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We study the energy transport, at finite and infinite temperatures, of a non-integrable spin chain
employing typicality arguments. We characterize the relaxation dynamics after a local quench
which drives the system away from equilibrium. At intermediate times, we observe that transport
at infinite temperatures is diffusive. However, within the chain sizes available to our numerical
methods, we observe a ballistic component in the energy propagation with an amplitude two orders
of magnitude smaller than the diffusive one, yet to be characterized. At finite temperature, for
short times, below a time scale τ , we find numeric evidence of ballistic transport. For times larger
than τ the diffusion component dominates the transport. With decreasing temperatures both τ
and the diffusive coefficient increase exponentially, while the velocity characterizing the ballistic
component seems to remain constant. The dependence of the transport on the magnitude of the
local quench was also studied at infinite temperature. We report a polynomial dependence of the
diffusion constant with the magnitude of the quench.
Finally, we show that the time dependent variational principle for MPS algorithm fails to provide
an improvement when compared with Lanczos-based methods for the available bound dimensions
and system sizes.

I.

Introduction

Transport in (quasi) one dimensional strongly correlated systems poses formidable theoretical and experimental challenges. On the theoretical side, the limited set of available tools, designed to study ground
state and equilibrium properties, often provide an inadequate or inefficient description regarding transport1 .
On the experimental side, the advent of ultra-cold
gases2,3 and ion traps4 have allowed precise realizations
of toy models5,6 as benchmark for many theoretical predictions and provides fertile ground for new discoveries.
Recently, much work has been devoted to whether
and how isolated correlated systems thermalize in an
out-of-equilibrium situation. It is now established that
integrable systems do not thermalize to the Gibbs ensemble, but rather to the generalized Gibbs ensemble3,7 .
The physical reason relates to the infinite number of
conservation laws, which impose strong constrains on
the dynamics of these systems. Examples of discrete
integrable models include the famous lattice models
like the spin-1/2 XXZ chain or the Fermi-Hubbard
model8 . This contrasts with non-integrable Hamiltonians which are expected to satisfy the Eigenstate
Thermalization Hypothesis9 and thermalize towards the
canonical Gibbs ensemble. Notorious exceptions include many-body localized phases10 , Griffiths regions11 ,
among others12 , which we refer as localized systems.
Much less is known regarding how many-body systems evolve towards the respective equilibrium states.
In the case of integrable systems, with gapless excitations, the existence of nontrivial local conservation laws
leads to strictly ballistic/dissipationless transport at
all temperatures. This corresponds to a non-vanishing
Drude weight within the framework of linear response
theory. The Drude peak is defined as the zero frequency
singularity in the real part of the conductivity of the
transported quantity. On the other hand, a vanish-

ing Drude peak signals diffusive/dissipative transport.
The relation between the Drude weight and integrability of systems is achieved via the Mazur’s inequality13 .
Mazur established that a lower bound for the Drude
weight can be obtained from the overlap of the current
operator in question with all the conserved quantities
of the model. In general, some current in an integrable system, e.g. energy or spin current, may have
both a diffusive and a ballistic component14 . Considerations in integrable models are possible with the help
of Bethe ansatz methods15,16 , which cannot be extended to non-integrable Hamiltonians. The current understanding of non-integrable models is that they are
asymptotically diffusive in time due to the absence of
non-trivial local conservation laws, which strongly limit
the dissipationless transport. Important exceptions include many-body localized systems where transport is
sub-diffusive.
A useful connection can be drawn between transport
quantities and local quench dynamics. The latter refers
to a multitude of quench protocols that induce locally
finite currents in spin or energy density after some parameter in the Hamiltonian is non-adiabatically changed.
The time dependence of the spreading of these density perturbations dictates the nature of the transport.
We can measure the spreading by means of the spacial
variance σ 2 of the density or similar quantities. Diffusive dynamics
corresponds to a square root spreading,
√
σ ∝ Dt with time, while ballistic transport implies
σ ∝ vB t. D and vB are, respectively, the diffusion constant and the butterfly velocity.
To simulate quench dynamics in non-integrable systems, the prevailing numerical methods include Exact Diagonalization (ED) and variants of time dependent DMRG (tDMRG). ED is severely constrained to
very small system sizes7,17,18 , specially in low symmetry
Hamiltonians (often the case in non-integrable models).
On the other hand, the time scales probed by tDMRG
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variants19–21 fall short due to the build up of correlations during time evolution, but allow for the study of
very large system sizes L ≈ 200.
The goal of this paper is to study the relaxation dynamics, at finite and infinite temperatures, of a nonintegrable spin chain after a localized quench in energy
density drives the system out-of-equilibrium. We obtain
traditional transport coefficients, diffusion constant D
or butterfly velocity vB , from the spreading of the local
energy density and study the dependence on different
quenches and temperatures. To simulate the time evolution of the quenched system, up to any desirable precision, we employ the concept of typicality20,22–24 . In
a sentence, we say that a given set of random states
generated according to some measure is typical, if the
average quantum expectation value of some observable
A(t) over the initial states is, with large probability,
the expectation value computed using the canonical ensemble. Therefore, to understand the evolution of a
given initial ensemble, it is enough to study how a
few individual states relax towards equilibrium after
a quench. This provides significant computational advantages when comparing to ED, since time evolution
can be achieved via Lanczos scheme20 .
Long time relaxation dynamics of large systems are
hard problems, that nevertheless, for some cases, can
be overcome with Matrix Product States (MPS). Recent works25–27 have successfully used MPS to extract
equilibrium properties and capture long-time transport
coefficients at infinite temperature in large lattices. In
this work, we attempt to use an initial ensemble of random MPS to simulate the dynamics of large spin chains
and evolve it according to the Time Dependent Variational Principle for MPS algorithm (TDVP-MPS)27,28 .
The advantages of this scheme, in comparison to more
standard tDMRG approaches, is that it preserves conservation laws throughout the evolution.
The structure of the paper is as follows: in Sec. II
we introduce the spin-1/2 transverse/longitudinal field
Ising model which we will use for time-evolving and also
explain our quenching protocol as well as the quantity
used to measure the spreading of energy. Sec. III is
devoted to the study of transport at infinite temperatures for different system sizes and quench parameters.
In Sec. IV we focus on the temperature dependence
and the emergence of ballistic transport for intermediate times. Finally, Sec. V closes with a discussion of
the results and possible directions of future works.

with Six,z the spin matrices at site i and L an odd number of lattice sites. The Hamiltonian of Eq. (1) has only
one known (discrete) symmetry, namely the reflection
around the site bL/2c. After probing the parameters
space, we found that the non-integrability signatures of
the system depend on the chosen parameters in such
manner that integrable characteristics can emerge for
short times. We wish to avoid these parameters choice
which limit the study of long-time regimes in small system sizes. In particular, a careful choice of J, h and g
should not only avoid the integrable lines at J, g, h = 0,
but also avoid disparities in the relative magnitude of
the parameters29 . For the rest of this paper, we chose
J = 1.0 h = 1.15 g = 0.88, which, as we will see, shows
characteristic non-integrable transport.
To drive the system out-of-equilibrium, we apply the
+
operator Q() = I(1 − ) + SbL/2c
which acts on the
middle of the chain at t = 0 . The magnitude of the
quench is quantified by the positive parameter . Strong
quenches are defined as  = 1 whereas weak quenches
have  ? 0. We can simulate the density matrix for
t > 0,
ρ(t) =

e−iHt Q()e−βH Q† ()eiHt
Tr (Q()e−βH Q† ())

(2)

by means of the following asymptotically unbiased estimator rβ :
PNs −iHt
Q()e−βH/2 |ψj i hψj | e−βH/2 Q† ()eiHt
j e
rβ =
PNs
−βH/2 Q† ()Q()e−βH/2 |ψ 0 i
0
j
j 0 hψj | e
(3)
where β = 1/T is the inverse of temperature, Ns is the
Ns
number of random states we sample from and {|ψi i}i=1
a set of normalized initial random states. Therefore,
the thermal expectation value of any observable A(t)
can be computed as Tr (A(0)rβ ). Note that the average
over initial states should be taken independently on the
denominator and the numerator in Eq. (3), otherwise
the final expectation value is biased as shown in Ref.30 .
From a statistic perspective, Tr (A(0)rβ ) is the expectation value of a statistical random variable which also has
an associated standard error. We refer to the error of
the observable as the region delimited by the standard
error of the mean.
For small system sizes L ≤ 21, we initialize the ensemble with the set of normalized random pure states
(rPS) as introduced in Ref.31 :
P2L

II.

j

Model and method

|ψirPS = 
P2L

As an example of non-integrable and non-localized
models, we consider the spin-1/2 Ising chain with a
transverse and longitudinal field (TLI) and open boundary conditions:
HTLI = J

L−1
X
i=1

x
Six Si+1
+h

L
X
i=1

Six + g

L
X
i=1

Siz

(1)

j

cj |ji
1/2
|cj |2

(4)

H
where {|ji} dj=1
is the computational basis of the Hilbert
space and cj a complex number parameterized by a real
and imaginary part (ci = ηi +iξi ), each drawn from normal distributions of mean zero and variance one. Unfortunately, the required computational resources to simulate dynamics of quantum states grow exponentially
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with the chain sizes. For chains larger than L = 21, we
employ random MPS to initialize the ensemble. MPS
are a special class of quantum states that can be written
in the form:
|ψiMPS =

X

A(1)k1 A(2)k2 ...A(N )kN |k1 k2 ...kN i (5)

k1 ...kN
(n)α

d

where {|kn i}j=1 is a basis of local states at site n, Ain ,jnn
is a rank-3 tensor at position n with one physical index αn and two non physical (bound) indices in , jn respectively with dimensions d, χn and χn+1 (where χn =
min(χ, dn , dN −n )). The parameter χ is the bound dimension of the MPS. The set of open boundary condition MPS, as defined above, can be shown to describe all
states in the Hilbert space given a large enough bound
dimension χ > 2L/2 . However, the relevance of MPS
is that for physically relevant states, the bound dimension necessary to describe the state can be kept small,
χ  2L/2 , even in the thermodynamic limit. A key aspect of MPS is that, by construction, the entanglement
entropy of a block of N sites, SE (N ), is upperbounded
for a given bound dimension and does not increase with
χ
the block’s size, i.e. max SE
∝ log χ. As long as the
MPS description of some state ψ for a bound dimenψ
χ
sion χ satisfies SE
< max SE
, the state is accurately
described by the MPS description.
The time evolution of some initial state can also be
performed in the manifold of MPS. However, in general, the entanglement entropy of a time evolved state
is expected to grow in time leading to an inevitable saturation of SE and a break down of the MPS description.
This poses important time restriction to simulations using MPS. To delay the growth of entanglement entropy
we initialize Eq. (3) using the set of random product
QL
states: |ψi = l |il i where each spin points randomly
in the Bloch sphere,

|il i = cos

θl
2



|↑l i + e2iφl sin



θl
2


|↓l i

(6)

and θl , φl ∈ [0, π] are real random variables. Random
product states have SE = 0 and admit an exact MPS
description with a bound dimension χ = 1. To represent
random product states with a larger bound dimension,
it is enough to pad the remaining entries of the A(n)
tensors with 0’s27 . We dthe MPS enoted MPS generated
this way as product MPS (pMPS).
To evolve pMPS in real and imaginary time, we employ a time dependent variational principle for MPS
(TDVP-MPS) scheme as introduced in Ref.28 . Traditional methods solve the entanglement growth by projecting, at each time-step, the time evolved state back
to the manifold of fixed bound dimension Mχ , thus incurring in truncation errors and breaking conservation
laws. However, the TDVP-MPS aims to circumvent this
limitations by locally optimizing the evolution within
the manifold Mχ . It amounts to solve the Schrödinger

Figure 1. Measure of the diffusive spreading via the Gini
coefficient for different L.

equation in the tangent space of Mχ :
d |ψ(t)i
= −iPMχ H |ψ(t)i
dt

(7)

where PMχ is the tangent space projector of Mχ . This
method was shown to conserve all constant of motions such as expectation values of all generators of
symmetries32 .
To measure the spreading of the local energy density
after the quench,


J x
J x x
x
x
z
S S
+ S S + hSj + gSj
(8)
Ej (t) =
2 j j+1 2 j−1 j
ρ(t)
with 0 < j < L, we consider the square of the Gini
coefficient33 which gives an alternative measure to the
variance of the distribution:
!2
P P 0
0
i
j Ei (t)Ej (t) |i − j|
2
P P ’
G (t) = 2
(9)
0
i
j Ei (t)Ej (t)
To guarantee that contributions0 to G2 originate solely
from the quench, we consider Ej (t) = Ej (t) − E(0− ) −
Ej (0)(1 − δj,L/2 ) where E(0− ) is the mean value of Ei
over the chain before the quench. The advantage of G2
when comparing to similar measures34 is the robustness
against random noise in the energy distribution. The
diffusion coefficient, D, corresponds to a linear scaling
G2 (t) ∝ Dt, while ballistic transport scales as G2 (t) ∝
2 2
vB
t with vB the butterfly velocity.
III.

Infinite temperature

We start by focusing on strong quenches,  = 1, at infinite temperature, β = 0. The spreading of the square
of the Gini coefficient is depicted in Fig. (1) for consecutive larger chain sizes, 9 ≤ L ≤ 21. We find three
qualitatively different transport regimes. At very short
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times, t > t1 = 3, transport is anomalous, which can
be attributed to initial development of entanglement
between adjacent sites to the perturbation. This anomalous regime was already reported in Ref.29 and will
not play a role in our analysis. At intermediate times,
and until a time t∗ (L) where the nature of the transport changes abruptly, we find a clear diffusive regime
which is independent of the system size. We compute
the diffusion constant via a linear fit for L = 21 and
t1 < t < 29 = t∗ (L = 21) obtaining D = 0.58 ± 0.01.
After the time t∗ (L), the transport is again anomalous
with an overall diffusive nature for large chain sizes.
We denote the abrupt change in transport that occurs
at t∗ (L) as the breaking point and it bears all the similarities to a finite size effect. Surprisingly, this finite
size effect is not related to the diffusive spreading, as it
occurs before the diffusive component of the transport
reaches the edge of the chain. An analysis of the breaking point as function of the system size reveals it scales
linearly with a velocity v ∗ = L/(2t∗ ) = 0.36 ± 0.03.

Figure 3. G2 (t) for L = 21 as function of time for different
quench parameters .

A.

Magnitude of the quench

We study the energy transport for different magnitudes of the quench, , for a fixed system size of L = 21
at infinite temperature. In Fig. (3) we depict G2 as
function of t for consecutively small magnitudes. Qualitatively we find that the diffusion coefficient decreases
for small  and that the breaking point ceases to exist in
the same limit. This seems to indicate that, in the limit
 → 0, G2 converges to a straight line characteristic of
a uniquely diffusive transport.
Note that the disappearance of the breaking point and
the dependence of the diffusive constant with  arise
simultaneously. This suggests that, even though the
small ballistic component of the energy transport does
not affect the diffusive nature of the transport for t1 <
t < t∗ , it does change the value of D.
Figure 2. Normalized energy density plot with L = 21 and
β = 0. Contour lines for EiN = 0.003 are depicted in white.

It is also worth analyzing the energy transport directly from the normalized energy density plot, EjN =
Ej (t)/ maxj (Ej (t)), as shown in Fig. (2). The density plot is dominated by a diffusive bulk but a contour
line for EiN = 0.003 , depicted as white lines, reveals
a ballistic wave front with a relative magnitude two orders of magnitude smaller than the diffusive core. This
small ballistic component of the energy transport has
the same velocity of the breaking point, v ∗ , motivating
the idea that the breaking point signals the arrival of
this ballistic component of the transport at the edge of
the chain. It is unclear what the nature of this small
ballistic component is, if it vanishes after some time or
how it relates to other parameters of the simulation,
such as temperature or quench’s magnitude.

Figure 4. Dependence of the diffusion coefficient, D, with
the magnitude of the quench, .

A quantitative analysis of the dependence of D with
 can be found in Fig. (4)-(blue dots), where we depict
D obtained by a linear fit of G2 for 3 < t < t∗ . The
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scaling indicates that D converges to a finite value in
the limit  → 0; however, the dependence for finite  is
non-trivial. In Fig. (4)-(dashed blue line) we depict a
third order polynomial fit.
The relation between the breaking point and the magnitude of the quench motivates us to study the energy
transport for t > t∗ . We assume that, close to t∗ , the
transport is also diffusive and extract a diffusion constant after t∗ , Da , fitting a straight line to 33 < t < 50.
This is depicted as orange dots in Fig. (4). Curiously,
we find that the Da is almost symmetric to D in the
sense that the average diffusion, Dav = (Da + D)/2, depicted as green dots, is almost independent of . Most
importantly, Dav seems to coincide, within the error
bar, with the predictions for D( → 0). Further study
near the vicinity of  = 0 is required to extract definite
conclusions, but, if true, the diffusive component of the
energy transport could still be obtained from a finite
quench by taking into account the dynamics before and
after the breaking point.
B.

Product MPS

For the system sizes available with rPS, we cannot
extract any information regarding a possible life-time of
the small ballistic component beyond t∗ . In particular,
we are interested in knowing if the wave front propagates
without dissipation or has some characteristic lifetime,
after which energy only dissipates diffusively.
We use the ensemble of pMPS to probe the spreading
in systems with L = 41 lattice sites and an estimated
breaking point t∗ (L = 40) ≈ 57. In Fig. (5), we depict the average evolution of Ns > 64 × 103 pMPS with
bound dimension χ = 4, 8 and compare it to the results
from rPS for L = 21 (dashed black line and linear fit as
blue line).

anomalous behavior after that. In the next section, we
present numerical evidence that this is not due to an
anomalous transport for L = 41 but rather a flaw in the
time evolution method itself in conjugation with G2 .

1.

Edge-Bulk effect

In order to study the true origin of the deviations
observed in Fig. (5), we question the validity of TDVPMPS to time-evolve equilibrium ensembles, i.e. without
any quench. By definition, an equilibrium ensemble
commutes with the real time evolution propagator thus
has no evolution or entanglement growth. However,
the equilibrium ensemble is generated from many excited random states whose entanglement entropy grows
in time and saturates eventually. In Fig. (6), we depict
the time evolution of an equilibrium state at temperature β = 1 obtained averaging over Ns = 105 pMPS with
bound dimension χ = 8. Note that while deviations
from the correct dynamics occur at all temperatures,
the underlying cause is most prominent at finite temperature due to the anisotropy of the equilibrium state.
Thus the choice of β = 1 and not β = 0.

Figure 6. Time evolution of an unquenched thermal state at
β = 1 for χ = 8.

Figure 5. G2 (t) for the ensemble of pMPS, for different
bound dimensions.

We found that the ensemble of pMPS in conjugation
with the TDVP-MPS fail to capture the correct dynamics even for small time scales t > 20 and presents strong

We observe that, within the error bar, the correct
equilibrium ensemble is well captured at t = 0 and for
small times, t . 20, the energy density profile remains
constant. However, after t = 20 the local energy density
of the bulk starts to increase while the energy density
near the border decreases. We denote this effect by
edge-bulk effect and it is a direct consequence of entanglement saturation in the chain. Once saturation
occurs, the bound dimension at the bulk of the chain
is no longer enough to locally describe the time evolved
state, while near the edge the bound dimension is never
saturated. This creates an unbalance: at each iteration, TDVP-MPS tries to minimize the local energy at
the bulk while, due to energy conservation, any increase
has to be counteracted by a decrease at the edge . The
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final result is a deformed shape, as seen in Fig. (6).
While the deformation is orders of magnitude smaller
than the induced quench, it has important consequences
in global measures of the spreading like G2 as observed
in Fig. (5).
Nevertheless it could still be possible to extract the
correct diffusion coefficient from the thermalization of
local observables near the center of the chain as was
done in Ref.27 . However, doing so, we discard important characteristics of the dynamics, such as the small
ballistic component of the energy spreading.

IV.

Finite temperature

It is important to understand how the multiple components of the dynamics found at β = 0, relate to the
dynamics at finite temperatures. To our knowledge, this
question has not been studied before in the context of
the energy transport on the Ising chain. Physically, at
high energies, a large number of degrees of freedom can
be excited, therefore we expect a fast equilibration to
the asymptotic long time regime. As temperatures decrease, a temperature-dependent equilibration time may
emerge which delays the asymptotic long time regime.
In this section, we study the energy transport in a strong
quench at finite temperature. In a similar fashion to the
previous section, we depict in Fig. (7) G2 (t) for a fixed
system size, L = 21, and different temperatures (full
colored lines).

Figure 7. G2 for different temperatures and L = 21
as function of time. Dashed lines depict a fitting of
1/ (vB t)−2 + (Dt)−1 .

Qualitatively we find that, as temperature decreases,
ballistic transport becomes increasingly dominant at
short time scales while diffusion takes place later in
time and at a faster rate, i.e. it exists a temperature
dependent crossover time scale between ballistic and
diffusive transport, τ (β). To extract quantitative results, we model the spreading with
 an ansatz of the form
G2 (t) = 1/ (vB t)−2 + (Dt)−1 . This introduces a nat-

Figure 8. Fitting parameters of Fig. (7) as a function of
β: diffusion constant, butterfly velocity and transition time
scale, respectively upper, center and lower plots.

2
ural estimate for τ , namely that τ = D/vB
. The ansatz
∗
is fitted for t1 < t < t , with the best fit depicted in
Fig.
(7) as dashed colored lines and the crossover times,

τ, G2 (τ ) , as dots. The agreement with the data is
surprisingly good, especially at intermediate temperatures where the transport in neither mostly ballistic or
diffusive in the available time interval t ∈ [3, t∗ ].

We plot the results from the fitting in Fig. (8):
the diffusion constant, the butterfly velocity and the
crossover time, respectively for upper, center an lower
plot. The β dependence of the diffusion constant can
be fitted to an exponential function, D(β) = (0.70 ±
0.07) × exp ((1.70 ± 0.08) β), for the available temperatures. It is not possible to study lower temperatures, β > 2, within the available system sizes because
the crossover time is much larger than t∗ and transport is almost purely ballistic for the times t < t∗ .
Most surprisingly, we find that the butterfly velocity
is roughly independent of β,with a maximum variation
of 8% with respect to the mean value, being compatible
with vB (β) = 0.34 ± 0.01. We also compare vB (β) with
the velocity of the breaking point v ∗ and show that both
agree, within the error bar. This seems to suggest that
the energy wave front at infinite temperatures and the
ballistic transport at finite temperatures are one and
the same, i.e. the wave front at high temperatures is a
reminiscence of transport at low temperatures.
As a consequence of the previous considerations, the
crossover scale τ must also growth exponentially for
lower temperatures, in agreement with the qualitative
observations that diffusive transport takes place latter
in time for lower temperatures.
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V.

Discussion

In Ref.29 , the authors put forward a tempting hypothesis to explain the emergence of diffusive transport in
non-integrable highly excited systems (infinite temperatures). They argue that, if a heuristic description of
ballistic quasi-particle (QP) as carriers energy was possible (similar to integrable systems35 ), these QP would
scatter strongly and often, i.e. short mean free path.
At each collision, quantum information would be passed
along in a ballistic wave front but the average path of a
QP resembles a random walk. They conjecture that any
local observables, under this conditions, would propagate diffusively.
We can extend this heuristic argument to finite temperatures. At infinite T , QP form often and randomly
on the equilibrium ensemble; as T decreases, they do so
less frequently an carry less energy (velocity). Therefore, the mean free path must increase and the previously restrained QP now propagate ballistically for
longer times. This would be in line with results from
Fig. (8), explaining both why τ increases and vB remains constant. However, this heuristic picture does
not explain the existence of a wave front of energy at
β = 0 for t > τ . We conjecture that for large quench
parameters, the wave front is composed by high energy
QP propagating at a maximum velocity. These, because they propagate outwards from the perturbation,
contribute positively to G2 but once they reflect on the
edge the contribution changes sign leading to the breaking point observed in Fig. (7). As a side product of this
argument we expect the contribution observed in Fig.
(4) to vanish for very large times and system sizes. Note
that this entire heuristic argument extends beyond our
current numerical limits and should not be understood
as a proof.
In conclusion, we found strong numerical evidence
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properties which, as we shown, could not be achieved
with the combination of G2 and TDVP-MPS algorithm.
We believe it should be possible to incorporate these
results in one common framework of transport in nonintegrable models. A possible direction would be to
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quantitative predictions from it.
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