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ABSTRACT 

Magnesium alloys have been attractive to use in structural components due to their high 

strength to weight ratio, low density and high damping capacity. However, magnesium alloys 

show peculiar plastic deformation mechanisms (twinning and detwinning) that causes the 

anisotropic material behaviour and limits the usage in structural components. Recent 

researches indicate that this type of plastic deformation results from Hexagonal Close-Packed 

structures and cannot be fully characterized using the typical tools used in steels. Therefore, the 

phenomenological Hypo-strain (HYPS) model has been developed to capture the anisotropic 

behaviour of magnesium alloys under uniaxial and multiaxial fatigue. This study aims to 

evaluate the phenomenological Hypo-strain approach for AZ31B-F magnesium alloy and to 

implement the HYPS model on an external subroutine (UMAT) to run on ABAQUS/Standard 

6.14. The main goal is to reach a numerical tool that can be used to accurately describe the 

cyclic elastic-plastic behaviour of magnesium alloys in synergy with  finite element packages 

(external subroutine) that can be used for engineers in mechanical design. To evaluate the 

implemented model in UMAT, these results were correlated with the experiments and with the 

analytical HYPS approach. Moreover, the estimates were also correlated with the Armstrong-

Frederick model available on ABAQUS/Standard 6.14 library. The results have shown that the 

HYPS model was successful implemented on the subroutine (UMAT) with a good correlation 

between experimental tests and the HYPS model. Some remarks between the HYPS and 

Armstrong-Frederick models are drawn. 

Keywords: Multiaxial fatigue, Experimental results, AZ31B-F magnesium alloy, Hypo-strain 
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1. INTRODUCTION 

The reduction of pollution and fuel consumption is an important goal to the transportation 

industry. The weight reduction of vehicles has a strong effect on the reduction of greenhouse 

gas emissions and on the fuel consumption. Nowadays, magnesium alloys tend to replace 

steels and aluminium alloys in order to go further in the structural weight reduction [1].  

One of the evidences of the anisotropic behaviour of magnesium alloys during cyclic 

loading is the asymmetry found in the yield stress at compression and in tension [2], [3], [4]. 
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Currently commercial finite element softwares do not take into account different values for the 

yield stress in tension and compression, except for the cast iron. 

In general, a material model is used to describe the stress-strain behaviour of a material 

and can be divided into two classes. The crystal plasticity is usually conducted to understand 

the micro-mechanisms involved and to capture the macro-mechanical behaviour. In general, the 

crystal plasticity model has a huge computation time consumption to solve the analysis. Another 

disadvantage is that this approach uses reduced information of the material mechanical 

properties. On the other hand, the other approach is the phenomenological model and it’s 

mainly based in experimental results. The phenomenological model is used to predict the 

mechanical behaviour and can further be used to predict the stress and strain of the mechanical 

structure. 

At present, it is not possible to accurately estimate the stress-strain relation of 

magnesium alloys using the available constitutive continuum plasticity models. All these 

models, found in the literature, do not have into account the loading type and the strain level 

and fails to capture the mutiaxial fatigue behaviour for higher strain level and non-proportional 

loadings [5], [6]. Therefore, the phenomenological Hypo-strain model (HYPS) has been 

developed to capture the anisotropic behaviour of magnesium alloys under uniaxial and 

multiaxial fatigue [7],[8]. 

  

2. THEORETICAL DEVELOPMENTS 

2.1 Armstrong-Frederick Plasticity Model 

In general, cyclic plasticity models have three main parts to follow the material response under 

plastic deformations: the yield function, the hardening rule and flow rule.   

 Amstrong-Frederick model is a nonlinear kinematic model, the von Mises yield function 

  is given through the follow equation: 

   √
 

 
(   ) (   )      (1) 

 

Where   is the deviatoric stress,   is the back stress and   is the yield stress. The kinematic 

hardening is governed through the back stress tensor that can be calculated by the following 

equation: 

    
 

 
          (2) 

 

Where   and   are material parameters,    is the increment of the back stress,     is the 

increment of plastic strain. The quantity    is the increment of the accumulated plastic strain. In 
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the equation 2, the material parameter   expresses the hardening modulus and   controls the 

rate at which the hardening modulus decreases with the increasing of the plastic strain.   

2.2 Armstrong-Frederick plasticity model calibration 

As shows the figure 1, the Armstrong-Frederick material parameters were determined through 

uniaxial cyclic stress-strain tests under stabilized hysteresis loops. Different strain amplitudes of 

the strain-controlled tests were used to calibrate the material parameters (  and  ). The uniaxial 

cyclic stress-strain curves of AZ31B- F magnesium alloy presents different values for the yield 

stress in tension and at compression with the tensile stress higher than compression. Therefore, 

as a conservative approach to the Armstrong-Frederick plasticity model, it was considered the 

tensile branch of the AZ31B- F cyclic response. Having the plastic strain amplitude values 

       and the inherent recall term, which is the difference between the stress amplitude       

applied and the material cyclic yield stress ( ), for a fixed total strain. The relation between 

these two values can be fitted with equation 3. 

   

 
   

 

 
     ( 

    

 
) (3) 

 

 The MATLAB fitting toolbox was used to obtain the material constants   and  . These 

constants were determined for AZ31B-F magnesium alloy and are presented on table 1. 

 

Figure 1- Armstrong-Frederick plasticity model calibration 

 

Material   [MPa]   

AZ31B- F 32736 211 

Table 1 – Material parameters of Armstrong-Frederick model 
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2.3 Phenomenological Hypo-strain Model 

From the experiments, it was found that AZ31B-F magnesium alloy hysteresis loop can be 

approximated with a very good accuracy using a third degree polynomial function for any value 

of total strain. In order to obtain these functions, it is considered six specific points on a 

hysteresis loop, as shown in the figure 2. For the tension branch, the polynomial function is 

obtained using the experimental data at points 4, 5, 6 and 1. Similarly, the polynomial function 

for compression branch is obtained using the experimental data at points 4, 3, 2 and 1. This 

procedure is repeated for shear hysteresis loop. The functions   (     ) and   (     ) estimate 

the stresses for the maximum total strain, for positive and negative loading directions 

respectively. The functions   (     ) and   (     ) estimate the plastic strain increments 

inherent to the maximum total strain and the functions   (     ) and   (     ) estimate the back 

stresses. With these polynomials it is possible to capture the mechanisms of the plastic 

deformation of magnesium alloy, such as twinnng, detwinning and slip effect at each strain level 

and strain amplitude ratios (SAR). 

 

Figure 2 - Third degree polynomial interpolation for two hysteresis loops (axial and shear), [8]. 

 

Thus, the axial and shear hysteresis loop for a given total strain is given by Eq.(4) for 

the axial stress loading component and by Eq.(5) for the shear one. 

         (  )       
       

            

            (  )       
       

            
(4) 

 

Where    ,    ,     and    are the polynomial coefficients for the tension branch of the 

hysteresis loop and    ,    ,     and     are the coefficients for the compression branch. In the 

same equation    is the axial total strain. 

             (  )       
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Similarly,    ,    ,     and    are the polynomial coefficients for the positive direction 

branch and    ,    ,     and     are the coefficients for the negative direction branch. In the 

same equation    is the shear total strain. 

Under biaxial loading conditions (tension-torsion), it’s obtained two hysteresis loops, 

one for the axial loading component and another for the shear one. Therefore, are obtained two 

different hysteresis loops, which are dependent of each other. This dependence is captured by 

the strain amplitude ratio (     ) given by the shear strain to axial strain ratio, also denoted as 

SAR. The biaxial strain level is given by:      √  
    

 . 

As an upgrade of the HYPS model for non-proportional loadings, in this study, instead 

of using the Eq.(4) and Eq.(5) were used a fourth degree polynomial functions. This modification 

was used to better describe the hysteresis loops under non-proportional loadings. 

 

4. RESULTS AND DISCUSSION 

The experimental tests were performed at room temperature under strain-controlled regimes 

and ended when the specimens were totally separated. The thin-walled specimens of the 

AZ31B-F magnesium alloy used on the experiments were machined along the extrusion 

direction. To evaluate the implemented HYPS approach on UMAT subroutine, 6 biaxial loading 

paths were considered. The first loading case, Case 1, is a pure uniaxial tensile test, case PT. 

The second one, Case 2, is a pure shear loading, named as case PS.  Cases 3, 4, and 5 are 

proportional loadings with SAR equal to 30º, 45º, and 60º, respectively. Finally, Case 6 is a non-

proportional loading case, with a SAR equal to 45º and a phase shift equal to 90º. All these 

loading paths were implemented in experiments and in the numerical analysis for different strain 

levels. Here are only presented the: Case 1, Case 2, Case 3 and Case 6. 

 

Figure 3- Loading paths in strain control: a) Case 1 PT, b) Case 2, PS, c) Case 3, PP30, d) 

Case 4, PP45, e) Case 5, PP60 and, f) Case 6, OP45. 
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Figure 4 to 7 show the correlation between Armstrong-Frederick and Hypo-strain 

elastic-plastic models and the experimental results. In these figures, the black dashed line 

represents the experimental results (Exp), the red line the HYPS analytical model (Model), the 

blue dashed-pointed line the HYPS approach implemented in UMAT subroutine (FEA) and the 

green dashed line the Armstrong-Frederick model (Armstrong-Frederick).    

 To correlate pure axial and pure shear loadings it were selected two different strain 

values, for each type of loading. For the multiaxial proportional loading with SAR equal to 30°, 

the correlation was based in three fixed values of the hypo-strain (0.4%, 0.6% and 1%). 

Similarly, two values of the hypo-strain (0.83% and 1.14%) were selected to compare the non-

proportional models. It’s relevant to mention that the hypo-strain indicates the strain level.  

 In this study the results were not affected by any factor as seen in von Mises or Tresca 

equivalent stress or strain, for instance.       

 

Figure 4- Correlation between estimations and experiments for pure axial loading with (Left) 

0.5% of axial strain amplitude and (Right) 1.2% of axial strain amplitude 

 

 

Figure 5- Correlation between estimations and experiments for pure shear loading with (Left) 

0.4% of shear strain amplitude (Right) 0.8% of shear strain amplitude 
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From the uniaxial results presented in figure 4 and figure 5, it can be concluded that 

both HYPS approaches follow with very good accuracy the experimental results, except for the 

pure axial loading with 1.2% of total strain, where is noted a slight deviation during tension 

loading.  However it is a conservative deviation. Regarding the Armstrong-Frederick model, the 

only estimation that has acceptable accuracy is on pure axial loading with 0.5% of total strain. 

The Armstrong-Frederick model also fails to capture the maximum stress limits in pure shear 

loadings, being the estimations much lower than they should be.   

 In proportional loadings with SAR equal to 30°, the analytical and the finite element 

implementation of the HYPS approach follow very well the axial and shear hysteresis loops with 

only a conservative deviation on the compression hardening behaviour for strain level of 1%. 

For the axial component of the proportional loadings with SAR equal to 30°, the Armstrong-

Frederick model gives a good estimative for the maximum stress limit in tension for hypo-strains 

of 0.4%, 0.6% and 1%, however fails to capture the maximum stress limit in compression which 

is more evident for hypo-strain of 1%. This is because the magnesium hardening in 

compression is lower than in tension. Also cannot capture accurately the plastic strains and 

back stresses. This incapability is more evident for higher strains levels. For the shear 

component, the Armstrong-Frederick model continues to estimate much lower maximum stress 

limits than the experimental tests. 

 

(a) 

 

(b) 
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(c) 

Figure 6- Correlation between estimations and experiments for proportional loadings with SAR 

equal to 30° (a) hypo-strain of 0.4%; (b) hypo-strain of 0.6%; (c) hypo-strain of 1% 

 

Regarding the non-proportional loadings, the Armstrong-Frederick model also fails to follow 

the experimental results despite estimating the stresses at maximum strains with acceptable 

accuracy. For the hypo-strain of 0.83% the HYPS model results are close to the experiments. 

However for 1.14% of strain level, the model cannot follow with acceptable accuracy the 

unloaded behaviour from tension and compression despite estimating the plastic strains, the 

back stresses and the stresses at maximum total shear strain for both loading directions with 

very good accuracy. Due to the fact that the HYPS model is based on a polynomial function it 

has difficulties to accurately follow the shape of the axial and especially of shear stress-strain 

curves of the non-proportional loadings. This evidence becomes more evident for higher strain 

levels. 

 

(a)  
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(b) 

Figure 7- Correlation between estimations and experiments for 90° out-of-phase loadings with 

SAR equal to 45° (a) hypo-strain of 0.83% and (b) hypo-strain of 1.14% 

 

For the uniaxial loading and multiaxial proportional loading it can be found that 

Armstrong-Frederick model results in symmetry of the loading path, i.e., shear and axial stress 

amplitudes have same absolute value in both loading directions. Therefore are observed 

symmetric hysteresis loops, with symmetric values of plastic strain, back stress and stress at 

maximum total strain, for both loading directions. This is because the Armstrong-Frederick 

nonlinear kinematic hardening rule in ABAQUS/standard library uses the von Mises yield 

function that predicts symmetric equivalent stresses for both loading directions. Moreover, it 

predicts the same hardening rate for both loading directions that indicates that the hardening 

and flow rules don’t follow the magnesium behaviour. This confirms the incapability of this 

model to capture cyclic anisotropy of magnesium alloys that results from the loading type. The 

main advantage of the HYPS model comparatively with Armstrong-Frederick model is the 

possibility to simulate the SAR effect in the elastic-plastic behaviour, in other words, the HYPS 

model takes into account the loading type and strain level so it can accurately capture the 

plastic deformation mechanisms (twinning and detwinning), that occur in the cyclic response of 

magnesium alloys. 

5. CONCLUSIONS 

The experimental results were correlated with the well-known Armstrong-Frederick 

model and the phenomenological HYPS elastic-plastic approach that was successful 

implemented in a commercial finite element program ABAQUS/standard 6.14 through an 

external subroutine (UMAT). The HYPS model implemented in the subroutine strictly follows the 

HYPS analytical model, for all loading paths and strain amplitudes. The Armstrong-Frederick 

model showed poor estimations especially for high strain amplitudes and for the axial and shear 

components of multiaxial proportional loadings. The results were explained by the inability of the 

model to follow the anisotropic magnesium behaviour. This conclusion was proved by the 
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symmetry found in the estimates. In uniaxial and multiaxial proportional loadings the HYPS 

model followed with very good accuracy the stress-strain curves however a slight deviation was 

observed for strain levels of 1%. For non-proportional loading with strain level of 1.14% the 

HYPS model fails to capture the shear behaviour, despite the model estimate very well the 

stress for the maximum total strain amplitude, the plastic strain and back stress, for both loading 

directions. 
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