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Instituto Superior Técnico, Universidade de Lisboa, Portugal

December 2018

Abstract

The vortex-induced vibration of a spring-mounted, rigid circular cylinder, immersed in a Newtonian
viscous incompressible flow and allowed to move in the direction orthogonal to the unperturbed flow is
investigated in the low Reynolds regime (15 6 Re 6 60) by the means of a global linear and non-linear
analysis. The motion is either sinusoidally imposed or governed by a model equation of the free motion.
The results for the linear forced-case are described in terms of impedance (ratio between the vertical
force coefficient and the cylinder velocity) and compared with a Direct Time Integration, yielding a good
match. A detailed investigation allowed to identify three thresholds, associated to the energy transfer
between the cylinder and the fluid and to the onset of the vortex-shedding. A theoretical argument,
based on asymptotic developments, is introduced in order to rate the forced and free problems and to
provide a stability criterion in terms of impedance. Regarding the freely moving cylinder, results are
obtained with a linear stability analysis, predicting the steady state stability as function of the free
motion parameters (Re,m∗, U∗, γ). On the other hand, the non-linear analysis is firstly carried out for
the fixed-case cylinder, based on a weakly non-linear and a self-consistent approaches and compared with
the more recent literature. A new approach towards the characterisation of the limit cycle, a harmonic
balance technique, is proposed, leading to shorter computation times and more accuracy than the former
ones. A theoretical extension of the harmonic balance method is presented for the free-case cylinder.
Keywords: vortex-induced vibrations, spring-mounted cylinder, global stability analysis, parametric
instability, harmonic balance approach.

1. Introduction

Flows over bluff bodies are often encountered in a
natural environment as well as in many engineer-
ing applications. The flow around a cylinder has
been considered as a benchmark study for more than
a century, as a canonical example of a bluff body.
The simplicity of the cylinder case enables the re-
searchers to understand the fundamental concepts
associated with such apparatus and eventually to
extrapolate to more complex geometries. Depending
on the circumstances, the fluid may exhibit a massive
flow separation and a vortex shedding phenomenon,
known as the von-Kármán street.

One of the consequences of this phenomenon is
the dramatic increase of the drag force, due to the
low base pressure on the rearward of the body. Con-
comitantly, the unsteadiness emerging in wake may
excite resonant structural vibrations, thus causing
fatigue failure, early deterioration of the materials
and consequent safety problems. Such vibrations
came from the fluctuations in the lift and drag forces
acting on the body surfaces. Consequently, the cou-
pling between the structure and the flow, commonly

referred as fluid-structure interaction or flow-induced
vibration, must be taken into account when studying
these phenomena, in order to fully understand such
configuration. In particular, when the coupling has
its origin directly on the flow, endowing the cylinder
with a resonance behaviour at the same frequency
as the shedding, it is referred as vortex-induced vi-
bration (VIV).

All these features are fundamentally linked to
instability mechanisms, arising above a certain criti-
cal Reynolds number, Rec. Thus, a deeper under-
standing on these instabilities and their accurate
prediction, as well as their control, could be of great
importance, not only in the context of basic research
but, also from an industrial point of view.

The present study is framed in the thematic of
hydrodynamic instabilities, with the focus made on
the characterisation of the flow behaviour, by a lin-
ear and non-linear global stability approach, at a
Reynolds number, Re, near the bifurcation, where
the flow transits from a steady equilibrium state
to an unsteady periodic state. For the fixed-case
cylinder, where no VIV is taken into account, such
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phenomenon is already well documented in the litera-
ture, occurring around Rec ≈ 47 [1]. However, when
the cylinder displacement is allowed, introducing an
additional degree of freedom, the symmetry break-
ing is expected to arrive at earlier Re and possibly
triggered by a different mechanism from the classical
one encountered in the fixed-case cylinder. These
analyses were made possible by allowing the cylinder
to move in the direction orthogonal to the incoming
flow, either by a free or an imposed motion. Fur-
ther, a link between these two cases appears when
their growth rates tends to zero. This enables to
predict the different characteristics associated to the
free-case, with the help of an asymptotic expansion,
based on the results of the forced-case.

Different linear and non-linear approaches were
already presented in the literature. Concerning the
Linear Stability Approach (LSA) carried out, the
present study follows the investigations made by
[2], [3], [4] and [5], where the Rec was showed to
decrease to less than a half of the Rec associated to
the fixed-case cylinder, depending on the mass ratio
m∗, the reduced velocity U∗ and the damping factor
γ. These parameters are associated to the cylinder
free motion equation and are discussed later.

Concerning the non-linear approach, used for the
regimes at Re > Rec, the state of the art studies
were interested either in characterising the transition
to a limit cycle, i.e. the fully develloped periodic
flow, or in characterising the limit cycle itself. Such
objectives were achieved in a first instance for the
fixed-cylinder by [6], using an Weakly Non-Linear
(WNL) approach, and subsequently by [7], using
a Self-Consistent (SC) approach. The present non-
-linear study is concentrated in the fixed-case cylin-
der, with a theoretical extension to the free-case
and it is only interested in characterising the limit
cycle. This was done by the means of a Harmonic
Balance (HB) method. This method, based on a
Fourier Series, directly characterises the limit cycle
and can be truncated at the desired order, repre-
senting an advantage over other methods in terms
of computation time and complexity.

2. Background

2.1. Fluid and Rigid Body Model Equations

A Cartesian reference frame, attached to the cen-
ter of the cylinder, was considered, as represented
in Fig. 1, with the ~x-axis parallel to the flow di-
rection. For Re . 188, the two-dimensional fluid
flow is governed by the non-dimensional unsteady
incompressible Navier–Stokes equations


∂~u

∂t
+
∂ζ̇

∂t
~y = −(~u · ~∇)~u− ~∇p+

2

Re
~∇ · ⇒ε(~u) ,(1a)

~∇ · ~u = 0 , (1b)

U∞~x
~y

~x~z

k γ

D

ρcy
ρf , µ

Figure 1: Spring-damping mounted cylinder dia-
gram.

where ~u and p are the fluid velocity and pressure
fields, ζ is the vertical cylinder displacement and
⇒
ε(~u) is the strain rate tensor. The former equations
were made dimensionless using the cylinder diam-
eter D as characteristic length scale, the incoming
uniform flow stream velocity U∞ as the reference
velocity and ρfU

2
∞ as the reference pressure, where

ρf is the fluid density. The Reynolds number is
therefore defined as Re = ρfDU∞/µ, where µ is the
fluid dynamic viscosity. The classical boundary con-
ditions used in these king of problems were used to
close the system. Initial condition is discussed later.

In the forced-case, the cylinder’s velocity was si-
nusoidally imposed as ζ̇F (t) = −|ζ̇F | sin(ωF t + θ),
where ωF is the imposed frequency and θ a general
phase, considered to be nil. The Strouhal number
can be therefore defined as St = ωD/2πU∞. In con-
trast, the cylinder’s motion of the free-case problem
was taking into account by a scalar linear model
equation that reads:

ζ̈ +
4πγ

U∗
ζ̇ +

( 2π

U∗

)2
ζ =

2Cy
πm∗

, (2)

where Cy is the vertical force coefficient felt in the
cylinder surface. The latter, along with the bound-
ary conditions imposed by the cylinder displacement
on the flow, ensures the coupling between the struc-
ture and the fluid dynamics.

2.2. Energy Transfer and Impedance Concept
A key feature associated to an impedance definition
is detailed next, linking the free and the forced
problems. In a first time, one can define the net
energy transfer from the fluid to the cylinder, over
a period T , Ecycle, as

Ecycle =

∫ T

0

[
Cy(t)ζ̇(t)

]
dt . (3)

Noting the complex amplitude with a hat notation

(e.g.
ˆ̇
ζ for the cylinder velocity and Ĉy for the

vertical force coefficient), the impedance can be
defined as

Z = − Ĉy
ˆ̇
ζ
. (4)
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If one considers the forced-case motion, the energy
formula degenerates into

Ecycle,h = −π|ζ̂|2ωFZr,F , (5)

representing a stability criterion for a harmonic mo-
tion, based on the energy transfer.

2.3. Impedance-Based Asymptotic Expansion
Based on the impedance concept, the link between
the free and forced problems is made via an asymp-
totic expansion of Eq. (2) around Ecycle,h = 0, i.e.
λr = 0. This implies that Zr � Zi and λr � λi,
arriving to a ε0 and ε1 order predictions. The latter
was mainly used for m∗ � 1. This expansion will
enable to predict the free-case characteristics, oth-
erwise found by solving an eigenvalue problem, just
by solving the forced-case problem.

2.4. Linear and Non-Linear Approach
In a linear frame, the state vector solution, ~q, was
decomposed into a steady and a linear perturbation
solutions in a form ~q = ~qb+ε~q

′, where ε is considered
a small parameter associated to the linear approach.
When inserted in the problem’s equations, a first set
of equations for ~qb arise, called the baseflow equa-
tions. Regarding the linear perturbation, ~q ′ is posed
as ~q ′ = <

(
~̂q e(λr+iλi)t

)
, where, for the free-case, ~̂q

corresponds to the eigenmode and λ = λr + iλi to
the eigenvalue. The real and imaginary parts of λ
correspond to the amplification rate and angular
frequency of the eigenmode, respectively. Therefore,
~q ′ will be associated either to a forced problem, in
the form of AF ~q ′F = F , or to an eigenvalue prob-

lem, in the form of A~̂q = λB~̂q. The amplification
rate is identically equal to zero for the forced-case
problem. However, for the free-case, λr will define
if the solution tends to vanish or linearly grows up
to infinity, representing a stability criterion that can
be posed as

if ∃λ ∈ C |λr > 0⇒ the solution is unstable.

In a non-linear frame, the state vector solution
was decomposed into a mean and a non-linear per-
turbation solutions in a form ~q = ~qm + ~q ′. Further,
in the case of an HB approach, the perturbation
is assumed to be periodic and represented by two
harmonic components, ~q (n),c, ~q (n),s, characterising
the non-linear fluctuations at nth order and up to
a frequency nω. The state vector can be therefore
defined as:

~q(~r, t) = ~qm+

∞∑
n=1

[
~q (n),c cos(nωt) +~q (n),s sin(nωt)

]
.

(6)

3. Methods and Implementation

3.1. Iterative Methods
Different iterative methods were used in the
present study, in order to solve the former prob-

lems. The baseflow equations were solved via a
Newton–Raphson method. This method searches a
steady solution of the current problem by decom-
posing it, for each iteration, into an approximative

solution at the ith iteration, ~q
(i)
b , and a small correc-

tion associated to the next iteration, δ~q
(i+1)
b . If the

method converges, the small correction will tend to
zero, whereas the iterative solution will tend to the
steady solution. The same method was also used in
the Harmonic Balance approach when searching for
the limit cycle solution.

On the other hand, the eigenvalue problem
A~̂q = λB~̂q was also solved via an iterative procedure,
instead of using a classical direct method. This latter
class of methods would compute the whole spectrum,
being costly prohibitive and useless in the present
analysis. The alternative was to use an Arnoldi
method and search for a limited set of eigenvalues
located in the vicinity of a “shift” value. Further,
a particular case of this method, called shift-and-
invert method, was implemented by searching for
just one eigenvalue. During the parametric study of
the eigenvalue problem, the shift value was calcu-
lated via a continuation technique based on the two
previous computed eigenvalues.

3.2. Numeric Implementation

The numeric implementation was made via
FreeFem++, a software based on a finite element
method. An auxiliary set of Matlab programs, as-
sembled in the a software called StabFem, were used
and developed to more easily monitor the computa-
tions and process the results. While the FreeFem++
codes were used to generate and adapt the meshes
and to solve the various problems arising in the anal-
ysis, the Matlab codes were used as a wrapper and
driver to monitor the computations and perform the
required loops over parameters.

The variational formulation of the problem was
built using P2 (quadratic) elements for each com-
ponent of the velocity and P1 (linear) elements for
the pressure, representing the classical Taylor–Hood
polynomials. The computational domain was dis-
cretised via a Delaunay–Voronoi algorithm generat-
ing an unstructured triangular mesh and adapted
via an automatic procedure to a given field. This
adaptation relies on the AdaptMesh procedure of
the FreeFem++ software (see, for instance [8]). An
adaptation to the structural sensitivity, calculated
via the solutions of the direct and adjoint eigenprob-
lems (see [9]) was used, in order to well discretise
the wavemaker region in the rear of the cylinder.

4. Linear Forced-Case Results

The results for the linear forced-case, described in
the following paragraphs, were treated in terms of
the impedance ZF , as function of the prescribed
oscillation frequency, here represented by the StF
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Figure 2: Linear forced-case validation with DTI:
Zr,F and Zi,F variation with StF for Re = 25.

number.

4.1. Validation
The validation of the present linear forced results
was done with the help of a Direct Time integration
(DTI). Details of the DTI simulations are presented
in Chap. 3 of [10] or, more succinctly, in the as-
sociated articles of the same author. The main
parameter to pay attention to is the amplitude of
the imposed oscillation. The latter have to be small
enough to respect the linear hypothesis and therefore
be able to validate the linear forced approach. The
comparison between different imposed amplitudes
for the same range of StF at Re = 25 is presented in
Fig. 2, for Zr,F and Zi,F . One can see that, as the
amplitude decreases, the DTI solution approaches
the linear solution. The results for the two smaller
amplitudes give almost the same results, confirming
that the considered displacement amplitude is small
enough. Using the lowest amplitude, several DTI
simulations were carried out and compared with the
linear approach, achieving a good agreement, thus
validating the results.

4.2. Critical Re Numbers
A general presentation of the results can be seen in
Fig. 3, corresponding to four different Re computa-
tions. The results are sketched in a diagram known
as the Nyquist diagram, enabling to highlight the
critical points, with the real and imaginary parts of
ZF at the axis.

The first interesting phenomenon occurs at
Rec1 ≈ 20. Indeed, one can see that, between the
curves at Re = 15 and Re = 25, there are some
Re values for which Zr,F is negative between some
frequencies. The limit condition can be formulated
as

At Re = Rec1 , ∃ StF ∈ R+ | Zr,F (StF ) = 0 .

−3.2 −1.6 0.0 1.6 3.2
−1.2

0.0

0.6

2.4

4.2

6.0

Zr,F

Zi,F Zi,F = f(Zr,F , Re)

Re=15

Re=25

Re=35

Re=55

Figure 3: Nyquist diagram for ZF as function of St
for four differnet Re. Some branches go to infinity
when crossing a critical Re. The lighter grey and
dark grey regions represent the unstable zones for
Rec1 < Re < Rec3 and Rec2 < Re < Rec3, respec-
tively.

Having in mind the definition of Eq. (5), this condi-
tion means that, for the present Re,

∃ [~u ′F (~r ), p′F (~r ), |ζ̇ ′F | ] | Ecycle,h = 0 ,

i.e., above the Rec1, the energy transferred from
the fluid to the cylinder becomes positive for some
values of StF .

The second interesting phenomenon occurs at
Rec2 ≈ 30. Near this Re, one observes that there is
for some Rec2 a curve that crosses the origin for a
certain value of StF . The search for this point can
be set with the condition

At Re = Rec2 , ∃ StF ∈ R+ | ZF (StF ) = 0 .

The third interesting phenomenon occurs at
Rec3 ≈ 47. Near this Re, one observes that there is
for some Rec3 a curve that tends to infinity, i.e.

At Re = Rec3 , ∃ StF ∈ R+ | ZF (StF ) =∞ .

This Re value also corresponds to Rec for the fixed-
case problem. A resume of the results is presented
in Tab. 1, showing the three thresholds found, with
its associated StF , ωF and Zi,F values.

Rec StF ωF (rad/s) Zi,F

19.915 0.1040 0.6533 1.9010
30.349 0.0950 0.5973 0
46.766 0.1165 0.7323 ∞

Table 1: Thresholds characteristics for the linear
forced-case cylinder.
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5. Linear Free-Case Results
The results for the free-case, described in the
following paragraphs, were analysed in terms of
the physical eigenvalues of the eigenproblem, λ,
and their variation with the problem’s parameters,
(Re,m∗, U∗, γ). The value of γ will be considered
to be nil throughout the following analysis, with the
exception of Sec. 5.8. The impedance-based predic-
tions at order ε0 can be seen throughout this section,
when compared with the eigenproblem results for
λr → 0. Regarding the impedance-based predictions
at order ε1, they are analysed in detail in Sec. 5.7.

5.1. Eigenmode Classification and Behaviour
As reported in [2], [3], [5] (the latter will hereinafter
be denoted as NM16), the free transverse cylinder
motion introduces two additional complex-conjugate
eigenvalues to the physical spectrum and therefore
two additional eigenmodes. Contrasting with the
fixed-case, where only one (fluid) mode is found, the
free-case cylinder presents two eigenmodes. Their
classification is divided according to their nature
and relation.

When decoupled, the eigenmodes will be referred
as the fluid mode (FM) and the elastic mode (EM),
as proposed in NM16. Their identification is based
on their characteristics in the limit of very large
m∗. To do so, eigenvalues are tracked over a wide
range of U∗ while keeping Re and m∗ fixed. In
general, for large values of m∗, the eigenmodes cor-
responding to the two leading eigenvalues exhibit a
decoupled behaviour with respect to U∗. The imag-
inary part of the eigenvalue associated to the EM
tends to the natural eigenvalue angular frequency of
the cylinder-only system, i.e. 2π/U∗ ≡ ωN , whereas
the eigenvalue associated to the FM tends to the
leading eigenvalue computed for the flow past a sta-
tionary cylinder. However, for relatively low m∗

the distinction between FM and EM is not possible,
since eigenvalues may coalesce for certain combina-
tions of (Re,U∗,m∗), namely for lower m∗ or when
Re → 46.7. The two leading eigenmodes do not
exhibit a clear distinction in terms of their affili-
ation to being either a FM or an EM. They are
therefore referred as coupled modes and, following
NM16 nomination, they will be denoted as fluid-
elastic mode 1 (FEM1) and fluid-elastic mode 2
(FEM2). Further, for small U∗, the FEM1 resem-
bles to the FM, whereas the FEM2 is similar to the
EM. However, for large U∗, the characteristics of
FEM1 and FEM2 resemble to the EM and to the
FM, respectively.

5.2. Validation
The validation of the results is firstly done by com-
paring the results with the fixed-case cylinder. For
that purpose, results are obtained for U∗→ 0. This
asymptotic approach constrains the spring stiffness

40 50 60 70 80 90 100
−0.05

0.00

0.05

0.10

0.15

Rec3

Re

λr

Present Fabre et al. 2018

(a) Amplification rate variation with Re.

40 50 60 70 80 90 100
0.71

0.72

0.73

0.74

0.75

Re

λi

Present Fabre et al. 2018

(b) Angular frequency variation with Re.

Figure 4: Comparison between the eigenvalues from
the FM for U∗ → 0 and from the fixed-case cylinder.
Grey zone represents the unstable region (λr > 0).

to large values, k →∞ when m∗ remains finite. It
is firstly noted that the imaginary part associated to
the EM tended to infinity, for all Re, as expected for
the natural frequency of the structure-only system,
2π/U∗. Secondly, the imaginary and real parts of the
eigenvalue associated to the FM are compared with
the results from the fixed-case reported in [11]. As
showed in Fig. 4, a perfect match is found, for a
range of Re = [40; 100].

In a second time, the results are compared with
data from NM16 and from [4] (hereinafter denoted
as ZLYJ15). Fig. 5 shows the real and imaginary
parts of the eigenvalue variation along U∗ = [3, 11]
for Re = 60 and m∗ = 20. Imaginary parts are
sketched in terms of StLSA = λi/2π.

While the imaginary part presents no difference
when comparing the present study and the cited
references, the real part of the eigenvalue shows
a discrepancy between all sources. Although the
qualitative match of the results, their values do not
seem to agree. One notes, however, that λr at U∗=3
is close to the fixed-case cylinder value depicted in
Fig. 4 for the present study, although this is not
verified by the values from NM16 or ZLYJ15.

It is clear that, for Re = 60, it will always exist an
eigenvalue for which λr is positive, at any reduced
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(a) Amplification rate variation with U∗.
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Figure 5: Real and imaginary parts of the eigenvalue
variation with U∗ at Re = 60 for m∗ = 20. The
zoom in the frequencies shows that the curves cross
each other. Grey zone represents the unstable region
(λr > 0).

velocity. For the purpose of identifying the stable
and unstable zones, a different analysis, explained
afterwards was carried out at lower Re values.

5.3. Instability Threshold at Re ≈ 20

The following analysis was carried out at lower Re,
fixing m∗, whereas the value of U∗ was varied within
a range of U∗ = [3, 11]. For relatively low mass
values, the former considerations were shifted to
lower U∗ values.

When decoupled, the eigenvalues associated to
the FM present always a negative amplification
rate. When coupled, the eigenvalues of one of the
modes also obeys to the this observation (namely the
FEM1). The objective is then determine for which
Re the EM (or the other coupled mode, FEM2)
presents an eigenvalue with a zero amplification rate
and for which U∗.

Results shows that, at Re = 19.946, it appears
the first λr positive in the spectrum, indicating that,
below this threshold, the system is stable and above
this threshold, since there is at least one eigenvalue
with positive amplification rate, the system is lin-

2 5 8 11
−0.020

−0.010

0.000

0.005
m∗ 0.2 0.6 1.0 3.0 9.0

U∗

λr

(a) Variation of λr with U∗ for different m∗ at Rec1 ≈ 20.
The value of m∗ is noted above curves in the graphic.

1 3 5 7 9 11

10−1

100

101

102

103

U∗
c1

m∗

Free-Case
Impedance

(b) Variation of U∗
c1 with m∗ at Rec1 ≈ 20.

Figure 6: Results for Rec1, varying U∗ (at the top)
and varying m∗ (at the bottom). Grey zone repre-
sents the unstable region (λr > 0).

early unstable. A particular value of U∗ is found
to be associated to this zero amplification rate and
found to be dependent of the values of m∗. Never-
theless, the threshold is found always at Re ≈ 20,
for all m∗. This can be seen in Fig. 6(a), where λr
is depicted as function of U∗ for different values of
m∗ and at Re = Rec1.

Furthermore, the value of U∗ at the threshold,

U∗(Rec1, λr = 0)
def
= U∗c1, increases with the increase

of the mass ratio. Its variation with m∗ is compared
in Fig. 6(b) with the impedance-based predictions
at O(ε0), finding a perfect match.

5.4. Spectrum Behaviour at 20 < Re < 47
In a regime between 20 < Re < 47, one will obtain a
stable or unstable solution, depending on the values
of m∗ and U∗. The results at a fixed Re, for different
mass ratios, are now analysed. The spectrum for
Re = 44 is sketched in Fig. 7. For m∗ = 1000,
the modes are clearly separated, with the EM being
unstable at Uunst = [6.47; 9.04]. The FM is always
stable. For a m∗ = 100, the modes appear closer
than the latter case, although remaining separated.
The EM is unstable at Uunst = [6.40; 9.17], whereas
the FM is again always stable. Lastly, for a m∗ = 10,
the modes are coupled and it is the FEM2 that
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Figure 7: Spectrum for Re = 44 and three different
values of m∗. The different nature of the eigenmodes
is identified with an arrow and a legend. Grey zone
represents the unstable region (λr > 0).

crosses the ~y-axis for Uunst = [5.79; 10.75]. It was
observed that, for coupled modes, is always the
FEM2 that crosses the ~y-axis. One also notes that
the EM and the FEM2 always cross the ~y-axis at the
same λi, being unstable for λi = [0.70; 0.97], whereas
the U∗ range, in which λr is positive, increases.

One can observe a high value of the amplification
rate near the resonance zone (λi ≈ 0.74). Further,
this value increases as the m∗ decreases, showing
the evidence of a stronger coupling for lower masses.

5.5. Instability Threshold at Re ≈ 47
This paragraph aims to resume and clarify what
appends at Rec3. As mentioned, the nature of the
modes is highly influenced by the proximity to this
threshold. The critical mass ratio values of the curve
that divides the m∗ − Re plane into two regions,
coupled and uncoupled modes, tend to increase when
Re → Rec3. For Re > 47, one will always find an
unstable mode, either from the FM, from the EM,
or from the coupled modes. Mathematically, one
can state that

if Re > Rec3 ⇒ ∀ U∗,m∗ ∈ R+ , ∃ ~̂q | λr > 0 .

5.6. Instability Map: Re− U∗ Plane
From the observations made in the last paragraphs,
an overall picture of the results is now presented and
referred as an instability map, enabling a global vi-
sion of the problem in this Re regime. Comparisons
with the impedance-based predictions at O(ε0) will
also be plotted. The main objective of this analysis
is to determine the limiting curve that separates
the non-vibrational zone (stable) from the possible

6 8 10 12
19

26

33

40

47

Unstable
Region

U∗

Re U∗ = f(Re)

Free-Case
Impedance
KZLL17

(a) Results comparison for m∗ = 50.

5 10 15
19

26

33

40

47

Unstable
Region

U∗

Re U∗ = f(Re)

Free-Case
Impedance
KZLL17

(b) Results comparison for m∗ = 4.73.

Figure 8: Re− U∗ plane distinguishing two zones,
with the comparison between free results from the
present study and from Kou et al. 2017 (KZLL17)
and the 1st order impedance-based predictions. Grey
zone represents the unstable region (λr > 0).

vibrations occurrence zone (unstable).

For that purpose, a LSA was carried out over a
wide range of reduced speed U∗, for several values
of Re and at a fixed m∗. The stability criterion
mention before is then used to identify the stable and
unstable zones, i.e. if λr > 0 the system is linearly
unstable. The values of U∗ for which λr = 0, for
different values of Re, are plotted in a Re−U∗ plane.
This analysis was done for m∗ = 50 and m∗ = 4.73
and is presented in Figs. 8(a) and 8(b), respectively.
The results are compared with KLZZ17 and the
1st order impedance-based predictions, observing a
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(a) Amplification rate for the impedance predictions and LSA
results for two values of Re at m∗ = 100.
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(b) Amplification rate for the impedance predictions and LSA
results for three values of m∗ at Re = 40.

Figure 9: Comparison between results from
impedance predictions at ε1 order and from the
LSA results. The EM is represented by a solid line,
whereas the FM is represented by a dash-dotted
line and the impedance predictions by a dashed line.
Grey zone represents the unstable region (λr > 0).

good agreement between results.
One may note that the unstable zone limit starts

at Rec3 for lower U∗ values and tends to a fixed
value when U∗ →∞. This asymptotic value tends
to decrease as m∗ decreases. Therefore, for high
values of m∗, the curve will tend to Rec3, whereas
for low values of m∗, the curve is expected to tend
to Rec2. A similar reasoning is found in a later
paragraph, where the influence of γ is investigated.

5.7. Impedance-Based Predictions at Order ε1

As previously explained, the impedance-based
method aims to calculate the parameter values at

10−2 10−1 100 101 102
20

30

40

47

50

Unstable
Region

for m∗ � 1

γm∗

Rec1 Rec1 = f(γm∗)

m∗= 0.1

m∗= 1

m∗= 10

m∗= 100

Figure 10: Variation of Rec1 with the product γm∗

for several values of m∗. Grey zone represents the
unstable region for m∗ � 1. Horizontal dashed lines
indicate the Rec2 and Rec3.

which the free-case cylinder, defined as an eigenvalue
problem, becomes unstable, using the impedance
values of the forced-case one, associated to a forced
problem. The comparison between the LSA results
and the impedance predictions at O(ε1) are pre-
sented in Fig. 9, showing the λr predictions as
function of U∗.

Firstly, comparison is made for two different val-
ues of Re and for a value of m∗ � 1. Fig. 9(a)
shows a good agreement, not just at O(ε0), i.e., for
λr → 0, but also for the vicinity values. However, as
the Re approaches the critical value of Rec3 = 47,
the impedance-based results seem to deviate from
the LSA results, namely for important values of λr.
This could be explained by the fact that, as one
approaches Rec3, the modes become coupled ∀m∗.
This observation can more clearly be seen in Fig.
9(b), where the Re is fixed (Re = 40) and m∗ varies.
In this case, for m∗ � 1, a good agreement at O(ε0)
and O(ε1) is observed, as before. However, as m∗

decreases, the predictions at O(ε1) start to disagree
with the LSA results. Moreover, one can see that
the impedance results tend to “jump” to the FM,
crossing λr = 0 where no values of U∗ should exist.

5.8. Damping Factor Effect
Until now, all the discussion was made by supposing
γ = 0. This assumption will intuitively set the
amplification rate of the eigenmodes to their highest
values, i.e. for the same set of (Re,m∗, U∗) values,
the most linearly unstable mode will be the one with
γ = 0. Any value of γ different from zero will damp
the system and render it “more stable”.

The goal was to investigate the effect of the damp-
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ing factor on the first instability threshold, Rec1.
It was found a relation between the product γm∗

and the Rec1 for m∗ � 1. This relation is sketched
in Fig. 10 for several mass ratios. One can firstly
notice that, for γ = 0, all the curves converge to
the Rec1 discussed in the previous paragraphs. Sec-
ondly, for high values of γ (or γm∗), the threshold
will tend to a different value of Re, depending on the
mass ratio, in a similar way as the one expected in
Sec. 5.6. For m∗ � 1, the threshold will tend to the
value of the fixed-case cylinder, i.e. Rec1 → Rec3.
As the mass ratio decreases, the asymptotic value
of Rec1 also decreases until reach the value of Rec2
for m∗ � 1, i.e. Rec1 → Rec2. In conclusion, it can
be said that the damping removes energy from the
system, triggering the instability at a higher Re.

6. Non-Linear Analysis

As discussed in the Introduction, the main goal of a
non-linear analysis is to characterise the amplitude
of the oscillation during the transition phase to
the limit cycle and to describe the properties of
such limit cycle in terms of amplitude and fre-
quency. Therefore, the pertinence of the non-linear
analysis lies on a Re regime above the threshold,
where the steady state solution is no longer sta-
ble. For the fixed-case cylinder, this clearly means
Re > Rec3 ≡ Rec, whereas for the free-case cylinder,
it will depend on the damping factor, mass ratio
and reduced velocity parameters.

6.1. Weakly Non-Linear and Self-Consistent Ap-
proaches

A first analysis was made considering the fixed-case
cylinder. The results of the WNL and SC approaches

for the St and |C(1)
y | (fundamental frequency contri-

bution on the vertical force coefficient) as function
of Re are depicted in Fig. 11. Additionally, the
results for the 1st and 2nd orders HB approach (HB1
and HB2) are also presented. Regarding the WNL
results, they give a good prediction near Rec when
compared with the experiments from [12]. How-
ever, a significant deviation appears very rapidly
and disagreement is relatively large at Re = 60.
When comparing the other quantities, as the energy-
amplitude (defined as the square-root of the phase
averaged kinetic energy associated to the non-linear
perturbation), disagreement is present as low as
Re=48. This is because the asymptotic hierarchy of
the WNL equations becomes invalid when the ampli-
tude of the disturbances becomes large enough for
non-linearities to set in. In contrast, the SC results
show a good agreement in the Re range considered,

both for the St and the |C(1)
y |, when compared with

the experiments and the HB results. This is a direct
consequence of the lack of such asymptotic hierar-
chy in the SC model, where the fluctuation is built
as a first-order correction of the leading eigenmode

40 50 60 70 80 90 100
0.115

0.140

0.165

Re

St

Experiments
WNL
SC≡HB1
HB2

(a) St variation with Re.

40 50 60 70 80 90 100
0.0

0.1

0.2

0.3

Re

|C(1)
y |

WNL
SC≡HB1
HB2

(b) |C(1)
y | variation with Re.

Figure 11: Variation of St and |C(1)
y | for three dif-

ferent non-linear approaches. The dashed black line
corresponds to the experiments from [12].

of the mean flow, and all effects are encompassed
rigorously regardless of their order of magnitude.

Having these results in mind, a WNL approach for
the free-case cylinder does not seem relevant, since
results diverge rapidly as Re increases. However,
a SC approach is of interest, as the results for the
fixed-case match the experiments made in a wider
Re range. A clever idea, if one is only interested
in the limit cycle, would be to directly use a HB
approach.

6.2. Harmonic Balance Approach

The purpose of the HB approach is only to charac-
terise the limit cycle of the cylinder’s wake. Conse-
quently, the transition features of the SC method
are avoided, gaining a considerable amount of time.
Once this limit cycle is achieved in the SC approach,
the SC and HB1 results will coincide. Further, to
confirm the predominance of the fundamental har-
monic in the present case, the 2nd Order HB results
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were also plotted in Fig. 11. As seen in Fig. 11(a),
the HB2 results show the best agreement with [12]
in the Re range considered.

When comparing results from HB1 and HB2, one
can see that the cylinder’s wake is mainly governed
by the fundamental frequency, although HB2 results
are closer to the experiments, as expected. This is
not the case, for example, in a flow over a cavity,
where the contribution of the second harmonic is non
negligible. Furthermore, the SC method has been
expanded to the second and even third orders in
[13], corresponding always to the respective order of
the HB approaches when the limit cycle is reached.

The 1st order HB approach was implemented in
the free-case problem. Nevertheless, no cylinder
motion was captured, as it would be expected. It
is expected that a higher order HB approach is
needed, in order to well characterise the wake and
the cylinder’s behaviour.

6.3. Truncation Order of the HB Approach
Caution should be used when generalising the
present method to other cases involving significant
generation of higher harmonics. The above discussed
case of the cavity is one example where a 1st order
HB is not sufficient to correctly characterise the
fluid properties of the problem. The anticipation of
the proper number of harmonics to be retained can
be achieved by resorting to a Fast Fourier Trans-
form (FFT) to extract the structure of the various
harmonics (see, for instance, [13], §6.2).

7. Conclusions and Future Work
A first threshold associated to the asymmetrical
vortex detachment and therefore to the onset of the
cylinder’s motion has found to exist as low as Re ≈
20 via a global LSA, depending on the (m∗, U∗, γ)
parameters of the free spring system. In particular,
the parameter γ was found to be associated to an
increase of the Re value at which the first threshold
appears.

In the non-linear fixed-case cylinder, the HB ap-
proach revealed to be the faster and most accurate
non-linear approach. The decomposition of the state
solution based on a Fourier Series, enabled to di-
rectly characterise the limit cycle above the critical
Rec, having a important gain in time and simplicity
of computation.

As future work, the addition of the horizontal
displacement is expected to decrease even further the
Rec in a LSA frame. Concomitantly, an extension
of the impedance-based predictions to coupled mode
configurations and to damping factors different from
zero has also an interest of being investigated, due to
the time computation saved (associated to a forced-
-case problem). Regarding the non-linear approach,
a practical extension of the HB method to a higher
harmonic order for the free-case cylinder is expected

to reveal new branches in the |ζ| − U∗ plane.
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