
Dynamics of sanctioning in structured populations

Pedro Dos Santos Duarte Dias
pedro.duarte.dias@tecnico.ulisboa.pt
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Abstract

Understanding the evolutionary mechanisms that promote and maintain cooperative behaviour
remains an open challenge for a wide range of scientific disciplines. There are several different situations
where humans cooperate in the so-called public goods games, contrary to what one would expect
from reasonings based on rationality, game theory, or fitness maximization. Costly punishment of
free-riders is often emphasised as one of the possible routes to cooperation. However, those that
refuse to support the costs of sanctioning reduce the effectiveness of punishment institutions, leading
to a second-order cooperation problem. In this thesis, we study how an underlying network of
contacts affects the prevalence of sanctioning institutions and their impact on cooperation in Public
Goods Games. We show that homogeneous network structure enhances the chances of getting stable
sanctioning institutions, yet within a small window of game parameters. Differently, when the network
structure leads to diversity in the number and size of the collective endeavours each agent participates,
both cooperation and sanctioning institutions prevail for a wide range of parameters. Our results rely
on large-scale computer simulations and evolutionary game theoretical models and suggest that the
network of contacts play an important role in solving both first and second-order free-riding problems.
Keywords: Public Goods Games, Game Theory, Sanctioning Institutions, Structured Populations

1. Introduction

Here we present the objectives and the motivation
to develop our work.

1.1. What is cooperation?

When an individual has cost for himself in order to
benefit other he is cooperating [3,7]. This definition
makes an individual wonder what is good and what
is bad for himself. If in one hand the individual
maximises his gains if he does not cooperate, which
ends up being a huge temptation, in the other hand
the population as whole gains if he cooperates.

In populations where the individuals have equal
probability to interact with each other, natural se-
lection will benefit those who decide not to cooper-
ate, reaching a situation where only defectors will
survive. This fact will lead us to the following ques-
tion ”Why should an individual reduce his own fit-
ness if that will benefit another individual that com-
petes with himself?” [5].

1.2. Problem and solution

The problem we will approach regards the evolution
of cooperation. It is known that the creation of an
environment has lots of difficulties and this can be
seen as problem in a public good game. In public
goods games, the individuals have the chance to
decide how much they want to contribute to the

general good [4]. Those who decide that they will
not cooperate are going to be the ones that will have
the bigger earns, that is why it is so tempting not to
cooperate. These individuals are called first-order
free riders and lead to an ineffective situation to
society.

To overturn this situation and increase cooper-
ation, punishment is seen as possible solution. In
the presence of individuals who contribute to the
public good game and to the institutions that pun-
ish the first-order free-riders. We can increase in
theory the cooperation. However, this will lead to
the second-order free riders, since there are in-
dividuals that are willing to cooperate to the public
good game but not to the punishment institutions.
This attitude will reduce the punishment power.

Our goal is to solve the second order problem.
Knowing that in structured population the cooper-
ation is promoted in first-order dilemmas, as men-
tioned by Santos, Santos, and Pacheco [6], we devel-
oped a model that allowed us to verify if in second-
order dilemmas, structured populations could pro-
mote the survival of the institutions, thus making
the punishment more effective.

In our model the individuals are disposed in two
different ways, in regular networks and in scale-free
networks. After being disposed they can choose be-
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tween one of three strategies Defection, Cooper-
ation or Punishment and will interact with each
other using public goods games.

This is our proposed solution to solve the second-
order free riding problem.

2. Background
In order to understand our contribution, there are
several concepts regarding game theory that should
be explained and understand. This sections will
explain in detail every single one of them.

2.1. Game Theory
Consists in the mathematical modeling of both so-
cial interaction and strategic behavior [5].

An interaction is composed of three main compo-
nents:

• a set of players;

• the different choices that each player has;

• the payoff that each player gets based on his
choice as well as the others players choices;

2.1.1 Metaphors in Game Theory

The strategic interactions that the individuals have
with each other are called games. These games have
several characteristics such as, number of players,
strategies per player and the number of pure strate-
gies. These games can be explained using as re-
source metaphors that help to explain the problem
and how to deal with it.

We will detail two of them, the Prisoner’s
dilemma and then the Public goods games that are
connected.

• Prisoner’s dilemma

This is one of the games that describes the
problem of cooperation. It is a game that in-
volves two players each of whom can choose be-
tween cooperation or defection. If both of them
cooperate, they earn more than if both of them
defect. However, the highest earning is made
by a defector when its partner is a cooperator.
Hence, the cooperator will earn less. Individu-
ally, it is optimal to defect, but on a social level
it is also optimal to cooperate [5]. The example
that follows is the most used one to explain it:
Two burglars are caught in the moment they
are ready to rob a bank and they are immedi-
ately separated from each other. They didn’t
know each other very well before they were ar-
rested by the police, and the police are trying
to make them talk, now that they are not able
to communicate with each other. The police
say to each, separately, look, if you give him
up, you are going to be considered a witness,

who contribute to the solution of the case and
you can go free and the other burglar will get
ten years in jail, for being the mastermind of
the robbing plan. However, if he rats, you are
going to be the one who is going to get 10 years
and he will be set free. If both of you impli-
cate each other, each of you will get five years
in jail. If any of you rats the other, both of
you will get six months in prison. So, there are
four possible outcomes: ten years, five years,
six months and walk away free. If the other
burglar chooses the ”screw” strategy, you can
get ten or five years. However, if he chooses
the other strategy, you can get six months or
even walk away free. The only problem is, if
you trust and get screwed by the other burglar,
you will get the worst outcome. In the table 1
we can see the payoffs in prisoner’s dilemma.

Cooperation Defection
Cooperation benefit-cost -cost
Defection benefit 0

Table 1: Payoffs in Prisioners dilemma [7].

• Public goods games

The principle is the same as the prisoner’s
dilemma, but with more than two players.
Each player, has the power to decide how much
he wants to contribute to the common group,
as well as much he wants to keep for himself
[5].The sum of all contributions is multiplied
by a factor 1<F<N and divided by all members
of the group irrespectively if they contributed
or not. Regarding this thesis, this will be the
most important metaphor, due to the fact that
is the one that will be used to test the hypoth-
esis proposed earlier. In model section there is
a more detailed explanation of the dilemma.

2.2. Evolutionary Game Theory
According to the Darwinian theory, only those with
the best characteristics would be able to survive,
leading to the evolution of species [1].

Evolutionary game theory consists in a merge be-
tween evolutionary dynamics with game theory.

2.2.1 Well-mixed and large populations

The number of individuals using each strategy will
change, due to the imitation process described ear-
lier [7]. Using a differential equation, named repli-
cator equation, is possible to module it. This equa-
tion shows that the use of a determined strategy
will either increase or decrease proportionally to the
impact of that strategy in the adaptivity it pro-
vides [7]. The strategy that will end up spreading
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is the one that will give to an individual an advan-
tage compared to the rest of the population. The
replicator equation can also be seen as a derivate of
x over time that is able to trace the evolution of the
use of pure strategies over time [7]:

ẋi = xi[(Ax)i − x.Ax] (1)

Regarding the equation mentioned above, its
variables are the following: n of the equation is the
number of total strategies, A is a matrix nxn and
represents the payoffs of the game. In the particular
case, when n=2 (only two strategies), for example
cooperation and defection, the differential equation
turns into [7]:

ẋ = x(1− x)(fc − fd) (2)

in this particular case, x is the amount of coop-
erators, fc and fd are the fitness (sum of the payoffs
gain by an individual in all games he participates)
of cooperators and defectors, respectively.

The replicator equations explained have the ca-
pacity to model a deterministic behavior, having
only one possible solution that depends on the fre-
quency of each strategy, x [7].

2.2.2 Finite populations

In case the population is limited, there is a need to
introduce a stochastic processes [7]. In finite pop-
ulation, when a fraction of agents who use a deter-
mined strategy changes, it represents a discontinu-
ity, so the dynamics of x may not be described by
differential equations. In a case where this is veri-
fied, the probability of one single individual chang-
ing between strategies. Using a finite number of
individuals is possible to look at the system as hav-
ing a discrete number of states, where it is one for
each possible combination of strategy. Due to this
reason, is it possible to develop a system where it is
possible to jump between states every time that one
of the individuals update his strategy. In this case,
evolution will be described by a Markov Chain, due
to its specific characteristics such as, to know its
transitional probability from the actual state to an-
other, we only need the actual state. The transition
probability, which allows to jump between states
will be given by the adaptivity that is provided by
a determined strategy. There is a possibility to im-
plement a pairwise rule, we use the Fermi function,
studied by Traulsen, Nowak and Pacheco [9] which
will calculate the probability (p) of an individual
changes his strategy after observing and discover-
ing the fitness of the one he wants to imitate. The
Fermi function is given by:

p =
1

1 + eβ(fx−fy )
(3)

Figure 1: Regular Network.

The difference of fitness between individuals will
be very important because imitation will occur with
a probability proportional to it. For instance, if
both agent x and agent y have the same fitness, the
imitation will occur with an equivalent probability,
0.5 i.e., the imitation process it is not influenced by
fitness. The strength of the selection will be deter-
mined by β variable, in case is zero, the imitation
will be random [7].

2.3. Complex Networks
In general evolutionary game theory considers that
everyone can interact and imitate each other. That
is not completely true, so we use interaction net-
works, called complex networks. Complex networks
are graphs where the individuals dispose and in-
teract with each other. The individuals are repre-
sented by the graph nodes and the lines represent
the interactions between the individuals. A real life
example would be a web page, where the node rep-
resents the page and the hyperlink the connection
in the network [2].

• Regular Network: A network is considered
regular, if each vertex has the same degree, by
other words, each vertex has the same number
of neighbors. Each individual is topologically
equivalent, i.e., all individuals are treated in
the same way in all aspects. Simplicity is the
best characteristic of this architecture, how-
ever, it contrasts with real life, where diversity
can be seen everywhere [6].

The figure 1, show a regular network.

• Scale-free network: Individuals interact
with each other along the social ties, which are
defined by this type of network disposal. This
is due to the fact that now different individu-
als have different roles in the community. This
different roles portrays the social diversity that
is observed in real life. Using this structure,
we can observe that cooperation is enhanced,
because in the population, an asymmetric dis-
tribution of wealth and influence.
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Figure 2: Scale-free Network.

A scale-free network grows iteratively. It all
start when two nodes establish a link, then, a
new node who wants to join will prefer to at-
tach to a node that already has many connec-
tions, this phenomenon is called preferential at-
tachment. Besides the preferential attachment,
growth is also an important mechanism and it
consists in a growth that is always rising. Both
mechanisms lead to a system that will be dom-
inated by hubs.

It is also important to understand the concept
degree on one node, to fully understand the
scale-free network. This concept says that the
degree of a node is the number of links that
goes into that node. Thus, the degree distri-
bution is the number of nodes over various de-
grees. A characteristic that differentiates the
scale-free network is that their degree is given
by a power law [6].

The figure 2, shows a scale-free network.

2.4. Punishment

The mechanism of social punishment consist in the
individuals which are interested in cooperating, this
means that they are willing to have a cost for them-
selves so the defectors in the system can be pun-
ished. The punishment will bring stability, in a
way that will ensure the successes of the common
project, that is threatened by the defectors.

There are several ways to punish those who do
not cooperate, however we will detail only one of
them called pool punishment, due to the fact that
this is the one we used.

Pool punishment is based on the idea of commit-
ting resources, before the collective effort, in order
to prepare sanctions against the free-riders. It is
a type of punishment that consists in individuals,
that despite having costs for themselves, pay a third
party to impose penalties on defectors. A good
metaphor to explain this is like one pays a police
force, to allow the police force to take enforcement
into its own hands. [8, 10].

3. Model
In this section we describe the several components
that compose the model we proposed to solve the
second-order free-riding problem.

3.1. Strategies and Public Goods Games in Net-
works

In the simulations we performed the individuals
participated in public goods games. The individ-
uals distributed throughout the network interacted
with its neighbors, and that was how they gener-
ated their fitness. The fitness of its participants
was influenced by several factors, that we will ex-
plain next.

• C, represents the cost of cooperate;

• kx, is the number of neighbors;

• N is the size of the group, and is given by kx+1;

• Nc, represents the number of cooperators,

• Np is the number of punishers;

• r, is the multiplication factor;

• M, is the minimum number of punishers to per-
form the punishment on defectors;

• the H, refers to the Heaviside function, and this
function gives only two possible results, one or
zero. The result is one in case the calculation
of Np −M is positive and 0 otherwise;

• π, is the punishment the defector;

• πtax, is the punishment tax payed by the pun-
isher;

3.1.1 Defection (D)

where individuals do not contribute neither to the
public good game or the institution.

The formula to calculate the income of a defector,
is as follows:

PD =
Cr(Nc +Np)

N
− π.H(Np −M) (4)

The first portion of the function stands for the
gain of the defector and to that gain is subtracted
the result of multiplying the punishment (π) with
the result of applying H(Np −M).

3.1.2 Cooperation (C)

where individuals which cooperate in the original
public good game, but do not cooperate to the in-
stitution.

To calculate the cooperators income the given for-
mula is:
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PC =
Cr(Nc +Np)

N
− C (5)

as well as in PD the first portion stands for the
gain of the punisher, but to it is the subtraction of
cost per game.

3.1.3 Punishment (P)

where individuals cooperate both to the public good
problem as well to the institution.

Besides the contribution to the public good, the
punishers also contribute with a punishment tax
(πtax) to an institution [11].

The formula to calculate PP is given by:

PP = PC − πtax (6)

the first portion of the function is the result of
applying the PD function, however to it there is a
need to subtract the punishment tax (πtax).

3.2. Structure of Population

The structure that will represent the population
will be represented by a graph [6]. Individuals will
be the vertices of the graph, while the edges will
represent the interactions between the individuals.
Firstly, we used regular graphs, where the individ-
uals are topologically equivalent. After the imple-
mentation with the regular graph was done, we used
scale-free graphs, because they are closer to the re-
ality, due to the heterogeneity presented.

3.3. Punishement

In order to impose a punishment on defectors we
used the pool punishment. As mentioned in 2.4,
those who adopt a strategy of punishment will con-
tribute both to the public good game and the puni-
tive institutions.

3.4. Evolution

After engaging in all games, the accumulated pay-
offs will turn into the individual’s fitness. Then,
every strategy will be updated in a synchronous
way [6]. So, in order to update, an individual, x,
with a fitness fx, a random neighbor of x will be
selected. Then the fitness of x and y will be com-
pared, if fx > fy, there will be no update, but if the
opposite happens, x will imitate y’s strategy with a
probability given by the Fermi function:

p =
1

1 + e−β(fy−fx)
(7)

In the figure 3, it is possible to observe each step
of the evolutive process that was mentioned earlier.

Individuals 
X and Y

Fx > Fy

No update 

Fy < Fx 
and 

P < P Fermi 

 X adopts a 
new strategy  

Fitness 
analysis

Figure 3: Evolution diagram.

3.5. Simulation

To simulate, we used communities of 1000 individ-
uals with an average connectivity of Z =4. The
fraction of cooperators and punishers results from
studying 2,000 generations, repeating this process
100 times, for each of the different multiplication
factors, and then averaging each one of them. The
simulations were divided in two parts.

The first consisted in the reproduction of the re-
sults obtained by Santos, Santos and Pacheco [6],
so se could guarantee that our results would be
valid. It is vital to mention that although we were
reproducing the results, the formula we used to up-
date the several strategies were different from the
one used by Santos, Santos and Pacheco [6]. We
used the Fermi function while Santos, Santos and
Pacheco calculated the probability as a linear rela-
tion between the individual fitness of the guy who
was supposed to be imitated and the fitness of the
one he wants to imitate, dividing this result by the
generated value of the subtraction between max-
imum possible fitness of the individual being im-
itated and the minimum fitness of the individual
who wants to imitate.

When we were reproducing the results obtained
by Santos, Santos e Pacheco [6], we used the same
networks (Regular and Scale-Free), and each one of
the populations had 50% of cooperators and 50% of
defectors, initially distributed randomly.

The second part of the simulations, occurred in
same conditions as the first one, with the only ex-
ception being the percentage of the strategies of
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each individual, due to the addition of a third strat-
egy. We used 50% of defectors, 25% of cooperators
and 25% of punishers.

3.6. Implementation
We developed a simulator in Python, version 2.7 in
order to test our hypothesis. After that, we val-
idated the simulator using software tests using a
framework provided by Python called unittest.

The pseudo code that describes our algorithm is
written and detailed below.

for 1← s to Runs do
for k ← 1 to S do

Sk ← X ∼ µ(0, 1, 2);
Fk ← X ∼ (0);

end
for t← 1 to Gens do

for k ← 1 to S do
c← kx;
Fk ← Fk + Π(k, c);

end
for k ← 1 to S do

c← Rand(kx);
if Fc > Fk and Rand <

1
1+e−(Fc−Fk) then Pk ← Pc

end

end

end
Algorithm 1: Pseudo code used in our implemen-
tation.

Below are the descriptions of all description of all
parameters that we used in our pseudo code.

• Runs: Number of simulations we ran. In our
case, it were 100 simulations for each combina-
tion of parameters;

• Gens: Number of generations studied in each
simulation. In our case, it were 2000 genera-
tions;

• S: Size of the population. Our population had
1000 individuals;

• Sk: Strategy of an individual, k;

• Fk: Fitness of an individual, k;

• Kx: Neighbor x, of an individual k;

• Rand ∼ µ(0, 1): Random value after an uni-
form distribution has been made;

• Π(x, y): Payoffs of an individual after playing
a public good game;

• Defection ≡ 0

• Cooperation ≡ 1

• Punishment ≡ 2;

4. Results
In this section we present the initial parameters and
conditions in which the simulations were performed
and then we present the obtained results using a
value of M constant and then a value of M variable.

4.1. Parameters and Conditions
In order to run the simulations we had to define the
initial conditions. To the parameters described in
section 3.1.

• The cost, C, that an individual pay to cooper-
ate in a game is 1;

• The population size is 1000;

• The medium degree, Z is 4;

• The value of M can be constant or variable;

• The value of punishment, π, that defectors pay
is 0.3;

• The tax that the punishers pay, πtax is 0.03;

• The initial fitness that each individual has is
zero;

4.2. Results
As mentioned earlier we will present first the re-
sults using a constant value for M and then using a
variable M.

4.2.1 Constant M

• Prevalence of strategies in regular net-
works

The figure 4, show us the prevalence of the
strategies in regular networks. In that figure
we can observe that the individuals with dif-
ferent strategies behave differently.

We can observe that the defectors, for lower
multiplication factors thrive, but once the mul-
tiplication factor increase, their number start
to decrease also until they disappear com-
pletely.

For those who have a cooperation strategy,
they do not exist for lower values of multipli-
cation factors, but suddenly their numbers in-
crease after a sharp transition, and for higher
multiplication factors they are the only ones
who survive.

The individuals whose strategy is punishment,
we can observe that their numbers increase a
few earlier the cooperators, however they to-
tally disappear once all defectors are gone since
there is no point in having punishers if there are
no defectors.
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Figure 4: Prevalence of the strategies in regular net-
works;

• Prevalence of strategies in scale-free net-
works

Figure 5, show us the prevalence of the strate-
gies in scale-free networks. In that figure we
can observe that the individuals with differ-
ent strategies behave differently. We can start
by observing that when compared with regular
networks the contributions to the public good
game starts earlier.

We can observe that the defectors, for lower
multiplication factors thrive, but once the mul-
tiplication factor increase, they have a sharp
decrease in their numbers but contrary to the
regular networks they do not disappear com-
pletely.

In scale-free networks, we can see that both co-
operators and punishers behave similarly. Con-
trary, to what happen in regular networks, here
the punishers do not disappear due to the fact
that there are still defectors.

Figure 5: Prevalence of the strategies in scale-free
networks;

• Prevalence of institutions

The prevalence of the institutions is the frac-
tions of groups where the institution works, i.e.

Np > M. The formula to calculate is given by:

ηI =
1

S

S∑
i

ηT (8)

In here we compare the prevalence of institu-
tions in regular networks with scale-free net-
works.

It is possible to observe in figure 6 that in regu-
lar networks, the prevalence numbers increase,
then during a short time they stabilize, and
then disappear, due to the fact already men-
tioned that since there are no defectors there
is no point in having punishers.

In figure 6, we can observe that the prevalence
of the institutions is different comparing to the
regular network. In here since the defectors do
not disappear the prevalence keeps rising, in an
initial phase the increase is sharp but then is
more stable.

Figure 6: Prevalence of institutions;

4.2.2 Constant M

We are now going to present the results we obtained
using a variable M. The way to calculate M is given
by the the following formula:

M =
2

5
∗N (9)

where N is the number of neighbors.

• Prevalence of strategies in regular net-
works

Figure 7, show us the prevalence of the strate-
gies in regular networks. In that figure we
can observe that the individuals with different
strategies behave differently. We can see that
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the behaviour is quite similar to the one we saw
when M was constant.

For lower multiplication factors is possible to
observe that the defectors, thrive, but once
the multiplication factor increase, their number
start to decrease rapidly until they disappear
completely.

Those who decide to cooperate, in the begin-
ing they do not exist due to the lower multipli-
cation factors, but suddenly their numbers in-
crease after a sharp transition, and for higher
multiplication factors they are the only ones
who survive.

For the individuals that chose for a punishment
strategy, we can observe that their behavior is
similar to the one when the M value is constant.

Figure 7: Prevalence of the strategies in regular net-
works;

• Prevalence of strategies in scale-free net-
works

The figure 8, show us the prevalence of the
strategies in scale-free networks. Their be-
haviour is similar to what happened when M
was constant.

It is possible to observe that for lower multipli-
cation factors defectors thrive, but as soon as
the multiplication factor increase, they have a
sharp decrease in their numbers but contrary
to what happen in the regular networks they
do not disappear completely.

In scale-free networks, we can see that both co-
operators and punishers behave similarly. Con-
trary, to what happen in regular networks, here
the punishers do not disappear due to the fact
that there are still defectors.

• Prevalence of institutions

As explained earlier the prevalence of the in-
stitutions is the fractions of groups where the
institution works

Figure 8: Prevalence of the strategies in scale-free
networks;

In here we compare the prevalence of institu-
tions in regular networks with scale-free net-
works, using a variable M. As expected we can
observe that the behviour is similar to what
happened when M was a constant value.

We can observe that in figure 6, the preva-
lence numbers in regular networks increase,
then during a short time they stabilize, and
then disappear, due to the fact that there are
no defectors there is no point in having pun-
ishers.

In figure 6, we can observe that the prevalence
of the institutions in scale-free network. In here
since the defectors do not disappear the preva-
lence keeps rising, in an initial phase the in-
crease is sharp but then is more stable.

Figure 9: Prevalence of institutions;

5. Conclusions
5.1. Summary of contributions

As we mentioned in 1.2, the aim of this work was
to verify whether the population structure would
promote the survival of institutions, solving both
the first and the second order problem.
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We show that homogeneous network structure en-
hances the chances of getting stable sanctioning in-
stitutions, yet within a small window of game pa-
rameters. Differently, when the network structure
leads to diversity in the number and size of the col-
lective endeavours each agent participates, both co-
operation and sanctioning institutions prevail for a
wide range of parameters

To verify the robustness of our results we studied
the behaviour of the individuals when the minimum
number of institutions was constant and also when
it was variable. We concluded that the choice of the
strategy is independent of whether M is constant or
variable number.

5.2. Future work

Stating that the work is complete, it would be a too
strong statement. There are multiple and several
topics that should be explored and approach.

As future work we will considering the following
approach:

• Ultimatum game The individuals of our pop-
ulation participated in public goods games.
However, it would be interesting to chose other
kind of game, such as the Ultimatum game and
verify whether the results would be the same
or not.

• Self-organized punishment It would be cu-
rious to observe the behaviour of the popula-
tion if instead of using pool punishment to pro-
mote cooperation we would use self-organized
punishment, since in self-organized punishment
the individuals can decide how much they are
willing to pay to punish be performed.

• Rewarding Our obtained results used punish-
ment to punish the individuals that did not
want to cooperate to the public good game.
However it would be curious observe how a
population would behave if instead of having
punishment there was rewarding for those who
decide to cooperate and then observe whether
the cooperation would be or would not be pro-
moted.
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