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Abstract

We propose a new polynomial-time algorithm for learning dynamic Bayesian networks. The
proposed algorithm increases exponentially the search space for the intra-slice connections of the
transition networks. This algorithm considers the set of consistent k-graphs, instead of the state of the
art tree-network structures.
Keywords: Bayesian Networks, Dynamic Bayesian Networks, Learning Dynamic Bayesian Networks,
consistent k-graph, optimal branching

1. Introduction

Bayesian networks (BN) are a powerful probabilis-
tic representation [13]. Dynamic Bayesian network-
s (DBN) are the dynamic counterpart of BNs and
model stochastic processes [12]. DBNs consist of a
prior network, for the initial states, and the set of
transition networks. They are used in a large vari-
ety of applications, such as protein sequencing [18],
speech recognition [19] and clinical forecasting [16].

Not taking into account the acyclicity con-
straints, it was proved that learning Bayesian net-
works does not have to be NP -hard [7]. This re-
sult can be applied to DBNs, as the resulting “un-
rolled” graph, that contains a “copy” of each at-
tribute in each time step, is acyclic. And, on the
other hand, it was also derived in the same paper
a time complexity bound in the number of random
variables for the Minimum Descriotion Length and
the Bayesian Dirichlet Equivalence scores. More re-
cently a polynomial-time algorithm for learning op-
timal DBN was proposed using the Mutual Infor-
mation Tests (MIT) [17]. However, none of these
algorithms learn both the intra-slice and inter-slice
connections of each transition network.

A polynomial-time algorithm is proposed that
learns both the inter-slice and intra-slice connec-
tions in a transition network [11]. However, the
search space is restricted to the tree-augmented net-
work structures. We propose a generalization of this
algorithm.

We start by reviewing the basic concepts of
Bayesian networks, dynamic Bayesian networks and
their learning algorithms. Then, we present our al-
gorithm and the experimental results. The paper
concludes with a brief discussion and directions for

future work.

2. Background
2.1. Bayesian Networks
Let X denote a discrete random variable that
takes values over a finite set X . Furthermore,
let X = (X1, . . . , Xn) represent an n-dimensional
random vector, where each Xi takes values in
Xi = {xi1, . . . , xiri} and P (x) denotes the prob-
ability that X takes the value x.

A Bayesian network encodes the joint proba-
bility distribution of a set of n random variables
{X1, . . . , Xn} [13].

Definition 1 (Bayesian Network). A n-
dimensional Bayesian Network (BN) is a triple
B = (X, G,Θ), where:

• X = (X1, . . . , Xn) and each random variable
Xi takes values in the set {xi1, . . . , xiri}, where
xik denotes the k-th value Xi takes.

• G = (X, E) is a directed acyclic graph (DAG)
with nodes in X and edges E representing di-
rect dependencies between the nodes.
Let ΠXi denote the set of parents of Xi in the
network G. Define an ordering for the set of all
possible configurations of ΠXi

, {wi1, . . . , wiqi},
where qi =

∏
Xj∈ΠXi

rj is the total number of

configurations and wij corresponds to the j-th
configuration of ΠXi

.

• Each random variable Xi has an associated
conditional probability distribution (CPD) or
local probabilistic model with parameters:

Θijk = PB(Xi = xik|ΠXi = wij). (1)
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The set Θ encodes the parameters of the net-
work G.

A BN B induces a unique joint probability dis-
tribution over X given by:

PB(X1, . . . , Xn) =

n∏
1

PB(Xi|Πxi). (2)

Let Nijk be the number of instances in data set D,
where variable Xi takes the value xik and the set
of parents ΠXi takes the configuration wij . Denote
the number of instances in D where Xi takes the
value xij by Nij ,

Nij =

ri∑
k=1

Nijk.

Observe that,

Xi|ΠXi
∼ Multinomial(Nij , θij1, . . . , θijri),

for i ∈ {1, . . . , n} and j ∈ {1, . . . , qi}, i.e., the dis-
tribution of a node Xi conditioned on the parent
configuration ΠXi

is multinomial.
Intuitively the graph of a BN can be viewed

as a network structure that provides the skeleton
for representing the joint probability compactly
in a factorized way, and making inferences in
the probabilistic graphical model provides the
mechanism for gluing all these components back
together in a probabilistic coherent manner [10].

2.1.1 Learning Bayesian Networks

Learning a Bayesian Network has two variants: pa-
rameter learning and structure learning. When
learning the parameters, we assume the underlying
graph G is given, and our goal is to estimate the
set of parameters of the network Θ. When learn-
ing the structure, the goal is to find a structure
G, given only the training data. We assume da-
ta is complete, i.e, each instance is fully observed,
there are no missing or hidden values and the train-
ing set D is given by a set of N i.i.d. instances,
D = {x1, . . . ,xl, . . . ,xN}.

Using the general results of the maximum likeli-
hood estimate in a multinomial distribution we get
the following estimate for the parameters of a BN
B:

θ̂ijk =
Nijk
Nij

, (3)

that is denoted by observed frequency estimate
(OFE).

Define a scoring function φ : S × X → R,
that measures how well the Bayesian network B
fits the data D (where S denotes the search s-
pace). Scoring functions are divided in two classes:

Bayesian and information-theoretical. We will focus
on information-theoretical scoring functions: Log-
Likelihood (LL) and Minimum Description Length
(MDL). Information-theoretical scoring criteria are
based on the compression achieved to describe a
data set, given an optimal code induced by a prob-
ability distribution encoded by a BN. The idea is
the following: the more we are able to compress a
data set, the more regularities the data set has, and
therefore the more we learn the data.

The LL is given by:

LL(B|D) =

n∑
i=1

qi∑
j=1

ri∑
k=1

Nijk log(θijk). (4)

This criterion favors complete network structures,
and does not generalize well, leading to the overfit-
ting of the model to the training data. The MDL
criterion, proposed by Rissanen [14], imposes that
the parameters of the model must also be transmit-
ted. The MDL is defined by:

MDL(B|D) = LL(B|D)− 1

2
ln(N)|B|. (5)

where |B| corresponds to the number of parameters
Θ of the network and is given by:

|B| =
n∑
i=1

(ri − 1)qi. (6)

Rissanen observes that the MDL criterion is redun-
dant and incomplete [15] in the sense that as the
parameters are sent beforehand to the receiver, the
data has to be compatible with these parameters,
allowing to further compress it. He therefore pro-
posed a new criterion called Complete Minimum
Description Length (CMDL), that solves this issue.
An implementation of a score-based Bayesian net-
works learning algorithm was done, considering the
CMDL as scoring function. However, due to space
restrictions, the results were not exposed here. The
MDL criterion, in terms of learning, outperform-
s CMDL, however, the CMDL gives raise to lower
code lengths.

The structure learning reduces to an optimization
problem: given a score function, a data set, a search
space and a search procedure, find the network that
maximizes this score. Denote the set of BNs with
n random variables by Bn.

Definition 2 (Learning a Bayesian Network). Giv-
en a data D = {x1, . . . ,xN} and a scoring function
φ, the problem of learning a Bayesian network is to
find a Bayesian network B ∈ Bn that maximizes the
value φ(B,D).

The space of all Bayesian networks with n n-
odes has a superexponential number of structures,
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2O(n2). Learning general Bayesian networks is a
NP -hard problem [4, 2, 6].

However, if we restrict the search space S to tree
networks [3, 9] or networks with known ordering
over the variables and bounded indegree [5], it is
possible to obtain a global optimum solution for
the structure learning problem. A polynomial-time
algorithm to learn BNs with underlying consistent
k-graphs (CkG) was proposed [1]. The set of net-
works consistent with the optimal branching is ex-
ponentially larger in the number of variables, when
comparing with trees. In Figure 1 the relations of
inclusions of the tree, polytrees1 and CkG graphs
are represented.

Definition 3 (k-graph). A k-graph is a graph
where each node has in-degree at most k.

Definition 4 (Consistent k-graph). Given a direct-
ed tree R over a set of nodes V , a graph G = (V,E)
is said to be a consistent k-graph (CkG) w.r.t R if
it is a k-graph and for any edge in E from Xi to Xj

the node Xi is in the path from the root of R to Xj.
We denote by CkR the set of all CkG’s w.r.t. R.

...

Polytrees

CkG

C1G

−φ

Trees

−φ

Figure 1: Inclusion relations of trees, CkG and poly-
tree graphs [1].

The algorithm for learning CkG structures start-
s by determining the optimal branching, and then
adds the “relevent” edges, that were not defined due
to the tree restriction, and removes those that are
not, by choosing the optimal subset of ancestors S
for each node Xi. This algorithm is presented in
Algorithm 1.

2.2. Dynamic Bayesian Networks
Dynamic Bayesian networks (DBN) model the s-
tochastic evolution of a set of random variables over
time [12]. Consider the discretization of time in
time slices {0, . . . , T}. Let X[t] = (X1[t], . . . , Xn[t])
be a random vector that denotes the value of the set
of attributes at time t. Furthermore, let X[t1 : t2]
denote the set of random variables X for the inter-
val t1 ≤ t ≤ t2. Consider a set of individuals H
measured over T sequential instants of time. The
set of observations is represented as {xh[t]}h∈H,t∈T ,
where xh[t] = (xh1 , . . . , x

h
n) ∈ RN is a single ob-

servation of n attributes, measured at time t and
referring to individual h.

1Polytrees are DAGs whose underlying undirected graph
is a tree.

Algorithm 1 Learning CkG networks

1: Run a deterministic algorithm Aφ that outputs
an optimal branching R.

2: for each node Xi in R do
3: Compute the set αi of ancestors of i, that

is, the set of nodes connecting the root of
R and Xi.

4: for each subset S of αi with at most k
nodes do

5: Compute φi(S,D).
6: if φi(S,D) is the maximal score

for Xi then
7: Set ΠXi

to S.
8: end if
9: end for

10: end for
11: Output the directed graph such that the parents

of a node Xi are ΠXi
.

In Dynamic Bayesian Networks our goal is to de-
fine a probability joint distribution over all possible
trajectories, i.e., possible values for each attribute
Xi and instant t, Xi[t]. Let P (X[t1 : t2]) denote the
joint probability distribution over the trajectory of
the process from X[t1] to X[t2]. However, the space
of possible trajectories is very complex, therefore, it
is necessary to simplify the problem and make as-
sumptions, in order to define a tractable problem.

Observations are viewed as i.i.d. samples of a se-
quence of probability distributions {Pθ[t]}t∈T . For
all individuals h ∈ H, and a fixed time t, the
probability distribution is considered constant, i.e.,
xh[t] ∼ Pθ[t], h ∈ H. Using the chain rule the joint
probability over X is given by:

P
(
X[0 : T ]

)
= P

(
X[0]

) T−1∏
t=1

P
(
X[t+ 1]|X[0 : t]

)
.

A common assumption is to consider that the at-
tributes in time-slice t+ 1 only depend on those in
time slice t, for t ∈ {0, . . . , T − 1}.

Definition 5 (mth-Order Bayesian Assumption).
A stochastic process over X satisfies the mth-order
Markov assumption if, for all t ≥ 0

P
(
X[t+ 1]|X[0] ∪ · · · ∪X[t]

)
=

P
(
X[t+ 1]|X[t−m+ 1] ∪ · · · ∪X[t]

)
.

(7)

In this case m is called the Markov lag of the pro-
cess.

Considering the first order Markov assumption
we can encode the joint probability in a compact
way: defining an initial distribution and the tran-
sition distributions P

(
X[t + 1]|X[t]

)
, for all t ∈

{0, . . . , T − 1}.
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Definition 6 (First-Order Dynamic Bayesian Net-
work). A non-stationary first-order Bayesian DBN
consists of:

• A prior network B0, which specifies a distribu-
tion over the initial states X[0].

• A set of transition networks Bt+1
t over the vari-

ables X[t]∪X[t+1], representing the state tran-
sition probabilities, for 0 ≤ t ≤ T − 1.

The transition network has the additional con-
straint that edges between slices must flow forward
in time. Observe that a transition network encodes
the inter-slice dependencies (from time transitions
t→ t+1) and intra-slice dependencies (in time slice
t+ 1).

Learning DBNs, considering no hidden variables
or missing values, i.e., considering a fully observable
process, reduces simply to applying the methods de-
scribed for BNs for each transition of time [8]. A
polynomial-time algorithm is proposed that learn-
s both the inter-slice and intra-slice connections in
a transition network; the resultant network is de-
noted by tDBN [11]. However, the search space
is restricted to tree-augmented network structures,
i.e, acyclic networks such that each attribute has
at most one parent from the same time-slice, but
can have a finite number of parents p from the pre-
vious time-slices. This algorithm is represented in
Algorithm 2.

Algorithm 2 Optimal non-stationary first-order
Bayesian tDBN structure learning

input: Set of attributes X, dataset T and a decom-
posable scoring function φ.

output: A tree-augmented DBN structure.
1: for each transition t→ t+ 1 do
2: Build a complete directed graph in X[t+ 1].
3: Calculate the weight of all edges and the

optimal set of parents of all nodes.
4: Apply a maximum branching algorithm.
5: Extract transition t → t + 1 network using

the maximum branching and the optimal
set of parents.

6: end for
7: Collect transition networks to obtain the DBN

structure.

3. Proposed Method
We propose a polynomial-time algorithm in the
number of attributes for learning DBNs such that
each intra-slice network is a consistent k-graph.
The proposed algorithm increases exponentially the
search space of the intra-slice connections for each
transition network, by applying the CkG learning
algorithm. We start by giving a formal definition
for cDBN.

Definition 7 (Consistent k-graph Dynamic
Bayesian Network). A dynamic Bayesian network
is called consistent k-graph (cDBN) if for each
intra-slice transition network Gt+1, t ∈ {0, . . . , T −
1}, the following holds: i) Gt+1 is a k-graph, i.e.,
each node has in-degree at most k; ii) Given the op-
timum branching R over the set of nodes X[t + 1],
for every edge in Gt+1 from Xi[t + 1] to Xj [t + 1],
the node Xi[t+ 1] is in the path from the root of R
to Xj [t+ 1].

Algorithm 3 Learning Optimal mth-order Markov
cDBN

input: Set of attributes X, dataset D, a Markov
lag m, a decomposable scoring function φ, max-
imum intra-slice graph in-degree of k and maxi-
mum number of parents from the previous time
slices of p.

output: A cDBN structure.
1: for each transition {t −m + 1, . . . , t} → t + 1

do
2: Build a complete directed graph in X[t+ 1].
3: Calculate the weight of all edges and the

optimal set of p parents from {t −m + 1,
. . . , t} for all nodes.

4: Apply a maximum branching algorithm to
the intra-slice graph in t + 1 that outputs
the maximum branching R.

5: for each node Xi ∈ R do
6: Compute the set αi of ancestors of i, that

is, the set of nodes connecting the root
R and Xi.

7: for each subset S of αi with at most k
nodes do

8: Compute φi(S,D).
9: if αi(S,D) is the maximal score for

Xi then
10: Set ΠXi

to S.
11: end if
12: end for
13: end for
14: end for
15: Collect the transition networks to obtain the

DBN structure.

Theorem 8. Algorithm 3 finds an optimal mth Or-
der Markov cDBN, given a decomposable scoring
function φ, a set of n random variables, a maxi-
mum number of parents from the previous m time
steps of p and a bounded in-degree in each intra-slice
network of k.

Proof. Let B be the optimal cDBN and B′ be the
DBN output of Algorithm 3. Consider without loss
of generality a transition of time {t−m+1, . . . , t} →
t+ 1. The proof follows by contradiction, assuming
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that the score of B′ is lower than B. The contra-
diction found is the following: in Step 3 the set of
optimal parents from the previous time steps are
determined for all nodes; the maximum branching
algorithm applied to the intra-slice graph, Step 4 of
Algorithm 3, outputs the maximal spanning tree;
moreover, in Steps 5-11, all sets of parents from the
time slice t + 1 with cardinality k consistent with
the maximal spanning tree are checked. Therefore
the optimal set of parents is found for each node.
On the other hand, the selected graph is acyclic.
Suppose there existed a cycle X1, . . . , Xi, then this
would imply that X1 would be in the path connect-
ing the root R and X1.

Theorem 9. Algorithm 3 takes time

max{O(np+3mp+4rp+2NT ),O(nk+1rk+1NT )},

given a decomposable scoring function φ, a Markov
lag m, a set of n random variables, a maximum
number of parents from the previous m time steps
of p, a bounded in-degree in each intra-slice network
of k and a set of observations of N individuals over
T time steps.

Proof. For each transition {t − m + 1, . . . , t} →
t + 1, in Step 3, iterating over all the edges takes
time O((nm)2). The number of subsets of parents
with at most p elements is given by:

|P≤p(X[t])| =
p∑
i=1

(
nm

i

)
<

p∑
i=1

(nm)i ∈ O((nm)p).

(8)
Calculating the score of each parent set, consider-
ing the maximum number of states a variable may
take is r, and that each variable has at most p + 1
parents (p from the previous m time slices and one
in the current), the number of possible configura-
tion is given by rp+2. The score of each config-
uration is computed over the set of observations
Dt+1
t−m+1, that has |Dt+1

t−m+1| elements. Denote the
number of individuals by N . The scores are stored
in a |Dt+1

t−m+1| × n(m + 1) matrix, therefore tak-
ing O(m2nN) comparisons in order to determine
the optimal set of parents. The maximum branch-
ing, Step 4, has time complexity of O(n2), there-
fore Steps 2-4 take time O(np+3mp+4rp+2N). Step
5 takes O(n) time as it ranges over all variables.
The number of subsets with at most k elements, as
seen in (8), is nk. For each set of ancestors, the
number of possible configurations is rk+1, that are
stored in a |Dt+1| × n matrix, therefore Steps 5-
11 take time O(nk+1rk+1N). Algorithm 3 ranges
over all T transitions of time, hence, takes time
max{O(np+3mp+4rp+2NT ),O(nk+1rk+1NT )}.

4. Results
Now we will compare the results obtained using Al-
gorithm 2 [11], denoted by tDBN, that restricts the
search space for the intra-slice network of the tran-
sition networks to tree-network structures and Al-
gorithm 3, proposed in this thesis, denoted by cDB-
N, that increases exponentially the search space, to
consistent k-graphs. For Algorithm 2 we used the
implementation released under a free-software li-
cense available at http://josemonteiro.github.

io/tDBN/ and released under a free software li-
cense available at https://margaridanarsousa.

github.io/learn_cDBN/. Algorithm 3 was imple-
mented in Java using a object-oriented paradig-
ma. The experiments were run on an Intel Core
i5-4200U CPU @ 1.60GHz×4 machine. We start
by analyzing the performance of the proposed algo-
rithm for synthetic data generated from stationary
first-order markov cDBN.

4.1. Experiences
A first-order cDBN structure and parameters were
determined, and observations were sampled from
the generated network. Algorithms 2 and 3 were
applied to the resultant data sets, and the ability to
learn and recover the original network structure was
measured. The maximum in-degree k considered in
Algorithm 3, was taken to be the one of the initial
structure. To fully evaluate the performance of the
cDBN learning Algorithm, we did not consider the
topological order induced by the optimal branching,
we considered instead the breadth-first-search order
of the optimal branching. We compared the original
and recovered networks using the precision, recall
and F1 metrics that are defines as follows:

precision =
TP

TP + FP
, (9)

recall =
TP

TP + FN
and (10)

F1 = 2.
precision× recall

precision + recall
, (11)

where TP are the true positive edges, FP are the
false positive edges and FN are the false nega-
tive edges. Five independent datasets were sampled
from the generated network, for a given number of
observations. The initial networks considered are
represented in Figure 2. In Tables 1 and 2 the re-
sults are depicted, the presented values are annotat-
ed with a 95% confidence interval. tDBN+LL and
tDBN+MDL denote respectively the tDBN learn-
ing algorithm applied using the LL and MDL scor-
ing functions. cDBN+LL and cDBN+MDL denote
respectively the cDBN learning algorithm applied
using the LL and MDL scoring functions.

We further show that given data generated from a
fixed structure, the cDBN learning algorithm is able
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to recover the initial network. Figure 3 considers an
initial structure with n = 5, p = 1 and k = 2. The
MDL was used as scoring criterion.

4.2. Discussion

Regarding network 1 represented in Figure 2, we
observe that for all number of observations N con-
sidered, the cDBN+LL clearly outperforms the t-
DBN+LL. This result was expected, since the LL
scoring function does not penalize the complexity of
the structures, therefore the more complex consis-
tent 2-networks are recovered. The selected struc-
tures give raise to a considerably higher recall, and
to a similar precision. On the other hand, the cDB-
N+MDL for a small number of observations, e.g.
N = 250, 500, has similar results, comparing with
the tDBN+MDL. This was also expected, since the
MDL penalizes the complexity of the structures,
therefore a bigger number of observations are nec-
essary to select consistent 2-structures. For a high-
er number of observations, e.g. N = 750, 100, the
cDBN+MDL performs better than the cDBN+LL,
as the precision metric is considerable higher in the
case of the first algorithm.

Considering network 2 represented in Figure 2,
the cDBN+LL outperforms the other implementa-
tions. The intra-slice network considered is the fully
connected consistent 4-graph. Therefore, it is clear-
ly biased towards the cDBN+LL algorithm. In this
case the cDBN+LL learns the sufficient and neces-
sary connections, while in the other settings consid-
ered it clearly overfits to the training data. How-
ever, the cDBN+MDL implementation increases its
performance, with some fluctuations, with the num-
ber of observations N .

In the case of network 3 represented in Figure 2,
the cDBN+MDL gives raise to the best results.
The penalizing term in MDL prevents false positive
edges from being chosen, resulting in significantly
higher precision values compared to LL.

Considering network 4 represented in Figure 2,
each variable has r = 4 possible values, therefore
the number of parameters increases, which explains
the higher regularization effects of the MDL scoring
function. In this case the cDBN+LL is the imple-
mentation that yields the best results. The preci-
sion obtained, comparing with the cDBN+MDL, is
similar, however the recall is considerably higher.

In general, the recall obtained with the cDBN
learning algorithms, when compared to tDBN, is al-
ways greater, while the precision is similar in both
cases. Comparing the MDL and LL implementa-
tions, the MDL has higher precision, while the L-
L has higher recall. The performance of the im-
plementations taking MDL as scoring function im-
proves with the number of observations, giving raise
to a higher recall. In terms of running time, tDB-

N has a constant running time of 1 second for all
networks considered. The cDBN algorithm has a
higher running time, but was always less than 4
minutes. The cDBN algorithms improves in all cas-
es the F1 measure, in at least roughly 5%. The
number of observations necessary for the cDBN to
recover the first and second structures represent-
ed in Figure 2 are respectively 6000 ± 748.33 and
14904.28± 6665.30, with a 95% confidence interval,
where five independent datasets were sampled from
the generated network and MDL was used. This
number is considerably high, considering networks
with five attributes. When increasing k, the number
of necessary observations increases significantly.

From Figure 3 we observe that in order for the
cDBN+MDL algorithm to recover both the inter-
slice and intra-slice connections of the initial struc-
ture, a substantial number of observations are nec-
essary. In Figure 3 considering n = 5, p = 1 and
k = 2, the algorithm only converges to the initial
structure when N = 5000 observations.

5. Conclusions
The cDBN learning algorithm has polynomial time
complexity with respect to the number of attributes
and can be applied to stationary or non-stationary
Markov processes. The proposed algorithm increas-
es the search space of the intra-slice connections
exponentially, comparing with the tDBN algorith-
m. Considering more complex k-structures (with
k > 1), the cDBN is a good alternative to the t-
DBN: it is able to recover a bigger number of de-
pendencies and improves in all cases considered the
performance of the state of the art tDBN algorithm
in terms of F1-measure.

The cDBN considers the topological order in-
duced by the optimal branching as an heuristic for
a causality order between the network variables.
However, there are n! number of ways to order the
n variables. Other orders could be considered. On
the other hand, considering a total order, would
increase the search space significantly. The breath-
first search of the optimum branching is a candi-
date [1].
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Table 1: Comparative structure recovery results for tDBN+LL and tDBN+MDL on simulated data. n
is the number of network attributes, p is the number of parents from the preceding time-slice, r is the
number of states of all attributes and N is the number of observations. Running time is in seconds.

N tDBN+LL tDBN+MDL

Pre Rec F1 Time Pre Rec F1 Time

Network 1 (n = 5, k = 2, r = 2)

250 0.457± 0.0501 0.582± 0.0638 0.512± 0.0561 1 0.803± 0.0568 0.6± 0.0637 0.686± 0.0613 1

500 0.543± 0.0638 0.691± 0.0813 0.608± 0.0715 1 0.853± 0.128 0.655± 0.117 0.74± 0.122 1

750 0.557± 0.0469 0.691± 0.0813 0.624± 0.0715 1 0.908± 0.114 0.727± 0.101 0.807± 0.106 1

1000 0.614± 0.0307 0.782± 0.0390 0.688± 0.0344 1 0.856± 0.0835 0.654± 0.0781 0.741± 0.0795 1

Network 2 (n = 5, k = 4, r = 2)

250 0.586± 0.0469 0.547± 0.0437 0.566± 0.0452 1 0.831± 0.0938 0.333± 0.0522 0.475± 0.0664 1

500 0.600± 0.0307 0.660± 0.0286 0.580± 0.0296 1 0.857± 0 0.4± 0 0.545± 0 1

750 0.614± 0.0307 0.573± 0.0286 0.593± 0.0296 1 0.893± 0.0475 0.440± 0.0286 0.589± 0.0324 1

1000 0.614± 0.0307 0.573± 0.0286 0.593± 0.0296 1 0.918± 0.0591 0.440± 0.0286 0.594± 0.0362 1

Network 3 (n = 10, k = 5, r = 3)

250 0.497± 0.0779 0.411± 0.0645 0.45± 0.0706 1 0.583± 0.103 0.194± 0.0401 0.291± 0.0579 1

500 0.538± 0.0308 0.446± 0.0255 0.488± 0.0279 1 0.804± 0.0652 0.314± 0.0388 0.452± 0.0507 1

750 0.593± 0.0352 0.491± 0.0292 0.538± 0.0319 1 0.784± 0.0885 0.314± 0.0411 0.449± 0.0564 1

1000 0.579± 0.0226 0.48± 0.0187 0.525± 0.0205 1 0.893± 0.0596 0.383± 0.0255 0.536± 0.0358 1

Network 4 (n = 10, k = 6, r = 4)

250 0.345± 0.0331 0.303± 0.0291 0.323± 0.0310 1 0.273± 0 0.0909± 0 0.136± 0 1

500 0.359± 0.0308 0.315± 0.0271 0.335± 0.0288 1 0.297± 0.0260 0.103± 0.0130 0.153± 0.0178 1

750 0.414± 0.0382 0.367± 0.0336 0.387± 0.0358 1 0.374± 0.0180 0.145± 0.0106 0.209± 0.0139 1

1000 0.469± 0.0242 0.412± 0.0212 0.439± 0.0226 1 0.385± 0 0.152± 0 0.217± 0 1
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Table 2: Comparative structure recovery results for cDBN+LL and cDBN+MDL. The n is the number of
network attributes, p is the number of parents from the preceding time-slice, r is the number of states of
all attributes, k is the number of parents from the current time slice and N is the number of observations.
Running time is in seconds. The parameter k is taken to be the maximum in-degree of the intra-slice
network of the initial structure.

N CkG+LL CkG+MDL

Pre Rec F1 Time Pre Rec F1 Time

Network 1 (n = 5, k = 2, r = 2)

250 0.541± 0.0601 0.836± 0.0930 0.657± 0.030 2 0.733± 0.0477 0.600± 0.0400 0.66± 0.0429 2

500 0.576± 0.0386 0.891± 0.0597 0.7± 0.0469 3 0.871± 0.0312 0.727± 0 0.792± 0.0134 2

750 0.635± 0.0206 0.982± 0.0319 0.771± 0.0469 4 0.920± 0.0621 0.782± 0.0390 0.844± 0.0408 4

1000 0.612± 0.0252 0.945± 0.0390 0.743± 0.0307 4 0.933± 0.0477 0.782± 0.0637 0.850± 0.0561 5

Network 2 (n = 5, k = 4, r = 2)

250 0.740± 0.0175 0.987± 0.0234 0.846± 0.0200 2 1.00± 0 0.600± 0 0.750± 0 2

500 0.750± 0 1.00± 0 0.857± 0 2 0.98± 0.0351 0.613± 0.0234 0.754± 0.0226 3

750 0.750± 0 1.00± 0 0.857± 0 4 0.980± 0.0351 0.600± 0 0.744± 0.0105 4

1000 0.750± 0 1.00± 0 0.857± 0 4 0.96± 0.0428 0.600± 0 0.738± 0.0128 4

Network 3 (n = 10, k = 5, r = 3)

250 0.407± 0.00781 0.862± 0.0165 0.553± 0.0106 10 0.820± 0.0534 0.623± 0.0252 0.708± 0.0356 10

500 0.415± 0.0186 0.877± 0.0393 0.563± 0.0252 24 0.856± 0.0327 0.638± 0.0270 0.731± 0.0286 29

750 0.433± 0.0156 0.915± 0.0330 0.588± 0.0212 32 0.914± 0.0159 0.731± 0 0.812± 0.00616 34

1000 0.418± 0.0175 0.885± 0.0370 0.568± 0.0237 55 0.884± 0.0221 0.708± 0.0165 0.786± 0.0287 54

Network 4 (n = 10, k = 6, r = 4)

250 0.495± 0.0111 0.885± 0.0199 0.635± 0.0143 52 0.389± 0.0227 0.224± 0.0130 0.284± 0.0165 51

500 0.498± 0.0119 0.891± 0.0212 0.639± 0.0152 110 0.453± 0.0226 0.261± 0.0130 0.331± 0.0165 109

750 0.495± 0.00594 0.885± 0.0106 0.635± 0.00762 167 0.463± 0.0185 0.267± 0.0106 0.338± 0.0135 162

1000 0.492± 0.0133 0.879± 0.0238 0.63± 0.0170 225 0.463± 0.0185 0.267± 0.0106 0.338± 0.0135 229

8



X1[0]

X2[0]

X3[0]

X4[0]

X5[0]

X1[1]

X2[1]

X3[1]

X4[1]

X5[1]

X1[0]

X2[0]

X3[0]

X4[0]

X5[0]

X1[1]

X2[1]

X3[1]

X4[1]

X5[1]

X5[0]

X6[0]

X7[0]

X8[0]

X9[0]

X10[0]

X5[1]

X6[1]

X7[1]

X8[1]

X9[1]

X10[1]

X5[0]

X6[0]

X7[0]

X8[0]

X9[0]

X10[0]

X5[1]

X6[1]

X7[1]

X8[1]

X9[1]

X10[1]

Figure 2: Initial network for the experiments considering the following parameters (from left to right):
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