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Resumo 

 

A redução da poluição e do consumo de combustível é uma meta importante para a 

indústria automóvel e aeroespacial. A redução de peso de veículos e aeronaves tem um forte 

efeito na redução das emissões de gases de efeito estufa e no consumo de combustível. Hoje 

em dia as ligas de magnésio tendem a substituir os aços e as ligas de alumínio, a fim de ir mais 

longe na redução do peso estrutural. As ligas de magnésio têm sido atrativas para usar em 

componentes estruturais devido à sua baixa densidade e alta resistência específica, alta 

capacidade de amortecimento e ajudam a proteger o meio ambiente pela redução do consumo 

de combustível. No entanto, as ligas de magnésio apresentam mecanismos de deformação 

plástica peculiares (―twinning‖ e ―detwinning‖) que causam o comportamento anisotrópico do 

material e limitam o uso em componentes estruturais. Estudos recentes indicam que este tipo 

de deformação plástica resulta da estrutura cristalina hexagonal compacta e não podem ser 

totalmente caracterizados usando as ferramentas típicas usadas em aços. Uma das evidências 

do comportamento anisotrópico das ligas de magnésio durante o carregamento cíclico é a 

assimetria encontrada na tensão de compressão e tracção. Atualmente, os softwares 

comerciais de elementos finitos não levam em consideração valores diferentes para a tensão 

de cedência à tracção e à compressão, com exceção do ferro fundido. Além disso, os modelos 

elásto-plásticos existentes nos pacotes comerciais de elementos finitos são configurados com 

curvas monotónicas de tensão-extensão que são inadequadas para simular plasticidade cíclica 

sob condições de caregamentos multiaxiais, porque as regras de endurecimento e de 

escoamento variam de acordo com o tipo de carga e o nível de extensão. Deste modo, o 

modelo fenomenológico Hypo-strain (HYPS) foi desenvolvido para capturar o comportamento 

anisotrópico das ligas de magnésio. Este estudo tem como objetivo investigar e interpretar os 

resultados experimentais elásto-plásticos obtidos para a liga de magnésio AZ31B-F em fadiga 

uniaxial e multiaxial. Os ensaios foram realizados em regime de controlo de extensão em 

provetes de paredes finas maquinadas ao longo da direção de extrusão. Esta pesquisa 

também pretende contribuir para o desenvolvimento do modelo fenomenológico HYPS, sendo 

que o objetivo principal foi a implementação do modelo HYPS numa sub-rotina externa (UMAT) 

para ser executada no ABAQUS/standard 6.14. De forma a avaliar o modelo implementado em 

UMAT, estes resultados foram correlacionados com os resultados experimentais e com modelo 

analítico HYPS. Além disso as estimativas também foram correlacionados com o modelo 

Armstrong-Frederick disponível na biblioteca do software ABAQUS/standard 6.14. Os 

resultados mostraram que o modelo HYPS foi implementado com sucesso na sub-rotina 

(UMAT) com uma boa correlação entre os ensaios experimentais e o modelo HYPS. São feitas 

algumas observações entre os modelos HYPS e Armstrong-Frederick. 

 

Palavras-chave:  

Fadiga multiaxial, Ensaios experimentais, Liga de magnésio AZ31B-F, Modelo Hypo-

strain, Plasticidade cíclica 
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Abstract 

 

The reduction of pollution and fuel consumption is an important goal to the automotive 

and aerospace industry. The weight reduction of vehicles and aircrafts has a strong effect on 

the reduction of greenhouse gas emissions and on the fuel consumption. Nowadays 

magnesium alloys tend to replace steels and aluminium alloys in order to go further in the 

structural weight reduction. Magnesium alloys have been attractive to use in structural 

components due to their low density and high specific strength, high damping capacity and help 

to protect the environment by the reduction of fuel consumption. However, magnesium alloys 

show peculiar plastic deformation mechanisms (twinning and detwinning) that causes the 

anisotropic material behaviour and limits the usage in structural components. Recent 

researches indicate that this type of plastic deformation which results of the Hexagonal Close-

Packed structure cannot be fully characterized using the typical tools used in steels. One of the 

evidences of anisotropic behaviour of magnesium alloys during cyclic loading is the asymmetry 

found in the yield stress at compression and in tension. Currently commercial finite element 

software’s do not take into account different values for the yield stress in tension and in 

compression, except for the cast iron. Moreover, the elastic-plastic models embedded in the 

commercial finite packages are setup with monotonic stress-strain curves which are unsuitable 

to simulate cyclic plasticity under multiaxial loadings conditions because the hardening rules 

and flow rules vary in different ways  accordingly to the loading type and load level. Therefore, 

the phenomenological Hypo-strain model (HYPS) has been developed to capture the 

anisotropic behaviour of magnesium alloys. This study aims to investigate and interpret the 

elastic-plastic experimental results obtained for the AZ31B-F magnesium alloy in uniaxial and 

multiaxial fatigue. The tests were carried out in strain control regimes on thin-walled specimens 

machined along the extrusion direction. This research also intends to contribute to the 

development of the phenomenological HYPS model and the main goal was to implement the 

HYPS model on an external subroutine to run on ABAQUS/standard 6.14. In order to evaluate 

the phenomenological HYPS model, these results were correlated with the experimental results 

and with the analytical HYPS model. Moreover, the estimates were also correlated with the 

Armstrong-Frederick model available on ABAQUS/standard 6.14 library. The results showed 

that the HYPS model was successful implemented in the subroutine (UMAT) with good 

correlation between experiments and the HYPS model. Some remarks between the HYPS and 

Armstrong-Frederick models are drawn.  

 

 

Keywords:  

Multiaxial fatigue, Experimental results, AZ31B-F magnesium alloy, Hypo-strain model, 

Cyclic plasticity 
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1. Introduction 

 

1.1 Framework, Motivation and Objectives  

Generally, most of engineering components and structures found in the field are 

subjected to multiaxial states of stress that arise from the loading. Thus, multiaxial fatigue is the 

most common failure in mechanical components and it’s difficult to avoid. It is also stated that 

fatigue accounts for about 50% to 90% of all service failures due to mechanical causes [1]. 

These failures may cause much financial loss, environmental damage and even the loss of 

human lives.  Therefore the fatigue evaluation becomes one the major considerations in 

mechanical design.  

 

The figure 1.1 is an example of the fatigue failure in magnesium alloys. The structure in 

figure 1.1 is called ―Demo-structure‖ and it is used on automotive industry [2]. This automotive 

structure consists of three components which are made of three different magnesium alloys. 

The rivets were used for assembling the ―Demo-structure‖. Under cyclic loadings, cracks were 

observed on the automotive structure. 

 

 

 

Figure 1.1- (a) Illustration of ―Demo-structure‖; (b) Fatigue failure on the structure, [2]. 

 

Magnesium alloys have been attractive to designers due to their low density and high 

specific strength, good machining and recycling capabilities, and besides this it helps to protect 

the environment. New light materials are currently inserted in the world strategies of transport 

industry due to environment necessities for reduction of pollution and fuel consumption. These 
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were the features that called the attention of the automotive and aeronautical industry. 

Magnesium is also used in many others engineering applications where lightweight is a 

significant advantage. However, due to the low corrosion resistance, high extractive and 

production cost, is not widely used. Considerable research is still needed on magnesium 

processing, alloy development, corrosion resistance and mechanical properties improvement. 

Therefore this study contributes to the scientific community as it gives a better understanding 

and describes the multiaxial fatigue behaviour of magnesium alloys. 

 

The objectives of this work are: (1) understanding the plastic deformation mechanisms 

involved on magnesium alloys; (2) contribute to development of the phenomenological Hypo-

strain model to capture the anisotropic behaviour of AZ31B-F magnesium alloy under uniaxial 

and multiaxial fatigue; (3) the main goal is to reach a numerical tool that can be used to 

accurately describe the cyclic elastic-plastic behaviour of magnesium alloys in synergy with a 

finite element packages (external subroutine) that can be used for engineers in mechanical 

design. 

 

1.2 Thesis Structure  

This thesis is composed by seven chapters that are described as follows: 

 

Chapter 1 provides the motivation, framework and the objectives to be achieved in this 

study and also the structure of the thesis. 

 

Chapter 2 is dedicated to literature review which includes the discussion of the 

mechanical properties of magnesium alloys and their applications in automotive and aerospace 

industry; the most widely used and some recent manufacturing processes of magnesium alloys; 

a brief explanation of the deformation mechanisms of the Hexagonal Close-Packed structure 

and the most relevant constitutive models used to describe the cyclic elastic-plastic behaviour of 

metals. 

 

Chapter 3 provides detailed explanation of the new Hypo-strain phenomenological 

model (HYPS) and the upgrade made for non-proportional loadings. 

 

Chapter 4 presents the overview of the material used in this study and detailed 

information about the specimen and the methodology to conduct the experimental tests. 

 

Chapter 5 consists on the implementation of the phenomenological Hypo-strain model 

using the external subroutine (UMAT) to run on ABAQUS/standard 6.14. Also it presents the 

Armstrong-Frederick plasticity model calibration. 
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Chapter 6 is dedicated to the interpretation of the experimental results and the 

correlation between experiments, HYPS and Armstrong-Frederick models. 

 

Chapter 7 presents the conclusion drawn for this study and some proposals for future 

developments. 
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2. Bibliographical Review 

This chapter presents a bibliographic review that covers several aspects related to 

magnesium alloys and fatigue. It presents and discusses some mechanical properties of 

magnesium alloys and their applications and also manufacturing processes which are the most 

commonly used and the most recent. This chapter focuses not only on the plastic deformation 

mechanism of Hexagonal Close-Packed (HCP) materials but also in fatigue topic. The most of 

this chapter is devoted to explaining fundamental concepts of fatigue and the constitutive cyclic 

plasticity models to capture the mechanical behaviour of the materials. 

 

2.1 Magnesium Properties: Advantages and Disadvantages 

2.1.1 Strength and density  

The Ashby diagram in bi-logarithmic scale presented in figure 2.1, relates the 

mechanical strength with density. This chart shows that magnesium alloys have higher 

mechanical strength than polymers and it’s equivalent to some aluminium alloys and 

composites materials [3]. It is also observed that the magnesium alloy has a lower density than 

aluminium alloy (magnesium alloy is 35% lighter than aluminium) and it’s the most lighter of the 

structural metal group. The relatively high ratio between strength (  ) and density ( ) makes the 

magnesium alloy very attractive for automotive and aerospace industry [4]. 

 

Figure 2.1- Strength plotted against density for different group of materials, [3]. 
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2.1.2 Embodied energy  

 The figure 2.2 in logarithmic scale helps to understand one of the disadvantages of the 

magnesium alloys. The embodied energy is the total energy required for the extraction, 

processing, manufacturing and delivering the materials. In this graph, to obtain the magnesium 

alloy is needed a very high embodied energy per unit mass, higher than aluminum alloy and 

higher than all the polymers, ceramics and Hybrids materials, represented here [3]. The very 

high energy consumed in these processes increase the cost per unit mass of the magnesium 

alloy [5]. 

 Embodied energy is measured as the quantity of fossil-fuel energy consumed making 

one kilogram of material. This quantity allows evaluating the environmental impacts. So, if 

higher the embodied energy, higher will be the greenhouse gas emissions. This seems 

contradictory with one of the main goals of the utilization of the magnesium alloy in the 

automotive and aerospace industry, which is the reduction of pollution. However, as shown in 

figure 2.3, evaluating all the impacts over the whole life of the car and aircraft (Life Cycle 

Assessment) it’s possible to see that the phase which has the largest contribution (in terms of 

energy consumed and which directly influences the greenhouse gas emissions) is the utilization 

of the vehicles, and aircrafts [3]. Thus, the earnings obtained in terms of the reduction weight of 

the vehicles and aircrafts by the utilization of the magnesium alloys allows a great reduction of 

exhaust gases that compensates largely the utilization of this material in automotive and 

aeronautical industry to reduce the pollution. However, the future growth also requires that 

magnesium producers need to utilize technology processes more economically and reduce the 

energy consumed in this processes to achieve more competitiveness [6]. 

 

Figure 2.2- Embodied energy per unit mass for different group of materials, [3]. 
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Figure 2.3- Approximate values for the energy consumed at each phase of the aircraft’s life 

cycle and the car’s life cycle, [3]. 

 

2.1.3 Damping capacity and energy absorbed per unit mass 

Most applications of magnesium in automobiles are for non-structural components. 

However, the lightweight properties and the high damping capacity of magnesium make it 

attractive in structural applications where the energy absorption in a crash is critical [7]. The 

damping capacity is the ability of a material to absorb energy by converting mechanical energy 

into heat. Typically, magnesium alloys have damping factors more than ten times higher than 

the ones found in steel or aluminum alloys [8], [9]. 

The structural components add their weight to the vehicle, having a huge importance in 

fuel consumption and contribute to the absorption of collision energy. Thus, the structural 

components of magnesium alloys are good candidates when the energy absorption per unit 

mass has to be considered. However, the Hexagonal Close-packed crystallographic structure of 

magnesium alloy has a huge influence on the plastic deformation mechanism. As a 

consequence, the magnesium alloys present strong tension-compression asymmetry behaviour. 

In compression, yielding occurs at a stress level which is different from tensile. This pronounced 

tension-compression asymmetry strongly influences the usage of magnesium alloy as a 

structural component, such as beam, since the compression side of the beam will plastically 

deform before or after than the tensile side. Generally, the compressive strengths are much 

lower than the tensile side [10], [11]. 

 

2.1.4 Other disadvantages of magnesium alloys 

Magnesium alloy have others disadvantages that limit its use in automotive applications: 

they exhibit low temperature strength (high coefficient of thermal expansion) and poor corrosion 

resistance [12]. The major step for improving the corrosion resistance of magnesium alloy was 

the introduction of high purity alloys. Alloying can further improve the general corrosion 

behaviour, but it does not change galvanic corrosion problems if the magnesium is in contact 

with another metal and electrolyte. The galvanic corrosion problem can only be solved by 

proper coating systems [13]. 

The low temperature strength is another problem, limiting the use of magnesium 

especially for elevated temperature service. Developed magnesium alloys that withstand higher 
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temperatures will enhance the usage of magnesium in manufacturing engine blocks and 

transmission housings [14]. 

Others disadvantages in magnesium alloys that limit its use in transportation industry 

are: low creep resistance, low wear resistance and low elasticity modulus (thick section are 

required to provide adequate rigidity). However, with the development and deeper 

understanding about magnesium based alloys, the problems above have been solved gradually 

[12]. 

 

2.2 Applications of Magnesium Alloys 
Magnesium alloys are used in a wide range of applications and industries, such as, 

automotive, aerospace, medical, electronic and others. It’s made a focus in automotive and 

aerospace industry because they are the main customers of magnesium alloys. 

 

2.2.1 Magnesium in automotive industry 

The automobile has more than a hundred years since the magnesium alloy has been 

utilized since 1915. In the 30’s the aluminum substituted almost completely the casting iron as 

main component of pistons. In the same decade, in Germany, magnesium alloys were utilized in 

the production of camshaft and the gearbox, which leads at the time, the total decrease of 

weight at least 7% of the total of the automobile [15]. 

In the last decade several heavy magnesium parts have been assembled in passenger 

cars (table 2.1). Volkswagen was the first to apply magnesium in the automotive industry on its 

Beetle model, which used 22 Kg of magnesium in each car of this model. 

Porsche first worked with magnesium engine [16]. 

More recently, BMW manufactured a composite magnesium-aluminum alloy (Mg-Al-Sr) 

engine, the R that is one of the lightest 3.0 liter in-line six-cylinder gasoline engine in the world.  

Mercedes-Benz developed a new 7G-Tronic seven speed automatic transmission 

without weight increase using magnesium [16]. 

 The engine weight of Audi V8 Quattro model was reduced 5 Kg compared to other Audi 

eight-cylinder by using magnesium components [16]. 

The table 2.1 and the figure 2.4 show some producers of magnesium alloys 

components and their applications on car models. 
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Table 2.1- Magnesium components in automobiles, [16]. 

 

 

 

Figure 2.4- Non-structural components: (a) Volkswagen steering lock AZ91 (295 g), (b) 

Volkswagen 3L Lupo steering wheel core AM50; Structural components: (c) Seat door inner 

part AM50 (4.3 Kg), (d) Fuel tank cover Chrysler AM60 (3.2 Kg), [15], [16]. 

 

2.2.2 Magnesium in aerospace industry 

Magnesium alloy developments have traditionally been driven by aerospace industry 

requirements for lightweight materials to operate under increasingly demanding conditions. In 

the aerospace market, airframe applications are not been applied as might be expected and 

magnesium alloy has been largely used to cast engine and transmission housings, and others 

non-structural elements, for helicopters. The reason for the decrease in magnesium applications 

for airframes is due to magnesium flammability (low magnesium ignition) and this could reduce 
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the fire safety of the aircraft and the low corrosion resistance of the magnesium alloy [17]. The 

figure 2.5 shows some examples of magnesium alloys in aerospace industry.    

 

 

Figure 2.5- Magnesium applications in aerospace industry: (a) Monocoque wing aircraft ; (b) 

Missile containing Mg-sheet of about 18 Kg; (c) Helicopter with Mg-sheet of about 113 Kg; (d) 

Vanguard satellite launching rocket [17]. 

 

 

2.3 Manufacturing Processes of Magnesium Alloys 

Magnesium alloys are commonly divided into two groups: casting and wrought 

magnesium alloys. Cast has the longest history and the process and the equipment are very 

mature. Die casting is the most commonly used process that can prepare structural components 

directly. However, traditional cast technology is difficult to meet higher requirements of products 

and some new technologies such as thixomolding and rheocasting have been developed. The 

most commonly processes of wrought magnesium alloys are rolling and extrusion [18]. 

 

2.3.1 Casting 

Casting has been the dominant manufacturing process for magnesium components and 

can be divided into two types according to the pressure: gravity or low-pressure casting and 

high-pressure die casting. The choice of a proper casting is mainly dependent on the structure 

of the components, the usage, the required performance, the quantity of products and the 

casting properties [18], [19], [20]. The table 2.2 shows the processes description, the 

advantages and disadvantages, the applications and the most commonly casting techniques for 

magnesium alloys. 
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Casting 

technique 
Process Description Advantages Disadvantages Applications 

Gravity 

or Low-

Pressure 

Casting 

Sand Casting 

Parts are produced by 

pouring molten metal 

into a sand mould 

cavity. 

The process is 

highly 

developed. 

 

Inhibitors need to 

be used to prevent 

the metal-

mould/core 

reactions 

To fabricate 

metal parts 

Permanent Mould 

Casting (Gravity, 

pressure or 

vacuum) 

The process is similar to 

sand casting but this 

process uses permanent 

and high thermal 

conductivity moulds. 

Good surface 

finish and 

dimensional 

precision 

compared with 

sand casting. 

High capital cost 

Usually used 

to fabricate 

metal parts 

Lost Foam 

Casting 

 

Two steps are required. 

Firstly, placing a coated 

foam pattern into the 

mould and secondly the 

molten metal. Expanded 

polystyrene foam is 

used which melts when 

molten metal is poured 

into the mould. 

Complex shapes 

can be cast. 

High cost per unit 

 

Mostly used 

for 

automotive 

industry 

High-

Pressure 

Casting 

Die Casting 

 

Molten metal is forced 

through a narrow gate at 

faster rate and fills the 

mould cavity. High 

pressure is applied to 

force the molten metal 

into the mould. 

Higher 

production rate. 

Presence of high 

porosity 

Widely used 

to produce 

thin-walled. 

Squeezing 

Casting: Direct 

Squeeze Casting 

(Similar to 

forging process) 

 

The molten metal is 

poured into a female die 

(bottom) and male die 

(top) is lower down till 

it closes the female die. Can produce 

low- porosity 

Mg materials. 

 

 

Low material 

yield 

Widely used 

to fabricate 

metal matrix 

composites 
Squeezing 

Casting: indirect 

Squeeze Casting 

(Similar to die 

casting) 

 

Molten metal is poured 

into a sleeve in the 

casting equipment and 

the melt is injected into 

the die and then 

solidified under 

pressure. 

 

Table 2.2- Casting techniques: Process description, advantages, disadvantages and 

applications [18], [19], [20]. 

 

Production of components by casting can also be done with Semi-Solid Metal (SSM) 

processing. This new method has attracted increasing attentions since it was first introduced by 

M.C. Flemings in MIT in the 1970s. Compared with the conventional casting the semi-solid 

metal process requires lower thermal loads and can fill the mould with more complicated 

shapes and thinner sections. The main advantages of semi-solid forming processes are the low 

solidification shrinkage leading to a more precise dimensional product and shorter cycle time. In 

recent years, some semi-solid processes for magnesium alloys have been developed including 

rheocasting and thixomolding [18], [21]. 
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2.3.1.1 Semi-Solid Metal: Thixomolding 

Thixomolding is a semi-solid metal process specially developed for magnesium alloys. 

Similar to the plastic injection molding, as shown in figure 2.6, this method uses the magnesium 

alloy chips as raw material. The chips are fed into a heated screw using a volumetric feeder and 

are slowly heated up to the semi-solid temperature range. Heating accompanied by the 

shearing forces generated by the rotation of screw produces the semi-solid slurry which is 

subsequently injected by the linear forward movement of the screw into the mould. The semi-

solid slurry consists of nearly spherical solid particles suspended in a liquid matrix. The process 

is generally carried out under inert argon atmosphere in order to minimize the oxidation of the 

chips. In contrast to die casting where the metal enters the die as turbulent stream in 

thixomolding, metals fill the mould generally in a planar flow front. This results in lower porosity 

than die casting that leads directly to improvements in tensile and ductility properties. However, 

the higher cost associated with feedstock and the lack of large size molding machines have 

hindered the automotive applications of this process [18], [22]. 

 

 

 

Figure 2.6- Schematic drawing of thixomolding machine, [22]. 

 

 

2.3.1.2 Semi-Solid Metal: Rheocasting 

Rheocasting is casting using semi-solid slurries and conducted in the liquidus-solidus 

range of the alloy. In contrast to the thixomolding process, this process uses molten alloy as the 

starting material, eliminating the requirements of specially prepared feedstock materials. The 

molten material is cooled into the semi-solid range temperature. Once the metal has been 

cooled, the semi-solid slurry is injected into the mould cavity by a die casting machine. In 

comparison with conventionally cast parts, rheocasting components have the main advantage 

of less tendency to shrinkage and crack formation [18], [23]. 
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2.3.2 Wrought magnesium alloys 

Rolling is the metal forming process in which the metal stock is passed through one or 

more pairs of rolls, usually to reduce the thickness. Rolling is classified according the 

temperature of the metal rolled and is one of the most traditional techniques in the processing of 

magnesium alloys. However, due to the limited slip systems of the Hexagonal Close-Packed 

structure at relatively low temperatures, magnesium alloys sheet are usually manufactured by 

hot rolling. At high temperatures, the rolling ability improves greatly due to activation of more 

independent slip systems [24]. 

Extrusion is a plastic deformation process which billet is forced to flow by compression 

through the die opening of a smaller cross-sectional area than the original billet. Compared with 

rolling process, extrusion has three main advantages. First, strong compressive stresses from 

three directions are forced on the metal and thus high strength and ductility can be achieved 

(especially for magnesium with poor plastic working ability) due to fine grains after extrusion. 

Second, extrusion is very flexible and easily to be operated. Sheet, tube, bar and others 

complex cross sections can be easily prepared just by changing different extrusions dies. Third, 

the dimension accuracy is high and the final parts have a good surface finish compared to 

rolling. However, extrusion generates much waste of materials and much tool wear due to the 

large deformation force and friction between materials and dies. In last years some new 

techniques have been developed for magnesium alloys including equal channel angular 

extrusion [18]. 

 

2.4 Deformation Mechanisms in Hexagonal Close-Packed Structure 

2.4.1 Introduction 

The deformation mechanism of metal can be categorized as crystallographic slip and 

deformation twinning. In Hexagonal Close-Packed (HCP) materials such as magnesium at low 

temperatures, these two deformation mechanisms compete with each other, and the resulting 

mechanical properties are strongly affected by the interactions between these two major 

mechanisms of deformation [25]. 

For the plasticity to occur easily, von Mises criterion states that 5 independent slip 

systems are required to accommodate an arbitrary homogeneous plastic deformation [18]. 

Magnesium does not have enough available slip system and only 3 total slip systems, at low 

temperatures, can be found. At room temperature, only basal slip would be involved. Prismatic 

slip and pyramidal slip may occur at higher temperature [18]. The FCC (Face Centred Cubic) 

metals have 12 total slip systems and the BCC (Body Centred Cubic) have 48 total slip 

systems. Groves and Kelly have shown that for these metals (BCC and FCC), for the so-called 

von Mises condition for homogeneous plastic deformation to occur is easy to satisfy [18]. 

However, the situation in Hexagonal Close-Packed metals is much more complex not only for 

the restrict number of slip systems but also because these metals involve both slip and twinning 

and each slip and twinning system has different Critical Resolved Shear Stress (CRSS). The 
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other reason is that different families of twin systems become active depending on the loading 

direction [18], [25]. 

In magnesium alloy the anisotropy of the materials can result from the manufacturing 

process. Basal texture is easily formed during the rolling process of magnesium alloy, and 

induces a great anisotropy in mechanical performance. The operation of different deformation 

mechanisms due to the different angles between the loading direction and the c-axis of the 

crystalline structure involve a competition of slip and twinning. This factor results in strong 

tension-compression asymmetry behaviour and different strain-hardening responses at tension 

and at compression in axial stress-strain curves [25]. 

 

2.4.2 Crystallographic structure of metals  

Differently from plastics or ceramics whose constitutive molecules are disorganised, 

metals have an organized crystallographic structure. The common crystallographic structures 

encountered in metals are: Body Centred Cubic (BCC), Face Centred Cubic (FCC) and 

Hexagonal Close-Packed (HCP) and are illustrated in figure 2.7 (a). In this figure the spheres 

represent the metal atoms which are perfectly organised such that the present structures are 

repeated periodically in the three dimensions of space. For example, the iron has a BCC 

structure while aluminium, copper and nickel have a FCC structure and magnesium has a 

Hexagonal Close-Packed structure.  As shown in figure 2.7 (a), planes and directions of the 

cubic lattice can be easily represented in the Cartesian coordinate system (  ⃗⃗⃗⃗     ⃗⃗⃗⃗  ⃗    ⃗⃗⃗⃗  ⃗ . In the 

case of HCP metals, planes and directions of the hexagonal lattice can be described with Miller-

Bravais indices related to a coordinate system of three basal vectors   ⃗⃗  ⃗ and the longitudinal axis 

  . As shown in figure 2.7 (b), magnesium is a Hexagonal Close-Packed structure with c/a ratio 

of 1.624, which is close to the ideal close packed value 1.633 [26], [27]. 

 

Figure 2.7- (a) Crystallographic structures of metals: Body Centred Cubic (BCC), Face Centred 

Cubic (FCC) and Hexagonal Close-Packed (HCP); (b) Crystallographic structure of magnesium 

[26], [27]. 
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2.4.3 Slip mechanism of metals 

Deformation of metals may be from two natures, elastic and plastic. A comparison 

between elastic and plastic deformations resulting from shear loading is made in figure 2.8. 

Elastic deformations correspond to pure lattice stretching and are fully reversible as the applied 

load is supressed. Plastic deformation, instead, is irreversible since a residual deformation 

remains after the load is supressed and is controlled by slip dislocations on specific 

crystallographic planes and in specific directions which is triggered by mechanical shear 

loading. A given combination of a crystallographic plane and a crystallographic direction is 

defined as a slip system [26]. 

 

 

Figure 2.8- Elastic deformation corresponding to pure stretching of the crystal lattice (up) and 

plastic deformation trough dislocation slip (down) [26]. 

 

The relative displacement of the two crystals halves resulting in the remaining plastic 

deformation is called the Burgers vector  ⃗  and its magnitude is one atomic distance on the 

example of figure 2.8. The activity of each deformation mode is controlled by the local stress 

upon the slip system. When an external force, F, is applied to a crystal, a shear stress can be 

resolved onto a given direction. Considering the uniaxial compression loading in figure 2.9, the 

resolved shear stress is related to the applied force by the Schimd factor. So, the resolved 

shear (   stress is given by: 

 
  (

 

 
)          (2.1) 

                                                                                               

Where F is the applied force, A is the cross-sectional area,          is the Schmid 

factor,   is the angle between the applied force axis and the normal to the slip plane and   is 

the angle between the applied force axis and the slip direction. 

 

Schmid observed that slip occur when the resolved shear stress on the slip plane 

reaches the critical value (Critical Resolved Shear Stress) for that particular system. 
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Figure 2.9- Compressive force applied in the specimen, [26]. 

 

2.4.4 Slip mechanism in magnesium 

The independent slip system in Hexagonal Close-Packed metals were analysed by 

Grooves and Kelly and the results are listed in table 2.3. In magnesium, slip occurs on the 

basal, prismatic and pyramidal planes. The table 2.3 shows that basal slips and prismatic slips 

with <a> Burgers vectors only have 2 independent slip systems and are easiest to start. The 

combination of basal <a> and prismatic <a> slip provides only 4 independent slip systems, 

which is exactly the same as those provide by pyramidal <a> slip. In these cases, they are less 

than 5 independent slip systems, which have been shown by von Mises to be the minimum 

needed to undergo homogeneous deformation by crystallographic slip in polycrystals. As shown 

in figure 2.10, the basal slip has the lowest critical resolved shear stress. The pyramidal slips of 

<a> dislocations and pyramidal slips of <c + a> have higher Critical Resolved Shear Stress, 

therefore they are not favoured to start at room temperature. These two pyramidal slip systems 

are usually thermal actively because of its high Critical Resolved Shear Stress. A slip system 

with <c + a> Burger vectors can provide five independent slip systems to satisfy von Mises 

criterion [18], [28], [29]. 

 

Burger 

Vector 
Slip Plane Slip Direction 

Number of Slip 

Systems 

Total Independent 

<a> Basal (0002) <1 ̅10> 3 2 

<a> Prismatic {   ̅   <11 ̅0> 3 2 

<a> Pyramidal {   ̅   <11 ̅0> 6 4 

<c + a> Pyramidal {   ̅   < ̅ ̅  > 6 5 

Table 2.3- Some possible slip systems for magnesium alloy at room temperature, [18]. 
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Figure 2.10- Critical Resolved Shear Stress (CRSS) plotted against temperature, [25]. 

 

 

2.4.5 Mechanical twinning of metals 

Mechanical twinning is a deformation mode controlled by mechanical shear loading like 

slip. Contrary to slip, where the crystallographic orientations remain unchanged, mechanical 

twinning corresponds to sudden reorientation of a small distinct volume of the crystal lattice. 

The figure 2.11 shows an example of mechanical twinning. Twinning occurs, when an applied 

shear stress results in atomic displacement such that the atoms on the side of a plane (twin 

plane) mirror the atoms on the other side. For twinning the atomic displacement is less than the 

atomic separation. Hexagonal Close-Packed metals are particularly subjected to twinning, 

especially at low temperatures [25], [26]. 

 

 

Figure 2.11- Crystal lattice reorientation due to mechanical twinning [26]. 

 

 

2.4.6 Mechanical twinning and detwinning in magnesium 

Twinning in magnesium alloys is observed very often as this deformation mode is 

required to accommodate plastic strain due to an insufficient number of slip systems available at 

room temperature. Twinning is much more favourable to occur when it is energetically more 

favourable than slip, in other words, when lower activation energy is required. Mechanical 

twinning, unlike slip, is very sensitive to the sign of the applied stress, i.e., if a particular twin can 
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be formed under a shear stress, it will not be formed by a shear stress of opposite direction 

(detwinning). Because of the directionality of twinning, a very pronounced strength asymmetry 

between yielding in tension and compression, usually known as strength differential (SD), is 

observed at room temperature [25], [30]. 

 

The most common twin systems taking place in magnesium are extension twinning and 

contraction twinning. Extension twinning is an important deformation mechanism due to its low 

CRSS. These twins usually grow readily and contribute to strain accommodation. In contrast, 

contraction twins have higher CRSS. Contraction twins is characterized by a low grow rate and 

the strain accommodation is usually very limited. The extension twinning generally takes place 

under compression loading perpendicular to the c-axis of grains or tensile load along c-axis, 

while contraction twinning appears when compression load is subjected along the c-axis or 

tensile load perpendicular to c-axis [25], [26], [30]. 

 

Microscopically, detwinning can be characterized by the disappearance of existing twin 

planes. Twins can disappear or become narrower under reverse loading or unloading and can 

reappear under reloading [30]. 

 

2.4.7 Texture in magnesium alloys 

The crystallographic texture is the distribution of crystallographic (grain) orientations of a 

material. When these orientations are fully random, the material is said to have no texture. If the 

crystals (grains) have some preferred orientation, then the material has weak, strong, or 

moderate texture. The degree of the texture is related to the percentage of grains that have the 

preferred orientation. Usually, it is random texture in some casting products, like sand or metal 

mould casting. However, in subsequent deformation processes, like rolling or extrusion, the 

rotation crystal by slip or twinning will induce strong texture. The most common texture formed 

during rolling process is the basal texture. After rolling of magnesium the basal plane of the 

Hexagonal Close-Packed lattice becomes aligned parallel to the sheet plane so that a strong 

basal texture is formed. The basal planes are shown in the figure 2.12 and are shaded [18], 

[31]. 

 

 

Figure 2.12- Schematic diagram of basal texture forming during rolling. ND (Normal Direction), 

TD (Transverse Direction) and RD (Rolling Direction). 
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There are reports in the literature that the addition of Rare Earth (RE) elements 

weakens the texture and improves the formability, and the effect is seen in both, extrusions and 

in rolled materials. The weakened the basal texture also leads to decrease in yield asymmetry 

in magnesium alloys [31], [32]. 

 

 

 2.5 Fatigue  

According to the American Society for Testing and Materials (ASTM) Standard E1823 

(2003) fatigue is defined as: ―The process of progressive localized permanent structural change 

occurring in a material subjected to conditions that produce fluctuating stresses and strains at 

some point or points and that may culminate in cracks or complete fracture after a sufficient 

number of fluctuations‖. From the definition six key words have been italicized for emphasis. 

The word progressive implies that the fatigue process occurs over a period of time or usage. 

The word localized implies that the fatigue process operates at local areas. These local areas 

can have high stresses due to external load transfer, abrupt change in geometry, temperature 

differentials, residual stresses and material imperfections. The word permanent implies that 

once there is a structural change due fatigue, the process is irreversible. The word fluctuating 

implies that the process of fatigue involves stresses and strains that are cyclic in nature. The 

magnitude and the amplitude of the fluctuating stresses and strains must exceed certain limits 

for the fatigue process to become critical. The word crack is often the one most misunderstood 

in fatigue. The fatigue life can be divided mainly in three phases: crack initiations, crack 

propagations and fracture. The ultimate cause of all fatigue failures is that a crack has grown to 

a point at which the remaining material can no longer tolerate the stresses or strains, and 

sudden fracture occurs. Finally, the word fracture indicates that the last stage of the fatigue 

process is the separation of a component or structure into two or more parts [33], [34]. 

 

2.5.1 Proportional and non-proportional loading 

The multiaxial fatigue loads can be proportional or non-proportional. To explain these 

concepts consider a shaft in figure 2.13 that was submitted to axial and shear loading. The 

stress state is shown on the surface of the shaft because is at the surface where usually the 

fatigue phenomenon occurs. A new coordinate system, X’-Y’, which remains fixed with respect 

to specimen axes, X-Y, can be defined so that        at point A. During cyclic loading as the 

magnitude of the applied stress vary with time, the size the Mohr’s circle also varies with time. In 

some cases even the size of the Mohr’s circle varies during cyclic loading, the orientation of the 

new coordinate axis X’ always coincide with the principal normal stress axis and this is called 

proportional loading [35]. 
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Figure 2.13- Proportional multiaxial loading of a shaft, [35]. 

 

In many cases, however, the principal directions of the alternating stresses are not 

fixed, but change orientation. In figure 2.14, the shear stress varies with time but the axial stress 

does not. In this case the axis X’ does not always coincide with one of the principal normal 

stress axis. This type of loading is called non-proportional [35]. 

 

 

Figure 2.14- Non-proportional multiaxial loading of a shaft, [35]. 

 

Out-of-phase and in-phase are terms used to describe special loading cases involving 

periodic histories, such as sine or triangular waveforms. The in-phase loading will always be 

proportional and the out-of-phase loading could or could not be non-proportional [35].To 

understand these concepts, consider the example of figure 2.15. This figure presents the biaxial 

stress state that is common in pressure vessels or piping systems subjected to pressure or 

mechanical loads. The top loading history in figure 2.15 (a) shows cyclic in-phase loading with a 

mean value different from zero that produces out-of-phase straining. On the other hand, in the 

bottom loading history, figure 2.15 (b), the normal strain components are out-of-phase 180  and 

produce in-phase straining. From the fatigue viewpoint, a strain history that results in a fixed 

orientation of the principal axes associated with the alternating components of strain is 

proportional [35]. Thus the biaxial and triaxial loadings without shear strain always will be 
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proportional, even in the cases of out-of-phase and random strains, because the orientation of 

the principal axes associated with the alternating portions of strains remains fixed [35]. 

 

Figure 2.15- Biaxial loading (a) in-phase with mean stress and (b) out-of-phase, [35]. 

 

If a shear component varies with time, then the alternating portion of the normal strain 

components on the shear planes must remain in proportion for the loading to remain 

proportional (the proportional can be defined in terms of applied loads). For example, if     was 

different than zero, then the ratios        and         must remain constant for the loading to be 

proportional [35]. Therefore for tension-torsional loading the out-of-phase loading will always be 

non-proportional and in-phase loading will always be proportional [35]. 

 

Now considering the example of figure 2.16 where only normal components of the strain 

(           change with time and shear stress remains constant. In this case because the 

normal strains remain proportional, the loading is proportional and additional cyclic hardening 

would not be observed. Thus, the static stress component do not activate any additional slip 

systems and the proportional loading requires only the cyclic portions of the normal strains to be 

proportional [35]. 

 

Figure 2.16- Proportional loading in a shaft, [35]. 

 

As shown in figure 2.17, the in-phase orthogonal loads ensure that the resulting force is 

acting on a single plane. On the other hand in the out-of-phase non-proportional loads the 

resulting force is acting on several planes. Thus, the out-of-phase non-proportional loads reach 
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a greater number of potential critical planes for cracks initiation. Due to this, the non-

proportional loads are more damaging than the proportional ones. 

 

 

Figure 2.17- Sinusoidal loading (a) Out-of-phase non-proportional loading and (b) In-phase 

loading, [36]. 

 

 

2.5.2 Load paths representation  

Proportionality or non-proportionality of loading can be visualized by drawing the history 

in strain space, with normal strain on one axis and the shear strain on the other. If the resulting 

load path in each of those plots is either a straight line or a single point, the history is 

proportional, otherwise is non-proportional. In figure 2.18, the shear strain was normalized by a 

factor of √  (von Mises). The cases 0 and 5 are proportional and the others are non-

proportional.  

 

Figure 2.18- Strain-controlled load paths, [37]. 

 

2.5.3 Non-proportional cyclic hardening 

Non-proportional loading produces additional cyclic hardening that is not observed in 

uniaxial or any proportional loading paths. The greatest degree of additional hardening is 
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produced by the special case of 90  out-of-phase tension-torsion history [35]. The figure 2.19 

gives an example for 90  out-of-phase tension-torsion loading. 

 

Figure 2.19- Cyclic stress-strain curve for proportional and non-proportional loading, [35]. 

 

Experiments have shown that the non-proportional hardening depends of the material 

and the loading path. Thus, the effective stress amplitude can be expressed as: 

  ̅    (     (  ̅)
  

 (2.2) 

   

Where,   ̅ is the effective plastic strain,    is the cyclic strength coefficient and    is the 

cyclic strain hardening exponent, both are obtained by uniaxial experiments. The influence of 

the additional hardening during non-proportional hardening is given by the   coefficient and the 

influence of the loading path is given by the non-proportionality factor   [35]. 

 

From the metallurgical viewpoint, the degree of additional hardening observed in the 90  

out-of-phase loading case is dependent on the ease with which multiple cross-slip systems 

develop in a given material. In materials that have high stacking fault energy the cross slip is 

relatively easy and occurs during both proportional and non-proportional loading. Thus, 

additional hardening is not observed in these materials during non-proportional strain because 

significant cross slip also occurs during proportional loading. On the other hand, in materials 

with low stacking fault energy the cross slip is more difficult and only occurs during non-

proportional loadings thus additional stress is required [37]. 

 

Magnesium alloys have low stacking fault energy so the additional hardening can be 

observed during non-proportional loading [38]. 

 

Experiments show that materials with lower stacking fault energy have higher non-

proportional hardening coefficient ( ) [39]. 
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2.5.4 Cyclic hardening/ cyclic softening in strain-controlled tests 

 In strain-controlled, the material is tested between fixed total strain values:    and    . 

In this case the total strain cycles are symmetrical. This situation is shown in figure 2.20. When 

the stress increases in each cycle the phenomenon is called cyclic hardening. On the other 

hand, when the material stress decreases in each cycle, is called cyclic softening. In both cases 

these cyclic deformation behaviour is more pronounced at the beginning of the cycling load 

(transient behaviour), but the material usually gradually stabilizes (steady-state) with continued 

cycling. 

 

Figure 2.20- Strain-controlled test: (a) cyclic hardening and (b) cyclic softening, [40]. 

 

2.5.5 Non-Masing behaviour 

Most engineering materials display non-Masing behaviour, however some materials 

show Masing behaviour under certain conditions, [41]. A material is said to exhibit Masing 

behaviour if there is a unique relationship that describes its cyclic behaviour. In figure 2.21, the 

hysteresis loops were tied together at lower tips. If the material displays Masing behaviour, all 

the upper branches of the hysteresis loops should coincide. Thus, from the figure 2.21 (a) is 

evident that the material displays Masing behaviour and in the figure 2.21 (b) the material 

shows non-Masing behaviour. 

 

Figure 2.21- Schematic illustration of (a) Masing behaviour and (b) non-Masing behaviour, [41]. 
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2.5.6 Bauschinger effect  

Bauschinger effect is a well-known phenomenon of cyclic plasticity. It describes the fact 

that due to loading of a specimen above the yield limit in one direction, the limit of elasticity in 

the opposite direction is reduced. As an example the figure 2.22 presents the stress-strain curve 

to the first cycle of strain-controlled low cycle fatigue test. The yield limit is market as   . When 

the material is unloaded from the maximum stress state   , it behaves elasticity up to the point 

where the difference between the stresses       is equal the double of yield limit 2  . 

 

 

Figure 2.22- Bauschinger effect, [42]. 

 

2.5.7 Ratcheting and mean stress relaxation  

Cyclic ratcheting can be defined as the accumulation of plastic strain and is observed in 

materials that are subjected to a mean stress in stress-controlled tests. Typically, transient 

ratcheting is followed by stabilization (zero ratchet strain) for low mean stresses, while a 

constant increase in the accumulated ratchet strain is observed at high mean stresses.  The 

figures 2.23 and 2.24 show the ratcheting and the relaxation of the mean stress, respectively. 

 

 

Figure 2.23- Ratcheting, [43]. 

 

Relaxation of the mean stress is closely related to ratcheting but occurs during strain-

controlled deformation with an initial mean stress. As the number of cycles increases, the mean 

stress tends to zero.  
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Figure 2.24- Relaxation of the mean stress, [43]. 

 
 

2.6 Cyclic Plasticity Models 

2.6.1 Introduction 

In general, the constitutive model is used to describe the stress-strain behaviour of a 

material and can be divided into two classes. The polycrystalline model can address 

deformation mechanics and is used to represent both microscopic phenomena, such as 

microstructure and texture evolution and also macroscopic mechanical behaviour, such as 

creep and stress relaxation. This model is also called crystal plasticity because is based on the 

behaviour of each individual crystal. Therefore, this approach is usually conducted to 

understand the micro-mechanisms involved and to capture the macro-mechanical behaviour. In 

general, the crystal plasticity model has a huge computation time consumption to solve the 

analysis. On the other hand, the constitutive continuum plasticity approach is computationally 

more efficient. The continuum plasticity model is used to predict the mechanical behaviour and 

can further be used to predict the stress and strain of the mechanical structure, using a finite 

element simulation. Both approaches are extensively developed for isotropic and anisotropic 

materials with cubic crystal structure. However, these constitutive models cannot be used 

directly to capture the behaviour of materials with Hexagonal Close-Packed (HCP), such as 

magnesium alloys. Constitutive modelling of HCP materials is rather a challenging task mainly 

because of the twinning and detwinning behaviour. 

 

Cyclic plasticity is quite different from the obtained under static loading conditions. 

Under cyclic loadings, materials tend to vary their mechanical properties according to their 

microstructure and loading regimes. The continuum cyclic plasticity model has recently received 

more attention in modelling magnesium alloys. These models are based on developing a yield 

criterion and adopting a suitable hardening model and flow rule. Therefore, this section presents 

the most widely used and some recent yield criteria for isotropic materials. Also, the hardening 

rules and flow rules are briefly described. A focus was made in Armstrong-Frederick model that 

serves of common basis for many other nonlinear kinematic rules and Jiang and Sehitoglu 

model that is a successful model used for multiaxial fatigue. 
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A cyclic plasticity model is composed of three components: (a) Yield function, to 

describe the combination of stress that will lead to plastic flow; (b) Flow rule, to describe the 

relations between stresses and plastic strains during deformation and (c) Hardening rule, to 

describe how the yield criterion changes with plastic deformation [35]. 

 

2.6.2 Yield function  

The yield criterion determines the stress level at which plastic deformation begins and 

can be written in the general form as:  (    . Thus,  (     corresponds to elastic stress, 

 (     corresponds to plastic stress states and  (     cannot be supported by the material. 

The set of stress states that satisfy the yield condition forms is called yield surface in the stress 

space.  All the stress states for which  (     are called plastically admissible. 

 

The decision whether the material is yielding or not must be independent of the 

particular coordinate system in which perform the calculations. A yield condition must be in 

function of the stress invariants and the invariant of the deviatoric stresses. In terms of these 

invariants, the yield condition can be written as: 

 

  (            (2.3) 

 

Where    is the first stress invariant and       are the second and third deviatoric stress 

invariants, respectively. 

 

Isotropic Yield Criteria 

 

Isotropic material means a material having identical values of a property in all directions. 

Here three classical and widely used isotropic yield criteria are described (von Mises, Tresca 

and Drucker).  Other two recent yield criteria that are able to capture the asymmetrical yield in 

tension and compression in HCP metals sheets, such as magnesium alloys, are also presented. 

 

2.6.2.1 Tresca yield criterion (1864) 

Tresca proposed that the material starts to yield when the maximum shear stress reaches a 

certain limit value   . In terms of principal stresses the Tresca criterion is expressed as: 

    (|
     

 
|  |

     

 
|  |

     

 
|)     (2.4) 

 

Where,   ,    ,    are the principal stresses and    is a yield stress in pure shear. 

The Tresca criterion in the stress space for the tension-torsion loading results in a circle 

if the shear stress is multiplied by 2. 
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2.6.2.2 Von Mises yield criterion (1913) 

The von Mises yield criterion suggests that yielding of a material begins when the 

second deviatoric stress invariant (    reaches a critical value: 

 

  (    √         (2.5) 

 

In which    is a yield stress in pure shear. 

 

This criterion may be written in terms of equivalent stress ( ̅) on the x-y-z coordinate system, as 

follows: 

 

 
 ̅  

 

√ 
[(      

  (      
  (      

   (   
     

     
  ]

   
  (2.6) 

 

The von Mises yield criterion is independent of the first stress invariant (  ) and it’s 

applicable for the analysis of ductile materials as onset of yield for these materials not depend 

on the hydrostatic component of the stress tensor. For most of metals von Mises law fits the 

experimental data more closely than Tresca. The von Mises criterion in the stress space for the 

tension-torsion loading results in a circle if the shear stress is multiplied by √ .  

 

2.6.2.3 Drucker yield criterion (1949) 

In order to represent the experimental data located between Tresca and von Mises yield 

surfaces, Drucker proposed the following criterion: 

 

  ̅    
     

  (2.7) 

 

Where    and    are the second and third deviatoric stress invariants, respectively, 

and   is a constant, which defines the curvature of the yield function. In order to ensure that the 

yield surface is convex,   is limited :   
  

 
       . 

 

2.6.2.4 Cazacu and Barlat (2003) 

Aiming to develop models of the asymmetrical tension/compression behaviour specific to 

the alloys having Hexagonal Close-Packed (HCP) structure, Cazacu and Barlat proposed an 

isotropic yield function in the form: 

 

   (   
          

  (2.8) 

 

Where    is the yield stress in pure shear and   is a constant. This constant can be expressed 

in the terms of the uniaxial yield stresses in tension    and compression   , respectively, as 

follows:  
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 √ (  
    

  

 (  
    

  
 (2.9) 

 

For equal yield stresses in tension and compression,    , the model reduces to the 

von Mises yield criterion. As shown figure 2.25, for any    , the yield locus in plane stress is 

given by a ―triangle‖ with rounded corners. For the yield function to be convex   is limited to a 

given range:     *  
√ 

 
  

√ 

 
+. 

 

For plane stress the yield locus is given by: 

 

 
[
 

 
(  

         
  ]

   

 
 

  
[   

       (          ]    
  (2.10) 

 

Where           are the principal stresses.  

 

As an example, figure 2.25 shows the plane stress yield loci of the model obtained with 

the ratios:                 . These ratios correspond to         ,     (von Mises), 

       , respectively [44]. 

 

 

Figure 2.25-  Plane stress yield loci of Cazacu and Barlat 2003 model (normalized by uniaxial 

tension), [44]. 

  

This yield criterion is able to capture the asymmetry in yielding between tension and 

compression of magnesium alloys on rolling sheet metals. 
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2.6.2.5 Cazacu and Barlat (2006)  

In the Cazacu and Barlat 2003, the yield function is a third-order expression. The 

experimental researches have shown that for some HCP alloys the yield surface is better 

described by a fourth order expression. To overcome this limitation, Cazacu et al. (2006) 

proposed an isotropic yield function for which the degree of homogeneity a is not fixed: 

 

   (|  |      
  (|  |      

  (|  |      
  (2.11) 

 

Where      ,   are the principal values of stress deviator,   is an positive integer and   

is the material parameter. For a fixed value of the degree of homogeneity  , the parameter   is 

expressed in terms of the ratio between   , the uniaxial yield in tension and    the uniaxial yield 

in compression: 

 

  
  {

    (      
 

(       
   

}

 
 

  {
    (      

 

(       
   

}

 
 

 

 

(2.12) 

If the yield stresses in tension and compression are equal    . In particular, for     

and    , this yield criterion reduces to the von Mises. 

 

2.6.3 Hardening rules 

 

2.6.3.1 Isotropic hardening  

Isotropic hardening states that the yielding surface expands uniformly in all directions during 

plastic flow. The term ―isotropic‖ refers to the uniform dilation of the yield surface. As shown 

figure 2.26, in stress-strain graph, the yielding occurs in point A. If the material is loaded until 

point B, isotropic hardening considers σ' as the new yield strength of the material. Thus, if the 

material is loaded in compression, yielding will not occur until point C at a stress of    . 

 

Figure 2.26- Isotropic hardening, [45]. 
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For isotropic hardening, the yield function equation (  ) is written as: 

 

  (    ̅̅ ̅   ̅(     ( 
 ̅̅ ̅  

(2.13) 

 

Where,  ̅ is the equivalent stress associated with a yield criterion,   ̅̅ ̅ the equivalent 

accumulated plastic strain and   ( 
 ̅̅ ̅  is the hardening function. This hardening function can be 

a simple empirical law that approximates the data, such as power law, swift law, Voce 

hardening law, etc. The model is said linear hardening if this function is linear, if not is said to be 

nonlinear hardening. 

 

Isotropic hardening neglects the anisotropic effect on the subsequent yielding induced by 

Bauschinger effect. Thus, in cyclic loading, a kinematic hardening rule should be considered in 

the plasticity models. 

 

2.6.3.2 Kinematic hardening 

The yield surface remains constant in size or shape and translates in the direction of 

yielding. The translation of the yield surface is denoted by a vector   (called back stress) and 

determines the location of the center of the yield surface in the space of stresses. As shown 

figure 2.27, in stress-strain curve, the subsequent yield in compression is decreased by the 

amount that the yield stress in tension increased, so that a     difference between the yield 

stresses is maintained (this is known as Bauschinger effect). 

 

Figure 2.27- Kinematic hardening, [45]. 

 
The first kinematic hardening model was proposed by Prager in 1955. As shown in 

figure 2.28 and table 2.4, this model assumes that the yield surface keeps its original shape and 

size and moves in direction of the plastic strain rate tensor. On the other hand, Ziegler (1959) 

suggested that the yield surface should move in direction of the relative stress tensor (    . 

Mathematically these models can be expressed by the following linear evolution rule: 
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Prager (1955) Ziegler (1959) 

                                                           
         

       (       ) 

Table 2.4- Prager and Ziegler hardening 

 
Where   is the material constant for Prager’s model and    is the material constant for 

the Ziegler’s model.  

 

 

 

 

 

 

 

 

 

 

In order to reproduce the Bauschinger effect, the yield surface equation combined with 

Ziegler kinematic hardening can be written as: 

 

  (      ̅( (    )       
 (2.14) 

 

Where, 

  (         (2.15) 

 

Is the relative stress tensor, defined as the difference between the stress   and the back stress 

 .    represents the initial yield strength.  

 

The introduction of nonlinear kinematic hardening rule was reported by Armstrong and 

Frederick (1966). In their model the nonlinear term (also called as ―recall‖ term) is added to the 

Prager rule: 

    

 
   

 

 
          (2.16) 

                     

Where   and   are material parameters,    is the increment of the back stress,     is 

the increment of plastic strain. The quantity    is the increment of the accumulated plastic 

strain, which is expressed as follows: 

Figure 2.28- (a) Prager hardening and (b) Ziegler hardening, [46]. 
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   √
 

 
        (2.17) 

 

Considering isotropic material, von Mises yield condition can be used as follows: 

 

 

  √
 

 
(     (        (2.18) 

 

 Where   is the deviator of back stress and   is the deviator of stress tensor.    is the 

yield strength of the material. 

 

For the uniaxial loading case, the von Mises yield condition becomes to the simpler form: 

 

   |   |       (2.19) 

 

Similarly, the nonlinear kinematic hardening rule can be modified considering only the 

deviatoric part of the Eq. (2.16) and taking into account plastic incompressibility. The nonlinear 

hardening rule leads to the following equation: 

 

           |   | (2.20) 

 

Using a multiplier      to dispose of the absolute value: 

 

           |   |              (          (2.21) 

 

Separate variables and integrate to get the equation of back stress evolution: 

 

 
∫

  

(      
 

 

  

∫    

  

   

 (2.22) 

 

Thus, the back stress evolution is expressed: 

 

 
   

 

 
 (    

 

 
)     (      ) (2.23) 

 

The relation of stresses is given by the following yield condition: 

 

                 (2.24) 
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For tension     and considering zero as initial values of plastic strain and back 

stress, this equation is given by: 

 
     

 

 
(         (2.25) 

 

Investigating the limited values of the Armstrong-Frederick model: 

 

 

   
    

         

   
    

   
 

 
(            

 

 
 

(2.26) 

 

As shown in figure 2.29, in the Armstrong-Frederick model exists a limiting value of the 

back stress ( ) that is     and thus a limiting value of the yield surface (   
 

 
). Therefore, the 

yield surface can only translate until a certain limit. 

 

Figure 2.29- Armstrong-Frederick model, [45]. 

 

Very important improvement was the proposal of nonlinear kinematic hardening model 

by Chaboche (1979), which eliminated the Armstrong-Frederick model disadvantage by creating 

a back stress through superposition of   parts: 

 

 
  ∑ (  

 

   

 (2.27) 

 

Whereas for each part the evolution equation of Armstrong-Frederick is used: 

 

 
  (   

 

 
         

(     (2.28) 

 

Where    and    are the material parameters associated with   parts of the back stress.  

 

After Chaboche many others equations in the category of nonlinear kinematic hardening 

rules, for better ratcheting prediction were proposed. 
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 Ohno and Wang in 1993 proposed a slightly different approach than Armstrong-

Frederick model. They divided the back stress into several components and introduced a critical 

state in the dynamic recovery term of each component. This critical state of dynamic recovery 

term is expressed by a surface in the stress space. When the back stress component is inside 

the critical surface, the dynamic recovery term is not activated. On the other hand, when the 

back stress component reaches the critical surface, the dynamic recovery term is activated [47]. 

 

  The Jiang and Sehitoglu in 1996 proposed one of the most successful incremental 

multiaxial cyclic plasticity model. This is a nonlinear kinematic hardening model that 

incorporates an Armstrong-Frederick type-hardening rule, in order to capture the Bauschinger 

effect and the ratcheting phenomena in the cyclic plastic deformation. The introduction of the 

non-proportional hardening parameter allows the model to take into account the additional 

resistance under plastic deformations and non-proportional loadings. Moreover, it has a 

memory function to describe the strain range dependency of cycling hardening during the 

material behaviour simulations [48], [49]. The Jiang and Sehitoglu model can be expressed by 

the following equations: 

- Yield function: During elastic-plastic deformation, the von Mises yield function is 

employed. 

 

   (     (           
(2.29) 

 

Where   is the stress tensor in the deviatoric space,   is the deviatoric back stress and 

  is the yield stress in simple shear. A bold letter denotes a second order Cartesian 

tensor. A colon between two-second order tensors denotes their scalar product.  

- Flow rule: The plastic strain increment (   ) is collinear with exterior normal to the yield 

surface. This normality flow rule can be mathematically expressed by: 

 

 

      〈    〉  
(2.30) 

 

Where 〈   〉 denotes the MacCauley bracket, i.e., 〈 〉  (  | |    and   is the unit 

exterior normal to the yield surface at the loading point as defined below: 

 

 
  

   

(     (    
 

(2.31) 

 

- Hardening rule: As in Chaboche model (1979), the total back stress   is divided into M 

parts. 
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  ∑ (  

 

   

 
(2.32) 

 

The evolution of the back stress for each part is given by: 

 

 

  (    (   (  [  (
| (  |

 (  
)

 (    

 ]    
(2.33) 

 

Where    is the equivalent plastic strain increment, ‖ (  ‖ is the magnitude of the total 

back stress  (   and  (   is the tensorial quantity defined in terms of total back stress. 

 

    √        (2.34) 

 

 ‖ (  ‖  √ (    (   (2.36) 

 

 

 (  ,  (   and  (   are three sets of non-negative and single valued scalar functions. The 

constant  (   has into account the hardening and/or softening behaviour. The constant 

 (   represents the radius of limiting surface of the back stress. The constant  (   has 

into account the ratcheting behaviour. Thus, if stress level or non-proportionality have 

effect on ratcheting they need to be considered on the constant  (  . To capture the 

stress level effect, the concept of memory surface has to be included in the model. 

Experiments show, if no ratcheting or mean stress relaxation occur, the constant   (   

has minimal influence on the predicted results [48]. 

 

Finally, the resulting plastic modulus function (H) corresponding to the hardening rule is: 

 

 

  ∑ (   (  [  (
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(2.37) 

 

Abdel-Karim and Ohno in 2000 improved the simulation accuracy of the ratcheting 

effect, by the modification of Ohno-Wang model. In this model they used a combination 

of  Ohno-Wang and Armstrong-Frederick model. This model is able to represent well the 

steady-state in both uniaxial and multiaxial ratcheting [47]. 

 
 (   

| (  |

‖ (  ‖
 (2.35) 
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Chen et al. in 2003 introduced a multiplying factor to dynamic recovery term that was 

based on Ohno-Wang model. This term considers non-proportionality of the plastic strain and 

back stress [47].  

 

Many others models have been proposed, however all these cyclic plasticity rules cannot 

capture the mechanical behaviour of magnesium alloys. To overcome this limitation: M. Noban 

and J. Albinmousa et al. (2011) proposed a modified form of Armstrong-Frederick hardening 

rule capable of addressing the anisotropy of magnesium alloys. This anisotropic formulation of 

the nonlinear kinematic hardening rule was developed to simulate a stabilized hysteresis loop. 

For low strain amplitudes, this model can follow with reasonable accuracy the axial and shear 

stress-strain curves of uniaxial tests, as well as the proportional cyclic tension-torsional loading 

conditions for AZ31B magnesium alloy. However, at higher strain rates over 1% and under non-

proportional loadings the model is not capable to follow the shape of the hysteresis loop. 

Another limitation is that in order to account with the anisotropic behaviour it requires a large 

number of material constants, even for low strain amplitudes [50]. 

 

In 2014, Behravesh and Jahed et al. proposed a cyclic plasticity model to follow the 

asymmetric hardening behaviour of wrought magnesium alloys. This model uses an asymmetric 

yield function for isotropic materials that was proposed by Cazacu and Barlat in 2003 coupled 

with a combined hardening rule [2]. The yield function is of the form:  

 

   (   
          

  (2.38) 

 

Where    is the yield stress in pure shear and   is a constant.    

 

The plasticity model with a combined isotropic-hardening rule was employed to account for 

the asymmetric cyclic hardening as well as the Bauschinger effect. The combined hardening 

rule can be formulated as: 

  (       )   ( ̅   (2.39) 

 

Where   is the yield function and  ̅  is the equivalent plastic strain.     represents the 

position of  the yield surface and   represents the size of the yield surface. The evolution of the 

back stress (   ) was based on Ziegler hardening rule. The figure 2.30 shows the change in the 

yield surface size and the back stress when material softening occurs. 
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Figure 2.30- Evolution of the yield surface, [2]. 

 

In their study, this cyclic plasticity model was implemented in a UMAT subroutine to run with 

a commercial finite element program, ABAQUS/Standard 6.0. For uniaxial cyclic loads, the 

model closely followed the material behaviour, even for high strain amplitude (2 ). The model 

was not tested for multiaxial fatigue.  

 

2.6.3.3 Combined hardening 

In combined hardening the yield surface expands/shrinks and translates simultaneously in 

stress space. Thus, more realistic plasticity models can be obtained by the combination of the 

isotropic and kinematic hardening models. Most of materials presents hardening and softening 

behaviour, when are subjected to a cyclic loading. The combined hardening should be used to 

capture transient effects from initial cycles (cyclical hardening/softening), non-proportional 

hardening, ratcheting and other effects of cyclic plasticity. In figure 2.31,   represents the size of 

the yield surface,   the back stress that determines the translation of the yield surface and    

the initial yield stress.  

 

 

Figure 2.31- Combined hardening, [42]. 

 

The size   of the yield surface in isotropic hardening might be written in the form: 

 

        (2.40) 
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In which    is the initial yield stress and   is called the isotropic function defined as: 

 

     (        (2.41) 

 

Where  ,    are material constants and    is an increment of accumulated of plastic strain. 

The equation gives an exponential shape to the monotonic uniaxial stress-strain curve which 

saturated with increasing of plastic strain. This equation can be integrated with respect to time 

and gives the following equation: 

     (        (2.42) 

 

The constant    is the saturated value of the isotropic function and the constant   

determines the saturated rate. 

 

2.6.4 Flow rule 

Once the material is loaded beyond plastic limit, the material will yield and plastic strain 

will increase. The material deformation behaviour in plastic region is described by the plastic 

strain. The flow rule is needed to describe the relationship between stresses and plastic strain 

increment. In the formulation of elastic-plasticity models, it is often convenient to define the flow 

rule in terms of plastic potential ( ). A common approach in plasticity theory is to assume that 

the plastic potential function ( ) is the same as the yield function ( ):     and this can be 

expressed by the following formula (von Mises 1928): 

 

 
    

 
   

  

    

 (2.43) 

 

Where     
 

 is the plastic strain increment and    is a positive proportional scalar value. 

 

The Drucker postulate implies that the plastic strain increment vector     
 

 is normal to 

the yield surface during plastic deformation and is called associated flow rule. On the other 

hand, if    , the flow rule is called non-associated. Experimental observations show that the 

plastic deformation of metals can be characterized quite well by associated flow rule but for 

some porous materials, such as rocks and concrete the non-associated flow rule provides a 

better representation of plastic deformation. 
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3. Hypo-strain (HYPS) Elastic-Plastic Model 

The only way to know the materials cyclic behaviour is by testing them. In materials with 

Hexagonal Close-Packed structure, such as magnesium alloys, it’s necessary to have some 

functions that are able to capture the permanent behaviour of these materials. Due to that, 

mapping the material cyclic response is a feasible way to cover such particular behaviour. 

These new phenomenological approach is a kind of mapping the material behaviour of 

magnesium alloy and is able to describe the anisotropic behaviour under uniaxial and multiaxial 

fatigue. Also it has into account the loading direction and the strain level and is a huge 

advantage comparing to the conventional cyclic plasticity models that have been proposed [51], 

[52], [53], [54]. 

 

3.1 Biaxial Proportional Loadings 

From the experiments, it was found that AZ31B-F magnesium alloy hysteresis loop can 

be approximated with a very good accuracy using a third degree polynomial function for any 

value of total strain. In order to obtain these functions, it is considered six specific points on a 

hysteresis loop, as shown in figure 3.1. For the tension branch, the polynomial function is 

obtained using the experimental data at points 4, 5, 6 and 1. Similarly, the polynomial function 

for compression branch is obtained using the experimental data at points 4, 3, 2 and 1. Any 

point of the hysteresis loop between 1 and 4, is obtained by a cubic interpolation. This 

procedure is repeated for shear hysteresis loop. With these polynomials it is possible to capture 

the mechanisms of the plastic deformation of magnesium alloy, such as twinnng, detwinning 

and slip effect at each strain level and strain amplitude ratios. 

 

Thus, the axial and shear hysteresis loop for a given total strain is given by Eq. (3.1) for 

the axial stress loading component and by Eq. (3.2) for the shear one.  

 

         (         
       

            

            (         
       

            
(3.1) 

 

Where    ,    ,     and     are the polynomial coefficients for the tension branch of the 

hysteresis loop and    ,    ,     and     are the coefficients for the compression branch. Note 

that the subscript (    in the polynomial coefficients refer to the axial component. In the same 

equation    is the axial total strain. 

 

Similarly,    
,    

,    
 and    

 are the polynomial coefficients for the positive direction 

branch and    
,    

,    
 and    

 are the coefficients for the negative direction branch. 
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(3.2) 
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The subscript (    in the polynomial coefficients refer to the shear component. In the 

same equation    is the shear total strain. 

 

 

Figure 3.1- Third degree polynomial interpolation for two hysteresis loops (axial and shear), 

[52]. 

 

In this model is introduced a new concept called hypo-strain that aims to quantify the 

strain level of biaxial loading (tension-torsion). As shown in figure 3.2, the axial load leads to the 

axial strain (  ) and the torsional load leads to the material distortion (   . Thus the hypo-strain 

is defined as the strain obtained from the hypotenuse, calculated with the axial and shear 

strains components of the biaxial loading. Therefore the strain level (     is given:     

√  
    

 . Note that the hypo-strain indicates the strain level. 

 

Under biaxial loading conditions (tension-torsion), it’s obtained two hysteresis loops, 

one for the axial loading component and another for the shear one. Therefore, are obtained two 

different hysteresis loops, which are dependent of each other. This dependence is captured by 

the strain amplitude ratio (     ) given by the shear strain to axial strain ratio, which is the 

angle between the hypo-strain and the axial strain component. For small strains        and 

so      . In this study the strain amplitude ratio is also denoted as SAR and is presented in 

degrees. The figure 3.2 shows the hypo-strain concept. 

 

 

Figure 3.2- Hypo-strain concept 
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In this concept, the axial and the shear strains are not correct by any factor, such as √  

as seen in von Mises equivalent strain. The hypo-strain results from two perpendicular strains, 

axial and shear and aims to capture the strain obtained using an extensometer applied in the 

direction of the loading. The hypo-strain concept is only geometrically valid and the equivalent 

stress cannot be obtained using this concept because it’s well known that the axial and shear 

stress components do not have the same contribution when is calculated the equivalent stress.  

 

This way, it is possible to take into account the loading type for biaxial loadings (tension-

torsion) by the strain amplitude ratio ( ). Also the equivalent strain (   ), measured by the strain 

gauges, is considered by the hypo-strain concept. 

 

As mentioned, under biaxial loading (tension-torsion) it’s obtained two hysteresis loops, 

one for axial component and another for the shear one. In each of these hysteresis loops, six 

specific points were considered (see figure 3.1). Each of these six points corresponds to a   

function that has into account the loading path and the strain level. Therefore the functions 

  (       and   (       estimate the stresses for positive and negative loading directions for the 

maximum total strain, respectively. The functions   (       and   (       estimate the plastic 

strain increments inherent to the maximum total strain and the functions   (       and   (       

estimate the back stresses.  

 

Based in the experiments, it was found that for the AZ31B-F magnesium alloy, these    

functions can be approximated with very good accuracy with a third degree polynomial. Due the 

fact that these functions include two variables it’s needed a third degree polynomial in two 

dimensions. Thus, the   functions have the following shape under multiaxial loading conditions 

and are expressed for the axial and shear components:  

 

         (                         
     

              
     

        
       

   

        (                         
     

              
     

        
       

   
(3.3) 

 

Where (  ,   ,   , …,   ) are coefficients for the axial component and (  ,   ,   , …,   ) are the 

coefficients for the shear component of the bi-dimensional third degree polynomial.     is the 

strain level and   is the strain amplitude ratio. The subscripts   and   denote the axial and the 

shear components, respectively. The subscript         denotes one of the six specific points 

of the hysteresis loop (see figure 3.1). 

 

From here, the problem is reduced to find the coefficients of each function to determine 

the values of the six specific points, for the axial and shear components. These coefficients can 

be obtained from the fitting routine of MATLAB toolbox that has as input arguments the 

experimental results (variation of the stresses or plastic strains with the variation of the strain 

level and the strain amplitude ratio) and are presented on table 3.1 and 3.2.  



42 
 

The constants of the   functions obtained from the experimental results of the AZ31B-F 

magnesium alloy are presented in table 3.1 for the axial component and table 3.2 for the shear 

component. 

 

Coeficients 
          

[MPa] 

         

[%] 

         

[MPa] 

         

[MPa] 

         

[%] 

          

[MPa] 

   267.7 -0.313 170 -182.4 -0.074 3.311 

   -1194 2.54 -1041 -104.1 1.274 -492.9 

   0.029 -0.002 -1.613 4.79 -0.005 4.498 

   2923 -5.096 1818 91.56 -3.02 1424 

   0.135 -2.57E-04 0.132 -0.043 -3.32E-05 -0.023 

   -11.17 0.027 -5.298 -6.508 0.01 -10.3 

   -1606 2.97 -959.7 -15.73 1.341 -788.4 

   -0.001 3.54E-06 -0.001 3.09E-4 7.90E-07 -5.80E-05 

   0.058 -2.40E-04 0.07 0.047 -3.15E-05 0.047 

   1.952 -0.007 -0.262 1.817 8.92E-4 2.8 

Table 3.1- Polynomial constants for the   functions of the axial component 

 

Coeficients 
          

[MPa] 

         

[%] 

         

[MPa] 

         

[MPa] 

         

[%] 

         

[MPa] 

   -10.57 -2.232 -259.6 1334 -1.633 79.78 

   -223.4 11.15 1150 -6194 8.208 -195.7 

   3.489 0.008 2.656 -10.98 0.007 -2.986 

   348.3 -17.08 -1847 9637 -12.97 352.2 

   -0.051 -5.18E-05 -0.04 0.144 -6.90E-05 0.055 

   3.671 -0.026 -2.455 10.22 -0.02 1.288 

   -171.3 8.434 956.5 -4815 6.536 -191.2 

   2.62E-04 -1.55E-07 1.58E-04 -4.56E-04 -2.06E-07 2.70E-4 

   -0.016 1.59E-04 0.031 -0.113 2.29E-4 -0.015 

   -1.27 0.014 -1.05 -0.798 -0.005 0.31 

Table 3.2- Polynomial constants for the   functions of the shear component 

 

With the experimental data, are achieved the aforementioned bi-dimensional polynomial 

functions. Under multiaxial loadings these functions are represented by a surface and any point 

on the surface, between the experimental results, is obtained by a bi-cubic interpolation. 
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 Having the values of these           and          functions of the six specific points, the 

axial and the shear hysteresis loops can be obtained considering the following coordinates:  

 

- Point 1: Stress at maximum strain amplitude in tension 

     (        (                

 

- Point 2: Plastic strain increment on compression branch 

     (          (         

 

- Point 3: Back stress on compression branch  

     (         (          

 

- Point  : Stress at maximum strain amplitude in compression  

     (         (                 

 

- Point 5: Plastic strain increment on tension branch 

     (            (         

 

- Point 6: Back stress on tension branch 

     (        (          

 

 The same procedure is made for the shear component. Now, the problem is reduced to 

find the polynomial constants of Eq. (3.4) and Eq. (3.5) that can be obtained from the polyfit 

function of MATLAB, which has as input values the output values of   bi-dimensional functions 

(see Eq. (3.3)): 

- Axial Component 

 [               ]         (                   ) 

 

[               ]         (                   ) 

(3.4) 

- Shear Component 

 [   
    

    
    

]         (    
     

     
     

) 

 

[   
    

    
    

]         (    
     

     
     

) 

(3.5) 

 

 Where     
     

     
     

     
 and     

 are the coordinate points of the axial 

hysteresis loop. Similarly,     
     

     
     

     
 and     

 are the coordinate points of the 
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shear hysteresis loop. Note that the subscript    refers to axial component and    to shear 

component.  

 

3.2 Biaxial Non-proportional Loadings 

 For non-proportional loadings, the results of table 3.1 and 3.2, cannot be directly used 

to describe the mechanical behaviour of AZ31B-F magnesium alloy because the restrict number 

of experimental results in out-of-phase loading. The HYPS model needs to be upgraded for 

non-proportional loadings and have into account the effect of phase shift angle on elastic-plastic 

deformation of magnesium alloys. Having the   functions for non-proportional loadings that well 

estimates the stresses at maximum strain amplitude, plastic strains and the back stresses for 

axial and shear components, the same procedure presented can be used. However, in this 

study, instead of using the Eq.(3.1) and Eq.(3.2) were used a fourth degree polynomial 

functions. This modification was used to better describe the hysteresis loops under non-

proportional loadings. 

 

 

3.3 Uniaxial Loadings 

 The axial and shear   functions can also be used to describe the mechanical behaviour 

of AZ31B-F magnesium alloy, under uniaxial loading conditions. In uniaxial tension loading the 

strain amplitude ratio is         because the shear strain does not exists and the   

functions are transformed into         (          and the           are not taken into account. In 

pure shear, the axial strain is zero and the strain amplitude ratio becomes    . Similarly, the 

pure shear loading leads to       and the   functions are transformed into         (      

     and the            functions are not taken into account. 
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4. Material, Equipment and Methods 

 This chapter presents in detail the way the specimen was obtained, the mechanical 

properties and the chemical composition of the material, the specimen geometry, as well as the 

description of the test and the equipment. 

 

4.1 Material 

 The magnesium alloy presented and studied is designated as AZ31B-F, which according to 

ASTM (American Society for Testing and Materials), corresponds to an alloy whose main 

elements are aluminium and zinc, with around 3 % and 1 %, respectively. The letter B indicates 

that it is an alloy that differs slightly in composition and the letter F indicates that it is labelled as 

fabricated. The chemical composition and mechanical properties are summarized in table 4.1 

and table 4.2, respectively. 

 

Element Al Zn Mn Fe Ni Cu Mg Ca Si 

Weight [%] 3.1 1.05 0.54 0.0035 0.0007 0.0008 95.165 0.04 0.1 

Table 4.1- AZ31B-F magnesium alloy chemical composition [55]. 

 

Elastic properties 

Young Modulus [GPa] 45 

Poisson Coefficient 0.35 

Monotonic and cyclic properties 

Tensile strength [MPa] 290 

Monotonic yield strength [MPa] 211 

Cyclic yield strength [MPa] 95 

Elongation at failure [%] 15 

Cyclic strength coefficient    [MPa] 576 

Hardening exponent    0.17 

Fatigue strength coefficient    [MPa] 450 

Fatigue strength exponent   -0.12 

Fatigue ductility coefficient    0.26 

Fatigue ductility exponent   -0.71 

Table 4.2- AZ31B-F magnesium alloy mechanical properties [56]. 

 

In this study the AZ31B-F magnesium alloy was acquired in the form of rods with 26 mm 

of diameter and 1000 mm in length. The rods were extruded in a temperature range of 360 to 

382 ºC with an extrusion speed of 50.8 mm/s. The applied extrusion ratio was about six, and 

after extrusion the alloy was air quenched. The tested specimens were machined in the 

extrusion/longitudinal direction and polished using the decreasing of several levels of sandpaper 

until reach a mirror type surface.  
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4.2 Specimen Geometry  

Thin-walled tubular specimen was used for the testing. The geometry and dimensions of 

the specimen are presented in figure 4.1. The specimen geometry and all the tests were 

performed as per ASTM E2207 standard. 

 

Figure 4.1- Specimen geometry and dimensions (mm) 

 
 

4.3 Equipment 

A servo-hydraulic testing machine was used to perform the cyclic tests at strain control 

regime with R=-1 with a sinusoidal and sawtooth waveform. Several total strain amplitudes were 

considered and obtained at the same strain rate.  The strain rate was about 0.003 [1/s], which is 

a value lower than the limit, from which the strain rate affects the cyclic strain behaviour of the 

magnesium alloys. The strain results were measured with a biaxial extensometer with a gauge 

length equal to 12.5 mm. The figure 4.2 presents the specimen test coupled to the fatigue test 

machine with the biaxial extensometer. 

 

 

Figure 4.2- Low cycle testing specimen coupled to the testing machine with a biaxial 

extensometer. 

 

The strain controlled tests were made considering the following total strains: 0.1%, 0.2%, 0.3%, 

0.4%, 0.5%, 0.6%, 0.7%, 0.8%, 0.9%, 1%, and 1.14%. Each cyclic test was considered 

concluded at the occurrence of the specimen total separation. 
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4.4 Experimental and Numerical Loading Paths  

To evaluate the influence of the microstructure in the mechanical behaviour, 6 biaxial 

loading paths were considered, please see figure 4.3. The first loading case, Case 1, is a pure 

uniaxial tensile test, case PT. The second one, Case 2, is a pure shear loading, named as case 

PS.  Cases 3, 4, and 5 are proportional loadings with SAR equal to 30º, 45º, and 60º, 

respectively. Finally, Case 6 is a non-proportional loading case, with a SAR equal to 45º and a 

phase shift equal to 90º. All these loading paths were implemented in experiments and in the 

numerical analysis. The experimental tests were performed at room temperature and ended 

when the specimens were totally separated. 

 

 

Figure 4.3- Loading paths in strain control: a) Case 1 PT, b) Case 2, PS, c) Case 3, PP30, d) 

Case 4, PP45, e) Case 5, PP60 and, f) Case 6, OP45. 
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5. Numeric Study 

The numerical work focused on the evolution of the stresses and strains under uniaxial 

and multiaxial loading conditions. The uniaxial loadings (pure axial and pure shear) and also the 

multiaxial proportional and non-proportional loadings (see figure 4.3) were performed using 

ABAQUS 6.14 commercial finite element software. The numerical study had two main goals: 

 

 (1) Implement the phenomenological Hypo-strain model, using the UMAT subroutine to 

run on ABAQUS/standard 6.14; 

 

 (2) The Armstrong-Frederick model is a nonlinear kinematic model, existing on 

ABAQUS library. This is a well-established elastic-plastic model and was chosen to correlate 

with the estimation of the phenomenological Hypo-strain approach. Moreover, both estimations 

were correlated with the elastic-plastic experimental data. In this chapter also the calibration of 

the Armstrong-Frederick material parameters was performed.  

 

 

5.1 Specimen Modeling  

In order to perform the finite element analysis (FEA) the specimen used in the 

experiments, figure 5.1 (a), was restricted to the specimen with constant cross-section area as 

illustrated in figure 5.1 (b). The specimen in figure 5.1 (b) has the external diameter of 10 mm, 

internal diameter of 8 mm and length of 25 mm. The constant cross-section area of the 

specimen allowed simplifying the implementation of the phenomenological Hypo-strain model 

on UMAT subroutine. The results obtained on the experiments are based on this constant 

section, therefore the calculations performed on the Armstrong-Frederick model and Hypo-

strain approach were based on the constant cross-section area of the specimen. 

 

 

Figure 5.1- (a) Specimen used on the experiments, (b) specimen used on numerical analysis. 
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5.2 Mesh and Element Type 

As shown in figure 5.2, the hexahedral solid with 8-node linear brick element was used. 

The number of nodes determines how the nodal degrees of freedom will be interpolated over 

the element. In this case the element allows a first-order interpolation. Full integration algorithm 

was used to prevent mesh distortions and some instability that may occur when stiffness matrix 

is calculated through UMAT subroutine. 

 

Figure 5.2- 8-node linear brick element (C3D8), [43]. 

  

 

Also the swept mesh technique was used with medial axis and selecting the ―minimize 

the mesh transition‖ option. The medial axis algorithm first decomposes the region to be 

meshed into a group of simpler regions that allows obtaining a good uniformity and improving 

the quality of the mesh. The figure 5.3 shows the uniform mesh of the model. The model size of 

the mesh is 0.5 mm. The resulting mesh has a total of 5800 elements and 8874 nodes. 

 

 

Figure 5.3- Mesh model representation 

 

5.3 Boundary Conditions, Loading Conditions and Constraint 

Figure 5.4 shows the specimen model, the boundary and loading conditions. At one 

end, the specimen is fixed and at the other end the loading conditions are applied on the 

specific point (reference point). The loading conditions were applied in terms of displacements 

amplitudes. The displacement on Z direction and the rotation on the same axis of the specimen 

were applied. 
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For the application of the loading conditions two strategies were considered: (a) 

application of the displacement and the rotation at the end of surface of the specimen and (b) 

application of the displacement and the rotation on the reference point (RP-1). Both strategies 

give quite similar results. However the strategy (b) was chosen because it creates a smaller 

stress gradient along the thickness of the specimen. 

 

 

Figure 5.4- Loading and boundary conditions on the specimen 

 

Figure 5.5 shows the reference point and the kinematic coupling constraint used on 

numeric simulations. Kinematic coupling constrains the motion of the coupling nodes, i.e., 

nodes at the end of the specimen surface (represented in red color on figure 5.5), to the rigid 

body motion of the reference node (reference point- RP-1). The axial strain was applied through 

the displacement on Z axis direction of the specimen and the shear strain through the rotation 

on the same axis. 

 

Figure 5.5- Kinematic coupling constraint of the specimen 

 

The numerical simulations were conducted in strain control, depending on the strain 

path and strain level. The triangular displacement amplitude was used because it is easier 
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discretizing it to integrate the several UMAT subroutines that were needed to implement the 

phenomenological Hypo-strain model. All numerical simulations were performed using the 

triangular amplitude, except for non-proportional loading. In this case was used the sine 

waveform to accurately describe the stress-strain curves of the experiments. Also, on the 

implementation of the phenomenological Hypo-strain model in the UMAT subroutine, the sine 

waveform amplitude was discretized in a higher number of points to accurately describe the 

hysteresis loops of the out-of-phase loading. 

 

5.4 Implementation of Hypo-strain model on UMAT subroutine 

None of the existing material models included on ABAQUS material library accurately 

describes the cyclic elastic-plastic response of the magnesium alloys, under uniaxial and 

multiaxial loading conditions. Moreover, only a few and recent models were found in the 

literature to describe the anisotropic behaviour of magnesium alloys. However, some of them 

cannot be applied to cyclic material response or cannot accurately describe the multiaxial 

loadings, special for higher strain levels and non-proportional loadings. Therefore, the new 

phenomenological Hypo-strain model was implemented on UMAT subroutine linked to 

ABAQUS/standard 6.14 finite element package to capture the anisotropic behaviour of AZ31B- 

F magnesium alloy, under uniaxial and multiaxial loading conditions. For the implementation of 

UMAT subroutine on ABAQUS/ Standard 6.14, it was required the integration of Visual Studio 

2012 and the Intel Visual FORTRAN Composer XE 2013. The UMAT code implemented on this 

numerical study follows the FORTRAN 77 conventions. 

 

Considering the uniaxial (pure axial) testing of an elastic-plastic material which 

produces the stress-strain curve shown in figure 5.6, the behaviour is initially elastic 

characterized by an elastic modulus   until the yielding occur at the uniaxial yield stress   . 

Thereafter the material response is elastic-plastic with the local tangent to the curve continually 

varying and is termed the tangent modulus,   . When the material is plastically deformed there 

is no longer a linear relationship between stress and strain as there is for elastic deformations.  

 

 

Figure 5.6- Elastic-plastic behaviour for uniaxial case (pure axial), [57]. 
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After yield, the strain increment consists of both elastic (   ) and plastic (   ) strains, 

such as the total strain increment (   ), can be written as: 

             (5.1) 

At any instant of strain, the increment in stress (  ) can be related to the total strain 

increment (   ) through the relation: 

 

           (5.2) 

 

Where    , is the slope of the stress-strain curve. If the material is in elastic domain,     

express the Young modulus ( ). On the other hand, if the material is in plastic region, express 

the tangent modulus (  ). 

Considering the stress and the plastic strain increment (   ), the relation becomes: 

         (5.3) 

Where   is the plastic modulus and    the increment of stress. 

In structural finite element analysis, the elastic-plastic stiffness matrix contains the 

geometrical and material behaviour information that indicates the resistance of the element to 

deformation when subjected to loading. The elastic behaviour can be modeled by the 

constitutive relation between the elastic matrix and strains: 

        (5.4) 

Where    represents the fourth-order elasticity tensor and   and   are the second-order stress 

and strain tensors, respectively.  
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With: 

 
  

  

(    (     
 (5.6) 

   

 
  

 

 (    
 (5.7) 

 

Where,   is the Poisson ratio,    is the elastic modulus and   is the shear modulus. 

 

In UMAT subroutine the stresses are calculated by an incremental process of strains 

and through continually updating the elastic-plastic matrix in each increment. The 
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phenomenological Hypo-strain model was implemented by the transformation of the elastic 

matrix into elastic-plastic matrix. 

 

In Hypo-strain approach, the hysteresis loops of the AZ31B- F magnesium alloy were 

approximated using third degree polynomial functions, for any values of total strains. Under 

biaxial loading conditions (tension-torsion), it’s obtained two hysteresis loops, one for the axial 

loading component and another for the shear one.  For each hysteresis loops two polynomials 

were used, one for positive direction branch and another for the negative one.  

  

Considering the equation (3.1), the axial stress of the tension branch of the stress-strain 

curve can be written as: 

 
         (     

            
   

  

)    (5.8) 

The      material parameter was defined in function of total axial strain such as:  

 
    (     

            
   

  

) (5.9) 

Where    ,    ,     and    are the axial polynomial coefficients of the tension branch and 

   is the axial total strain. 

 

On the same way, considering the equation (3.2), the shear stress of the tension branch 

of the hysteresis loop can be written in the form: 

 
             (   

  
     

      
 

   

  

)   (5.10) 

The     material parameter was defined in function of total shear strain as:  

 
     (   

  
     

      
 

   

  

) (5.11) 

 

Similarly,    
,    

,    
 and    

are the shear polynomial coefficients of the positive 

direction branch and    is the total shear strain.  This procedure is repeated for the compression 

branch of the axial component and for the negative direction branch of the shear component. 

 

The     and      are two material parameters that contain the geometrical information 

and the material behaviour and aims to map the anisotropic material response of magnesium 

alloys in order to update the stress-strain cyclic relation according to the loading type and strain 

level. These parameters are very useful because under cyclic multiaxial loading regimes, the 

stress-strain response is very different from the cyclic uniaxial and the monotonic curve. 

 

The HYPS approach doesn’t consider any yield criterion, hardening rule and flow rule. 

Therefore, the transformation of the elastic matrix into elastic-plastic matrix was made under the 

following conditions: 
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(1)     is the material parameter and corresponds to elastic-plastic modulus. If the material 

is in elastic domain it expresses the Young modulus. On the other hand, if the material 

is in plastic domain it expresses the tangent modulus. 

 

(2)     is another material parameter and corresponds to shear elastic-plastic modulus. 

Similarly it expresses the elastic shear modulus in elastic domain and the elastic-plastic 

shear modulus in plasticity. In plastic deformation the relationship between elastic 

modulus and shear modulus is no longer linear and the equation (5.7) was not 

considered as valid. 

 

(3) Poisson ratio is set equal to 0.35 and it is constant in elasticity and plasticity. This 

approximation was made only for the axial components of stresses. 

 

(4) The material parameters     and     were updated in 10 different stress states during 

cyclic loading, according the triangular displacement amplitude in (5), except for the 

non-proportional loadings that were used the sine waveform. For the Hypo-strain model 

implemented on UMAT in non-proportional loadings it were used the sine waveform 

amplitude updated in 12 different stress states. 

 

(5) In order to control the cyclic loading, the triangular displacement amplitude was used as 

shown in the figure 5.7. The displacement and the rotation amplitude were divided in 10 

points. Ten axial and ten shear material parameters were obtained. These parameters 

are only valid in these points. Therefore, several simulations were performed. 

 

 

 

Figure 5.7- Triangular displacement amplitude 

 
(6) Between two consecutive points, it was considered that the material parameters (    

and    ) vary linearly.  

(7) The phenomenological Hypo-strain model implemented in UMAT aims to capture the 

stabilized hysteresis loops of uniaxial and biaxial (tension-torsion) loadings. 
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5.5 Armstrong-Frederick Plasticity Model Calibration 

  Armstrong-Frederick material parameters were determined through uniaxial stress-

strain tests under stabilized hysteresis loops. Different strain amplitudes of the strain-controlled 

tests were used to calibrate the material parameters (  and  ). The material parameter   

expresses the hardening modulus and   controls the rate at which the hardening modulus 

decreases with the increasing of the plastic strain. The uniaxial stress-strain curves of AZ31B- F 

magnesium alloy presents different values for the yield stress in tension and at compression 

with the tensile stress higher than compression. Therefore, as a conservative approach to the 

Armstrong-Frederick plasticity model, it was considered the tensile branch of the AZ31B- F 

cyclic response. The material parameters were calibrated through the following steps [58]: 

 

(a) The yield stress  , was obtained from the elastic domain; 
  

(b) For a given test, the plastic strain range (    ) was determined; 

 
(c) For a given test, the stress range (  ) was determined; 

 

(d) The plot  
  

 
   against  

    

 
  was obtained using multiple tests (several strain 

amplitudes). The asymptotic value corresponding to 
 

 
 was estimated; 

 

(e)  The MATLAB curve fitting toolbox was used to fit the expression 
  

 
   

 

 
     ( 

    

 
) 

and solve in order to  . The hardening modulus   was obtained through the relation of  
 

 
 determined in step (d);  

 

In figure 5.8, the ―circular points‖ represent the uniaxial cyclic tests and the ―black line‖ 

is the fitting curve of the model. The material parameters for AZ31B- F magnesium alloy were 

calculated:             and      .  

 

 

Figure 5.8- Armstrong-Frederick plasticity model calibration 
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6. Results and Discussion 

 

6.1. Uniaxial Fatigue 

 
Figure 6.1 presents the uniaxial results for the hysteresis loops in pure axial loading 

conditions and pure torsion loading conditions, respectively, under strain-controlled tests. For 

the pure axial loading, figure 6.1 (a), with different strain amplitudes: 0.3 %, 0.5%, 0.7%, 0.9% 

and 1.2%, can be concluded that the hysteresis loops reveal asymmetric behaviour. For higher 

strain levels: 0.7%, 0.9% and 1.2% the asymmetric behaviour of cyclic axial hysteresis loops is 

more evident. Comparing the tensile part of the hysteresis loops with the compressive one it 

can be recognized the asymmetry such as: the plastic strains and also the back stresses (which 

are the stresses needed to reduce plastic strains to zero) are different in tension and 

compression. Moreover, the axial tension for the same amplitude of total strain is different from 

the compression one. Also, it’s observed different hardening behaviours in tension and 

compression. This asymmetric behaviour of the AZ31B-F magnesium alloy can be explained by 

the plastic deformation mechanisms involved: slipping and twinning. The extrusion process 

develops a strong texture in magnesium alloys that the basal plane is parallel to the extrusion 

direction with c-axis normal to it. The specimens used in this study were machined along the 

extrusion direction. Regarding that tensile loading that is parallel to the extrusion direction does 

not activate twinning during cyclic loading, slipping is dominant during tension loading while 

twinning is only activated during compression loading. Such behaviour is evident from the 

asymmetric hysteresis loops that characterize the cyclic axial tests of the AZ31B-F magnesium 

alloy. During compression loading, the deformation twinning causes the material to yield at a 

stress much lower than during tensile loading. For example, in the stabilized hysteresis loop for 

1.2% strain amplitude, the tensile stress at maximum strain amplitude is about 270 MPa and for 

compression 202 MPa, which is 25% less than the maximum tensile stress. Therefore, for this 

particular case, this mechanism creates a positive mean stress of 68 MPa. The twinning 

process causes the re-orientation of the lattice that puts in a favourable position to detwin by 

subsequent tension loading. As a consequence of the twinning and detwinning processes, it’s 

observed on stress-strain curves an inflection point followed by a sudden increase in the 

hardening behaviour, during reversed tensile loading. A non-linear elastic behaviour, when the 

material is unloaded from compression, is observed for higher strain amplitudes which results in 

larger plastic strains in compression than in tension. This also can be explained by the same 

deformation processes (twinning and subsequent detwinning) during cyclic loading. Albinmousa 

et al., performed cyclic axial tests in thin-walled specimens machined along the extrusion 

direction [59]. In their study, it also reported similar axial stress-strain behaviour having 

attributed the fast increase in the strain hardening rate, after the inflection point, by the 

exhaustion of the detwinning process and the activation of the slip deformation in order to 

accommodate the applied strain. 
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(a) 

 

(b) 

Figure 6.1- Experimental hysteresis loop for (a) pure axial loading and (b) pure shear loading 

 

 

Figure 6.1 (b) shows the experimental hysteresis loops that were conducted in strain-controlled 

tests, for the AZ31B-F magnesium alloy in pure torsion. The hysteresis loop in pure torsion is 

quite symmetric, for higher strain amplitudes, which is different from the axial one. It’s observed 

that for strain amplitudes of 0.79% and 1% the shear stress has almost the same absolute value 

for the same shear strain limits. Moreover, the shear plastic strains and the back stresses are 

also very similar. Jiang et al. and also Albinmousa et al., reported symmetric hysteresis loops 

for cyclic pure torsion loading for all strain amplitudes [60], [61], [62]. They explained that in 

specimens machined and loaded along the extrusion, the basal planes are generally oriented 

parallel to the extrusion direction so basal planes become under direct shear loading. Therefore, 

pure shear which produces no normal stress perpendicular to c-axis of the crystals yields 

symmetric behaviour. This indicates that the dominant plastic deformation mechanism is 

slipping. Basal slip could be the dominant mechanism of deformation in cyclic pure torsion 
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loadings, because of the lowest critical resolved shear stress among others slips systems. 

Regarding that the specimens used in this experiments were machined along the extrusion 

direction, the same explanation can be given for higher strain levels: 0.79% and 1%. Although 

some researchers observed twins formations in cyclic pure torsion loadings but only for very 

larges shear strains amplitudes (up 2%), their effect on pure cyclic shear behaviour was 

considered insignificant [62]. Thus for lower strain amplitudes of: 0.32%, 0.4%, and 0.59%, the 

asymmetric behaviour of shear hysteresis loops cannot be explained by twins formations. Anes 

et al., reported symmetric cyclic torsion behaviour in terms of stresses at maximum strain 

amplitudes, for both loading directions, however the plastic strains and the back stresses, were 

asymmetric in terms of the shear direction [51]. They attributed such behaviour due to the fact 

that shear direction of the first cycle influences the over-all elastic-plastic deformations. The 

same explanation can be given for low strain amplitudes. 

 

6.2 Multiaxial Fatigue 

 

(a) 

 

(b) 

Figure 6.2- Experimental hysteresis loops for proportional loading with SAR equal to 30° (a) 

axial component and (b) shear component. 
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Figure 6.2 (a) and (b) represents the axial and the shear component of the proportional loading 

with SAR (strain amplitude ratio) equal to 30 , respectively. During proportional loading of 

tension-torsion in the specimen, the axial and torsion modes are in phase. The hysteresis loops 

in figure 6.2 (a) show the main feature of pure cyclic loading, i.e., the twinning and detwinning 

mechanisms. 

The shear stress-strain curves in figure 6.2 (b), continue to show symmetric behaviour, 

such as on pure torsion for high strain amplitudes. This means that in proportional loading with 

SAR equal to 30 , the shear component is not affected by the axial one. In this case the axial 

strain component is greater than the shear one. Although the axial and inherent plastic 

deformations govern the deformation behaviour it’s observed that they do not influence the 

shear component significantly. 

 

(a) 

 

(b) 

Figure 6.3- Experimental hysteresis loops for proportional loading with SAR equal to 45° (a) 

axial component and (b) shear component. 
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In figure 6.3 (a) and (b) is presented the biaxial loading with SAR equal to 45 , which 

indicates that the maximum amplitude of axial and shear strains are equal. The axial stress-

strain curves in figure 6.3 (a) continues to show asymmetric pattern. The shear component of 

the hysteresis loops with SAR equal to 45  becomes asymmetric for strain amplitudes from 

0.5%. This suggests that for strain amplitudes from 0.5%, the torsion mode is influenced by the 

twinning and detwinning process associated with the axial mode. 

 

Figure 6.4 (a) and (b) presents the experimental results for the proportional loading with 

SAR equal to 60 . In this case the axial and also the shear stress-strain curves are not 

symmetric in terms of loading direction. Although the shear component is greater than axial one, 

the shear behaviour seems to be influenced by axial deformation. 

 

(a) 

 

(b) 

Figure 6.4- Experimental hysteresis loops for proportional loading with SAR equal to 60° (a) 

axial component and (b) shear component. 
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The hysteresis loops for the axial mode shown in figure 6.2 (a), figure 6.3 (a) and figure 

6.4 (a) indicates that cyclic axial behaviour during uniaxial or multiaxial proportional tests are 

similar. Therefore, it’s concluded that they are governing by the same plastic mechanisms of 

deformation. 

 

Increasing the SAR value decreases the axial strain component and increases the 

shear one. Figure 6.2, figure 6.3 and figure 6.4 show different material behaviours for each 

SAR. It’s concluded that SAR has influence on the plastic deformation of the axial and shear 

components. 

 

Figure 6.5 (a) and (b) presents the axial and shear stress-strain curves respectively of a 

non-proportional loading path with SAR equal to 45 . These figures present the 90  out-of-

phase loading that causes the principal strain axes to rotate during cyclic loading. From figure 

6.5 (a) and (b) It’s clear that non-proportional loading creates a different loading pattern in the 

material elastic-plastic cyclic behaviour than the proportional one. 

 

(a) 

 

(b) 

Figure 6.5- Experimental hysteresis loops for 90° out-of-phase loading with SAR equal to 45° 

(a) axial component and (b) shear component. 
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For understanding the material behaviour due to non-proportionality, figure 6.6 presents 

the axial comparison between proportional (PP45) and non-proportional (OP45) loading paths 

with same SAR equal to 45  and therefore with same axial and shear stress amplitude for each 

loading path. To better interpret and correlate the axial results was consider that the 

compressive strains and inherent stresses are positive. In figure 6.6 are compared the stresses 

at maximum strain amplitudes in tension (P1) and compression (P4), the plastic strain in 

compression branch (P2) and tension branch (P5) and the back stress for tension (P3) and 

compression branch (P6). The additional hardening that is caused by non-proportional loadings 

can be examined by comparing the stresses at maximum strain amplitudes (P1 e P4) from the 

90 out-of-phase tests with the proportional one for the same SAR equal to 45 . Therefore 

because of the axial stresses at maximum strain amplitudes from non-proportional tests are 

higher than the proportional one, the hardening caused by non-proportionality is observed. For 

both types of loadings, the plastic strains (P2 and P5) have very similar evolutions with the 

increasing of the total strain. However, is in the stresses at maximum strain amplitudes and 

back stresses that can be found greatest evolution differences, especially for axial total strains 

from 0.3%. For non-proportional loadings, the asymmetry of stresses at maximum strain 

amplitudes, plastic strains and back stresses suggest that the axial component is governed by 

the same plastic deformation mechanism (slipping and twinning) such as in proportional 

loadings. 

 

(a)                                                      (b) 

 

(c) 

Figure 6.6- Variation of (a) stresses at maximum strain amplitudes, (b) plastic strains and (c) 

back stresses, for axial component. 
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Similarly, figure 6.7 presents the shear comparison between proportional (PP45) and 

non-proportional (OP45) loading paths with SAR equal to 45 , where P1 and P4 are the 

stresses at maximum strain amplitudes, P2 and P5 the plastic strains and P3 and P6 the back 

stresses, for different torsion directions (see chapter 3). Also it was considered positive strains 

and stresses for both torsion directions. By the comparison of the stresses at maximum strain 

amplitudes for different total shear strains it’s also observed the hardening due to the non-

proportionality. Greatest differences between the shear component of non-proportional and 

proportional loadings were found on stresses at maximum strain amplitudes, plastic strains and 

back stresses, from total shear strains of 0.3%. Comparing the non-proportional loadings 

(OP45) for the axial and shear components (figure 6.6 and figure 6.7), it can be observed that in 

out-of-phase loadings from axial total strain of 0.3%, the axial plastic strain for tension branch 

(P5) is higher than in compression branch (P2). Also the back stress for tension branch (P6) is 

higher than for compression branch (P3). However for the shear component, the plastic strain 

(P5) and back stress (P6) are lower than the other direction. This can be explained because the 

two modes (axial and shear) are out-of-phase 90 , in other words, the locations of the starting 

point on the hysteresis loop for the axial and shear modes are different. Therefore the 

beginnings of twinning and detwinning processes are different for the axial and shear 

components. 

 

 

(a)                                                              (b) 

 

(c) 

Figure 6.7- Variation of (a) stresses at maximum strain amplitudes, (b) plastic strains and (c) 

back stresses, for shear component. 
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6.3 Correlation Between Experiments and HYPS model 

Figure 6.8 to 6.13 show the correlation between Armstrong-Frederick and Hypo-strain 

elastic-plastic models and the experimental results. In addition to analytical HYPS approach 

also the proposed cyclic plasticity model was implemented in a UMAT subroutine to run on a 

commercial finite element program, ABAQUS/standard 6.14. Also the nonlinear kinematic 

hardening model Armstrong-Frederick was chosen of the ABSQUS/standard library to 

correlates with the above models. Therefore in these figures, the black dashed line represents 

the experimental results (Exp), the red line the HYPS analytical model (Model), the blue 

dashed-pointed line the HYPS approach implemented in UMAT subroutine (FEA) and the green 

dashed line the Armstrong-Frederick model (Armstrong-Frederick). 

 

 

Figure 6.8- Correlation between estimations and experiments for pure axial loading with (Left) 

0.5% of axial strain amplitude and (Right) 1.2% of axial strain amplitude 

 

Figure 6.9- Correlation between estimations and experiments for pure shear loading with (Left) 

0.4% of shear strain amplitude (Right) 0.8% of shear strain amplitude 

 

To correlate pure axial (PT) and pure shear loadings (PS) it was selected two different 

strain values, for each type of loading. For the multiaxial proportional loadings the correlation 

was based in three fixed values of the hypo-strain (0.4%, 0.6% and 1%). Similarly, two values of 

the hypo-strain (0.83% and 1.14%) were selected to compare the non-proportional models. It’s 

relevant to mention that the hypo-strain indicates the strain level.  



65 
 

In this study the results were not affected by any factor as seen in von Mises or Tresca 

equivalent stress or strain, for instance. The idea is to inspect if the Armstrong-Frederick and 

HYPS models are able to capture the cyclic plasticity of the stabilized hysteresis loops of the 

AZ31B-F magnesium alloy, for specimens machined along the extrusion direction, under 

different loading conditions. 

 

From the uniaxial results presented in figure 6.8 and figure 6.9, it can be concluded that 

the HYPS model follows with very good accuracy the experimental results, except for the pure 

axial loading with 1.2% of total strain where is noted a slight deviation during compression 

loading. However it is a conservative deviation. Also it’s observed that the implemented HYPS 

model in UMAT strictly follows the analytical approach. Regarding the Armstrong-Frederick 

model, the only estimation that has acceptable accuracy is on pure axial loading with 0.5% of 

total strain. For pure axial loading with 1.2% of total strain, the Armstrong-Frederick model also 

gives a good estimative for the plastic strain and the maximum stress limit in tension, however, 

it over estimates the maximum stress limit in compression and the back stresses. The 

Armstrong-Frederick model also fails to capture the maximum stress limits in pure shear 

loadings, being the estimations much lower than they should be. 

 

In proportional loadings with SAR equal to 30 , the analytical and the finite element 

implementation of the HYPS approach follow very well the axial and shear hysteresis loops with 

only a conservative deviation on the compression hardening behaviour of the axial component, 

for strain level of 1%. For the axial component of the proportional loadings with SAR equal to 

30 , the Armstrong-Frederick model gives a good estimative for the maximum stress limit in 

tension for hypo-strains of 0.4%, 0.6% and 1%, however fails to capture the maximum stress 

limit in compression which is more evident for hypo-strain of 1%. This is because the 

magnesium hardening in compression is lower than in tension. Also cannot capture accurately 

the plastic strains and back stresses. This incapability is more evident for higher strains levels. 

For the shear component, the Armstrong-Frederick model continues to estimate much lower 

maximum stress limits than the experimental tests. 

 

 

(a) 
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(b) 

 

(c) 

Figure 6.10- Correlation between estimations and experiments for proportional loadings with 

SAR equal to 30° (a) hypo-strain of 0.4%; (b) hypo-strain of 0.6%; (c) hypo-strain of 1% 

 

 

 

(a) 
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(b) 

 

(c) 

Figure 6.11- Correlation between estimations and experiments for proportional loadings with 

SAR equal to 45° (a) hypo-strain of 0.4%; (b) hypo-strain of 0.6%; (c) hypo-strain of 1% 

 

 

 

(a)  
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(b)  

 

(C) 

Figure 6.12- Correlation between estimations and experiments for proportional loadings with 

SAR equal to 60° (a) hypo-strain of 0.4%; (b) hypo-strain of 0.6%; (c) hypo-strain of 1% 

 

Under proportional loadings with SAR equal to 45  and 60 , the analytical and the finite 

element approaches of the HYPS model accurately describes the stress-strain curves and only 

for PP45 loading path with strain level of 1% a slight deviation in axial and shear components 

can be observed. For these loading paths the Armstrong-Frederick model calculates lower 

maximum stress limits under both loading directions for the axial and shear component, except 

for the axial component with strain level equal to 1%. Should be noted that the nonlinear 

kinematic model over estimates the plastic strains and back stresses for the axial component 

however it gives acceptable estimations for the shear component. 

 

Regarding the non-proportional loadings, the Armstrong-Frederick model also fails to follow 

the experimental results despite estimating the stresses at maximum strains with acceptable 

accuracy. For the hypo-strain of 0.83% the HYPS model results are close to the experiments. 

However for 1.14% of strain level, the model cannot follow with acceptable accuracy the shape 

of the shear hysteresis loop, despite estimating the plastic strains, the back stresses and the 

stresses at maximum total shear strain for both loading directions with very good accuracy. Due 

to the fact that the HYPS model is based on a polynomial function it has difficulties to accurately 
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follow the shape of the axial and especially of shear stress-strain curves of the non-proportional 

loadings. This evidence becomes more evident for higher strain levels. 

 

(a)  

 

(b) 

Figure 6.13- Correlation between estimations and experiments for 90° out-of-phase loadings 

with SAR equal to 45° (a) hypo-strain of 0.83% and (b) hypo-strain of 1.14% 

 

The plastic strain energy predicted by the two models: Hypo-strain and Armstrong-

Frederick, for different strain levels, were calculated from the stabilized hysteresis loops for 

different loading paths and are presented on table 6.1, 6.2 and 6.3. The MATLAB 2015 was 

used to calculate the enclosed area of each hysteresis loops.   

 

For pure axial and multiaxial proportional loadings, it can be seen that in Armstrong-

Frederick approach the axial hysteresis loops shows higher plastic strain energy per unit 

volume than the HYPS model. This is because this nonlinear kinematic hardening model over 

predicts the plastic strains and the back stresses, for the axial component of the loading, 

especially for higher strain levels. On the other hand for the shear component of the multiaxial 

proportional loadings, the Armstrong-Frederick model shows lower plastic strain energy per unit 

volume than the HYPS approach because it calculates lower stresses for maximum total strains 

despite the model generally giving acceptable estimations for plastic strains and back stresses 

for shear component. However in pure shear and non-proportional loadings the total plastic 
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strain energy per unit volume is very similar in both models. In this study (see figures 6.8 to 

6.13) it’s easily observed that the plastic strain energy (enclosed area of the hysteresis loops) of 

the experiments for all loading paths are quite similar of the analytical and finite element HYPS 

model because the model strictly follows almost all the experiments.  

 

 
Pure axial 

 
Pure shear 

Axial total Strain 
HYPS 

[     ] 
AF [     ] Shear total strain 

HYPS 

[     ] 
AF [     ] 

0.50% 0.201 0.337 0.40% 0.175 0.126 

1.20% 3.440 6.510 0.80% 0.865 0.887 

Table 6.1- Plastic strain energy per unit volume of Hypo-strain model (HYPS) and Armstrong-

Frederick model (AF) for pure axial and pure shear loading 

 

 
PP30 PP45 PP60 

Strain 

level 

Plastic strain energy per 

unit volume 
HYPS  AF HYPS AF HYPS AF 

0.40% 

Axial plastic strain energy 

[     ] 
0.133 0.259 0.022 0.097 0.046 0.1221 

Shear plastic strain energy 

[     ] 
0.050 0.032 0.118 0.109 0.075 0.047 

Total plastic strain energy 

[     ] 
0.183 0.291 0.140 0.205 0.121 0.169 

0.60% 

Axial plastic strain energy 

[     ] 
0.454 0.844 0.098 0.294 0.226 0.623 

Shear plastic strain energy 

[     ] 
0.143 0.105 0.342 0.312 0.240 0.233 

Total plastic strain energy 

[     ] 
0.598 0.948 0.440 0.606 0.467 0.859 

1.00% 

Axial plastic strain energy 

[     ] 
1.717 3.045 0.512 0.916 1.085 1.998 

Shear plastic strain energy 

[     ] 
0.430 0.368 1.140 1.119 0.762 0.739 

Total plastic strain energy 

[     ] 
2.147 3.413 1.652 2.036 1.847 2.736 

Table 6.2- Plastic strain energy per unit volume of Hypo-strain model (HYPS) and Armstrong-

Frederick model (AF) for multiaxial proportional loadings 
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OP45 

Strain level Plastic strain energy HYPS AF 

0.83% 

Axial plastic strain energy 

[     ] 
0.964 0.980 

Shear plastic strain energy 

[     ] 
0.653 0.432 

Total plastic strain energy 

[     ] 
1.617 1.412 

1.14% 

Axial plastic strain energy  

[     ] 
2.171 2.501 

Shear plastic strain energy 

[     ] 
1.469 1.401 

Total plastic strain energy 

[     ] 
3.640 3.896 

Table 6.3– Plastic strain energy per unit volume of Hypo-strain model (HYPS) and Armstrong-

Frederick model (AF) for 90° out-of-phase loading with SAR equal to 45° 

 
For the uniaxial loading and multiaxial proportional loading it can be found that 

Armstrong-Frederick model results in symmetry of the loading path, i.e., shear and axial stress 

amplitudes have the same absolute value in both loading directions. Therefore are observed 

symmetric hysteresis loops, with symmetric values of plastic strain, back stress and stress at 

maximum total strain, for both loading directions. This is because the Armstrong-Frederick 

nonlinear kinematic hardening rule in ABAQUS/standard library uses the von Mises yield 

function that predicts symmetric equivalent stresses for both loading directions. Moreover, it 

predicts the same hardening rate for both loading directions that indicates that the hardening 

and flow rules don’t follow the magnesium behaviour. This confirms the incapability of this 

model to capture cyclic anisotropy of magnesium alloys that results from the loading type. The 

main advantage of the HYPS model comparatively with Armstrong-Frederick model is the 

possibility to simulate the SAR effect in the elastic-plastic behaviour, in other words, the HYPS 

model takes into account the loading type and strain level so it can accurately capture the 

plastic deformation mechanisms (twinning and detwinning), that occur in the cyclic response of 

magnesium alloys. 
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7. Conclusions and Future Developments  

7.1 Conclusions 

In this work it was studied the cyclic elastic-plastic behaviour of AZ31B-F magnesium 

alloy for a specimen machined along the extrusion direction, under uniaxial and multiaxial 

loading conditions. It was carried out several proportional loading paths under strain control in 

order to analyses the SAR effect on the elastic-plastic material behaviour. Under uniaxial 

loading conditions, the experimental results show asymmetric hysteresis loops in pure axial for 

all strain amplitudes and in pure shear for low strain amplitudes. For pure axial loadings this 

asymmetry was attributed to the peculiar plastic deformation mechanisms of magnesium alloys 

(twinning, detwinning and slip). For low strain amplitudes in pure shear loadings the asymmetry 

on the stress-strain curves was attributed to the first loading direction that had influence on the 

overall elastic-plastic deformations. Results also showed asymmetric hysteresis loops under 

multiaxial loadings (proportional and non-proportional), especially the one from the axial 

component.  Therefore it was concluded that the cyclic axial component is governed by the 

same plastic deformation mechanisms than the ones found in pure axial loadings. It’s also 

concluded that the SAR has influence on the plastic deformation of the axial and shear 

components. The non-proportional loadings create a different loading pattern than the 

proportional or uniaxial ones. Also it was found that the material shows additional cyclic 

hardening due to non-proportional loadings.  

 

The experimental results were correlated with the well-known Armstrong-Frederick 

model and the phenomenological HYPS elastic-plastic approach that was successful 

implemented in a commercial finite element program ABAQUS/standard 6.14 through an 

external subroutine (UMAT). The HYPS model implemented in the subroutine strictly follows the 

HYPS analytical model, for all loading paths and strain amplitudes. The Armstrong-Frederick 

model showed poor estimations especially for high strain amplitudes and for the axial and shear 

components of multiaxial proportional loadings. The results were explained by the inability of the 

model to follow the anisotropic magnesium behaviour. This conclusion was proved by the 

symmetry found in the estimates. In uniaxial and multiaxial proportional loadings the HYPS 

model followed with very good accuracy the stress-strain curves however a slight deviation was 

observed for strain levels of 1%. For non-proportional loading with strain level of 1.14% the 

HYPS model fails to capture the shear behaviour, despite the model estimate very well the 

stress for the maximum total strain amplitude, the plastic strain and back stress, for both loading 

directions. 
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7.2 Future Developments 

This study demonstrated that the recent HYPS model can accurately capture the 

anisotropic behaviour of magnesium alloys. The model was also successful implemented in a 

commercial finite element program and therefore has a potential to be a phenomenological 

model to be used by engineers in mechanical design. However to achieve this ultimate goal 

some suggestions for future developments are given:  

 

 The HYPS model needs to be validated for loadings paths and strain levels different 

than the experimentally tested; 

 

 This numerical model is only valid for the strain ranges in which the material was 

experimentally tested. Therefore, it may be useful to experimentally test  the material for 

higher strain levels; 

 

 The limitation of this model to accurately describe the stabilized hysteresis loops under 

non-proportional loadings needs to be overcome. One way to achieve this is having 

some functions only for non-proportional cases that accurately describes the stress-

strain curves; 

 

 For non-proportional loadings, investigate the effect of phase shift angle on the cyclic 

elastic-plastic behaviour of magnesium alloys and having it into account in HYPS 

model; 

 

 Investigate the anisotropy effects for specimens machined along different orientations, 

such as transverse direction and with an angle of 45  to the extrude direction and 

having it into account in HYPS model; 

 

 It will be useful to adapt and test the HYPS model on cruciform specimens subjected to 

in-plane biaxial loading;  

 

 To automate the finite element analysis by integrating the Python or MATLAB software 

in order to update the UMAT subroutines on ABAQUS/standard; 
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Annex  

 

A.1 Definitions 

Principal Stresses and Stress Invariants 

 

At every point in a stressed body there are at least three planes, called principal planes. 

The three stresses normal to these principal planes are called principal stresses. The normal 

principal stresses can be calculated by cubic equation:  

      (        )   (                  
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 (                       
       

       
 )    

(A.1) 

 

This equation can be written in the following form: 
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Where   ,    and    are the first, second and third stress invariant, respectively. 
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(A.3) 

 

Stress Deviatoric Tensor and Invariants  

 

The stress tensor itself is a physical quantity and as such, it is independent of the 

coordinate system chosen to represent it. There are certain invariants associated with every 

tensor which are also independent of the coordinate system. 

 

The stress tensor can be separated into deviatoric and hydrostatic part: 
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Where   is identity matrix and   (   is the first stress tensor invariant and    is the 

deviatoric stress tensor: 
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 (A.5) 

 

The invariants of the stress deviatoric tensor   ,    and    are calculated with the 

components of the deviatoric stress. 

https://en.wikipedia.org/wiki/Invariant_(physics)
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A.2 Designation of Magnesium Alloys 

 

There is no unified international brand system in the world; the American brands given 

by the ASTM (American Society for Testing and Materials) are commonly used. According to 

the ASTM, the magnesium alloy brand generally consists of three parts: letter–figure–letter. 

  

The first two letters indicate the two main alloying elements, arranged in order of 

decreased percentage. If the contents of the alloying elements are equal, the letters are 

arranged alphabetically. The table B.1 gives the English letters representing the alloying 

elements that are commonly used. The numbers following the letters represent the weight 

percentages of corresponding elements. 

 

 

Table B.1- Alloying elements of magnesium alloys  

 

As shown in table B.2, part 3 is a character label which distinguishes between different 

alloys (it means the difference in trace elements) with the same percentages of the two main 

alloying elements. 

 

 

Table B.2- Character label for magnesium alloys  
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As shown in table B.3, sometimes, the brand is followed by fabrication conditions labels 

using a dash to separate the alloy designation. 

 

 

Table B.3- Fabrication conditions for magnesium alloys  
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A.3 UMAT Subroutine  

 

In this study several UMAT subroutines were used for each loading and were controlled 

by the triangular displacement amplitude (10 elastic-plastic matrixes were used for each load at 

a certain strain level). As an example, the below UMAT subroutine corresponds to the elastic-

plastic matrix of point P1 (see chapter 3) for the biaxial (tension-torsion) proportional loading 

with SAR (strain amplitude ratio) equal to 45  at a strain level of 1%. The following code was 

implemented: 

 

 

 SUBROUTINE UMAT(STRESS,STATEV,DDSDDE,SSE,SPD,SCD, 

     1 RPL,DDSDDT,DRPLDE,DRPLDT, 

     2 STRAN,DSTRAN,TIME,DTIME,TEMP,DTEMP,PREDEF,DPRED,CMNAME, 

     3 NDI,NSHR,NTENS,NSTATV,PROPS,NPROPS,COORDS,DROT,PNEWDT, 

     4 CELENT,DFGRD0,DFGRD1,NOEL,NPT,LAYER,KSPT,JSTEP,KINC) 

C 

      INCLUDE 'ABA_PARAM.INC' 

C 

      CHARACTER*80 CMNAME 

      DIMENSION STRESS(NTENS),STATEV(NSTATV), 

     1 DDSDDE(NTENS,NTENS),DDSDDT(NTENS),DRPLDE(NTENS), 

     2 STRAN(NTENS),DSTRAN(NTENS),TIME(2),PREDEF(1),DPRED(1), 

     3 PROPS(NPROPS),COORDS(3),DROT(3,3),DFGRD0(3,3),DFGRD1(3,3), 

     4 JSTEP(4),EPLAS(1) 

C 

   PARAMETER (ZERO=0.0D0, ONE=1.0D0, TWO=2.0D0, TOLER=1.0D-6) 

  E=PROPS(1) 

  ANU=PROPS(2) 

  DO I=1,NTENS 

   DO J=1,NTENS 

   DDSDDE(I,J)=0.0D0 

   END DO 

  END DO 

    DDSDDE(1,1)=45145.67157D0 

    DDSDDE(2,2)=45145.67157D0 

    DDSDDE(3,3)=45145.67157D0 

    DDSDDE(4,4)=21535.35282D0 

    DDSDDE(5,5)=21535.35282D0 

    DDSDDE(6,6)=21535.35282D0 

    DDSDDE(1,2)=24309.20777D0 

    DDSDDE(1,3)=24309.20777D0 

    DDSDDE(2,3)=24309.20777D0 

    DDSDDE(2,1)=24309.20777D0 

    DDSDDE(3,1)=24309.20777D0 

    DDSDDE(3,2)=24309.20777D0 

  DO I=1,NTENS 

   DO J=1,NTENS 
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   STRESS(I)=STRESS(I)+DDSDDE(I,J)*DSTRAN(J) 

   END DO 

           END DO 

 RETURN 

 END 

 

 


