x), the probability that

the jth expert will correctly predict the label for x), they demonstrate that the softmax-based loss causes

miss-calibration of these estimates while the same does not happen for the OvA formulation.

2.5 Limitation of Learning to Defer

At Feedzai, implementing human-AI fraud detection systems comes with several challenges. Cost-

sensitive scenarios are a frequent issue in fraud detection, where the cost of false positives (wrongly

flagging legitimate transactions) is significantly higher than that of false negatives (missing fraudulent

transactions). Managing capacity constraints is also critical, not just for Feedzai but for any application

that employs human decision-makers, to ensure that these are not overwhelmed and are utilized opti-

mally. In performative prediction scenarios, such as those encountered at Feedzai, where the system’s

predictions can influence future data distributions and decision-making patterns, it is important to have

a system that is adaptable to dynamic environments. Given the inherent ability of humans to learn and

adapt, this presents a significant opportunity for human-AI collaboration systems to evolve continuously

in response to changing environments.

Up until now, L2D has been showcased as an effective framework for optimizing decision-making

involving humans and AI. However, the practical adoption of state-of-the-art methods faces significant

challenges, as outlined by Leitão et al. [55]. A primary limitation is the need for human predictions for

every training instance, which is not feasible for large datasets due to the high cost of obtaining hu-

man labels. This limitation is aggravated when considering the multiple expert setting, which requires

every human’s prediction for every instance in training. Moreover, in existing deferral systems, human

intervention typically occurs only for a subset of cases—usually those where the main classifier’s confi-
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dence is low, which leads to a skew in the distribution of human-labeled data compared to the complete

dataset. This distributional discrepancy hinders the application of imputation techniques to estimate

human predictions for unlabeled data, thus complicating the training of a L2D system.

Jointly training the main classifier and the deferral model is highlighted as a benefit of L2D systems

because it enables the main classifier to specialize on instances that are not deferred [59,64]. However,

this potentially benefit has the drawback of neglecting the classifier’s effectiveness on cases that are

likely to be deferred. In many fields, it’s crucial for the classifier to perform well across all instances,

not just non-deferred ones. This capability is especially important if the classifier is required to provide

guidance to human decision-makers (e.g. a financial fraud detection classifier that raises alerts that

are reviewed by financial analysts) or in situations where human experts are temporarily unavailable,

thus necessitating reliable automated predictions. Verma et al. [89] adopt a different strategy by training

the classifier and the rejector independently, which promotes accurate classification on all instances,

whether they are likely to be deferred or not. While Mozannar et al. [63] highlight theoretical benefits

of joint training, the OvA approach by Verma et al. [89] provides better performance through improved

calibration over the adaptation of the softmax loss presented in [64], making it arguably more suitable

for practical applications.

Capacity constraints are another consideration that has often been overlooked in L2D research [5].

When faced with limited human resources, it’s essential that decision-making is distributed in a way

that maximizes overall accuracy while respecting the availability of human experts. This means that

cases should be allocated based on both the expert’s performance and availability. Addressing capacity

constraints is a crucial aspect that requires more attention in the development of L2D frameworks, as it

directly impacts the system’s scalability and ensures that human expertise is utilized optimally, without

leading to burnout or inefficiency.

A significant unsolved challenge in L2D systems is their lack of adaptability in dynamic environments,

where data distributions can evolve over time, leading to concept drift [28]. Additionally, in performative

prediction scenarios [69], the actions of the system might alter the environment itself, such as fraudsters

modifying their tactics in response to fraud detection measures. Human decision-makers are also prone

to changes in their decision-making processes, influenced by new knowledge, experiences, and external

factors. To ensure robustness, a L2D system must be capable of adapting to these non-stationary

elements, an area that current research has not yet adequately addressed.

Recent advancements in L2D research have aimed to address some of these practical constraints

that limit the deployment of L2D systems. Charusaie et al. [11] address the issue of data efficient learning

in the single expert setting by employing active learning strategies to reduce the number of human

predictions necessary in training. Their method involves maintaining a version space of hypotheses that

are consistent with the accumulated data. At each step, the algorithm identifies points of disagreement
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within the hypothesis space—situations where two classifiers predict differently. The human expert is

then asked to provide labels for these disputed instances, allowing the version space to be refined

(Figure 2.12). This iterative process continues until the system achieves minimal loss.

Figure 2.12: Illustration of Charusaie et al.’s approach [11]. At each round, they compute the disagreement set
for the predictors of the human label disagreement, they then query the human for their prediction on
these points. After they learn the expert error boundary, they then learn a consistent classifier-rejector
pair.

Hemmer et al. [40] introduce a different approach to address the challenge of learning with limited

expert predictions, incorporating semi-supervised learning techniques to impute missing human predic-

tions, thus creating a dataset of both real and imputed labels to train the L2D system. Their imputation

method involves first training an embedding model using ground truth labels to produce feature repre-

sentations. These representations then inform the training of an expertise predictor model designed

to approximate an expert’s decision-making abilities. The expertise predictor is then used to generate

synthetic expert predictions for instances that lack real expert annotations.

Both approaches discussed previously [11, 40] focus on the single expert scenario. To overcome

the limitation of requiring human predictions for every instance and every expert in the multi-expert

setting, Tailor et al. [84] introduce learning to defer to a population (L2D-Pop). This variant of L2D is

designed to accurately defer decisions to human experts not observed during training, relying only on

a small context set (a few exemplar data points) that characterizes the available expert. They employ

meta-learning for L2D-Pop, utilizing the context set to adapt the model via a single forward pass. The

adaptation leverages a deep sets architecture to encode the context set into a representation that reflects

the expert’s decision-making profile. This representation is combined with the input features to enhance

the deferral decision. Additionally, they incorporate an attention mechanism to improve the adaptation

process, focusing on the most pertinent elements of the context set for each specific decision. This

approach is pertinent to deal with changes in an expert team, however it still requires an initial set of

expert demonstrations to be able to train the system.

Alves et al. [5] address the overlooked aspect of cost-sensitive scenarios in existing L2D research,

while at the same time echoing critiques from Leitão et al. [55] regarding the lack of consideration for
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expert capacity constraints in L2D systems. They introduce a novel deferral strategy for managing

assignments in cost-sensitive human-AI decision-making contexts that adhere to human capacity limits.

Their proposed system comprises three components: a ML classifier that estimates the probability of

the target class based on instance features; a human expertise model that models the probabilities of

correctness of each of the experts in the team; and an assigner that optimally allocates assignments

considering both capacity constraints and the probabilities of correctness of all decision-makers.

Since Alves et al. [5] is the only recent work to address both cost-sensitive scenarios and capacity

constraints in L2D systems, we adapt their strategy for managing cost-sensitive scenarios and build

upon their framework for handling capacity constraints. Their work will be discussed in further detail

in Chapter 5. Additionally, we aim to extend their work by introducing a more robust L2D solution that

is adaptable to dynamic environments—an area that has been largely unexplored in current research.,

while preserving the state-of-the-art advancements in L2D systems.
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Chapter 3

Enhancing Uncertainty Estimation in

L2D with Density Softmax

The primary objective of this thesis is to develop an assignment system that optimizes decision-

making in a human-AI collaborative environment. This system aims to intelligently determine who should

make a decision for each instance: the AI model or a human expert. In many existing systems, model

uncertainty is often the sole criterion used to decide between the AI and human decision-makers [13,15,

29]: if the model exhibits high uncertainty, the task is deferred to a human; otherwise, the AI proceeds

with the decision. While this approach may seem practical, it overlooks critical factors such as the

varying performance and potential biases of human decision-makers, as discussed in earlier chapters.

To incorporate these human elements, L2D [59] has been proposed by several researchers as a method

to train an assignment mechanism, aiming to improve overall system performance. However, current

L2D research fails to consider the inability to adapt to dynamic environments. This limitation hinders the

scalability and effectiveness of L2D systems in real-world applications. In this chapter, we present the

first of two approaches to overcome this obstacle.

In this chapter, we introduce an L2D system enhanced with distance-aware models, designed to

improve robustness against distribution shifts. Following the density-softmax approach proposed by Bui

and Liu [10], we combine the output of our ML models with a density function trained on the same data

to achieve distance awareness. By incorporating density estimation, we ensure that predictions made in

low-density regions—where the model has seen fewer instances—are accompanied with higher uncer-

tainty [10]. When using the OvA L2D approach proposed by Verma et al. [89] (which will be discussed

in Section 3.3), this integration prevents the predictions of the correctness of each decision-maker (an

ML model or human experts) from being overconfident on OOD data. Consequently, this approach not

only reduces the likelihood of assigning decisions to suboptimal decision-makers in unfamiliar regions of
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the feature space, but also improves the overall system calibration. By maintaining accurate predictions

within the known data distribution and preventing overconfident predictions on OOD data, better calibra-

tion and reliability are ensured. This is particularly important when working with limited expert prediction

data, as this requires training the models that assess expert correctness on a subset of the available

training data.

In the next section, we provide an overview of the architecture and training process of the proposed

system. We will demonstrate how it effectively mitigates overconfident predictions, ensuring robust-

ness against shifts in data distribution, thereby improving the reliability of decision-making in human-AI

collaborative environments.

3.1 Data

For simplicity, we start by considering a binary classification problem, although our approach can

easily be generalized to multi-class problems. In this setup, each instance i is characterized by a feature

vector xi and a label yi ∈ Y = {0, 1}. The feature vector may also include additional information

accessible to the experts, such as the ML model’s score. In cost-sensitive scenarios, we assume that

each instance i has an associated misclassification cost ci, which represents the cost incurred if the

instance is classified incorrectly. Conversely, a correct classification does not incur any cost.

To model a realistic scenario, we assume that our dataset does not include predictions from every

expert for every instance. Instead, we consider that expert j’s prediction for instance i in our dataset,

mi,j ∈ Y, is treated as its own unique instance within the training set. This means that if two distinct

experts, j and k, both provide predictions for the same instance i, these will be treated as two separate

instances in our training set: {xi, yi,mi,j , ci} and {xi, yi,mi,k, ci}.

Consequently, our training set is defined as S = {xi, yi,mi,j , ci}N,J
i=1,j=1. The objective is to estimate

the probability of correctness associated with deferring instance i to expert j or to a ML model, with

the goal of maximizing the overall probability of correctness under capacity constraints, consequently

achieving a low misclassification cost.

It is important to note that the modeling assumptions and objectives outlined in this section are

also applicable to the discussions in Chapter 4 and Chapter 5. The upcoming sections expand on

the concepts introduced here, particularly in relation to how we handle uncertainty and cost-sensitive

learning under expert capacity constraints.
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3.2 Density-softmax

The density-softmax approach, as introduced by Bui and Liu [10], is composed of three main com-

ponents: a feature extractor, a lightweight normalizing-flows density model on the feature space, and a

classifier with a softmax output layer. During training, a feature extractor is trained using an empirical

risk minimization objective. Once trained, an embedding of the input data is extracted, serving as input

for the next step: density estimation.

To obtain estimates of the marginal density of the learned feature space, we use the real-valued

non-volume preserving (RealNVP) model [22], belonging to a class of generative models referred to

as normalizing flows models. These transform a simple, tractable distribution (usually a Gaussian) into

a complex distribution through a sequence of invertible and differentiable transformations. The key

advantage of normalizing flows is that they allow computing the exact data likelihood under the model,

making them highly effective for tasks like density estimation.

The objective of the RealNVP model is to minimize the negative log-likelihood of the input data, which

has been transformed into a simpler distribution. This is achieved through a series of transformations,

where the likelihood of the transformed data is computed efficiently by taking into account both the

likelihood of the transformed samples and the change in volume induced by the transformation. The

log-likelihood can be obtained through the standard change of variable formula,

log pX(x) = log pZ(f(x)) + log |det (Df(x))| , (3.1)

where log pZ(f(x)) is the log-likelihood of the data in the latent space (which is typically modeled as a

Gaussian), and log |det (Df(x))| is the log-determinant of Df(x), the Jacobian of the transformation f ,

computed at x, which accounts for the change in volume during the transformation.

To make the computation of this Jacobian determinant efficient, RealNVP uses a specific design

involving affine coupling layers. The core idea is to partition the input data into two subsets and ap-

ply a transformation only to one subset, conditioned on the other. The coupling layers alternate the

subsets being transformed, ensuring that the entire transformation remains invertible. This clever par-

titioning leads to a Jacobian matrix with a triangular structure, which simplifies the computation of the

determinant.

For a D-dimensional input x, the output y of an affine coupling layer is given by

y1:d = x1:d, (3.2)

yd+1:D = xd+1:D ⊙ exp(s(x1:d)) + t(x1:d), (3.3)

where s and t are scaling and translation functions, which can be arbitrarily complex, typically modeled
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using neural networks. Because one subset of the data remains unchanged while the other undergoes

an affine transformation, the Jacobian matrix for this transformation is triangular:

Df(x) =

[
Id 0
B diag (exp[s(x1:d)])

]
, (3.4)

where B is a block that does not affect the determinant of Df(x). This structure allows computing the

determinant of the Jacobian efficiently, as it reduces to the product of the diagonal elements:

det (Df(x)) = exp

∑
j

s(x1:d)j

 . (3.5)

Note that the forward transformation of the coupling layers leaves some components unchanged.

This is overcome by composing coupling layers in an alternating pattern, such that the components that

are left unchanged in one coupling layer are changed in the next. When combining coupling layers, the

Jacobian determinant of the resulting function remains tractable due to the fact that the determinant of

the composition of two transformations is simply the product of their respective Jacobians, as a simple

consequence of the chain rule:

D(fb ◦ fa)(x) = Dfb(fa(x))D(fa(x)), (3.6)

thus

det
(
D(fb ◦ fa)(x)

)
= det

(
Dfb(fa(x))

)
det
(
D(fa(x))

)
. (3.7)

By structuring the transformation this way, RealNVP ensures that computing the log-determinant

of the Jacobian is computationally feasible, even for high-dimensional data. This allows the model

to compute exact log-likelihoods efficiently, making it a powerful tool for density estimation and other

applications requiring a detailed understanding of data distributions.

The RealNVP model outputs a log-likelihood for each data point x, log(p(f(x;α))), which indicate

how likely each point is to be sampled under the learned distribution, where α represents the parame-

ters of the RealNVP model that control the transformation z = f(x;α) from the input space into a space

where the features follow a simple, tractable distribution, usually, a standard Gaussian. To transform

these log-likelihoods into likelihoods, we apply the exponential function elog(p(f(x;α))). However, directly

exponentiating the log-likelihoods can lead to numerical issues, particularly when the log-likelihood val-

ues are large, causing a numeric overflow.

To address this, we follow the method described by Bui and Liu in Appendix B.1 [10]: the log-

likelihoods are rescaled by dividing them by the maximum log-likelihood value obtained during train-

ing. This rescaling ensures that the log-likelihoods are within a manageable range, with a maximum

of 1. After rescaling, we apply the exponential function to convert the log-likelihoods into likelihoods.
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These likelihoods are then normalized to fall within the range [0, 1], making them suitable as probability

estimates.

In the final step, we combine the density scores (obtained from the likelihoods) with the logits from the

classifier. During inference, the standard softmax function is modified to incorporate the density score

p(f(x;α)) into the logits. For a multi-class classification scenario, the predictive probability is given by

p(y = i|x) = exp(p(f(x;α)) · (xT θgi))∑K
j=1 exp(p(f(x;α)) · (xT θgj ))

, (3.8)

where θg represent the weights of the classifier, x⊤θgi represents the logits for class i, and p(f(x;α))

modulates these logits based on the density of the feature z in the latent space. In a binary classification

setting, this is simplified by using the sigmoid function

p(y = 1|x) = 1

1 + exp(−p(f(x;α)) · (xT θg))
. (3.9)

This formulation ensures that for instances with low density scores (indicating they are likely OOD),

the probability p(y|x) will approach 0.5, reflecting high uncertainty. Conversely, for high-density scores

(indicating in-distribution instances), the probability will align closely with the classifier’s output, ensuring

that the model’s confidence is appropriate for the data at hand.

3.3 Learning to Defer

We build our L2D framework using the classifier-rejector approach used by Verma et al. [89], fre-

quently employed in recent L2D work [59, 63, 64, 89, 90]. In this approach, the authors simultaneously

learn a classifier h : X → Y and a rejector r : X ∪ E → {0, 1, . . . , J}, where E represents additional

information available to the experts. The classifier h is responsible for making decisions, while the re-

jector r determines whether to rely on the classifier or to defer to one of the available human experts.

Specifically, if r(xi) = 0, the decision of classifier h on instance i is accepted, otherwise, if r(xi) = j, the

instance is assigned to expert j.

To guide the learning process, the 0-1 loss function L0−1 proposed by Verma et al. [89] is

L0−1(h, r) = Ex,y,{mj}J
j=1

I[r(x) = 0]I[h(x) ̸= y] +

J∑
j=1

I[r(x) = j]I[mj(x) ̸= y]

 . (3.10)

In this formulation, the loss reflects the correctness of the decision-making process. When the classifier

h makes the prediction (i.e., r(x) = 0), a loss of 1 is incurred if the prediction is incorrect. Similarly, when

expert j is chosen to make the decision (i.e., r(x) = j), a loss of 1 is incurred if the expert’s prediction

mj(x) is incorrect. Verma et al. [89] demonstrate that the Bayes-optimal classifier h∗ and rejector r∗,
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which minimize this loss, satisfy the following conditions:

h∗(x) = argmax
y∈Y

P(y|x) (3.11)

r∗(x) =

{
0 if P(y = h∗(x)|x) > P(y = mj(x)|x) ∀j ∈ {1, . . . , J}
argmaxj∈{1,...,J} P(y = mj(x)|x) otherwise.

(3.12)

However, while the 0-1 loss function provides a clear framework for decision-making, it is non-convex,

making it challenging to optimize. To address this issue, Verma et al. [89] introduce a consistent convex

surrogate for the 0-1 loss in their OvA approach. Minimizing that surrogate, leads to a classifier ĥ and a

rejector r̂ that approximate the Bayes-optimal classifier-rejector pair.

In the OvA approach, the classifier is composed of K functions gk : X → R for each class k ∈

{1, . . . ,K}, each of which represents a binary classification task, estimating the likelihood that a given

instance belongs to class k. Similarly, the rejector consists of J functions g⊥,j : X → R corresponding to

each expert j, which are related to the probability that expert j will make the correct decision. The OvA

surrogate for the 0-1 loss function is obtained by combining the functions g1, . . . , gK and g⊥,1, . . . , g⊥,J

in the following manner:

ΨOvA = Φ[gy(x)] +
∑

y′∈Y,y′ ̸=y

Φ[−gy′(x)] +

J∑
j=1

Φ[−g⊥,j(x)] +

J∑
j=1

I[mj = y]
(
Φ[g⊥,j(x)]− Φ[−g⊥,j(x)]

)
.

(3.13)

where Φ : {±1} × R→ R+ is a strictly proper binary surrogate loss, such as the logistic loss.

Verma et al. [89] show that the minimizer of the pointwise inner risk of this surrogate loss can be

analyzed in terms of the pointwise minimizer of the risk for each of the K + J underlying OvA binary

classification tasks. They conclude that the minimizer of the pointwise inner ΨOvA-risk, g∗, consists of

the minimizers of the inner Φ-risk for each individual binary classification problem, g∗i .

In practical scenarios where not all experts’ predictions are available for every instance, each binary

classifier g⊥,j can be trained independently using the subset of the training data that contains expert

j’s predictions, yielding the best possible estimates of the pointwise inner Φ-risk minimizers g∗i based

on the available data. This way, the OvA approach allows working in scenarios where only one expert

prediction is available per instance, effectively addressing the data availability limitations that many L2D

systems do not adequately consider.

Furthermore, this formulation allows us to enhance the system by combining each binary classifier

with a density model, making the system distance-aware and improving uncertainty estimates on unseen

data. By training a feature extractor and a RealNVP model on the same data as each classifier, we obtain

density scores that capture the likelihood that a given instance belongs to the distribution characterized

by the subset of the data on which each classifier is trained. These density scores are then combined
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with the logits of each binary classifier before applying a sigmoid function. This results in a robust

L2D system where the output probabilities are calibrated for in-distribution data and closer to random

for OOD data. As a result, the system defers decisions more effectively by accounting for uncertainty

in regions where the model has less confidence, leading to improved decision-making in collaborative

environments.

3.3.1 Classifier

In the binary classification case, where K = 2, only one binary classifier is needed. This classifier

ĥ, with scoring function g, is trained to predict the true label yi by minimizing a proper binary composite

loss function with a well-defined inverse link function ψ−1. A common choice is the logistic loss whose

inverse link function is given by ψ−1(g) = 1/(1+e−g) [73]. The empirical estimator of the expected value

of the logistic loss is given by

Llog(g) =
1

N

N∑
i=1

[
−yi log

(
ψ−1(g(xi))

)
− (1− yi) log

(
1− ψ−1(g(xi))

)]
, (3.14)

where g(xi) is the score for sample xi.

By using a proper binary composite loss, we ensure that E[L] is minimized when ψ−1(g(x)) = P(y =

1|x) [73]. This means that minimization of this empirical loss converges to ĝ as N → ∞, resulting in

a scoring function that, when combined with a well-defined inverse link function, produces calibrated

estimates of P (y = 1|x). Therefore, we define ĥ as

ĥ(x) =

{
1 if ψ−1(ĝ(x)) > 0.5

0 otherwise,
(3.15)

ensuring that ĥ agrees with the Bayes-optimal classifier h∗ in the large sample limit.

When extending this approach to cases with more than two classes (K > 2), the OvA approach in-

volves training multiple binary classifiers. Specifically, for each class k in {1, . . . ,K}, we train a separate

binary classifier that distinguishes between class k and all other classes. Each classifier is trained in a

similar fashion to the binary case described above, using a proper binary composite loss and an appro-

priate inverse link function. After training these K binary classifiers, we can then combine their outputs

to make a final multi-class prediction. The predicted class for an instance x is the one corresponding

to the classifier that gives the highest probability, ensuring that the resulting multi-class classifier gen-

eralizes the binary OvA approach to the multi-class setting. As discussed in Section 3.2, these binary

classifiers can be combined with a density model to improve uncertainty estimation.
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3.3.2 Rejector

The rejector in our L2D framework is composed of J functions g⊥,j : X → R, for j ∈ {1, . . . , J},

which estimate the probability that expert j will make the correct decision. These functions are trained

to predict the correctness of the experts’ decisions and are trained in the same manner as the classifier,

ensuring consistency. Each g⊥,j is trained independently on the subset of the training data that contains

expert j’s predictions. If additional information e ∈ E (e.g., ML model score) is available to the experts, it

is also used by the scoring functions, thus g⊥,j : X ∪ E → R.

By training these functions, we obtain estimates P(y = mj |x) for each j ∈ {1, . . . , J}, given by

ψ−1(ĝ⊥,j(x)). The rejector r̂ is then defined as

r̂(x) =

0 if max{ψ−1(ĝ(x)), 1− ψ−1(ĝ(x))} > ψ−1(ĝ⊥,j(x)), ∀j ∈ {1, . . . , J},
argmax
j∈{1,...,J}

ψ−1(ĝ⊥,j(x)) otherwise.

(3.16)

This definition ensures that r̂ aligns with the Bayes-optimal rejector r∗, thus, the classifier-rejector

pair, ĥ and r̂, converge to the minimizers of L0−1, h∗ and r∗, achieving optimal classification performance

in theory.

As discussed in Section 3.2, each binary classifier within the rejector can be combined with a density

model, allowing the rejector to provide well-calibrated and reliable estimates of expert correctness.

3.4 Dealing with Epistemic Uncertainty in Expert Modeling

Each binary classifier used in the rejector is designed to estimate the correctness of an expert’s

decision. By leveraging the density-softmax approach, these classifiers are combined with a density

function, making them distance-aware. Consequently their predicted probabilities account for the like-

lihood of the instance belonging to the training distribution. In this way, the classifiers provide more

reliable estimates of correctness, particularly when faced with OOD data, where uncertainty is higher.

There are two scenarios where the model may output an estimated probability of correctness close

to random (0.5). The first occurs if no similar instances have been seen during training, leading to a

very low density score. In this case, the density score downscales the logits to nearly zero, causing the

sigmoid function’s output to converge to 0.5 (as shown in Equation 3.9). This behavior reflects epistemic

uncertainty, which could be reduced with more training data. The second scenario arises if an instance

has a high density score (indicating it is in-distribution), yet the classifier still produces a sigmoid output

of 0.5. In this case, the uncertainty is aleatoric, representing inherent noise or randomness in the data

that cannot be reduced even with additional data.
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For any given expert, if the model encounters an instance that was not present during training, it

will output a probability of correctness close to 0.5, simply because no similar training data exists for

that expert. However, unlike machine learning models, human experts possess the ability to draw on

information beyond the scope of the data used for training. They can reason causally, adapt to new

environments, and continue learning in real-time. Given these capabilities, a more realistic estimate

of expert correctness in situations of high epistemic uncertainty should reflect the expert’s proficiency

in some way. Specifically, a heuristic approach is to make the model incorporate the expert’s average

probability of correctness, calculated from the expert’s predictions on the training data.

To address this, we adjust the model’s logits to adjust the output probability of expert correctness

when faced with high epistemic uncertainty. This adjustment is done progressively by leveraging the

density score, p(f(x;α)), which lies in the interval [0, 1]. The density score blends the model’s predicted

logits with logits that would yield the expert’s historical average correctness when passed through the

sigmoid function. Specifically, the adjusted logits are given by

p(f(x;α))ĝ⊥,j + (1− p(f(x;α)))σ−1(p̂j,avg), (3.17)

where, ĝ⊥,j represents the logit score of the binary classifier for expert j, while p̂j,avg denotes the expert’s

average correctness, computed as

p̂j,avg =
1

Ntrain

Ntrain∑
i=1

I[mj(xi) = yi], (3.18)

where, Ntrain is the total number of training instances, mj(xi) is the prediction made by expert j for

instance xi, and yi is the label. The adjusted logits are then passed through the sigmoid function (see

Equation 3.9) to obtain the expert’s final probability of correctness.

By using this approach, the model smoothly balances its own prediction of expert correctness with

the expert’s historical performance. In cases where the density score is low, indicating high epistemic

uncertainty, the model’s output will converge toward the expert’s average correctness. Conversely, for

in-distribution instances with high density scores, the model relies more heavily on its own prediction,

ensuring a more calibrated estimate of expert correctness.
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Chapter 4

Conformal Prediction for Human-AI

Collaboration

In this chapter, we propose a different approach in order to address the same challenge discussed

in the previous chapter: improving uncertainty estimation in L2D systems and enabling them to handle

distribution shifts effectively. While the previous chapter focuses on combining classifiers with density

estimation models to reflect uncertainty in OOD data, this chapter proposes an approach that separates

uncertainty estimation from the classifiers themselves.

We hypothesize that L2D, while effective in handling familiar cases, should avoid managing instances

that are unseen during training, as the probability estimates in such cases may be poorly calibrated,

leading to suboptimal decision-making. The performance of the ML model tends to degrade in un-

familiar instances, making it more appropriate to defer them to human experts. Given their ability to

generalize and access broader contextual information, experts are better suited to handle such novel

situations. Furthermore, in many real-world systems, it is preferable—or even mandatory—that OOD in-

stances be reviewed by experts to ensure accountability or explainability. To address this, we propose a

system where OOD instances are automatically deferred to human experts via rejection learning, while

in-distribution instances are assigned through L2D.

We propose a mechanism for assessing epistemic uncertainty on a per-instance basis, which will

guide the decision of whether an instance should be processed through L2D or directly deferred to a

human expert via rejection learning. In models with a vast hypothesis space H, the uncertainty related

to choosing the “best” model (model uncertainty) is typically small, making approximation uncertainty

the primary factor contributing to epistemic uncertainty [43]. Aleatoric uncertainty, which stems from

inherent data noise, is significant in regions where classes overlap, whereas epistemic uncertainty dom-

inates in regions where the model has not observed sufficient data. Therefore, by focusing on epistemic
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Figure 4.1: Assignment system that balances learning to defer and rejection learning.

uncertainty, we can make informed decisions about when to defer to an expert.

To quantify this uncertainty, we employ density-based conformal prediction [37, 62], which, as previ-

ously discussed, allows measuring how well a new instance conforms to the distribution of the training

data. If an instance is predicted to belong to a null-set (i.e., it is significantly different from any previously

seen examples), this suggests that the instance is OOD and should be assigned to a human expert.

Conversely, if the instance is deemed in-distribution (i.e. a non-null set is predicted), L2D can be safely

used to select the most likely correct decision-maker based on the model’s predictions (Figure 4.1).

The data and setting assumptions for this chapter remain the same as those described in Section 3.1.

In the following sections, we describe the architecture and training process for this hybrid system, illus-

trating how it effectively balances the strengths of both L2D and rejection learning to handle dynamic

environments and distribution shifts with improved robustness.

4.1 Density-Based Conformal Prediction

Density-based conformal prediction, as introduced by Hechtlinger et al. [37] and further explored by

Messoudi et al. [62], offers a robust approach to managing uncertainty in classification tasks, particularly

in the context of high-dimensional data and dynamic environments. This method divides the labeled data

into two subsets: the proper training set Dtr = (Xtr, Y tr), used to build a density estimate p̂(x|y) for

each label y, and the calibration set Dcal = (Xcal, Y cal), used to evaluate these density estimates and

establish a threshold q̂y.

The procedure begins by using the proper training set to build {p̂(x|y)}y∈Y , an estimate of the class-

conditional density p(x|y) for each class y ∈ Y. The calibration set is then used to determine the

empirical 1− α quantile q̂y of the density values for each class,

q̂y = sup

t : 1

ny

∑
zi∈Dcal

y

I(p̂(xi|y) ≥ t) ≥ 1− α

 , (4.1)

where ny is the number of elements belonging to class y in Dcal, zi = (xi, yi), and Dcal
y = {zi ∈ Dcal :
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yi = y} is the subset of calibration examples in class y. This quantile effectively acts as a threshold,

allowing the model to define, for any new observation xn+1, a prediction set

Cα(xn+1) = {y ∈ Y : p̂(xn+1|y) ≥ q̂y}, (4.2)

which includes all classes y for which the observed density is above the threshold.

This method is particularly advantageous in scenarios where the model encounters instances that

significantly deviate from the training data, indicating high epistemic uncertainty. When the density

p̂(xn+1|y) for a given instance is low across all classes, the method returns an empty set ∅, signaling

that the model is uncertain and that the instance does not resemble any previously seen examples. This

cautious approach is particularly beneficial in high-stakes environments where incorrect predictions can

have serious consequences, as it allows the model to effectively express uncertainty and defer to human

experts when deemed necessary.

Notably, Cα uses a conformity score based on density estimation, which measures how well an exam-

ple fits with others, instead of the more common non-conformity score. Messoudi et al. [62] demonstrate

that this conformity score can be transformed into a non-conformity score, achieving an equivalent for-

mulation.

The class-conditional densities p(x|y) must be estimated from the data. Standard kernel density

estimation is a viable option, as Lei, Robins, and Wasserman [46] have shown it to be optimal in the

conformal setting under weak conditions. Empirically, using the distance from the k nearest neighbors

is faster. Despite the challenges of density estimation in high dimensions, this approach has proven

effective in previous work [37,62]. The intuitive reason for this success is that we do not need the density

estimates p̂(x|y) to be close to the actual density values p(x|y), we only need the ordering imposed by

p̂(x|y) to approximate the ordering defined by p(x|y).

Hechtlinger et al. [37] show that |P (y ∈ Cα(xn+1)) − (1 − α)| → 0 as minyny → ∞, ensuring the

asymptotic validity of the model. The training and prediction algorithms are defined in Algorithms 4.1

and 4.2.

4.2 Learning to Defer and Rejection Learning

As explained above, whether to apply L2D or rejection learning depends on the output of the confor-

mal prediction process. When the conformal prediction outputs a null set for a given instance, it signifies

high epistemic uncertainty. In this case, models that estimate expert correctness also become unreli-

able, as their predictions may be highly uncalibrated for OOD data. Therefore, assigning this instance

via L2D is not advisable: rejection learning is preferred, thus deferring the instance to human experts

who are better equipped to handle novel situations, possibly by leveraging their broader experience and
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Algorithm 4.1: Training algorithm
Input: Training data Z = (xi, yi), i = 1 . . . n, Class list Y, Confidence level α, Ratio p
Output: p̂list, q̂list
Initialize: p̂list = list, q̂list = list
for y ∈ Y do

Xtr
y , X

cal
y ← SubsetData(Z,Y, p)

p̂y ← LearnDensityEstimator(Xtr
y )

q̂y ← Quantile
(
p̂y(X

cal
y ), α

)
p̂list.append(p̂y)
q̂list.append(q̂y)

end for
return p̂list, q̂list

Algorithm 4.2: Prediction algorithm
Input: Input to be predicted x, Trained p̂list, q̂list, Class list Y
Output: C
Initialize: C = list
for y ∈ Y do

if p̂y(x) ≥ q̂y then
C.append(y)

end if
end for
return C

access to contextual information not available to the ML model.

On the other hand, a non empty prediction set indicates that the instance conforms to the data dis-

tribution. In these cases, L2D is valuable because the system can assign the decision to the most likely

correct decision-maker, whether the ML model or a human expert. Human experts, in particular, may

reduce aleatoric uncertainty by incorporating additional information or reasoning at a higher dimensional

level, as seen in cases where uncertainty is resolved by embedding data into a higher dimensional space

(Figure 2.3). Therefore, when the prediction set is non-null, L2D is the optimal strategy for leveraging

both the ML model’s predictions and the expert’s contextual knowledge.

If rejection learning is applied (i.e., if the conformal prediction outputs a null set), we must assign

the instance to a human expert. One effective strategy is to assign it to the available expert with the

highest average probability of correctness, calculated based on past expert performance on the training

data. This approach ensures that even under uncertainty, the instance is assigned to a reliable decision-

maker. Other strategies, such as randomly selecting an expert or considering the performance on the

nearest neighbors of the instance, are also possible. All strategies must respect the capacity constraints

of human experts, as discussed in Chapter 5.

The L2D framework remains largely the same as described in Chapter 3, where a classifier h : X →

Y and a rejector r : X → {0, 1, . . . , J} are trained to assign decisions to either the classifier or a human

expert. However, unlike in the previous chapter, the models are no longer combined with a density
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function to account for uncertainty.

It is important to note that our method is versatile and could be adapted to work with any L2D

approach that provides an estimate of correctness for each expert. However, we have chosen to employ

the OvA method to have a fair comparison between both our methods. Additionally, the OvA approach

allows working in scenarios where only one expert prediction is available per instance, addressing the

data availability limitations that many L2D systems do not adequately consider.
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Chapter 5

Cost-Sensitive Learning and Capacity

Constraints

5.1 Cost-Sensitive Learning

All previously discussed methods focus on optimizing models to minimize the error rates. We now

turn our attention to scenarios where each instance has its own cost, meaning that it is more costly to

make errors in some instances than others (e.g. false positive (FP) and false negative (FN) errors may

have different costs). In these cases, our objective shifts from minimizing the error rate to minimizing the

overall misclassification cost.

To adapt our method to handle varying cost structures, we employ an instance re-weighting tech-

nique, as proposed by Zadrozny et al. [94] and Elkan [23], and further applied by Alves et al. [5] in the

context of cost-sensitive L2D. This approach involves scaling each loss in the training process by the

misclassification cost ci associated with each instance. By doing so, the surrogate losses used for train-

ing both the classifier function g and the expert-related functions g⊥,j are optimized to reduce the total

misclassification cost, instead of minimizing the error rate. We will now provide a detailed explanation of

how this re-weighting process is applied to the training of classifiers and scoring functions.

When training a classifier h through a scoring function g, the surrogate loss function ℓ is typically

approximated by averaging the individual losses across the entire training set

E(x,y)∼D[ℓ(x, g(x), y)] ≈ 1

N

N∑
i=1

ℓ
(
xi, g(xi), yi

)
, (5.1)

where D represents the data distribution. However, in situations where different instances incur varying

misclassification costs, using a standard surrogate for the 0-1 loss is insufficient. Each instance xi in
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our data has an associated misclassification cost ci, and our goal is to train a model that minimizes the

expected misclassification cost,

Ex,y,c∼D[c · I(h(x) ̸= y)], (5.2)

where each example is now a triplet (x, y, c) of feature vector x, label y, and cost c. Simply minimizing the

expected error rate Ex,y∼D[I(h(x) ̸= y)], as we would with standard surrogate losses, does not align with

our cost-sensitive objective. Zadrozny et al. [94] suggest a solution by redefining the data distribution D̃

as

D̃(x, y) =
c

Ec∼D[c]
D(x, y, c). (5.3)

Under this redefined distribution, minimizing the expected error rate becomes equivalent to minimizing

the expected misclassification cost under the original distribution D (see Equation 5.2),

Ex,y∼D̃[I(h(x) ̸= y)] =
1

Ec∼D[c]
Ex,y,c∼D[c · I(h(x) ̸= y)] ∝ Ex,y,c∼D[c · I(h(x) ̸= y)]. (5.4)

Therefore, to achieve a classifier that optimally reduces misclassification costs, we can train using this

adjusted distribution D̃ and a conventional surrogate loss (e.g. log-loss). In practical terms, this entails

adjusting the weight of each instance during training according to its associated cost, allowing the model

to prioritize instances based on their relative importance, thus minimizing the empirical estimate of the

misclassification cost
N∑
i=1

ciℓ
(
xi, g(xi), yi

)
. (5.5)

To implement this approach in our framework, we modify the standard log-loss functions, used for

training both the classifier g and the expert-related functions g⊥,j , by incorporating the misclassification

costs as instance weights. The adjusted empirical losses are defined as:

L′
classifier

(
{xi, yi, ci}Ni=1, g

)
=

1

N

N∑
i=1

ci

[
−yi log

(
ψ−1

(
g(xi)

))
− (1− yi) log

(
1− ψ−1

(
g(xi)

))]
(5.6)

L′
j

(
{xi, yi, ci,mi,j}Ni=1, g⊥,j

)
=

1

N

N∑
i=1

ci

[
−I[mi,j = y] log

(
ψ−1

(
g⊥,j(xi)

))
− I[mi,j ̸= y] log

(
1− ψ−1

(
g⊥,j(xi)

))] (5.7)
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5.2 Human Work Capacity Constraints

Up until now, we have addressed a significant limitation found in many previous human-AI collabo-

ration systems: their inability to effectively handle dynamic environments. Another critical limitation that

must not be overlooked is the work capacity limitation faced by human experts. In practical settings,

experts cannot process an unlimited number of instances, especially in real-time or high-volume sce-

narios. It is therefore essential to incorporate these capacity constraints into our system to ensure it can

produce feasible solutions in practical applications.

To address this, we propose a solution for incorporating human work capacity constraints into both of

our assignment systems. For the density-softmax approach outlined in Chapter 3, we adopt the strategy

outlined by Alves et al. [5], as it is applicable to any purely L2D framework. In contrast, for the conformal

prediction approach proposed in Chapter 4, we extend this framework by developing a method that

optimizes the balance between L2D and rejection learning in the presence of capacity constraints.

Instead of considering the entire dataset at once, we define these constraints over batches of in-

stances. This approach aligns with practical scenarios where data is processed in stages and also

ensures that the system can dynamically adjust to varying workloads. Specifically, in a dataset com-

posed of N instances, we represent capacity constraints using two key components: a batch vector b

and a human capacity matrix H. The batch vector b is used to assign each instance i to a specific

batch, where bi denotes which batch the instance i ∈ {1, ..., N} belongs to. Formally, the vector b can

be expressed as

b = [1, 1, . . . , 1︸ ︷︷ ︸
n1 times

, 2, 2, . . . , 2︸ ︷︷ ︸
n2 times

, . . . , B,B, . . . , B︸ ︷︷ ︸
nB times

]

where n1, n2, . . . , nB represent the number of instances in each respective batch, and B is the total

number of batches.

The human capacity matrix H is then defined to specify the maximum number of instances each

expert can handle within each batch. The element Hb,j of the matrix represents the maximum number

of instances from batch b that expert j can process. For example, if we have a scenario where each

expert can handle 10 instances per batch, matrix H is given by

H =


10 10 · · · 10
10 10 · · · 10
...

...
. . .

...
10 10 · · · 10


B×J

.

To define the possible assignment decisions, consider a binary classification scenario where Y =

{0, 1}. The assignment decision ai for each instance i can take one of several values from the set

{1, ..., J + 2}. Specifically, ai = y + 1 (where y ∈ Y = {0, 1}) indicates an automatic prediction of class

y for instance i. Alternatively, if ai = j + 2 (where j ∈ {1, ..., J}), the instance i is deferred to the jth
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expert. This framework can be easily extended to handle multiclass classification scenarios.

When adapting a L2D system under capacity constraints, the objective is to maximize the expected

probability of correctness across all instances in a batch. The estimated probability of correctness for all

possible assignments is represented as

P̂(correct|x) =


1− σ(ĝ(x)) if a(x) = 1

σ(ĝ(x)) if a(x) = 2

σ(ĝ⊥,j(x)) if a(x) = j + 2,

(5.8)

where the sigmoid function σ is the inverse link function for the surrogate loss used in training, ĝ(x) is the

output from the main ML classifier, and ĝ⊥,j(x) is the output from the model that predicts the probability

of correctness for expert j.

Finally, to represent the assignment decision over a batch b of nb instances, consider the nb× (2+J)

matrix of assignments A, where each element Ai,ai
is a binary variable that denotes if the assignment

decision ai is taken for instance i. Alves et al. [5] determine the optimal set of assignments under

capacity constraints by solving the following optimization problem:

A∗ = argmax
A∈{0,1}nb×(2+J)

nb∑
i=1

J+2∑
ai=1

P̂(correct|xi, ai)Ai,ai
,

s.t.
nb∑
i=1

Ai,ai
= Hb,ai

, for ai ∈ {3, . . . , J + 2},

and
J+2∑
ai=1

Ai,ai
= 1, for i ∈ {1, 2, . . . , nb}.

(5.9)

The first constraint reflects the capacity limits of human experts: it ensures that the number of instances

assigned to each expert is equal to the predefined capacity. The second constraint ensures that each

instance is assigned to exactly one decision-maker. For instance, consider a scenario with J = 3

experts, each capable of handling 10 instances per batch. An example assignment matrix A could be

A =



1 0 0 0 0
0 0 0 0 1
0 0 1 0 0
0 0 0 1 0
...

...
...

...
...

0 1 0 0 0


,

nb∑
i=1

Ai,ai
= 10,∀ai ∈ {3, 4, 5},

where each of the last 3 columns sums to 10, indicating that each expert is assigned 10 instances and

each row sums to 1, indicating that each instance is assigned to exactly one expert.
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This method can be applied to any L2D system that provides estimates for the probability of cor-

rectness for each decision-maker. In our case, the density-softmax approach operates as a purely L2D

system, where uncertainty estimation is incorporated directly into the binary classifiers. Thus, we employ

the previously described method. However, in our conformal prediction approach, the system no longer

functions purely as an L2D framework. Instead, uncertainty is first estimated to determine whether an

instance should be handled through L2D or deferred as in rejection learning. To formalize the process

of selecting between L2D and rejection learning, we define the binary function

fα(xi) =

{
0 if Cα(xi) = ∅
1 if Cα(xi) ̸= ∅,

(5.10)

where fα(xi) is a function that depends on the coverage level α and the instance xi. If the conformal set

Cα(xi) is empty, fα(xi) outputs 0, indicating that rejection learning should be applied and the instance

should be deferred to an expert. Conversely, if Cα(xi) is not empty, the function outputs 1, signaling that

L2D should be employed and the instance assigned to the decision-maker—either the ML model or an

expert—with the highest probability of correctness.

In this system, the coverage level α defines how rejection learning and L2D are balanced. Lower

values of α result in a more conservative detection of OOD instances, leading to more instances being

processed through L2D. Conversely, higher values of α classify more instances as OOD, immediately

deferring them to human experts. Since data distributions can vary between batches, it is important to

allow the coverage level α to adapt dynamically. Therefore, we optimize α alongside the assignment

matrix A, ensuring the most appropriate decisions are made based on the batch’s characteristics.

The optimal assignment matrix A∗ and coverage level α∗ are determined by solving the following

optimization problem, which maximizes the expected correctness of assignments under capacity con-

straints:

(A∗, α∗) = argmax
A∈{0,1}nb×(2+J),α

nb∑
i=1

J+2∑
ai=1

(
fα(xi)

1

wi
P̂(corr. | xi, ai) +

(
1− fα(xi)

)
P̂(corr. | Xtrain, ai)

)
Ai,ai

,

s.t.
nB∑
i=1

Ai,ai = Hb,ai for ai ∈ {3, . . . , J + 2},

J+2∑
ai=1

Ai,ai = 1 for i ∈ {1, . . . , nb} and ai > 2 if fα(xi) = 0.

(5.11)

This optimization problem introduces several new components compared to the previous one (Equa-

tion (5.9)). First, the third constraint ensures that when rejection learning is applied (fα(xi) = 0), the

instance is deferred to a human expert rather than the ML model, preventing OOD instances from being

handled by the model. In the objective function (Equation (5.11)), the estimated probability of correctness
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P̂(correct | xi, ai) remains, but for OOD instances, the expert’s average correctness P̂(correct | Xtrain, ai),

which is derived from the training data, is used instead. Finally, a new downweighting factor 1
wi

adjusts

for uncertainty or overconfidence in predicted probabilities.

The downweighting factor 1
wi

is determined by the conformal coverage level α and the proportion of

null set predictions in the batch. For each new instance, we compute two density scores p̂(xi|y) (one for

each class in a binary setting). If neither score exceeds the quantile q̂y defined during calibration, the

instance is classified into the null set. These quantiles are selected to meet the desired coverage level

α. Lower α values represent a more conservative approach to detecting OOD data, prioritizing accuracy

and reducing null set predictions, while higher α allows for more null set predictions with a higher error

rate (Figure 5.1). For each instance, α is gradually increased until α∅, the smallest value at which the

instance falls into the null set, is identified. This process requires minimal additional computation since

the density scores are already available; we simply need to find the 1− α quantile. The smaller α∅, the

more OOD the instance is considered, and one approach is to set wi = α∅.

It’s important to differentiate between instances classified as null sets due to the desired coverage

level and those classified as null sets due to data drift. In the absence of data drift, the proportion of null

set predictions should approximate α but should not exceed it. If the proportion of null set predictions

does exceed α, this suggests that accuracy has fallen below 1 − α, indicating a lack of data exchange-

ability and confirming the presence of drift (as illustrated in Figure 5.1). Consequently, we should only

downweight instances classified as null sets due to data drift, rather than those classified as null sets to

meet the coverage level.
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Figure 5.1: Example of the density-based conformal method trained and calibrated on the training data (a), and
evaluated on the test data (b). The conformal coverage plot (c) indicates the presence of distribution
drift, as evidenced by the proportion of null sets exceeding alpha, which in turn decreases the accuracy
below the defined 1−α coverage level. This implies that the data is no longer exchangeable, confirming
the presence of drift.

To build on this reasoning, we can detect OOD data by monitoring the ratio ρ∅,α∅/α∅, where ρ∅,α∅

represents the proportion of null set predictions at a specific coverage level α∅. This ratio compares the

actual proportion of null set predictions with the expected proportion based on α∅. A high ratio suggests

that the proportion of null set predictions is higher than what is anticipated under normal circumstances,

50



indicating potential data drift or OOD instances. By calculating this ratio for each instance, we can

distinguish null set predictions due to OOD data from those due to the desired coverage level α∅.

For example, in Figure 5.1 (c), consider instances predicted as null sets at α∅ = 0. Since ρ∅,α∅ = 0.2,

the ratio becomes 0.2
0 = ∞, leading to these instances being fully downweighted with 1

∞ = 0. For

instances with α∅ = 0.2, the ratio is 0.4
0.2 = 2, resulting in a downweight factor of 1

2 .

One challenge here is that an instance predicted as a null set at a particular α∅ will also remain a null

set for all higher α values. This inflates the null set proportion ρ∅,α∅ , not specifically due to the amount

of null sets at α∅, but due to previously identified null sets at lower α levels. For instance, in the previous

example, all OOD data is detected for α as low as 0.02; however, the instance that is predicted as the

null set for α = 0.2 is still downweighed by 0.5.

To address this, rather than directly comparing ρ∅,α∅ with α∅, we fit a line between the points (α∅ −

s, ρ∅,α∅−s) and (1, 1), where s is the step size between successive values of α. This approach is based

on the assumption that at α = 1, we expect 100% of instances to be classified as null sets. The value

of this line provides a heuristic for the expected proportion of null sets, assuming no additional OOD

data is identified as α increases. Therefore, this adjustment allows determining if additional OOD data

is identified at α∅. The resulting weight wi for an instance xi is then calculated as:

w(xi,Xbatch, C{αi}n
i=1

) =
ρ∅,α∅

ρ∅,α∅−s +
1−ρ∅,α∅−s

1−(α∅−s) s
, (5.12)

where ρ∅,α∅ =
|Cα∅ (Xbatch)=∅|

|Xbatch|
represents the proportion of null set predictions at α∅, based on the instance

xi and the batch Xbatch. The denominator provides the expected proportion of null sets, derived from

fitting the line as described, where s is the step size between successive values of α. If α∅ = 0, the

denominator is set to 0, ensuring that fully OOD instances are appropriately downweighted.

By applying this approach to the example in Figure 5.1 (c), the first point (corresponding to α∅ = 0)

would still be significantly downweighed, as the high proportion of null set predictions indicates a clear

detection of OOD data. However, the second point, which corresponds to a higher α∅, would not be

downweighed at all, since all OOD data had already been identified at lower α levels. This behavior

is exactly what we want, as it prevents the system from penalizing in-distribution data that comes after

OOD data has been detected at lower α∅.

Both assignment problems 5.9 and 5.11 are solved using the constraint programming solver CP-SAT

from Google Research’s OR-Tools [71]. We selected CP-SAT as it has been repeatedly shown to be

the best performing publicly available solver in a wide array of constraint programming problems in the

MiniZinc challenge [82], where solvers are tasked with finding the optimal or a near-optimal solution

within a time-limit.
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Chapter 6

Experimental Setup for Financial

Fraud Detection

In this chapter, we outline the experimental setup for training and evaluating a human-AI collaboration

system within the context of financial fraud detection. In a real-world fraud detection scenario, the volume

of instances far exceeds human capacity, making it impractical to assume that human experts will provide

predictions for the same number of instances as the ML model. To address this, we explain how a

separate ML model (denoted as alert model) is trained to flag potential fraud cases (Section 6.3), which

are subsequently dealt with through our proposed assignment systems. This ensures humans review

the most costly instances - the ones most likely to be fraud. For this setup, we use a synthetic tabular

dataset replicating real-world bank account opening applications, detailed in Section 6.1. To simulate

different scenarios of data drift, we introduce noise in the test set, as described in Section 6.4. Since

this dataset does not provide human expert predictions, Section 6.5 presents the methodology used to

generate realistic expert predictions. Additionally, we discuss the cost-sensitive optimization objective

(Section 6.2), as well as a wide variety of configurations for data availability and capacity constraints

(Section 6.7). Finally, we outline the baselines used to evaluate our approach (Section 6.8) and detail

the training methods implemented for both uncertainty estimation techniques (Section 6.9).

6.1 Dataset

The bank-account-fraud (BAF) tabular dataset, introduced by Jesus et al. [45], is a synthetic repli-

cation of a real-world fraud detection dataset, generated using a CTGAN [92], consisting of one million

rows spread over eight months. Each row represents a bank account opening application, with detailed

information about the application and the applicant. Labels indicate whether each application was fraud-
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ulent (1) or legitimate (0). Fraudsters may impersonate legitimate individuals or create fictitious identities

to gain unauthorized access to banking services, resulting in financial losses for the bank. A significant

challenge in training ML models on this dataset is its high class imbalance, with only about 1% of the

applications being fraudulent. Additionally, the dataset captures distributional changes over time. The

dataset includes 30 features: 19 numeric, 6 binary, and 5 categorical.

In this dataset, a positive prediction indicates fraud and leads to application rejection, while a negative

prediction indicates legitimacy and results in account opening. The costs associated with false positives

(rejecting a legitimate application) and false negatives (accepting a fraudulent application) are different,

with false positives leading to the loss of potential customers and false negatives resulting in financial

losses to the bank.

6.2 Misclassification Costs

Fraud detection is a cost-sensitive task, requiring a balance between the cost of false positive errors

cFP and false negative errors cFN . Standard metrics like accuracy are not adequate in such scenarios,

making it essential to adopt metrics that better capture the cost errors. Jesus et al. [45] employ a

Neyman-Pearson criterion, which, in this case, involves maximizing recall (true positive rate - TPR) at a

fixed 5% FPR. This criterion is commonly imposed by clients in the fraud detection domain as it balances

fraud detection with minimizing customer attrition, accounting for the trade-off between cFP and cFN and

the low prevalence of fraud. However, as our optimization objective is defined as a Neyman-Pearson

Criterion, we do not have direct access to the values of cFP and cFN , which are necessary to apply the

cost-sensitive learning method described in Section 5.1.

In a cost-sensitive task, assuming no cost for correct classifications, the objective is to generate a

set of predictions ŷ that minimize the expected misclassification cost

1

N

N∑
i=1

[λI[yi = 0 ∧ ŷi = 1] + I[yi = 1 ∧ ŷi = 0]] , (6.1)

where λ = cFP /cFN represents the relative cost of false positives to false negatives. Given this, we

derive a cost trade-off parameter λ based on the Neyman-Pearson criterion, which enables setting

cFP = λ and cFN = 1 for our misclassification cost re-weighting approach. This approach is valid

because scaling the optimization objective by a constant factor does not alter the optimal solution.

According to Elkan [23], a relationship between a binary classifier’s ideal threshold t and the misclas-

sification costs cFP and cFN can be established. Given that, for any instance xi, the optimal classification

minimizes the expected cost, the positive class is predicted if and only if the expected cost of predicting
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1 is less than or equal to the expected cost of predicting 0, that is

(1− p)cFP ≤ p cFN , (6.2)

where p = P (y = 1|xi) is the posterior probability that xi belongs to the positive class. The alert model

(described in detail in section Section 6.3) provides an estimate of p through its score output for each

instance. When the inequality becomes an equality, we obtain p = t, leading to

(1− t)cFP = tcFN =⇒ λt =
t

1− t
= 0.056. (6.3)

Given that the optimal threshold t for our alert model is chosen to satisfy the Neyman-Pearson crite-

rion, we can derive the misclassification costs as cFP = λt and cFN = 1 by using this theoretical value

λt.

6.3 Alert Data Setup

In prior L2D research, it is typically assumed that new instances can be assigned either to the ML

model or human experts. However, in many real-world scenarios like fraud detection, it is common to

use an alert model to screen instances and raise alerts that are then reviewed by humans [18]. This

way humans end up only predicting on a critical subset of the feature space, making the most of their

work-capacity. Our assignment systems will function alongside an alert model, which screens instances

and raises alerts; our systems will then be trained and tested on these flagged instances.

The alert model is trained using the first three months of the dataset and is validated on the fourth

month (Figure 6.1). We employ the LightGBM algorithm [48] due to its high performance on tabular

data [8, 80] and its efficiency in large datasets compared to other gradient boosting methods, providing

similar performance with significantly shorter computation times [48]. The alert model is trained by

minimizing the binary cross-entropy loss. Details on the training process are provided in Appendix A.1.

Figure 6.1: Training, validation, and deployment setup for the alert model and the assignment system. The alert
model is trained on data from the first three months and validated on the fourth month, before being
deployed in months 4 to 8. The assignment system is then trained using alerts from months 4 to 6,
validated on month 7, and tested on the 8th month to evaluate its performance.

The alert model achieved a recall of 58.48% at 5% false positive rate (FPR) on the validation set,
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using a decision threshold of t = 0.0526. When deployed on data from months 4 to 8, where the alerts

raised are used to train and test our system, the model’s recall was 50.93% with 4.2% FPR, using the

same threshold. The receiver operating characteristic (ROC) curve for the alert model on the validation

and deployment split is presented in Figure 6.2.
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Figure 6.2: ROC curve for the alert model on the validation and deployment split.

In the deployment phase, spanning months 4 to 8, the alert model flagged approximately 29,000

instances, with a fraud prevalence of 12%. This flagged data will serve as the basis for training and

testing our assignment systems. By focusing on this smaller subset, we simulate a more realistic human-

AI collaboration scenario where experts are only involved in reviewing flagged cases.

6.4 Noise injection

Our training and validation data consists of alerts generated by the alert model from the fourth to

the seventh month, while the eighth month is reserved exclusively for testing (Figure 6.1). To evaluate

our system’s performance under data drift and assess its ability to detect OOD instances, noise was

introduced into the test set. A primary motivation for this is to create a known subset of altered data,

allowing for targeted evaluation of our systems on these modified instances. Additionally, the results

from the alert model indicate similar performance in both validation and deployment splits, suggesting

minimal data drift. To simulate different levels and types of noise, five distinct variants of the test set

were created by introducing different amounts of noise on different subsets of the data. These variants

include:

• Low, medium, and high noise settings: noise is introduced in all features, with magnitude vary-

ing between settings.

• Categorical noise setting: noise is introduced exclusively in the categorical features.
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• Numerical noise setting: noise is introduced only in the numerical features.

For numerical features, the data was standardized to zero mean of and unit variance before adding

Gaussian zero-mean noise and variable standard deviation: 1.0 (low noise), 1.5 (medium and numerical

noise), and 2.0 (high noise). After introducing noise, the data was transformed back to its original

representation. For discrete-valued features, values were rounded to the nearest integer value. For

features with a defined range, the values were clipped to remain within their bounds. For categorical

and flag features, noise was introduced by randomly switching to another categorical/binary value with

probabilities of 0.3 (low noise), 0.4 (medium and categorical noise), and 0.5 (high noise).

As a result, each test set consists of 80% original data and 20% noisy data. This noise injection

process was repeated five times for each of the five settings, using different random seeds to introduce

variability in the noise addition. This allows accounting for statistical fluctuations in the noise injection

process, by reporting the average performance over these 5 random seeds.

6.5 Synthetic Expert Decision Generation

Datasets with human predictions are scarce and obtaining expert predictions is often prohibitively

expensive. To address this difficulty, prior research on generating synthetic human decision-makers

typically involves introducing label noise to simulate human errors. For example, Verma and Nalisnick

[90] use the CIFAR-10 dataset [52], and simulate experts who predict with 70% accuracy on a subset of

the classes and make random predictions on the remaining classes. For the same dataset, Mozannar

and Sontag [64] and Charusaie et al. [11] simulate experts by defining perfect accuracy on a fraction of

the classes and random predictions on the rest. On the Hate Speech and Offensive Language Detection

dataset, Keswani et al. [49] simulate racially biased experts by setting varying error probabilities based

on whether a tweet is labeled as African-American English or not, i.e., experts are more likely to make

an error if the tweet contains African-American English.

However, these approaches have a major limitation: they define expert accuracy based solely on

the label of each instance or on a single feature. This overlooks the influence of the full set of input

features on the probability of error and restricts the ability to simulate a diverse team of human experts

with varied expertise. Alves et al. [5] address this limitation by introducing instance-dependent label

noise, making the probability of error a function of instance features and any other information available

to human experts at the time of decision-making (i.e., the alert model’s score, which is often shown

to decision makers [18]). This creates a more complex simulation of human decision-making, capturing

how different input characteristics influence expert behavior. We follow this approach in our experimental

setup, generating expert decisions that better reflect the complexities of real-world expertise, where error

probabilities vary dynamically based on the properties of each instance.
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Each expert’s synthetic predictions are generated by flipping the label yi with probability P (mj,i ̸=

yi|xi, yi). In our human-AI collaboration systems, the expert’s decision is also influenced by the ML

model’s score M(xi), as this is common in other human-AI collaboration systems [18, 44]. To account

for this, we set the expert’s probability of error for each instance as a function of the pre-processed

features x̄i and the alert model’s score M(xi). The probabilities of error are given by
P (mj,i = 1|yi = 0, xi) = σ

(
β0 − αw·x̄i+wMM(xi)√

||w||2+w2
M

)
P (mj,i = 0|yi = 1, xi) = σ

(
β1 + αw·x̄i+wMM(xi)√

||w||2+w2
M

)
,

(6.4)

where σ is the sigmoid function. Each expert’s error probabilities are controlled by five parameters: β0,

β1, α, w, and wM . The weight vector w and wM define the relative influence of each feature and the

ML model score on the error likelihood. The features are preprocessed by normalizing numeric features

to the [−0.5, 0.5] range and target-encoding categorical features to the [0, 1] interval and shifted to have

zero mean. Normalizing the feature weights enables α to control the impact of the features on the

instance-wise probability of error, while β0 and β1 serve the purpose of controlling the base error rates.

The expected cost resulting from an expert’s decisions is given by

E[C]j = Ey [λP(mj = 1 ∧ y = 0) + P(mj = 0 ∧ y = 1)]

≈ 1

N

N∑
i=1

[λP(mj,i = 1 | yi = 0)P(yi = 0) + P(mj,i = 0 | yi = 1)P(yi = 1)] .
(6.5)

We assume that, on average, human experts perform no worse than the ML classifier. If this were not

the case, randomly assigning instances to human experts would degrade the system performance, thus

making the alert review system harmful. Since we can train the ML classifier before generating synthetic

expert predictions, we know its average misclassification cost on the training data, E[C]h = 0.04. We use

this value to sample the target misclassification cost for each expert, E[C]j , from the normal distribution

TE[C]j ∼ N (E[C]h, 0.2E[C]h), aligning the expert’s performance with that of the classifier. Note that we

are using the classifier’s training misclassification cost, but at test time, the classifier is more affected

by drift and noise than the experts, giving the experts a performance advantage, as expected. Based

on the target misclassification cost, we first sample each expert’s FPR randomly and then calculate

the corresponding false negative rate (FNR) required to achieve TE[C]j (or vice versa) using a partition

of the dataset (month 7). With the FPR and FNR values, we determine the parameters β0 and β1 by

following the methodology outlined by Alves et al. [5]. In our experiments, we consider a range of 1 to

5 experts. To ensure our results are not influenced by randomness in the selection of expert properties,

we generate 15 synthetic experts and randomly sample experts using a different random seed for each

experimental run (details on the testing scenarios are provided in Section 6.7).
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6.6 Expert Properties

To illustrate how different experts are influenced by input features and the model score, we display

a heatmap of the normalized weight vector w for each expert in Figure 6.3. The heatmap shows the

varying degrees to which different features affect the experts’ probabilities of error. Notably, all experts

are also influenced by the model score, reflecting the human-AI collaboration setup where the model’s

output may affect expert decisions [18,44].
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Figure 6.3: Weight feature vector w heatmap for each expert.

In our work, we aim to explore the benefits of integrating decisions from both human experts and

an ML classifier by taking advantage of each human’s and the ML classifier’s complementary expertise.

To verify this assumption, Figure 6.4 presents a heatmap showing the proportion of cases where the

decision-maker in a given row correctly predicted the fraud label while the one in each column did

not. These values, derived from the medium noise test setting, are representative of similar patterns

across other noise levels, making this a comprehensive single representation. These results show

that each decision-maker excels over another in a significant number of instances, as their strengths

vary across different regions of the feature space. This demonstrates that this experimental setup is

appropriate to test our human-AI collaboration methods, as there is performance gain to be had by

optimizing assignments.

6.7 Data Availability and Capacity Constraints

As mentioned previously in Section 2.4, the need for human predictions for every training instance is

not feasible for large datasets due to the high cost involved in obtaining human labels. In most decision-
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Figure 6.4: Fraction of instances in which the row expert is correct and column expert is incorrect.

making tasks where a team of humans is involved, due to the limited human work capacity, each instance

is reviewed by a single human worker [18], which would result in having a single expert label per training

instance.

To simulate realistic scenarios where expert labels may not be available for all training instances, we

experiment with four different data availability conditions. The first condition assumes full availability of

expert labels for all instances, allowing us to train each expert model on the entire training set. This

is commonly done in previous L2D work [39, 89]. In the remaining three conditions, expert labels are

available only for a fraction of the training data, with each expert labeling either 1/5 (i.e., up to one expert

per instance), 1/20, or 1/40 of the total instances. For the density-softmax approach, the density models

are trained on the same subset of data used for training the expert models. To introduce variability,

subsets of training data are randomly distributed among experts across five different random seeds for

each different data availability scenario.

Additionally, we impose uniform work capacity constraints on the experts, assuming that humans

have similar working capacities. This entails that for each deferral rate (the percentage of alerted in-

stances assigned to experts), the capacity constraints are evenly distributed across all experts. We

conduct experiments across multiple testing scenarios with deferral rates ranging from 10% to 50%,

in order to evaluate whether our system can accurately detect OOD data and effectively defer those

instances to human decision-makers, even in settings with low deferral rates.

Given the various data availability and capacity constraint scenarios, along with the different types

and magnitudes of noise in the test set (Section 6.4) and the number of experts considered (Section 6.5),

our testing scenarios are defined by the following four variables:

• Noise: five different settings that vary in type and magnitude, as described in detail in Section 6.4.
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• Number of experts (NE): ranging from 1 to 5, in increments of 1.

• Deferral rate (DR): the percentage of instances deferred to human experts, with values from 10%

to 50%, in 10% steps.

• Data availability (DA): the fraction of human-labeled training data available for training expert

models, defined by four scenarios, as outlined in this section.

Together, these configurations create 500 distinct testing scenarios, far too many to be fully presented

in this thesis. Therefore, results will often focus on a representative subset of these settings.

6.8 Baselines

Learning to defer: as a baseline for L2D, we adopt the OvA L2D algorithm proposed by Verma et

al. [89]. While the method was described in detail in Section 3.3, for this baseline we use a standard

LightGBM model for each binary classifier, instead of the distance-aware models discussed previously.

In other words, this is exactly our density-softmax approach without distance-awareness, so any change

in results is due to the contributions made in this thesis. It is also the same L2D method used in the

conformal prediction approach when an instance is not deemed OOD (i.e. when it is not predicted as

the null set) so it also offers a relevant baseline in this case.

Rejection learning: in this approach, we must first define an uncertainty measure to decide whether

to defer an instance to a human expert or assign it to the classifier. We employ density-based conformal

prediction as the uncertainty metric, randomly deferring instances that fall into the null set and assigning

the remaining instances to the ML model. This approach aligns with the separated rejector framework

illustrated in Figure 2.1. The coverage level, α, is selected so that the number of null set predictions

matches the expert’s capacity.

Random assignment: in this baseline, experts handle a randomly selected subset of the test in-

stances that matches their capacity.

6.9 System Training

6.9.1 Density-Based Conformal Prediction

For density-based conformal prediction, we divide our data into a proper training set and a calibration

set. The proper training set consists of alert data from months 4 to 6, while the calibration set comprises

alert data from month 7.
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To obtain a class-conditional density estimate p(x|y) for each label y ∈ Y, we need to encode our

tabular data, which includes numerical, binary, and categorical features, into a format suitable for density

estimation. Following the approach by Messoudi et al. [62], we train a multi-layer perceptron (MLP) and

use its penultimate dense layer as a feature extractor. These feature vectors are subsequently used for

the conformal prediction step, in order to estimate the density. Details on the training of the MLP are

provided in Appendix A.2.

Feature vectors are extracted from the penultimate dense layer, which has a size of 50, for all alert

instances from months 4 to 8. We then use these feature vectors to perform Gaussian kernel density

estimation (KDE) with a bandwidth of 0.5. As described in Algorithm 4.1, KDE is fit on the proper training

set independently for each class. The empirical 1−α quantile q̂y is then determined using the calibration

data. Prediction sets are subsequently created as outlined in Algorithm 4.2.

6.9.2 Density-Softmax

The feature vectors used for the RealNVP models are extracted from the penultimate layer of the

MLP described in the previous section. These feature vectors serve as the input to the RealNVP models,

which estimate the likelihood of each instance. A unique density model is trained for each expert and

each data availability scenario, using solely the subset of training and validation data labeled by that

expert. Details on the training of the RealNVP models are provided in Appendix A. These expert-specific

density models are then integrated with the binary classifiers that model each expert’s correctness, as

described in Chapter 3.

6.9.3 Learning to Defer

To train the main ML classifier h and the models that predict each expert’s correctness, we again

employ LightGBM models [48]. These models are trained on the alerts raised from months 4 to 6 and

validated on the alert data from month 7. For the ML classifier, we use the true labels as the target

variable. In contrast, for the expert models, we use a label of 1 if the expert provides a correct prediction

on the training instance and a label of 0 if the expert’s prediction is incorrect. Both models are optimized

to minimize the weighted log-loss, as detailed in Section 5.1. Training details for the ML classifier h and

for the expert models are provided in Appendix A.
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Chapter 7

Results

7.1 L2D System Performance and Calibration

7.1.1 Classifier

We begin by evaluating the classifier h regarding predictive performance and calibration. Predictive

performance is measured using the area under the receiver operating characteristic curve (ROC-AUC),

and calibration is assessed via the ECE [36, 67], with both metrics computed under the re-weighted

data distribution as the model was trained under said distribution (Section 5.1). The ECE quantifies the

discrepancy between predicted probabilities and actual outcomes by partitioning predictions into M bins

and computing the weighted average of the absolute difference between accuracy and confidence in

each bin,

ECE =

M∑
m=1

|Bm|
n
|acc(Bm)− conf(Bm)| , (7.1)

where Bm is the set of predictions falling into the m-th bin, |Bm| is the number of predictions in that bin,

n is the total number of predictions, acc(Bm) is the accuracy of predictions in bin Bm, and conf(Bm)

is the average predicted confidence in that bin. In our evaluation, we use quantile bins to partition

the predictions. Unlike fixed-width bins, quantile bins are adaptive and ensure that each bin contains

approximately the same number of predictions.

Figure 7.1 shows the ROC and the calibration curves, along with ROC-AUC and ECE values. The

classifier achieves a ROC-AUC of 0.68 and an ECE of 5.6% on the original test data. As expected,

performance declines significantly, both in predictive capability and calibration, as the noise level rises.

This highlights the classifier’s reduced ability to generate calibrated estimates under noisy conditions

and underscores the need for incorporating uncertainty measures in these dynamic environments.
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Figure 7.1: ROC and calibration curves for classifier h. Values are shown for the original (non-noisy) test data and
the noisy subset of the test set in the five different scenarios. The classifier h is no better than a random
predictor in the high noise setting.

7.1.2 Expert Decision Modeling

We now assess the predictive performance and calibration of the models that predict expert correct-

ness by calculating their ROC-AUC and ECE values. We test these models’ calibration and predictive

performance under several different amounts of human-labeled data, thus simulating real-world chal-

lenges in obtaining expert annotated data. As in the previous section, these metrics are computed

under the re-weighted data distribution, as detailed in Section 5.1.
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Figure 7.2: Mean ROC-AUC and ECE for estimates of P(yi = mj,i), varying the amount of data the models are
trained on. Values are calculated for each model g⊥,j and averaged, with error bars representing 95%
confidence intervals for the mean, accounting for the randomness in the injection of noise and selection
of training data. The data availability axis is shown on a logarithmic scale to improve visualization.

Figure 7.2 illustrates that training these models on smaller subsets of the training data negatively

impacts both performance and calibration. It is also evident that noise on categorical features has

little effect on performance, whereas noise on numerical features significantly degrades performance,

regardless of its magnitude. While calibration remains relatively consistent across settings, the high

noise scenario consistently exhibits higher ECE across all data availability scenarios.
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7.2 MLP and Feature Extraction

The goal of the MLP model is to encode the BAF dataset’s features into a numerical vector so that

we can apply density estimation. While the MLP’s performance is important to obtain better embeddings

from the last layer, we also evaluate it for comparison with the classifier h. Since both models are

trained and validated on the same data, the MLP offers a relevant benchmark. When tested on alert

data from month 8, the MLP achieves a ROC-AUC of 0.63 and an ECE of 6.16%, achieving a slightly

worse performance and calibration than classifier h. This is most likely due to model architecture, further

validating our choice to use a LightGBM model.

To visualize the encoded features and evaluate how noisy and non-noisy instances, as well as fraud

and non-fraud instances, differentiate from each other in the test set, we use the popular t-SNE (t-

distributed stochastic neighbor embedding) method [87]. The results are shown in Figure 7.3. Panel (a)

shows the data without added noise, where fraud and non-fraud instances overlap considerably, reflect-

ing the fact that all of these cases have been flagged by the alert model as potential fraud. Subsequent

panels demonstrate how the noisy data seems to become more concentrated in certain regions of the

feature space as the noise level rises, thus we expect these to be more easily identifiable by conformal

prediction and density methods in our experiments.
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Figure 7.3: t-SNE visualization of the MLP encoded features of the test set under different noise conditions.
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7.3 Density-Softmax

Figure 7.4 displays the density scores obtained from the RealNVP models, visualized in the same

low-dimensional space as in Figure 7.3 using t-distributed Stochastic Neighbor Embedding (t-SNE).

Comparing these two figures, we observe clear patterns regarding the relationship between noise levels

and density scores. In cases with low levels of noise, the lower density scores are scattered throughout

the space, reflecting how the noisy instances are similarly distributed. As the noise magnitude increases,

we see a sharper contrast: regions without noise tend to exhibit density scores close to 1, while areas

corresponding to OOD data display density scores much closer to 0. In contrast with the low noise

scenarios, we also see a much more defined border between noisy and in-distribution samples.
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(d) Medium noise
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Figure 7.4: t-SNE visualization of the density scores on the test set under different noise conditions. The RealNVP
model used to obtain these scores was trained on the whole training set (months 4 to 7).

As explained in Chapter 3, these density scores are used to downweigh the logits of the classifier h

and the binary classifiers that predict the correctness of the experts. Figure 7.5 illustrates the effective-

ness of this approach in the high noise setting. In the left image, the probabilities given by the classifier

h can be arbitrarily high or low for noisy instances. However, on the right, with our density-softmax

approach, the probabilities for noisy instances are more uniformly distributed and closer to random,

reflecting uncertainty awareness.
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Figure 7.5: Comparison of the probabilities given by the classifier h. On the left, the LGBM classifier h’s probabilities
are shown without adjustment from the density-softmax method, while on the right, the probabilities are
adjusted using the density-softmax approach to downweigh the logits in regions of low density.

For the classifier h, improvements in performance are subtle, as the ROC-AUC values, originally

shown in Figure 7.1, change by at most 0.01 with the introduction of distance-awareness (Figure 7.6).

In noisy subsets, ROC-AUC consistently increases, while in the subset without noise, it drops slightly to

0.67. Regarding calibration, ECE decreases for noisy subsets across all scenarios. This reduction is

modest in the categorical, numerical, and low noise scenarios but more pronounced with higher noise

magnitudes, showing a 6% decrease in the high noise setting. Conversely, ECE increases by 2% for

the subset of test data without noise. The density model naturally gives lower scores to instances in

the fringe of the feature space, even though that does not mean that said region constitutes an unseen

region where the logits must be downweighted, thus leading to this slight deterioration in calibration and

performance.

For the binary classifiers predicting expert correctness, the impact on performance and calibration is

tremendous. Across the entire test set for all noisy scenarios, ROC-AUC values rise to the same as the

no noise setting across different data availability settings, a huge gain in performance. This contrasts

with results observed without distance-aware models (Figure 7.2). Additionally, ECE improves across

all scenarios, especially in cases with 1/5 and 1/20 of data availability. Notably, there is no significant

difference in ECE between using the full training set versus 1/5 of the training data, unlike the disparities

seen in Figure 7.2.

7.4 Density-Based Conformal Prediction

7.4.1 Kernel Density Estimation

As with the RealNVP models, KDE is applied to the features extracted from the MLP described in

Section 7.2. To evaluate the performance of KDE, we use Bayes’ theorem to compute the posteriors and

67



0.0 0.2 0.4 0.6 0.8 1.0
False Positive Rate

0.0

0.2

0.4

0.6

0.8

1.0
Tr

ue
 P

os
iti

ve
 R

at
e

ROC Curve

original (no noise) (AUC = 0.67)
categorical noise  (AUC = 0.60)
numerical noise    (AUC = 0.58)
low noise              (AUC = 0.59)
medium noise      (AUC = 0.53)
high noise          (AUC = 0.51)
Perfectly Calibrated

0.0 0.2 0.4 0.6 0.8 1.0
Predicted Probability

0.0

0.2

0.4

0.6

0.8

1.0

Tr
ue

 P
ro

ba
bi

lit
y

Calibration Curve

original (no noise) (ECE = 7.6%)
categorical noise  (ECE = 19.1%)
numerical noise    (ECE = 17.8%)
low noise              (ECE = 24.0%)
medium noise      (ECE = 30.8%)
high noise          (ECE = 30.1%)
Perfectly Calibrated

Figure 7.6: ROC and calibration curves for classifier h in the density-softmax approach. Values are shown for the
original (non-noisy) test data and the noisy subset of the test set in the five different scenarios.
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Figure 7.7: Mean ROC-AUC and ECE for estimates of P(yi = mj,i) in the density-softmax approach, varying
the amount of data the models are trained on. Values are calculated for each distance-aware model
and averaged, with error bars representing 95% confidence intervals for the mean, accounting for the
randomness in the injection of noise and selection of training data. The data availability axis is shown
on a logarithmic scale to improve visualization.

assess the ROC-AUC on the test set. While this evaluation does not directly impact the performance of

our system, it provides insight into the quality of our density estimation and serves as another baseline

to compare the classifier h to, allowing us to assess whether the LightGBM algorithm provides the best

performance.

The priors p̂(y) for each class are obtained from the reweighted distribution described in Section 5.1

as

D̃(x, y) =
c

Ec∼D[c]
D(x, y, c). (7.2)

Using Bayes’ theorem, we compute the posterior probabilities as

p̂(y = 0|x) = p̂(x|y = 0)p̂(y = 0)

p̂(x|y = 0)p̂(y = 0) + p̂(x|y = 1)p̂(y = 1)
, (7.3)
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p̂(y = 1|x) = 1− p̂(y = 0|x) = p̂(x|y = 1)p̂(y = 1)

p̂(x|y = 0)p̂(y = 0) + p̂(x|y = 1)p̂(y = 1)
, (7.4)

and use them to calculate the ROC-AUC and assess performance. The ROC-AUC for this density

model is 0.63, aligning with the performance of the MLP. This is expected, as we don’t expect KDE

to outperform the MLP from which the features are extracted. Nevertheless, it is another baseline the

classifier h outperforms and an indicator of good performance.

7.4.2 Conformal Coverage
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Figure 7.8: Conformal coverage for training and test data under different noise conditions. As the noise magnitude
increases, more test instances are predicted as the empty set for the same value of α. This not only
indicates that we are in the presence of distribution shift but also showcases the method’s ability to
identify OOD instances.

As detailed in Algorithm 4.1 and Algorithm 4.2, density scores obtained from the KDE model are

used as conformity scores for our conformal prediction approach. In this method, the confidence level α

is predefined, and the number of classes in the prediction sets is adjusted to meet the desired accuracy

level. Smaller values of α result in higher accuracy but may predict both labels for a larger proportion of

observations. Conversely, higher values of α result in more null set predictions, where the model refrains

from making any prediction.

Figure 7.8 demonstrates how varying coverage levels α affect prediction sets across different test

scenarios. As expected, in the training data, classification accuracy is roughly 1− α, consistent with the

design of conformal prediction, while the proportion of null predictions is close to α. This suggests that
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for all values of α, errors are mainly attributed to a high number of null set predictions, with very few

non-empty sets that do not contain the true label.

However, at test time, the accuracy drops below 1 − α, signaling a violation of the exchangeability

assumption in conformal prediction due to distribution shift. Additionally, the higher number of null set

predictions at test time suggests that the method is able to identify instances that deviate from the training

distribution. As the noise level increases, more instances are classified into the null set for the same

level α, reinforcing this observation. This trend is evidenced further in Figure 7.9, which demonstrates

the model’s ability to detect OOD data as the noise increases.
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Figure 7.9: Demonstrating the effectiveness of the conformal prediction method in detecting OOD data by out-
putting null set predictions. In (b), note that the y-axis starts at 0.2 as the test sets are designed to have
20% noisy data. As α approaches 1, all instances are predicted as the null set, causing the proportion
to converge to 0.2.

In Figure 7.9 (a), the proportion of noisy data predicted as the null set increases as α rises. For

lower noise magnitudes, this identification process is more gradual, meaning that the risk of incorrectly

classifying in distribution samples as OOD samples is higher for lower noise settings. For higher noise

magnitudes, the detection becomes more pronounced, as nearly all noisy data is identified even for

lower α values in the higher noise settings. Figure 7.9 (b) shows that as noise levels increase, a larger

proportion of null set predictions come from noisy data, particularly for lower values of α. This confirms

the model’s ability to correctly identify uncertain predictions.

7.5 Assignment System Performance and Calibration

Having trained the classifier h, the OvA binary classifiers that model expert correctness, and the

uncertainty estimation methods required for our system implementations, we now evaluate the perfor-
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mance of our assignment systems, i.e. conformal prediction based and density-softmax based. In this

section, we compare our proposed assignment systems against the baselines defined in Section 6.8

across various testing scenarios.

Each testing scenario is determined by four variables, as described in Section 6.7. These variables

are noise type/level, number of experts, deferral rate, and data availability. Due to the large number of

testing scenarios (500 to be precise), we showcase a summarized view of the results that represent the

general pattern seen in our experiments, while in Appendix B, we present another 240 scenarios that

showcase a larger and representative subset of the results, covering different combinations of experts,

deferral rates, and data availability.

The results summarized in Table 7.1 are derived by fixing the number of experts at five, the data

availability at one-fifth, and the deferral rate at 40%. Each setting is run five times with different random

seeds. For each run, five experts are randomly sampled from a pool of 15, and different random seeds

are used for both the training data selection and the noise addition. The table presents the expected

misclassification cost (Equation 6.1) per 100 instances across five runs for each noise setting, comparing

five deferral strategies: the density-softmax approach (DS), the conformal prediction approach (CP), and

the baseline methods—L2D, rejection learning (RL), and random assignment. The results are averaged

over the five runs, with 95% confidence intervals for the mean.

Table 7.1: Comparison of deferral strategies under different noise settings. The reported values are the expected
misclassification cost per 100 instances with 95% confidence intervals across five runs. For each noise
setting, the best-performing strategy is in bold, and the second-best is underlined.

Setting Deferral Strategy

Noise CP DS L2D RL Random

numerical 5.06 ± 0.28 4.93 ± 0.39 5.07 ± 0.46 5.36 ± 0.32 5.25 ± 0.06
categorical 4.81 ± 0.13 4.80 ± 0.07 5.07 ± 0.21 5.23 ± 0.10 5.31 ± 0.23

low 5.18 ± 0.13 5.17 ± 0.10 5.55 ± 0.27 5.39 ± 0.22 5.70 ± 0.19
medium 5.25 ± 0.14 5.41 ± 0.17 5.84 ± 0.15 5.71 ± 0.22 6.04 ± 0.18

high 4.83 ± 0.21 5.48 ± 0.09 5.89 ± 0.18 5.75 ± 0.12 6.08 ± 0.07

Both proposed assignment methods consistently outperform the baselines across all noise settings.

In low-noise scenarios (numerical, categorical, and low noise), DS and CP perform similarly, with DS

slightly outperforming CP. However, as noise magnitude increases (medium and high noise), CP be-

comes the superior method. This is due to the fact that as the noise levels get higher, having a hard

cutoff and just sending OOD samples to humans makes results better than having a sort of model

score fade caused by the density model, where OOD instances may sometimes still be assigned to the

classifier. We show this in Figure 7.10 and discuss it in more detail below.

The baseline strategies—L2D, rejection learning, and random assignment—show poorer perfor-

mance overall. The random strategy consistently yields the highest misclassification costs. Interestingly,
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in the extended results provided in Appendix B, L2D performs better than rejection learning in low-noise

settings (categorical, numerical, and low noise), while rejection learning outperforms L2D in higher-noise

conditions (medium and high noise). Among the 72 scenarios shown with lower noise magnitude (low,

categorical and numerical settings) and a high deferral rate (40% or 50%), L2D outperforms RL 94%

of the time. Conversely, RL outperforms L2D, 78% of the time in the medium and high noise setting,

regardless of deferral rate. These results highlight L2D’s effectiveness in scenarios where it can reli-

ably model decision-maker correctness and where data drift at test time is minimal. In contrast, rejection

learning proves advantageous when data that deviates from the training distribution is readily identifiable

and can be deferred to human experts. This also justifies the conformal prediction method’s advantage

in high noise settings.

In the following analysis, we evaluate how the misclassification cost changes as we vary one vari-

able while keeping the others fixed. Figure 7.10 presents the expected misclassification cost per 100

instances plotted against the deferral rate, with each line representing a different number of experts.

There are three main takeaways from these plots. First, as expected, misclassification cost de-

creases as experts are tasked with predicting a larger fraction of the test set. This result stems from how

our experiments are set up: on the test set, the synthetic experts perform better than the main classifier

h on average (Section 6.5).

Second, we observe that as the deferral rate increases, the performance gap between settings with

different numbers of experts becomes more pronounced. At lower deferral rates, the systems prioritize

assigning noisy and OOD instances to human experts, as these are the instances where the most signif-

icant performance improvements can be achieved given the experts’ limited capacity. This assignment

is primarily based on the experts’ past performance, as described in Chapters 3 and 4, and does not

account for the varying strengths of experts across different regions of the feature space. However,

when the deferral rate exceeds 20% (recall that our test sets contain 20% noisy data), experts are also

tasked with handling in-distribution instances. In this case, having a larger team of experts becomes

a clear advantage, as it enables better assignment of instances through L2D, matching each instance

to the expert most likely to make a correct prediction based on their expertise in specific regions of the

feature space.

Finally, the plots for the high-noise setting illustrate why the conformal prediction method outper-

forms the density-softmax approach in settings with greater noise magnitude. In Figure 7.10 (c), we see

a significant reduction in misclassification cost up to a deferral rate of 20%, followed by a slower rate of

improvement beyond that. In contrast, Figure 7.10 (d) shows a slower but steady reduction in misclas-

sification cost across all deferral rates in the density-softmax approach. This difference stems from how

each method handles OOD instances: conformal prediction assigns instances labeled as the empty set

to human experts, assuming the classifier h has a zero probability of correctness on these instances.
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Figure 7.10: Misclassification Cost vs Deferral Rate. Each line represents a different scenario where we change
the number of experts in the system. These results were obtained for the full data availability scenario.
Each plot represents the results for one of our proposed assignment systems for either the high or the
low noise setting.

In contrast, the density-softmax approach assigns a minimum probability of correctness of 0.5 to the

classifier h, meaning that some OOD instances may still be deferred to the classifier rather than experts.

This occurs if there are in-distribution instances in which the experts are significantly more accurate

than the classifier. In such cases, the assignment system from the density-softmax approach prioritizes

these instances for expert prediction over OOD instances, leading to a less pronounced improvement in

misclassification cost for low deferral rates.

To address this limitation of the density-softmax approach, a potential improvement would be to

allow the classifier h’s probability of correctness to approach zero when high epistemic uncertainty is

detected. This adjustment would make the approach more comparable to a smoothed version of the

conformal prediction method, as it would exclude the classifier from decision-making on OOD instances,

thereby applying a form of rejection learning. Exploring this enhancement presents a promising direction

for future work.
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We previously assessed deferral quality using the expected misclassification cost per 100 instances.

Now, we turn our focus to evaluating calibration by measuring the ECE of our proposed assignment

systems compared to the L2D baseline. This comparison is feasible only with the L2D baseline, as

deferral in the random and rejection learning baselines is not driven by any ML model.

For the density-softmax approach, the ECE comparison with the L2D baseline is straightforward.

Both are L2D systems, with the primary distinction being that density-softmax incorporates distance-

aware models that provide less confident (closer to random) probabilities on OOD data (Figure 7.5).

Thus, we calculate the ECE by comparing the true label of each instance with the probability of cor-

rectness output for the assigned decision-maker in each method. The results, shown in Table 7.2, were

derived in a similar manner to the performance results in Table 7.1; specifically, we conducted five runs

for each setting, sampling five experts from a pool of 15, and applying random seeds for noise addition

and training data selection. For consistency, we maintained the data availability scenario at 1/5 (i.e., one

expert prediction per training instance). However, here we varied the deferral rate between 20% and

40%, as we observed relevant differences across this range.

Table 7.2: Comparison of the Density-Softmax and Learning to Defer strategies under different noise and deferral
rate settings. The reported values are the expected calibration error (%) with 95% confidence intervals
across five runs.

Setting Deferral Strategy

Noise DR DS L2D

categorical 20 2.78 ± 0.31 4.56 ± 1.35
categorical 40 3.68 ± 0.79 3.73 ± 0.81
numerical 20 3.24 ± 0.74 4.49 ± 1.29
numerical 40 4.19 ± 0.62 4.24 ± 0.66

low 20 3.77 ± 0.65 5.10 ± 1.25
low 40 4.41 ± 0.84 3.79 ± 0.49

medium 20 3.64 ± 0.43 5.04 ± 1.29
medium 40 4.75 ± 0.56 4.16 ± 0.61

high 20 3.93 ± 0.57 5.39 ± 1.14
high 40 4.70 ± 1.18 4.49 ± 0.53

At lower deferral rates, the density-softmax approach consistently achieves better-calibrated proba-

bilities than the L2D baseline, as reflected by lower ECE values across all settings. However, at higher

deferral rates, the calibration advantage is less pronounced. Results indicate that as the deferral rate

increases, calibration for the density-softmax method slightly worsens, while it improves for the L2D

baseline. This trend can be attributed to a slight calibration deterioration for classifier h on the non-noisy

subset of the test data when using distance-aware models, where the ECE increases by approximately

2%. However, as detailed in Section 7.3, employing distance-aware models enhances calibration on the

noisy subset of the test data and significantly improves calibration for the expert models in the entire test

set, consistently across all scenarios.
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For the conformal prediction approach, we cannot evaluate calibration in the same straightforward

way as with the density-softmax approach. In our conformal method, instances predicted as the null set

are handled via a rejection learning strategy, so we focus on calibration for instances that are not flagged

as null sets. These instances are assigned through the same L2D approach used in the baseline, as

described in Section 6.8. Therefore, our comparison is not directly between different methods, but rather

an evaluation of whether restricting L2D assignment to a smaller subset of in-distribution data (non-null

set predictions) enhances calibration. By excluding null set predictions, we aim to improve calibration

by concentrating the L2D assignment on instances where the models provide more reliable estimates of

correctness.
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Figure 7.11: Expected Calibration Error vs Coverage Level α. Each line represents a different noise scenario. As
we increase the coverage level the number of non-null set predictions decreases and the number of
null set predictions increases, affecting the ECE values. For the expert models, the ECE is averaged
across all models, shown in the plots with 95% confidence intervals.

In Figure 7.11, we plot the ECE for instances not predicted as the null set (left column) and for those

predicted as the null set (right column) across various coverage levels α. This comparison is shown for

both classifier h and the expert models, allowing us to observe how calibration changes as α varies.
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As α increases, more instances are predicted as null sets, reducing the number of non-null predictions,

as seen in Section 5.2. In settings with medium and high noise, calibration on the non-null predictions

improves considerably for classifier h and moderately for the expert models at low α values, indicating

better-calibrated estimates as we start to detect and exclude more OOD data. Conversely, the ECE on

the null set predictions is initially high but decreases across all noise settings as α rises. This is expected:

when α is close to 0, only the most extreme OOD data is excluded, resulting in few null set predictions,

all of which have poor calibration. As α continues to rise, the threshold for detecting OOD data becomes

less conservative, leading to more instances being categorized as null sets and improving calibration as

these instances increasingly resemble the training data distribution. However, at higher α levels, fewer

instances are flagged as non-null sets, shifting the distribution of the data remaining for assignment

through L2D. This distribution change results in poorer calibration on the non-null predictions.

These observations motivate the need for an optimal coverage level α that effectively detects OOD

data while improving calibration. The plots in Figure 7.11 demonstrate why jointly optimizing the cov-

erage level α and the assignment matrix is necessary, as described in Section 5.1. Selecting an ap-

propriate α allows the system to detect as much OOD data as possible, while avoiding excessive null

set predictions that would shift the distribution of the remaining non-null predictions and lead to poorer

calibration. As shown in Table B.6 from Appendix B, the number of null set predictions varies consid-

erably with different noise settings, aligning with earlier observations in Section 7.4.2. Furthermore,

the optimization process consistently selects α values between 0 and 0.05—ranges that balance OOD

detection with calibration stability, as confirmed by the ECE results discussed in this section. For the

medium and high noise settings, these values of α allow for significant improvement in calibration, while

for lower noise magnitudes they do not shift the distribution on which L2D occurs, allowing calibration to

not deteriorate.
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Chapter 8

Conclusions and Future Work

Machine learning (ML) models are increasingly employed in high-stakes decision-making settings

due to their scalability, speed, and impressive performance. However, these models often lack trans-

parency and adaptability in evolving environments, limiting their applicability in high-risk dynamic con-

texts. Human decision-makers complement artificial intelligence (AI) by offering strengths that counter-

act these weaknesses, including the ability to adapt to novel situations, access to additional information,

and an ability to reason through causal relationships. A significant area of research within human-AI col-

laboration has thus focused on determining which decision-maker should handle a given instance. The

learning to defer (L2D) framework enhances traditional rejection learning by modeling human decision-

making behavior, allowing for a more effective allocation of instances. However, L2D still faces several

limitations that challenge its implementation in real-world settings, particularly concerning work capac-

ity constraints, limited data availability, and adapting to distribution shifts in dynamic environments. To

address these challenges, we proposed two novel methods that improve the robustness of human-AI

collaboration in these complex scenarios.

The first approach, based on distance-aware models, leverages density estimation to create a L2D

system more attuned to distribution shifts in the data. In this approach, each classifier employed by the

L2D system is combined with a density function and thus yields lower confidence scores on instances

far away from the training distribution. Our results showed that employing distance-aware models im-

proved the misclassification cost and the expected calibration error in several scenarios where data drift

occurred at test time. Additionally, this method achieved more consistent performance and calibration

results in low data availability scenarios when compared with the L2D baseline. This indicates that

density-aware adjustments help the model to better detect instances that differ from the training data,

resulting in improved calibration and reliability in the model’s estimates.

The second approach employs density-based conformal prediction to balance rejection learning with

L2D. This method identifies instances that do not conform to the training data distribution and defers
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them directly to human experts. By restricting L2D to in-distribution instances, where the model can

make more reliable predictions, and deferring the remaining instances to human experts, we saw a

further reduction in misclassification cost compared to both our density-softmax method and traditional

L2D systems. Additionally, our optimization of the coverage level led to an effective balance of rejection

learning and L2D: in high-noise settings, around 17% of instances were identified as out-of-distribution

and deferred to human experts through a rejection learning strategy, aligning closely with our introduction

of roughly 20% noisy instances at test time. Importantly, we demonstrated, in this approach, that the

majority of instances assigned through rejection learning originated from noisy data, demonstrating the

system’s ability to detect and appropriately defer these challenging instances. Overall, the conformal

prediction system achieved the best performance in the higher noise settings, with similar performance

to the density-softmax approach in the remaining testing scenarios.

8.1 Future Work

A promising direction for future work is to modify the density-softmax approach by allowing the main

classifier’s probability of correctness to approach zero under high epistemic uncertainty. This adjust-

ment would align it more closely with the conformal prediction method by excluding the classifier from

decision-making on OOD instances, thereby incorporating a form of rejection learning. This would allow

the system to defer more OOD instances to human experts, especially in high-noise settings, poten-

tially achieving reductions in the misclassification cost across all deferral rates. Moreover, prioritizing

human predictions on OOD instances may be required in high-stakes settings where accountability and

explainability are critical.

Another area to explore is the system’s performance across various cost ratios for FP and FN errors,

as this work focuses on a single cost structure. Extending the approach to multiple cost structures would

provide insights into its flexibility and robustness in diverse cost-sensitive environments. Additionally,

refining the selection of the λ parameter used to express the Neyman-Pearson criterion could improve

adaptability. Currently, this parameter is defined at training time to ensure that the training process is

cost-aware. However, this may limit the system’s responsiveness to evolving cost structures, such as

shifts in class prevalence. Adjusting λ dynamically as the system gathers more information about its

environment could make the model more responsive to changes in prevalence or other relevant cost

changes.

Finally, we aim to test the integration of fairness incentives within both assignment systems. Given

that human decision-makers and ML models may exhibit biases, it is essential to ensure that decisions in

high-stakes scenarios are made equitably, fostering a system that prioritizes fairness alongside accuracy

and accountability.

78



Bibliography

[1] Heritage health prize.

[2] Regulation (eu) 2016/679 of the european parliament and of the council of 27 april 2016 on the

protection of natural persons with regard to the processing of personal data and on the free move-

ment of such data, and repealing directive 95/46/ec (general data protection regulation) (text with

eea relevance), May 2016.

[3] Takuya Akiba, Shotaro Sano, Toshihiko Yanase, Takeru Ohta, and Masanori Koyama. Optuna: A

next-generation hyperparameter optimization framework. In Ankur Teredesai, Vipin Kumar, Ying
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Appendix A

Hyperparameter Selection

A.1 Alert Model

Hyperparameter optimization for the alert model is conducted using tree-structured parzen estima-

tors (TPE), a Bayesian optimization technique, to explore the hyperparameter space [3]. This opti-

mization process runs for 100 trials, aiming to maximize recall at a 5% FPR on the validation set. The

hyperparameter search space and the values selected for the final model are shown in Table A.1.

Table A.1: Alert Model: LightGBM hyperparameter search space

Hyperparameter Values or Interval Distribution Selected

boosting type “goss” “goss”
enable bundle False False
n estimators [50, 5000] Log 163
max depth [2, 20] Uniform 2
num leaves [10, 1000] Log 208
min child samples [5, 500] Log 20
learning rate [0.01, 0.5] Log 0.3506776
reg alpha [0.0001, 0.1] Log 0.0036325
reg lambda [0.0001, 0.1] Log 0.0043664

A.2 MLP

The MLP is trained on alerts from months 4 to 6 and validated on alerts from month 7. It is optimized to

minimize the weighted log-loss described in Equation (5.6). Hyperparameter optimization is performed

using TPE [3], running for 100 trials with 10 startup trials. The hyperparameter search space and the

selected parameters are shown in Table A.2.
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Table A.2: Feature Extraction MLP: Hyperparameter Search Space

Hyperparameter Values or Interval Distribution Selected

optimizer Adam Adam
hidden layer sizes {[128/200, 20/50/128, 0/20/50]} [128, 50]
learning rate [1e-5, 1e-3] Log 3.096e-5
weight decay [1e-5, 1e-3] Log 3.84e-4
dropout rate [0.0, 0.5] Uniform 0.056
num epochs [20, 200] Uniform 73
batch size [10, 128] Log 30

A.3 RealNVP models

We conduct hyperparameter optimization for the RealNVP model using TPE [3]. We use alert data from

months 4 to 6 as the training set and validate the model on data from month 7. The optimization process

involves 100 trials, with 10 startup trials, where the goal is to find a configuration that minimizes the neg-

ative log-likelihood of the validation data under the model’s distribution. The final model parameters were

selected based on their performance on the validation set. Table A.3 summarizes the hyperparameter

search space.

Table A.3: RealNVP: Hyperparameter Search Space

Hyperparameter Values or Interval Distribution

num coupling layers [2, 10] Uniform
hidden dim [64, 256] Uniform (step 32)
learning rate [1e-5, 1e-3] Log
num epochs [50, 300] Uniform

This procedure is repeated for each expert and each data availability scenario, resulting in a unique

density model for each expert, trained solely on the subset of training and validation data labeled by that

expert (we don’t include the selected parameters due to the large number of models this results in).

A.4 Learning to Defer models

For the ML classifier h, we perform hyperparameter optimization using TPE [3], running the optimization

process for 1700 trials with 1500 start-up trials, using the hyperparameter search space in Table A.4.

The goal of this search is to minimize the weighted log-loss (see Equation 5.6).

Since false negatives carry a higher cost, we explore whether introducing a bias towards predicting

fraud is beneficial for our model. This is done by testing different initial probability estimates for the base

predictor in the boosting model. During model training, we perform an independent hyperparameter

search over a range of values for the initial prediction value ginitial, from gd to gd + 2, in increments of
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Table A.4: ML classifier: LightGBM hyperparameter search space

Hyperparameter Values or Interval Distribution

boosting type “dart”
enable bundle [False, True]]
n estimators [50, 250] Uniform
max depth [2, 5] Uniform
num leaves [100, 1000] Uniform
min child samples [5, 200] Uniform
learning rate [0.001, 1] Uniform
reg alpha [0.0001, 2] Uniform
reg lambda [0.0001, 2] Uniform

0.2, where gd is the default initial prediction value

gd = logit

(∑
i ciyi∑
i ci

)
. (A.1)

For the expert models, hyperparameter optimization is also done using TPE [3], running the opti-

mization for 120 trials with 100 start-up trials, on the search space described in Table A.5. The goal is

also to minimize the weighted log-loss (see Equation 5.7).

Table A.5: Expert Models: LightGBM hyperparameter search space

Hyperparameter Values or Interval Distribution

boosting type “dart”
enable bundle [False, True]]
n estimators [50, 250] Uniform
max depth [2, 20] Uniform
num leaves [100, 1000] Log
min child samples [5, 100] Log
learning rate [0.005, 0.5] Log
reg alpha [0.0001, 0.1] Log
reg lambda [0.0001, 0.1] Log
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Appendix B

Extended Results

B.1 Assignment system extended results

This appendix provides extended details on the results of the deferral systems in the various testing

scenarios tested. In Table B.1, B.2, B.3, B.4 and B.5, we present the expected misclassification cost per

100 instances, as in chapter 7, but for a larger variety of settings. Each setting is the result of selecting

one of the five possible test sets with noise introduced, selecting 1, 3, or 5 as the number of experts

(NE) to integrate the expert team, selecting between 20% or 50% deferral rate (DR), and selecting a

data availability (DA) scenario of either the full dataset, 1/5, 1/20 or 1/40 of the dataset. The results

shown are averaged over 5 runs with 95% confidence intervals for the mean. For each run, we change

the random seeds used for the addition of noise and the training data selection.

B.2 Null set predictions

The number of null set predictions outputted by our density based conformal prediction depends highly

on the noise setting and on the deferral rate. The noise setting determines the magnitude of drift in

the test set. In cases with more drift, the conformal method outputs more null set predictions for lower

coverage levels α. The deferral rate affects the optimization process described in Equation 5.11. The

optimization problem will result in a coverage level α that respects the human experts’ capacity con-

straints.

In Table B.6 we present the percentage of null set predictions outputted for each of these settings,

with 95% confidence intervals. The results are averaged over 5 runs, changing the random seed used

for the introduction of noise in each run. Table B.6 was obtained for 5 experts and the full training data

availability scenario, however, these results are representative of what is obtained in other scenarios.
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Setting Deferral Strategy

Noise NE DR DA CP DS L2D RL Random

categorical 1 20 1 5.24 ± 0.04 5.23 ± 0.08 5.54 ± 0.14 5.59 ± 0.19 5.47 ± 0.22
categorical 1 30 1 5.03 ± 0.07 5.09 ± 0.03 5.18 ± 0.14 5.43 ± 0.12 5.50 ± 0.17
categorical 1 40 1 4.93 ± 0.09 4.93 ± 0.08 5.18 ± 0.14 5.24 ± 0.13 5.29 ± 0.17
categorical 1 50 1 4.83 ± 0.12 4.78 ± 0.11 5.18 ± 0.14 5.05 ± 0.20 4.95 ± 0.16
categorical 3 20 1 5.36 ± 0.16 5.37 ± 0.20 5.78 ± 0.14 5.62 ± 0.16 5.75 ± 0.24
categorical 3 30 1 4.95 ± 0.10 4.97 ± 0.10 5.25 ± 0.14 5.40 ± 0.13 5.51 ± 0.17
categorical 3 40 1 4.73 ± 0.06 4.76 ± 0.08 5.10 ± 0.14 5.44 ± 0.14 5.34 ± 0.25
categorical 3 50 1 4.60 ± 0.04 4.61 ± 0.05 5.09 ± 0.14 5.24 ± 0.13 5.30 ± 0.18
categorical 5 20 1 5.22 ± 0.15 5.28 ± 0.12 5.72 ± 0.14 5.60 ± 0.21 5.63 ± 0.11
categorical 5 30 1 4.93 ± 0.10 4.93 ± 0.14 5.13 ± 0.14 5.40 ± 0.15 5.29 ± 0.16
categorical 5 40 1 4.69 ± 0.11 4.73 ± 0.13 4.99 ± 0.14 5.27 ± 0.16 5.17 ± 0.22
categorical 5 50 1 4.52 ± 0.09 4.53 ± 0.04 4.92 ± 0.14 5.03 ± 0.22 5.22 ± 0.21
numerical 1 20 1 5.33 ± 0.23 5.29 ± 0.22 5.55 ± 0.13 5.31 ± 0.11 5.35 ± 0.22
numerical 1 30 1 5.19 ± 0.21 5.25 ± 0.22 5.12 ± 0.13 5.24 ± 0.08 5.30 ± 0.13
numerical 1 40 1 5.08 ± 0.23 5.06 ± 0.22 5.05 ± 0.13 5.13 ± 0.12 5.27 ± 0.15
numerical 1 50 1 4.96 ± 0.21 4.93 ± 0.21 5.04 ± 0.13 5.07 ± 0.11 4.88 ± 0.21
numerical 3 20 1 5.46 ± 0.17 5.31 ± 0.25 5.56 ± 0.13 5.49 ± 0.10 5.66 ± 0.07
numerical 3 30 1 5.12 ± 0.19 4.99 ± 0.23 5.02 ± 0.13 5.28 ± 0.12 5.29 ± 0.15
numerical 3 40 1 4.91 ± 0.20 4.80 ± 0.18 5.01 ± 0.13 5.34 ± 0.11 5.20 ± 0.19
numerical 3 50 1 4.72 ± 0.11 4.68 ± 0.16 5.04 ± 0.13 5.21 ± 0.12 5.15 ± 0.19
numerical 5 20 1 5.30 ± 0.17 5.30 ± 0.24 5.57 ± 0.13 5.30 ± 0.16 5.54 ± 0.15
numerical 5 30 1 5.04 ± 0.23 5.00 ± 0.19 4.92 ± 0.13 5.24 ± 0.09 5.12 ± 0.15
numerical 5 40 1 4.75 ± 0.18 4.76 ± 0.18 4.75 ± 0.13 5.16 ± 0.11 5.03 ± 0.21
numerical 5 50 1 4.58 ± 0.15 4.58 ± 0.18 4.76 ± 0.13 5.06 ± 0.12 5.06 ± 0.11

low 1 20 1 5.58 ± 0.10 5.60 ± 0.10 5.80 ± 0.14 5.69 ± 0.10 5.78 ± 0.21
low 1 30 1 5.41 ± 0.04 5.43 ± 0.08 5.47 ± 0.14 5.49 ± 0.13 5.64 ± 0.14
low 1 40 1 5.22 ± 0.09 5.28 ± 0.12 5.47 ± 0.14 5.35 ± 0.14 5.50 ± 0.08
low 1 50 1 5.15 ± 0.06 5.18 ± 0.11 5.45 ± 0.14 5.25 ± 0.12 5.14 ± 0.18
low 3 20 1 5.58 ± 0.16 5.60 ± 0.16 6.01 ± 0.14 5.85 ± 0.10 5.95 ± 0.15
low 3 30 1 5.21 ± 0.18 5.24 ± 0.16 5.44 ± 0.14 5.56 ± 0.13 5.64 ± 0.13
low 3 40 1 5.04 ± 0.22 5.05 ± 0.19 5.43 ± 0.14 5.61 ± 0.24 5.53 ± 0.05
low 3 50 1 4.89 ± 0.20 4.86 ± 0.13 5.47 ± 0.14 5.61 ± 0.19 5.55 ± 0.09
low 5 20 1 5.45 ± 0.11 5.49 ± 0.12 5.98 ± 0.14 5.71 ± 0.10 5.90 ± 0.16
low 5 30 1 5.12 ± 0.20 5.09 ± 0.20 5.36 ± 0.14 5.50 ± 0.08 5.49 ± 0.10
low 5 40 1 4.93 ± 0.23 4.95 ± 0.23 5.20 ± 0.14 5.41 ± 0.15 5.47 ± 0.27
low 5 50 1 4.77 ± 0.21 4.75 ± 0.17 5.12 ± 0.14 5.25 ± 0.15 5.32 ± 0.14

medium 1 20 1 5.72 ± 0.20 6.01 ± 0.09 6.39 ± 0.03 5.72 ± 0.11 6.28 ± 0.10
medium 1 30 1 5.45 ± 0.24 5.82 ± 0.15 5.98 ± 0.03 5.49 ± 0.11 6.18 ± 0.08
medium 1 40 1 5.29 ± 0.17 5.65 ± 0.15 5.96 ± 0.03 5.76 ± 0.14 6.04 ± 0.27
medium 1 50 1 5.20 ± 0.17 5.54 ± 0.14 5.93 ± 0.04 5.63 ± 0.14 5.38 ± 0.19
medium 3 20 1 5.81 ± 0.19 6.03 ± 0.11 6.57 ± 0.03 6.02 ± 0.14 6.48 ± 0.08
medium 3 30 1 5.52 ± 0.15 5.70 ± 0.09 5.94 ± 0.03 5.58 ± 0.08 6.12 ± 0.12
medium 3 40 1 5.26 ± 0.15 5.45 ± 0.08 5.84 ± 0.03 5.90 ± 0.15 6.04 ± 0.09
medium 3 50 1 5.00 ± 0.20 5.25 ± 0.09 5.81 ± 0.03 5.93 ± 0.11 6.12 ± 0.13
medium 5 20 1 5.65 ± 0.18 5.94 ± 0.10 6.52 ± 0.03 5.70 ± 0.13 6.41 ± 0.08
medium 5 30 1 5.40 ± 0.20 5.62 ± 0.09 5.86 ± 0.03 5.53 ± 0.15 6.07 ± 0.11
medium 5 40 1 5.12 ± 0.16 5.36 ± 0.08 5.71 ± 0.03 5.74 ± 0.19 5.88 ± 0.26
medium 5 50 1 4.93 ± 0.15 5.13 ± 0.13 5.56 ± 0.03 5.63 ± 0.17 5.97 ± 0.12

Table B.1: Expected Misclassification Cost per 100 instances for each setting - part 1
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Setting Deferral Strategy

Noise NE DR DA CP DS L2D RL Random

high 1 20 1 5.30 ± 0.12 6.11 ± 0.10 6.40 ± 0.13 5.69 ± 0.12 6.23 ± 0.18
high 1 30 1 5.01 ± 0.08 5.85 ± 0.12 6.02 ± 0.13 5.58 ± 0.07 6.24 ± 0.20
high 1 40 1 4.88 ± 0.06 5.74 ± 0.13 6.00 ± 0.13 5.70 ± 0.09 6.00 ± 0.25
high 1 50 1 4.81 ± 0.09 5.51 ± 0.12 5.97 ± 0.13 5.73 ± 0.06 5.39 ± 0.17
high 3 20 1 5.42 ± 0.15 6.11 ± 0.14 6.44 ± 0.13 6.08 ± 0.09 6.51 ± 0.17
high 3 30 1 5.09 ± 0.17 5.67 ± 0.11 5.95 ± 0.13 5.65 ± 0.19 6.13 ± 0.17
high 3 40 1 4.68 ± 0.08 5.49 ± 0.08 6.03 ± 0.13 5.91 ± 0.16 6.22 ± 0.14
high 3 50 1 4.61 ± 0.07 5.33 ± 0.14 5.96 ± 0.13 6.07 ± 0.15 6.05 ± 0.15
high 5 20 1 5.25 ± 0.17 5.98 ± 0.10 6.37 ± 0.13 5.68 ± 0.19 6.50 ± 0.14
high 5 30 1 4.97 ± 0.12 5.56 ± 0.10 5.83 ± 0.13 5.59 ± 0.13 6.13 ± 0.15
high 5 40 1 4.57 ± 0.11 5.34 ± 0.13 5.74 ± 0.13 5.73 ± 0.08 5.94 ± 0.07
high 5 50 1 4.37 ± 0.09 5.18 ± 0.15 5.69 ± 0.13 5.69 ± 0.18 5.90 ± 0.18

categorical 1 20 1/5 5.28 ± 0.12 5.29 ± 0.13 5.49 ± 0.17 5.59 ± 0.19 5.54 ± 0.11
categorical 1 30 1/5 5.07 ± 0.13 5.06 ± 0.13 5.07 ± 0.14 5.43 ± 0.12 5.47 ± 0.30
categorical 1 40 1/5 4.85 ± 0.06 4.85 ± 0.06 5.03 ± 0.20 5.24 ± 0.13 5.32 ± 0.20
categorical 1 50 1/5 4.67 ± 0.04 4.68 ± 0.09 5.05 ± 0.11 5.05 ± 0.20 4.99 ± 0.13
categorical 3 20 1/5 5.36 ± 0.16 5.37 ± 0.11 5.69 ± 0.17 5.62 ± 0.16 5.72 ± 0.17
categorical 3 30 1/5 5.02 ± 0.12 5.02 ± 0.15 5.16 ± 0.26 5.47 ± 0.16 5.39 ± 0.13
categorical 3 40 1/5 4.82 ± 0.14 4.84 ± 0.14 5.07 ± 0.21 5.46 ± 0.14 5.35 ± 0.14
categorical 3 50 1/5 4.62 ± 0.12 4.65 ± 0.10 5.05 ± 0.17 5.23 ± 0.20 5.14 ± 0.18
categorical 5 20 1/5 5.29 ± 0.12 5.26 ± 0.15 5.56 ± 0.09 5.56 ± 0.20 5.67 ± 0.14
categorical 5 30 1/5 5.04 ± 0.15 5.04 ± 0.22 5.06 ± 0.21 5.42 ± 0.12 5.28 ± 0.22
categorical 5 40 1/5 4.79 ± 0.08 4.81 ± 0.05 4.95 ± 0.13 5.31 ± 0.17 5.21 ± 0.25
categorical 5 50 1/5 4.61 ± 0.13 4.62 ± 0.13 5.00 ± 0.28 5.13 ± 0.16 5.15 ± 0.07
numerical 1 20 1/5 5.30 ± 0.23 5.34 ± 0.21 5.53 ± 0.19 5.31 ± 0.11 5.41 ± 0.14
numerical 1 30 1/5 5.14 ± 0.22 5.15 ± 0.19 4.98 ± 0.16 5.24 ± 0.08 5.30 ± 0.21
numerical 1 40 1/5 4.99 ± 0.19 4.97 ± 0.22 4.90 ± 0.18 5.13 ± 0.12 5.24 ± 0.17
numerical 1 50 1/5 4.81 ± 0.08 4.78 ± 0.08 4.91 ± 0.10 5.07 ± 0.11 4.99 ± 0.21
numerical 3 20 1/5 5.41 ± 0.20 5.29 ± 0.21 5.68 ± 0.11 5.45 ± 0.14 5.63 ± 0.16
numerical 3 30 1/5 5.13 ± 0.15 5.03 ± 0.26 5.11 ± 0.23 5.28 ± 0.15 5.24 ± 0.17
numerical 3 40 1/5 4.96 ± 0.25 4.88 ± 0.30 4.97 ± 0.10 5.31 ± 0.17 5.25 ± 0.23
numerical 3 50 1/5 4.86 ± 0.10 4.80 ± 0.23 4.92 ± 0.30 5.21 ± 0.10 5.13 ± 0.19
numerical 5 20 1/5 5.35 ± 0.18 5.26 ± 0.23 5.57 ± 0.18 5.32 ± 0.09 5.56 ± 0.17
numerical 5 30 1/5 5.05 ± 0.15 5.05 ± 0.25 5.00 ± 0.17 5.24 ± 0.12 5.10 ± 0.22
numerical 5 40 1/5 4.92 ± 0.24 4.85 ± 0.21 4.89 ± 0.24 5.15 ± 0.08 4.99 ± 0.14
numerical 5 50 1/5 4.74 ± 0.12 4.63 ± 0.16 4.86 ± 0.33 5.06 ± 0.16 5.03 ± 0.14

low 1 20 1/5 5.54 ± 0.12 5.56 ± 0.13 5.74 ± 0.13 5.69 ± 0.10 5.78 ± 0.15
low 1 30 1/5 5.36 ± 0.16 5.30 ± 0.22 5.32 ± 0.20 5.49 ± 0.13 5.65 ± 0.17
low 1 40 1/5 5.12 ± 0.15 5.14 ± 0.18 5.32 ± 0.26 5.35 ± 0.14 5.57 ± 0.28
low 1 50 1/5 4.99 ± 0.15 5.00 ± 0.13 5.32 ± 0.05 5.25 ± 0.12 5.14 ± 0.12
low 3 20 1/5 5.57 ± 0.16 5.61 ± 0.09 6.02 ± 0.17 5.86 ± 0.12 5.97 ± 0.16
low 3 30 1/5 5.30 ± 0.14 5.28 ± 0.21 5.45 ± 0.18 5.57 ± 0.09 5.54 ± 0.26
low 3 40 1/5 5.16 ± 0.13 5.13 ± 0.10 5.36 ± 0.26 5.58 ± 0.11 5.50 ± 0.28
low 3 50 1/5 4.92 ± 0.11 4.93 ± 0.10 5.34 ± 0.24 5.59 ± 0.14 5.47 ± 0.08
low 5 20 1/5 5.44 ± 0.08 5.54 ± 0.10 5.87 ± 0.11 5.70 ± 0.18 5.95 ± 0.12
low 5 30 1/5 5.26 ± 0.19 5.29 ± 0.17 5.37 ± 0.13 5.47 ± 0.13 5.51 ± 0.12
low 5 40 1/5 5.02 ± 0.18 5.04 ± 0.19 5.26 ± 0.21 5.42 ± 0.17 5.42 ± 0.10
low 5 50 1/5 4.86 ± 0.22 4.86 ± 0.17 5.28 ± 0.19 5.32 ± 0.18 5.47 ± 0.18

Table B.2: Expected Misclassification Cost per 100 instances for each setting - part 2
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Setting Deferral Strategy

Noise NE DR DA CP DS L2D RL Random

medium 1 20 1/5 5.71 ± 0.19 6.03 ± 0.10 6.30 ± 0.08 5.72 ± 0.11 6.20 ± 0.11
medium 1 30 1/5 5.49 ± 0.15 5.76 ± 0.17 5.82 ± 0.12 5.49 ± 0.11 6.15 ± 0.05
medium 1 40 1/5 5.26 ± 0.21 5.54 ± 0.14 5.81 ± 0.13 5.76 ± 0.14 6.05 ± 0.18
medium 1 50 1/5 5.13 ± 0.17 5.32 ± 0.08 5.81 ± 0.11 5.63 ± 0.14 5.12 ± 0.08
medium 3 20 1/5 5.88 ± 0.15 6.10 ± 0.08 6.53 ± 0.09 6.03 ± 0.11 6.47 ± 0.08
medium 3 30 1/5 5.51 ± 0.23 5.76 ± 0.26 5.93 ± 0.25 5.53 ± 0.10 6.11 ± 0.14
medium 3 40 1/5 5.36 ± 0.22 5.51 ± 0.15 5.86 ± 0.18 5.97 ± 0.13 6.05 ± 0.09
medium 3 50 1/5 5.17 ± 0.27 5.36 ± 0.19 5.82 ± 0.19 5.85 ± 0.14 6.03 ± 0.05
medium 5 20 1/5 5.81 ± 0.14 5.98 ± 0.08 6.36 ± 0.14 5.73 ± 0.14 6.44 ± 0.04
medium 5 30 1/5 5.52 ± 0.17 5.72 ± 0.11 5.82 ± 0.14 5.51 ± 0.05 6.08 ± 0.06
medium 5 40 1/5 5.28 ± 0.26 5.46 ± 0.06 5.80 ± 0.15 5.69 ± 0.22 5.87 ± 0.15
medium 5 50 1/5 5.04 ± 0.18 5.20 ± 0.23 5.78 ± 0.18 5.64 ± 0.14 5.99 ± 0.05

high 1 20 1/5 5.36 ± 0.18 6.08 ± 0.05 6.35 ± 0.10 5.69 ± 0.12 6.22 ± 0.13
high 1 30 1/5 5.02 ± 0.12 5.78 ± 0.11 5.86 ± 0.12 5.58 ± 0.07 6.22 ± 0.15
high 1 40 1/5 4.85 ± 0.14 5.56 ± 0.13 5.84 ± 0.16 5.70 ± 0.09 6.04 ± 0.12
high 1 50 1/5 4.64 ± 0.10 5.23 ± 0.22 5.84 ± 0.24 5.73 ± 0.06 5.29 ± 0.24
high 3 20 1/5 5.50 ± 0.13 6.09 ± 0.10 6.47 ± 0.19 6.08 ± 0.11 6.48 ± 0.14
high 3 30 1/5 5.04 ± 0.12 5.74 ± 0.11 5.98 ± 0.25 5.68 ± 0.16 6.21 ± 0.10
high 3 40 1/5 4.87 ± 0.06 5.53 ± 0.16 5.92 ± 0.27 5.98 ± 0.25 6.13 ± 0.16
high 3 50 1/5 4.81 ± 0.14 5.37 ± 0.17 5.87 ± 0.11 6.05 ± 0.13 6.08 ± 0.24
high 5 20 1/5 5.37 ± 0.22 6.01 ± 0.13 6.33 ± 0.15 5.66 ± 0.14 6.43 ± 0.16
high 5 30 1/5 5.03 ± 0.15 5.75 ± 0.12 5.85 ± 0.20 5.58 ± 0.13 6.12 ± 0.21
high 5 40 1/5 4.82 ± 0.16 5.47 ± 0.12 5.82 ± 0.12 5.75 ± 0.18 6.07 ± 0.25
high 5 50 1/5 4.69 ± 0.13 5.23 ± 0.13 5.83 ± 0.19 5.70 ± 0.17 6.00 ± 0.15

categorical 1 20 1/20 5.34 ± 0.18 5.34 ± 0.21 5.28 ± 0.29 5.59 ± 0.19 5.50 ± 0.14
categorical 1 30 1/20 5.14 ± 0.10 5.17 ± 0.09 5.02 ± 0.16 5.43 ± 0.12 5.44 ± 0.22
categorical 1 40 1/20 4.90 ± 0.10 4.92 ± 0.12 5.04 ± 0.19 5.24 ± 0.13 5.29 ± 0.23
categorical 1 50 1/20 4.67 ± 0.11 4.68 ± 0.10 4.84 ± 0.23 5.05 ± 0.20 4.83 ± 0.12
categorical 3 20 1/20 5.45 ± 0.13 5.45 ± 0.16 5.52 ± 0.18 5.56 ± 0.17 5.66 ± 0.14
categorical 3 30 1/20 5.11 ± 0.14 5.09 ± 0.08 5.08 ± 0.12 5.37 ± 0.19 5.42 ± 0.26
categorical 3 40 1/20 4.90 ± 0.10 4.89 ± 0.11 5.02 ± 0.07 5.41 ± 0.24 5.49 ± 0.09
categorical 3 50 1/20 4.65 ± 0.16 4.65 ± 0.11 5.00 ± 0.23 5.20 ± 0.19 5.33 ± 0.19
categorical 5 20 1/20 5.42 ± 0.19 5.40 ± 0.24 5.39 ± 0.19 5.54 ± 0.17 5.74 ± 0.17
categorical 5 30 1/20 5.09 ± 0.13 5.07 ± 0.11 5.05 ± 0.18 5.44 ± 0.15 5.26 ± 0.24
categorical 5 40 1/20 4.77 ± 0.16 4.78 ± 0.13 5.03 ± 0.30 5.28 ± 0.18 5.16 ± 0.10
categorical 5 50 1/20 4.60 ± 0.09 4.57 ± 0.07 5.07 ± 0.29 5.08 ± 0.28 5.10 ± 0.21
numerical 1 20 1/20 5.36 ± 0.22 5.34 ± 0.25 5.30 ± 0.28 5.31 ± 0.11 5.41 ± 0.23
numerical 1 30 1/20 5.16 ± 0.18 5.17 ± 0.21 4.94 ± 0.17 5.24 ± 0.08 5.25 ± 0.27
numerical 1 40 1/20 5.03 ± 0.17 4.92 ± 0.17 4.90 ± 0.14 5.13 ± 0.12 5.23 ± 0.09
numerical 1 50 1/20 4.77 ± 0.13 4.72 ± 0.16 4.80 ± 0.13 5.07 ± 0.11 4.81 ± 0.15
numerical 3 20 1/20 5.48 ± 0.28 5.42 ± 0.25 5.50 ± 0.19 5.49 ± 0.13 5.65 ± 0.14
numerical 3 30 1/20 5.24 ± 0.22 5.17 ± 0.23 4.96 ± 0.18 5.23 ± 0.09 5.33 ± 0.22
numerical 3 40 1/20 5.08 ± 0.23 4.92 ± 0.25 4.87 ± 0.18 5.31 ± 0.15 5.12 ± 0.12
numerical 3 50 1/20 4.84 ± 0.27 4.73 ± 0.21 4.87 ± 0.10 5.17 ± 0.12 5.13 ± 0.16
numerical 5 20 1/20 5.36 ± 0.15 5.32 ± 0.13 5.36 ± 0.12 5.30 ± 0.14 5.55 ± 0.16
numerical 5 30 1/20 5.17 ± 0.19 5.06 ± 0.19 4.96 ± 0.02 5.21 ± 0.16 5.15 ± 0.18
numerical 5 40 1/20 4.97 ± 0.13 4.84 ± 0.17 4.89 ± 0.26 5.14 ± 0.12 5.05 ± 0.21
numerical 5 50 1/20 4.73 ± 0.27 4.63 ± 0.19 4.91 ± 0.21 5.09 ± 0.05 5.09 ± 0.13

Table B.3: Expected Misclassification Cost per 100 instances for each setting - part 3
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Setting Deferral Strategy

Noise NE DR DA CP DS L2D RL Random

low 1 20 1/20 5.56 ± 0.17 5.61 ± 0.18 5.60 ± 0.34 5.69 ± 0.10 5.69 ± 0.28
low 1 30 1/20 5.40 ± 0.16 5.40 ± 0.18 5.31 ± 0.11 5.49 ± 0.13 5.71 ± 0.14
low 1 40 1/20 5.17 ± 0.16 5.16 ± 0.19 5.31 ± 0.18 5.35 ± 0.14 5.53 ± 0.09
low 1 50 1/20 4.92 ± 0.13 4.89 ± 0.11 5.16 ± 0.30 5.25 ± 0.12 5.10 ± 0.17
low 3 20 1/20 5.68 ± 0.19 5.71 ± 0.17 5.86 ± 0.18 5.82 ± 0.13 6.00 ± 0.19
low 3 30 1/20 5.34 ± 0.12 5.32 ± 0.16 5.31 ± 0.16 5.49 ± 0.17 5.72 ± 0.17
low 3 40 1/20 5.15 ± 0.11 5.09 ± 0.15 5.31 ± 0.24 5.61 ± 0.21 5.63 ± 0.07
low 3 50 1/20 4.96 ± 0.17 4.91 ± 0.12 5.25 ± 0.24 5.64 ± 0.18 5.53 ± 0.18
low 5 20 1/20 5.59 ± 0.22 5.63 ± 0.23 5.72 ± 0.21 5.65 ± 0.14 5.89 ± 0.14
low 5 30 1/20 5.30 ± 0.19 5.30 ± 0.20 5.31 ± 0.23 5.48 ± 0.16 5.52 ± 0.11
low 5 40 1/20 5.03 ± 0.27 5.04 ± 0.24 5.34 ± 0.40 5.38 ± 0.12 5.41 ± 0.03
low 5 50 1/20 4.77 ± 0.18 4.76 ± 0.13 5.32 ± 0.36 5.34 ± 0.17 5.37 ± 0.17

medium 1 20 1/20 5.76 ± 0.22 6.05 ± 0.15 6.06 ± 0.22 5.72 ± 0.11 6.24 ± 0.07
medium 1 30 1/20 5.54 ± 0.17 5.81 ± 0.14 5.81 ± 0.07 5.49 ± 0.11 6.23 ± 0.10
medium 1 40 1/20 5.30 ± 0.17 5.56 ± 0.15 5.81 ± 0.02 5.76 ± 0.14 6.11 ± 0.20
medium 1 50 1/20 5.01 ± 0.14 5.28 ± 0.04 5.59 ± 0.31 5.63 ± 0.14 5.36 ± 0.07
medium 3 20 1/20 5.96 ± 0.23 6.17 ± 0.12 6.34 ± 0.07 6.03 ± 0.06 6.45 ± 0.10
medium 3 30 1/20 5.65 ± 0.14 5.88 ± 0.10 5.82 ± 0.06 5.63 ± 0.14 6.08 ± 0.21
medium 3 40 1/20 5.37 ± 0.15 5.59 ± 0.17 5.78 ± 0.10 5.95 ± 0.17 6.07 ± 0.15
medium 3 50 1/20 5.13 ± 0.08 5.31 ± 0.12 5.75 ± 0.16 5.83 ± 0.13 5.95 ± 0.16
medium 5 20 1/20 5.90 ± 0.17 6.09 ± 0.12 6.21 ± 0.18 5.72 ± 0.16 6.47 ± 0.10
medium 5 30 1/20 5.55 ± 0.11 5.82 ± 0.16 5.77 ± 0.13 5.50 ± 0.10 6.03 ± 0.11
medium 5 40 1/20 5.27 ± 0.09 5.49 ± 0.14 5.74 ± 0.19 5.76 ± 0.14 5.98 ± 0.14
medium 5 50 1/20 5.02 ± 0.19 5.23 ± 0.11 5.78 ± 0.21 5.58 ± 0.16 5.89 ± 0.10

high 1 20 1/20 5.33 ± 0.09 6.05 ± 0.19 6.10 ± 0.31 5.69 ± 0.12 6.27 ± 0.14
high 1 30 1/20 5.03 ± 0.10 5.85 ± 0.09 5.85 ± 0.13 5.58 ± 0.07 6.15 ± 0.08
high 1 40 1/20 4.84 ± 0.13 5.50 ± 0.20 5.82 ± 0.13 5.70 ± 0.09 6.06 ± 0.20
high 1 50 1/20 4.63 ± 0.11 5.22 ± 0.20 5.65 ± 0.19 5.73 ± 0.06 5.19 ± 0.23
high 3 20 1/20 5.58 ± 0.11 6.27 ± 0.13 6.31 ± 0.18 6.09 ± 0.11 6.45 ± 0.11
high 3 30 1/20 5.12 ± 0.10 5.86 ± 0.16 5.86 ± 0.12 5.66 ± 0.22 6.06 ± 0.25
high 3 40 1/20 4.95 ± 0.04 5.59 ± 0.21 5.84 ± 0.10 5.92 ± 0.16 6.04 ± 0.24
high 3 50 1/20 4.73 ± 0.10 5.30 ± 0.21 5.79 ± 0.18 5.98 ± 0.18 6.06 ± 0.16
high 5 20 1/20 5.40 ± 0.11 6.18 ± 0.20 6.15 ± 0.15 5.66 ± 0.18 6.46 ± 0.21
high 5 30 1/20 5.10 ± 0.20 5.84 ± 0.23 5.83 ± 0.15 5.58 ± 0.14 6.04 ± 0.16
high 5 40 1/20 4.81 ± 0.13 5.50 ± 0.24 5.87 ± 0.25 5.73 ± 0.09 6.07 ± 0.25
high 5 50 1/20 4.62 ± 0.18 5.17 ± 0.17 5.84 ± 0.14 5.74 ± 0.10 5.96 ± 0.15

categorical 1 20 1/40 5.32 ± 0.06 5.34 ± 0.04 5.23 ± 0.16 5.59 ± 0.19 5.41 ± 0.25
categorical 1 30 1/40 5.15 ± 0.09 5.14 ± 0.07 5.13 ± 0.19 5.43 ± 0.12 5.37 ± 0.16
categorical 1 40 1/40 4.86 ± 0.12 4.85 ± 0.09 5.02 ± 0.19 5.24 ± 0.13 5.33 ± 0.23
categorical 1 50 1/40 4.67 ± 0.12 4.66 ± 0.11 4.67 ± 0.27 5.05 ± 0.20 5.00 ± 0.17
categorical 3 20 1/40 5.39 ± 0.15 5.39 ± 0.14 5.39 ± 0.28 5.59 ± 0.15 5.69 ± 0.18
categorical 3 30 1/40 5.14 ± 0.11 5.10 ± 0.10 5.08 ± 0.20 5.45 ± 0.17 5.32 ± 0.21
categorical 3 40 1/40 4.88 ± 0.15 4.90 ± 0.22 5.10 ± 0.23 5.39 ± 0.15 5.27 ± 0.25
categorical 3 50 1/40 4.69 ± 0.19 4.72 ± 0.15 5.00 ± 0.24 5.21 ± 0.15 5.31 ± 0.19
categorical 5 20 1/40 5.36 ± 0.18 5.39 ± 0.19 5.38 ± 0.26 5.59 ± 0.21 5.63 ± 0.21
categorical 5 30 1/40 5.11 ± 0.14 5.13 ± 0.14 5.09 ± 0.18 5.44 ± 0.17 5.35 ± 0.16
categorical 5 40 1/40 4.89 ± 0.13 4.91 ± 0.15 5.06 ± 0.23 5.26 ± 0.11 5.15 ± 0.28
categorical 5 50 1/40 4.64 ± 0.15 4.63 ± 0.12 4.96 ± 0.18 5.04 ± 0.27 5.12 ± 0.29

Table B.4: Expected Misclassification Cost per 100 instances for each setting - part 4
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Setting Deferral Strategy

Noise NE DR DA CP DS L2D RL Random

numerical 1 20 1/40 5.31 ± 0.25 5.30 ± 0.24 5.16 ± 0.17 5.31 ± 0.11 5.34 ± 0.14
numerical 1 30 1/40 5.09 ± 0.22 5.05 ± 0.24 5.00 ± 0.11 5.24 ± 0.08 5.28 ± 0.22
numerical 1 40 1/40 4.92 ± 0.18 4.82 ± 0.22 4.94 ± 0.22 5.13 ± 0.12 5.17 ± 0.26
numerical 1 50 1/40 4.69 ± 0.10 4.67 ± 0.09 4.66 ± 0.16 5.07 ± 0.11 4.86 ± 0.27
numerical 3 20 1/40 5.40 ± 0.28 5.34 ± 0.21 5.38 ± 0.19 5.41 ± 0.14 5.68 ± 0.13
numerical 3 30 1/40 5.18 ± 0.09 5.04 ± 0.14 4.97 ± 0.17 5.23 ± 0.09 5.24 ± 0.21
numerical 3 40 1/40 5.00 ± 0.19 4.87 ± 0.26 4.94 ± 0.22 5.32 ± 0.10 5.15 ± 0.32
numerical 3 50 1/40 4.88 ± 0.17 4.77 ± 0.11 4.93 ± 0.24 5.15 ± 0.21 5.18 ± 0.20
numerical 5 20 1/40 5.29 ± 0.26 5.34 ± 0.17 5.29 ± 0.27 5.28 ± 0.07 5.62 ± 0.22
numerical 5 30 1/40 5.17 ± 0.24 5.06 ± 0.25 5.00 ± 0.19 5.22 ± 0.13 5.26 ± 0.14
numerical 5 40 1/40 4.97 ± 0.16 4.85 ± 0.16 4.95 ± 0.19 5.18 ± 0.18 5.04 ± 0.13
numerical 5 50 1/40 4.78 ± 0.20 4.69 ± 0.18 4.84 ± 0.25 5.03 ± 0.10 4.97 ± 0.17

low 1 20 1/40 5.60 ± 0.12 5.60 ± 0.17 5.52 ± 0.29 5.69 ± 0.10 5.71 ± 0.07
low 1 30 1/40 5.37 ± 0.12 5.33 ± 0.10 5.42 ± 0.20 5.49 ± 0.13 5.62 ± 0.28
low 1 40 1/40 5.14 ± 0.18 5.13 ± 0.21 5.29 ± 0.18 5.35 ± 0.14 5.58 ± 0.15
low 1 50 1/40 4.87 ± 0.22 4.86 ± 0.21 4.89 ± 0.45 5.25 ± 0.12 5.01 ± 0.22
low 3 20 1/40 5.65 ± 0.15 5.69 ± 0.15 5.74 ± 0.23 5.85 ± 0.07 6.05 ± 0.14
low 3 30 1/40 5.39 ± 0.14 5.36 ± 0.19 5.38 ± 0.13 5.52 ± 0.15 5.58 ± 0.23
low 3 40 1/40 5.15 ± 0.09 5.12 ± 0.14 5.38 ± 0.23 5.57 ± 0.19 5.56 ± 0.18
low 3 50 1/40 4.95 ± 0.20 4.95 ± 0.23 5.30 ± 0.30 5.60 ± 0.12 5.54 ± 0.21
low 5 20 1/40 5.57 ± 0.20 5.63 ± 0.17 5.64 ± 0.17 5.69 ± 0.15 5.87 ± 0.19
low 5 30 1/40 5.29 ± 0.16 5.29 ± 0.16 5.37 ± 0.11 5.45 ± 0.15 5.50 ± 0.15
low 5 40 1/40 5.10 ± 0.14 5.04 ± 0.13 5.37 ± 0.24 5.41 ± 0.21 5.49 ± 0.20
low 5 50 1/40 4.88 ± 0.19 4.87 ± 0.15 5.29 ± 0.22 5.33 ± 0.11 5.46 ± 0.20

medium 1 20 1/40 5.80 ± 0.18 6.07 ± 0.05 5.99 ± 0.18 5.72 ± 0.11 6.22 ± 0.09
medium 1 30 1/40 5.55 ± 0.21 5.77 ± 0.13 5.88 ± 0.07 5.49 ± 0.11 6.17 ± 0.06
medium 1 40 1/40 5.23 ± 0.23 5.50 ± 0.25 5.74 ± 0.27 5.76 ± 0.14 6.06 ± 0.18
medium 1 50 1/40 4.98 ± 0.16 5.28 ± 0.26 5.22 ± 0.47 5.63 ± 0.14 5.32 ± 0.17
medium 3 20 1/40 5.96 ± 0.18 6.16 ± 0.08 6.24 ± 0.16 6.03 ± 0.09 6.46 ± 0.09
medium 3 30 1/40 5.59 ± 0.23 5.83 ± 0.10 5.82 ± 0.09 5.51 ± 0.09 6.13 ± 0.19
medium 3 40 1/40 5.37 ± 0.26 5.60 ± 0.09 5.84 ± 0.14 5.96 ± 0.11 6.08 ± 0.11
medium 3 50 1/40 5.19 ± 0.13 5.37 ± 0.09 5.70 ± 0.15 5.93 ± 0.18 6.06 ± 0.08
medium 5 20 1/40 5.88 ± 0.13 6.11 ± 0.09 6.10 ± 0.14 5.73 ± 0.16 6.44 ± 0.12
medium 5 30 1/40 5.60 ± 0.19 5.83 ± 0.13 5.80 ± 0.09 5.52 ± 0.18 6.01 ± 0.13
medium 5 40 1/40 5.34 ± 0.21 5.56 ± 0.29 5.80 ± 0.18 5.74 ± 0.16 5.97 ± 0.19
medium 5 50 1/40 5.14 ± 0.16 5.31 ± 0.12 5.74 ± 0.12 5.57 ± 0.14 5.84 ± 0.06

high 1 20 1/40 5.35 ± 0.12 6.09 ± 0.16 6.04 ± 0.26 5.69 ± 0.12 6.29 ± 0.15
high 1 30 40 5.01 ± 0.10 5.78 ± 0.28 5.93 ± 0.14 5.58 ± 0.07 6.16 ± 0.21
high 1 40 1/40 4.80 ± 0.16 5.43 ± 0.30 5.78 ± 0.19 5.70 ± 0.09 6.04 ± 0.13
high 1 50 40 4.63 ± 0.13 5.12 ± 0.21 5.23 ± 0.52 5.73 ± 0.06 5.42 ± 0.11
high 3 20 1/40 5.50 ± 0.19 6.26 ± 0.07 6.22 ± 0.25 6.11 ± 0.07 6.50 ± 0.15
high 3 30 40 5.12 ± 0.15 5.92 ± 0.12 5.92 ± 0.14 5.62 ± 0.12 6.17 ± 0.21
high 3 40 1/40 4.98 ± 0.12 5.62 ± 0.21 5.89 ± 0.16 5.96 ± 0.14 6.04 ± 0.12
high 3 50 40 4.82 ± 0.13 5.40 ± 0.11 5.78 ± 0.18 6.06 ± 0.12 6.08 ± 0.16
high 5 20 1/40 5.40 ± 0.17 6.14 ± 0.18 6.13 ± 0.17 5.70 ± 0.14 6.47 ± 0.13
high 5 30 40 5.08 ± 0.23 5.84 ± 0.20 5.89 ± 0.15 5.56 ± 0.11 6.08 ± 0.11
high 5 40 1/40 4.86 ± 0.14 5.58 ± 0.28 5.89 ± 0.17 5.74 ± 0.14 5.90 ± 0.06
high 5 50 40 4.74 ± 0.19 5.32 ± 0.22 5.78 ± 0.35 5.71 ± 0.10 6.00 ± 0.14

Table B.5: Expected Misclassification Cost per 100 instances for each setting - part 5

98



Setting Null set predictions Alpha

Noise DR

categorical 10 0.25% ± 0.10 0.00 ± 0.0010
categorical 20 0.80% ± 0.16 0.01 ± 0.0023
categorical 30 1.03% ± 0.33 0.01 ± 0.0043
categorical 40 1.40% ± 0.27 0.01 ± 0.0040
categorical 50 2.07% ± 0.29 0.02 ± 0.0041
numerical 10 5.82% ± 0.46 0.02 ± 0.0010
numerical 20 7.22% ± 0.42 0.02 ± 0.0018
numerical 30 8.18% ± 0.40 0.03 ± 0.0021
numerical 40 9.23% ± 0.83 0.03 ± 0.0048
numerical 50 10.38% ± 0.85 0.04 ± 0.0061

low 10 1.24% ± 0.40 0.01 ± 0.0029
low 20 2.06% ± 0.33 0.01 ± 0.0032
low 30 2.66% ± 0.41 0.02 ± 0.0037
low 40 3.24% ± 0.53 0.02 ± 0.0047
low 50 4.01% ± 0.35 0.03 ± 0.0029

medium 10 6.26% ± 0.45 0.02 ± 0.0016
medium 20 7.81% ± 0.53 0.02 ± 0.0018
medium 30 8.79% ± 0.20 0.03 ± 0.0022
medium 40 9.67% ± 0.33 0.03 ± 0.0047
medium 50 10.56% ± 0.38 0.04 ± 0.0046

high 10 7.50% ± 0.59 0.00 ± 0.0009
high 20 15.64% ± 0.33 0.02 ± 0.0009
high 30 16.79% ± 0.34 0.02 ± 0.0007
high 40 16.94% ± 0.28 0.02 ± 0.0006
high 50 17.21% ± 0.35 0.02 ± 0.0013

Table B.6: Percentage of null set predictions
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