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Abstract

Nowadays, one of the main engineering challenges is the optimization of performance, time,
consumption, among other parameters in order to have the best quality and economic solutions, that
is why the optimization models have a big importance in an engineering project. The study developed
in this work aims to develop program that perform the topology optimization on a bidimensional plate
minimizing the compliance to obtain a structure with maximum stiffness. The structure is subject to
constrains, boundary conditions and material quantity, this optimizations is made to minimize two
objectives, support two loads. For this purpose a Matlab program was developed to solved a problem
of multi-objective optimization for the case of two differentiated functions and then was elaborated
another topology optimization algorithm based on the ideas of the first model. The two objective
functions are the values of the compliance and the goal is to minimize the compliance. Resorting to the
concept of Pareto dominance several optimal solutions are found, through an iterative process where
two analyzes of finite elements are made and is given two directions to minimize each function in each
iteration.
Keywords: Topology Optimization, Multi-objective,Pareto Dominance, Finite Elements, Compliance
, Bidimensional Structure

1. Introduction
1.1. Motivation

Optimization is common goal in every engineer-
ing project, since in the present days any company
wants to reduce the coasts of a project optimizing
time, material quantities or consumption.

The Topology Optimization(TO) consists in a
powerful computational method of structural op-
timization, which allows to design the optimum
topology of structures according to a certain crite-
rion. Essentially, TO seeks the distribution of mate-
rial within a project domain, removing and adding
material at each point of that domain in order to
minimize a specified objective function, satisfying
given constraints imposed to the optimization prob-
lem. The main objective of this work is to study
the application of TO for the design of bidimen-
sional mechanical structures applied to aerospace
engineering.

1.2. Objectives

This work aims to develop an algorithm to solve
MOOP, in order to apply the concepts to another
algorithm capable to solve topology optimization
problems. This technology can be used for exam-
ple to design stringers for an aircraft wing, since an

aircraft needs to have a very strong structure, resis-
tant and at the same time as light as possible this
technology ca be very useful in the design of many
components of an aircraft.

1.3. Work Outline

This work is divided in five chapters. The first chap-
ter is the introduction where is explained the mo-
tivation for the work and the objectives to be ac-
complished. The second chapter is where all the
theoretical background is. In the third chapter are
presented the two numerical models developed dur-
ing the work, it is explained the formulation of the
problems and the algorithms. In chapter four the
results of the developed models are presented and
commented. In the last chapter are the conclusions
where the achievements are exposed and also a dis-
cussion about possible future work to improve the
obtained solutions.

2. Background
2.1. Multi-objective Optimization

Optimization is a process which the principal objec-
tive is find feasible solutions and compare them to
find one or more solutions, until no better solutions
are found.
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Besides having more than one objective, there
are a number of fundamental differences between
single-objective and multi-objective optimization,
as follows,[2]:

-two goals instead of one -dealing with two search
spaces -no artificial fix-ups

The concept of Pareto Dominance (PD) helps to
overcome some of the difficulties and give the practi-
cal means to deal with the multi-objective problems
that was not possible in the past.

The MOOP can formulated in the fowling way:

Minimize

f(x) = (f1(x), f2(x), ..., fk(x))

Subject to

hi(x) = 0; i = 1 to p

gj(x) ≤ 0; j = 1 to m

(1)

2.2. Pareto Dominance(PD)
In order to solve a MOOP most of the algorithms
use the concept of dominance to search for opti-
mum solutions. The predominant solution concept
in defining solutions for MOOP is that of Pareto op-
timality. A point x∗ in the feasible design space S
is called Pareto optimal if there is no other point x
in the set S that reduces at least one objective func-
tion without increasing another one. This is defined
more precisely as follows: A point x∗ in the feasible
design space S is a Pareto optimal if and only there
does not exist another point x in the set S such
that f(x) ≤ f(x∗) with at least one fi(x) < fi(x

∗),
arora:opt.

2.3. Gradient Based Search Method
A gradient based search method as the name says,
uses the gradient of a function to find a local min-
imum. In order to use a method like this the func-
tion has to be smooth and at least twice continu-
ously differentiable everywhere in the feasible de-
sign space, where the design variables are assumed
to be continuous and they can have any value in
their allowable ranges. Gradient based search meth-
ods are iterative and the calculations performed are
repeated in every iteration.

According to arora:opt the repeated calculations
in every iteration can be represent by the equation
2 in vector form or equation 3 as component form,

x(k+1) = x(k) + ∆x(k); k = 0, 1, 2, ... (2)

x
(k+1)
i = x

(k)
i +∆x

(k)
i ; i = 1 to n; k = 0, 1, 2, ... (3)

Where,
k = superscript representing the iteration number
i = subscript denoting the design variable number
x(0) = starting point

∆x(k) = change in the current point
The change in the current point can be divided

into two parts as represented in 4,

∆x(k) = αkd
(k) (4)

Where d(k) is the search direction that in the
present work is obtained using the value of the gra-
dient in the point of departure of each iteration and
αk is a scalar called the step size in the search di-
rection.

2.4. Direct Multisearch for Multi-objective Opti-
mization (DMS)

DMS is an algorithm to solve MOOP and it is
derivative free, [1] . Although DMS is derivative
free, the algorithm developed in the present work
use a derivative method, gradient descent, to search
new points. DMS was partially used and adapted
to improve the efficiency from the algorithm devel-
oped.

Two files from DMS with useful functions
were used, namely paretodominance.m and
sort gamma.m.

2.5. Topology Optimization
Nowadays Topology Optimization it is a technol-
ogy well established and designs obtained with these
methods are in production on a daily basis, the op-
timization of the geometry and topology of struc-
tural layout has a big influence on the performance
of structures, and in the last two decades there has
been a big development of this technology, that is
a very important area of structural optimization.
This development is manly due to the success of
the material distribution method for generating op-
timal topologies of structural elements, an efficient
use of materials is important in many different ar-
eas, for example in the aerospace and automotive
industry is used to apply sizing and shape optimiza-
tion to the design of structures and mechanical ele-
ments. The layout of a structure contains informa-
tion about topology, shape and sizing of the struc-
ture and with the material distribution method it
is possible solve all three problems simultaneously.

In this method, the project variables are numeri-
cal parameters that can change the material distri-
bution in the structure with the propose of save ma-
terial in regions with reduce solicitation of material.
There are two types of project variables, continuous
or discrete. In the case of a truss, in which the sec-
tion area of the bars are used as discrete project
variables, it is possible to allow that this areas can
be zero, with this there is the possibility to remove
from the truss bars that has no effort, as it is pos-
sible to see in figure ?? a).

In the present work the space design was divided
in finite elements and was used, as design variable,
the relative density.
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2.6. Solid Isotropic Material with Penaliza-
tion(SIMP)

The SIMP model from Bendsoe1999, is an Isotropic
model for solid-void interpolations in elasticity. In
SIMP a continuous variable ρ, 0 ≤ ρ ≤ 1 is intro-
duced, resembling a density since the volume of the
structure is evaluated as

V ol =

∫
Ω

ρ(x)dΩ (5)

To avoid a singular FEM problem a small lower
bound is imposed, 0 < ρmin ≤ ρ, when solv-
ing for equilibrium in full domain Ω, in this work
ρmin = 0.001. In the equilibrium analysis the rela-
tion between the material tensor Cijkl(x) and the
density is given by:

Cijkl(ρ) = ρpC0
ijkl, (6)

where the given material is isotropic, in other words
C0

ijkl is characterized by two variables, here chosen

as the Young’s modulus E0 and the Poisson ratio
ν0, the interpolation 6 satisfies that Cijkl(0) = 0
and Cijkl(1) = C0

ijkl.

2.7. Formulation of the Optimization Problem
A correct definition and formulation of an optimiza-
tion problem it is a very important task in order
to solve the problem, and it is generally accepted
that this takes about 50% of the effort to solve it,
arora:opt. If a problem is not well formulated dif-
ferent problems can appear, for example if there
are contradictory constrains or even if there are to
many constrains it is possible that the formulated
problem has no solution.

The formulation of an optimization problem gen-
erally takes four steps:

• Objectives and description of the problem

• Definition of design variables

• Optimizations criteria

• Formulation of constrains

3. Implementation
3.1. Numerical Model 1
This problem have the fowling mathematical for-
mulation: 

Minimize

f(x, y)

and

g(x, y)

Subject to

LBx ≤ x ≤ HBx

LBy ≤ y ≤ HBy

(7)

where LB and HB are the lower and higher bounds
respectively.

Description of the Model 1:

The main code is in the file paretos.m and this
file is composed by a call function called pareto,
this function has as input the two objective func-
tions depending on one or two variables, the lower
and upper bounds of each design variable is also an
input.

To start, the program converts the expression
of each objective function introduced, in Matlab a
function, to make possible the calculation of the
functions in each point and to calculate the gradi-
ent of each function.

To initialize the search of a Pareto set of solutions
is generated N=500 (this value can be changed) ran-
dom points in the design domain, this initialization
is more efficient than start from only one point since
this way we have several different points to start the
search. After the initialization, the points are eval-
uated one at a time in a cycle that works in the
fowling way, first the values of both functions are
calculated and saved in the variable Ftemp, the val-
ues of the design variables are stored in a variable
called xtemp, and the alphatemp has always the
same value (one). The variable Ftemp is an input of
the function paretodominance, explained in 2.4, to
evaluate the point the program checks if this point
could belong to a set of nondominated points com-
paring with all the values from Flist, in case this
point is dominated the cycle starts again analysing
other point, if the point is nondominated is inserted
in the list Flist, xlist and alphalist, if there are
points that are dominated by the new point these
points are eliminated from the lists. The cycle is
repeated until the N points are checked.

After this initialization, there is a set of non dom-
inated points and the cycle that will solve the prob-
lem will start. To start the main cycle the function
sort gamma is called to find the biggest gap be-
tween two consecutive points in the objective space
and sort the points with this criteria, as explained
in 2.4, therefore the first point from the list is the
point selected to search for new points. The next
step is calculate the gradient of each function in the
chosen point that will give two directions of search
for two new points using expression 3, one uses the
gradient of the first function to obtain a new point
and the second point is found using the direction
given by the gradient from the second function. Af-
ter the two new points are founded this two points
are evaluated to check if they are dominated by any
existing point in the lists, if a point is nondominated
is saved in the list and the existing points are evalu-
ated to verify if any of the old points are dominated
by the new point, if there is any point dominated by
a new one, the dominated point is eliminated from
the lists.

Finally, the last task from the cycle is to verify if
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the search for a new point was a success or not, if
at least one of the new points sre added to the set
of nondominated points it is considered a success,
in the case that any point is not added to the set
of nondominated solutions it is considered a failure.
In the case of success what happens is that step size
parameter is doubled and in case of failure the step
size parameter is divided by two. The cycle has as
stoping criteria, the step size parameter, when the
highest value of the step size is less than the tol-
erance chosen (0.0001), in case that this criteria is
never satisfied after a significant number of evalua-
tions the cycle finishes and a plot of the objectives
functions is plotted after the cycle and the problem
is solved.

3.2. Numerical Model 2

The second numerical model is the one that solves
the principal problem for this work, that together
with the PD concept, approached in the first model,
and the concept of topology optimization that gives
an optimized structure for two objectives and some
constrains. Besides the functions used in the first
model, this model uses two functions(topu and topd)
that are variants from the function top, this function
belongs to a code of topology optimization, for more
details about this function check sigmund:topopt.

The problem treated in this model, is the TO of
a bidimensional structure discretized by finite ele-
ments. The structure is fixed at one side and sub-
ject to two loads in the tip of the opposite side, one
on the top with upwards direction and the other
in the bottom downwards as it is possible to see in
figure. 1 . The objectives to be accomplished in
this problem is the minimization of the compliance
in order to maximize the stiffness of the structures,
one objective is minimization of compliance to the
upwards force case and the other is to the down-
wards force case.

Figure 1: Illustrative example of the problem sig-
mund:topopt

The objective function can be written as follow:

c(x) = [U ]T [K][U ] =

N∑
e=1

(xe)
puTe k0ue (8)

The gradient can be computed using the adjoint
method, according with Christensen as;

dc

dc
= −[U ]T

∂[K]

∂x
[U ] (9)

Formulations of constrains
For the resolution of this topology optimization

problem there are three constrains,
V (x)
V0

= f

KU = F

0 < xmin ≤ x ≤ 1

(10)

The first two are equality constrains V (x) and V0

is the material material volume and design domain
volume respectively and f is the prescribed volume
fraction. U and F are the global displacement and
the force vectors, respectively, K is the global stiff-
ness matrix.

The last one is an inequality constrain, where x
is the vector of design variables and xmin is a vec-
tor of minimum relative densities(non zero to avoid
singularity).

This problem have the fowling mathematical for-
mulation: 

Minimize

f = c1(x) = [U ]T [K][U ]

and

g = c2(x) = [U ]T [K][U ]

subjectto
V (x)
V0

= f

KU = F

0 < xmin ≤ x ≤ 1

(11)

Description of the Model 2:
The second model is an adaptation from the first

model, there are some parts of the algorithm that
are similar but significant changes were performed
and more functions are used. The main code is
in the file twoloads.m. To initialize the problem
there are three options, the first option initializes
the program putting in the design domain (matrix
nelx × nely) all values with same value of the vol-
ume fraction, this is the departure point to search
for a set of nondominated points. In the second
option it is possible to load a set of points and
verifies which are dominated points and eliminates
them.The third option of initialization is similar to
the second option, in this option three points are
carefully chosen. This three points are taken from a
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single objective problem, two points where only one
load is applied, one point with the load from objec-
tive one and other point for objective two, the third
point is also a singular objective function where the
two loads are applied. In all options the values of
the objective function for the points are computed
and saved in a list called Flist, the design variables
are in the list xlist and finally for both options are
created a list with the step size called alphalist.

After the initialization of the lists the main cycle
starts, first two functions are called, topu and topd.
These function have six inputs, nelx and nely are
the number of finite elements in the horizontal and
vertical direction respectively, volfrac is the vol-
ume fraction, penal is the penalization used in the
SIMP method, rmin is the filter size divided by the
element size and x is the point where the search
departs to find a new point. The output of these
functions are the compliance value for the point x
and the next point founded, so the objective func-
tions are calculated in this functions. topu is for the
objective 1 and topd is for the objective 2, both ob-
jectives are represented in figure 1. When these two
functions are called it is obtained the compliance
values for the two objectives and two new points x1
and x2, the new points are always with the same
step size value, so in order to vary the step size it
is done a calculation to reduce or increase the step
size using the fowling expression:

xnew = (xnew′ − xi)× alphalist(i) + xi (12)

, where xi is the point of departure, alphalist(i)
is the corresponding coefficient of step size param-
eter that can have positive values less or equal to
1,xnew′ is the point given by the objective function
xnew is the new point founded using the step size
parameter.

After having two new points, these points need
to be checked, to realize if they are dominated or
non dominated. To this there is the necessity to call
again the function topu and topd for each point, to
know which are the values of the compliances for
this point. Notice that in this case the new points
obtained by the functions are not used, so there is a
computational waste since there are some calculus
done in the function that are not used.

With the values for the compliances the points
are evaluated the same way as in the previous
model, the values of the compliances for a point
are stored the a vector called Ftemp and using the
function paretodominance the point is compared
with the points stored in Flist, if the point is dom-
inated by any of the points it is discarded, if it is
nondominated is added to Flist and all the points
from Flist are checked to se if any point is domi-
nated by the new point, in this case the dominated
points are discarded.

In order to increase the performance of the algo-
rithm, when a point is successful added to our set
of non dominated solutions, a symmetric point is
added turning upside down the columns of the ma-
trix x, basically what happens when the columns
are turned up side down, is that the material in the
finite elements will change position to the symmet-
ric position , since the functions for both objectives
are the same, what happens is that when a point
is added to the set of non dominated solutions, by
performing the change in the columns a new point
appears. This new point in the space of objectives
will be symmetric in relation to the bisectrix of the
odd quadrants and the structure obtained is sym-
metric.

After the find two new points and evaluate them,
the step size parameter is changed in case of success
it is increased two times otherwise it is decreased
by half. To be considered a success at least one of
the two points need to be a non dominated solu-
tion. Finally the last procedure done in the cycle is
choose the next point of departure using the func-
tion sort gamma that searches for the largest gap
between two consecutive points and sorts the lists.

4. Results
4.1. Results from model 1

Case 1

Find the optimal Pareto set of solution for the
fowling problem:

minimize(f, g)

f = (1.5x− 2)2 + y2

g = x2 + 1.5y2

subject to :

−5 ≤ x ≤ 5

−5 ≤ y ≤ 5

(13)

The first stop criteria achieved, in this case, is the
number of evaluations that reached the 1000 and
the set of nondominated solutions has 771 points.

Figure 2: Solution 1 - First Model

Case 2

Find the optimal Pareto set of solutions for the
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fowling problem:

minimize(f, g)

f = x

g = 1 + y2 − x− a sin(bπx)

subject to :

0 ≤ x ≤ 1

−2 ≤ y ≤ 2

(14)

This multi-objective optimization problem is an ex-
ample present in Deb:2001, this function has some
curious solutions if you slightly change the param-
eters a and b, it is possible to obtain a convex and
a non convex Pareto front.

(a) Solution 1 (b) Solution 2

Figure 3: Case 2 - Expected solution from Deb:2001

Since this function can give such different solu-
tions, it is an interesting test to verify if the program
is working correctly, there is available data about
this problem it is also possible compare the solu-
tions obtained by the program developed for this
work with the solutions present in [2].

The first stop criteria reached is the same from
the previous case, number of evaluations reach 1000.

The two cases studied have the fowling values for
the parameters a and b, the first problem is where
a = 0.2 and b = 1 and for the second problem
a = 0.1 and b = 3. The solutions obtained with the
algorithm developed for this work are presented in
figure 4, and the expected solution present in [2] are
in the figure 3

(a) Solution 1 (b) Solution 2

Figure 4: Case 2 - Obtained solution

The stop criteria is the same as in the case one,
reaching first the 1000 evaluations for both obtained
solutions, the first solution has 564 points and the

second solution has 556 points, looking into the fig-
ures 3 and 4 it is possible to say that the results
obtained are very good since the obtained solution
is very similar to the expected solution.

Case 3
This case is a test function used in, [3], to

test eight different algorithms to solve the multi-
objective optimization problems, this function is a
good test to the program developed for this work,
since there is data available about the function and
some algorithms are not able to obtain satisfactory
results as it possible to see in the figure 7.

The problem has the fowling formulation:

minimize(f, g)

f = x1

g = h(x)[1− ( x1

h(x) )2]

h(x) = 1 + 9
n−1 (

∑n
i=2 xi)

subject to :

0 ≤ xi ≤ 1, i = 1, ..., n

for n = 2

(15)

After several tests, as the tests from the figure 5,
it possible to notice that the algorithm is not able to
find a reasonable set of non dominated points, the
values that are founded hardly reach the maximums
and minimum values in the objective space.

(a) Solution 1 (b) Solution 2 (c) Solution 3

Figure 5: Case 3 - Obtained solution

In order to solve this problem, it is imposed that
the maximums and minimums values in the objec-
tive space are forced to be in the solution. The
results are very good, in blue are the set of points
founded, in red is the Pareto optimal front given by
the expression,

g = 1− f2, (16)

the information about the expression that repre-
sents the Pareto front is given in [3].

The stop criteria for this solution is the 1000 eval-
uations, this solution has 330 points. Taking a look
into the figure 6, it is easy to observe that the solu-
tions founded are very close to the Pareto optimal
front.

In figure 7 it is possible to see the solutions for dif-
ferent methods(the methods are listed on the right,
to now more about the methods check, [3]) and it
is clear that find the Pareto optimal set for these
functions it is not easy.

Case 4
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(a) Solution (b) Zoomed solution

Figure 6: Case 3 - Obtained solution with zoom and
solution

Figure 7: Solutions from zdt

This case is also a test function used in [3], to
test eight different algorithms to solve the MOOP,
again this function is a good test to the program de-
veloped, because as the previous case there is data
available about this function and some tested al-
gorithms by [3] were not able to find satisfactory
solutions, and the aspect of the expected solution is
very different from all the cases shown in this work.

The problem has the fowling formulation:



minimize(f, g)

f = x1

g = h(x)[1−
√

x1

h(x) −
x1

h(x) sin(10πx1)]

h(x) = 1 + 9
n−1 (

∑n
i=2 xi)

subject to :

0 ≤ xi ≤ 1, i = 1, ..., n

for n = 2

(17)

The results founded are present in, figure 8, the
stop criteria for this solution is the number of eval-
uations and this solution has 409 points.

Since there is useful data, the optimal Pareto
front analytical expression from 8, lets compare that
information with the obtained solution. The expres-
sion with the expected optimal Pareto front analyt-

Figure 8: Solution for case 4

ical expression is the fowling:

g = 1−
√
f − f sin(10πf)

where,

f =

[0, 0.0830015349] ∪ [0.1822287280, 0.2577623634]

∪[0.4093136748, 0.4538821041]

∪[0.6183967944, 0.6525117038]

∪[0.8233317983, 0.8518328654]

(18)

Comparing the expected solution and the com-
putational solution it is possible to say that the
same problem that appeared in case 3 are present
here, the algorithm has difficulties to reach some
tips from the lines where the Pareto optimal set is.
This problem can lead to some results far from the
Pareto optimal set, looking into the figure 9 b) it
is possible to notice that the solution obtained does
not reach the tip of the line on the left side, that
allows several points to be in the nondominated so-
lution that should not be there, as it is possible to
observe on the black circle in the figure 9 b).

(a) Solution vs expected solu-
tion

(b) Zoomed solutions

Figure 9: Case 4 - Obtained solution with the ex-
pected solution and zoom

4.2. Problem Description and Results for Model 2

The second model is where the topology optimiza-
tion is performed using some of the concepts from
the first model, the objective of this model is, for a
given input, find a set of non dominated solutions,
in order to obtain an optimized structure for two
objectives.
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With this set of solutions it is obtained different
configurations, since in the solutions obtained there
are some where the objective one has a low compli-
ance and the second objective has a high compliance
or vice versa, and there also points where these val-
ues are very close from each other that means that
both objectives have the same relevance, this situ-
ations are present in the solutions.

The solutions that are presented for this case will
follow the timeline of this work, first are shown re-
sults of a initialization with a single point and then
the performed changes will be pointed to realize
how this changes will affect the solutions.

The Topology problem to be solved is a bidi-
mensional recessed plate, subject to a force
upwards(objective one) and downwards(objective
two) as it is possible to observe in figure 1. There
are two stops criteria, one is the number of evalua-
tions and the other is the maximum value from the
step size parameter.

This problem have the fowling mathematical for-
mulation: 

Minimize

f = c1(x) = [U ]T [K][U ]

and

g = c2(x) = [U ]T [K][U ]

subjectto
V (x)
V0

= f

KU = F

0 < xmin ≤ x ≤ 1

(19)

4.3. Case 1
The first present case intends to perceive how the
penalization affects the result, to do this, three tests
testes are preformed with a mesh of 30 by 30 ele-
ments, volume fraction of 0.4, filter size of 1.2, the
same initialization,all the elements equal to the vol-
ume fraction, and a change in the penalization for
each test.

Figure 10: Pareto front behavior with change in
penalty

In figure 11 are represented the non dominated
set of solutions, in the objective space, found for

the three tests performed, where p is the penalty
used, in table 1 are the number of points found for
30000 evaluations each.

penalty number of points

3 3028

4 2001

5 2348

Table 1: Points found

With the change of penalty it is possible to ob-
serve that the Pareto curve moves, then the higher
the penalty the greater the compliance. Now ob-
serving the obtained structures for each test in fig-
ure 11, the increase in penalties have the expected
effect on the structure, reduce the grey dots.

Gray dots are undesirable because they have in-
termediate densities, because of this there are more
spread material on the structure and that makes
the compliance decrease, so the penalization used
is a very important parameter and need to be well
chosen, if the penalty is low the compliance will be
lower but there are more grey dots, if the penalty
is high the grey dots will almost disappear but the
compliance will be high, so the choice must be bal-
anced.

(a) Penalty=3 (b) Penalty=4 (c) Penalty=5

Figure 11: Case 1 - Obtained solution for different
values of penalty

4.4. Case 2
In this case the solutions is obtained for a mesh of 20
by 30 elements, as it is possible to observe in figure
12, the penalty is equal to 3.5, the size of the filter
is 1.5 and the stop criteria is 15000 evaluations.

The solution obtained in this case is unexpected
because it is different from all the other obtained so-
lutions during the tests, once all the other obtained
solutions when two points where c1 >> c2 and the
other point c1 << c2 are chosen, the obtained solu-
tions are almost symmetric. It is relevant to point
that the part of the algorithm that saves a sym-
metric point when a successful point is found was
not implemented when this solution was obtained
otherwise this solution would not be possible.

Despite the solution at first glance may make you
think there is something wrong, the explanation for
this solution is simple, the obtained structure is sim-
ilar to the scheme in figure 13 and what happens is
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(a) c1≈c2 (b) c1 >> c2

(c) c1 << c2 (d) Location of chosen points
in front of Pareto

Figure 12: Case 2 - Obtained solutions

that the force two is transmitted to the node where
the force one is applied, basically behaves like a
hanging bar, that is why point a), b) and c) despite
different values for the compliance the obtained so-
lution is very similar.

Figure 13: Schematic example of the solution

Case 3
In this study case three simulations for a single

objective are performed in the program from sig-
mund:topopt . The first obtained solution is per-
formed with only force one applied, the second with
force two and the last one with both forces in the
plate all this solution are obtained with the same in-
puts, a mesh of 30 by 30 elements, filter size of 1.2
and penalization equal to 3. The obtained solutions
are present in figure 14

(a) c1=c2 (b) c1 << c2 (c) c1 >> c2

Figure 14: Points obtained using single objective
optimization

In the first test the program is initialized with
points in figure 14 b) and 14 c), the second with
only point represented in figure 14 a) and a third
test with all three points.

(a) Non dominated solutions
zoomed in low values of com-
pliance

(b) Non dominated solutions
zoomed in high values of com-
pliance

Figure 15: Solutions obtained from three different
initializations

Observing the solution with the two points from
figure 14 b) and c) represented in red in figure 15 it
is possible to conclude that the algorithm was not
able to find the best solutions for close values of
compliance, in the other hand for the points with
high values in one objective and low for the other
the solution obtained is good as it is possible to see
in figure 15 b). The other two solutions have good
results in the all domain.

5. Conclusions
This chapter aims at exposing the conclusions
drawn from the work developed in this work. These
are presented in a more global context, serving as
a reflection on the whole process built around the
central question that defines the problem of multi-
objective and topological optimization.

Based on the results presented in the previous
chapter, it can be stated that the initial objective
proposed was successfully fulfilled. Build two com-
putational models, the first model was developed to
determine the optimal Pareto front from two differ-
entiable functions using derivative methods and the
second model was developed to determine an opti-
mized structure subject to two forces using the con-
cepts from the first model to also find the optimal
Pareto front for two different objective functions.

5.1. Achievements
The results from the first developed model are very
good since the obtained solutions match with ex-
pected solutions and were solved very fast with ex-
ception of the last case that the results are slightly
different from the expected solutions but still good,
this results can be improved if the only stop criteria
were the step size parameter but would take more
time to obtain the solution. In case 3 and 4 there
are data available from eight different algorithms
tested by [3], and comparing this solutions with the
obtained solution it is clear that the obtained so-
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lution is better than almost every solution from [3]
with exception from one tested method that the re-
sults are practically the same obtained in this work.

In the second model the results were not so good
as the ones from the first model, this could be be-
cause of having a bigger objective domain, notice
that the objective functions has values of an or-
der of magnitude from 10 to 108 while in the first
models that magnitude were between 0 and 10. So
to find a set of solutions in all the domain will re-
quire more evaluations of the objective function be-
ing made to obtain a solution in the whole domain
for this model, another detail that makes this algo-
rithm slower is that for a 30 by 30 mesh a point has
900 coordinates, whereas in the first algorithm a
point has only two coordinates. Finally what slows
down this algorithm even more is the analysis of fi-
nite elements that has to solve many equations in
every iteration. For a topology problem it is impor-
tant to choose well the all parameters, this decision
should be done by decision maker with enough ex-
perience, for example it is expected that the solu-
tion obtained does not have gray dots, to this there
is a need to change a penalization to a bigger value
but if it is to high the compliance will be high as
well so this is a balanced choice that will require a
decision maker with experience in the field.

From the results of both models it is possible to
conclude that a good initialization is very important
to obtain good results, again a decision maker with
experience in the field is important to choose where
the algorithm will start and what changes should
be done in order to obtain a satisfactory result, this
makes the process of optimizations an iterative pro-
cess.

Another interesting conclusion reached during
the development of this work is that this technol-
ogy can give us an unconventional solution as the
solution from 4.4.

5.2. Future Work

Having into account the developed programs and
the obtained results in this work, some proposals
for future work are presented here:

• Can be develop a tool that forces some points
to be zero or one, this will be helpful if this
technology is used by a decision maker with
relevant experience, for example with the ob-
tained solutions in figure 11 c), as it is pos-
sible to see in figure 16 inside the blue circle,
there are some grey dots and the black dots
are in contact only in the node and this is not
a good configuration, probably that area does
not need to have material, with this tool a deci-
sion maker with experience can force that area
to be white helping the algorithm to find a bet-
ter solution and less expensive computationally

since those points will have always the same
value.

Figure 16: Illustractive example from the solution
obtained in figure 11

• Improve the efficiency of the algorithm in order
to achieve the step size stop criteria

• Adapt the algorithm to solve one, two or more
than two objectives
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