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Time-dependent and independent variables hold information on the prognosis of the patients. Distinct methods are used in the
analysis of time-dependent and independent variables. For time-dependent methods the Generalized Estimating Equations and the
Linear Mixed Effect models are used. While for time-independent variables, standard survival analysis models are used, like the
cox model. This generates distinct analysis of the same clinical study. Creating barriers to the use of these models in prediction and
personalised medicine. Here we show two methods, the Extended Cox and Joint models that can deal with both types of variables
at once. (generating only one model) These models were applied to a clinical dataset of cancer patients with bone metastasis with a
high number of missing values. In literature Fuzzy Clustering has applied to this dataset to analyse the time-dependent variables.
We use the same Fuzzy Clustering technique and other methods to impute the missing values. In doing so, we obtain a model with
prediction capabilities that were missing in previous analyses. Our results demonstrate that a single method can be used to analyse
clinical data. Since we have obtained results that are on par with medical literature on this clinical study. Using these methods
creates a single model. Which can analyse all the patient data from a clinical study. Consequently, it simplifies the interpretation
of results and allows prediction and personalised medicine at a lower cost.

Index Terms—Survival Analysis, Longitudinal Analysis, Joint Models, Fuzzy Clustering, Bone metastatic cancer.

I. INTRODUCTION

In medical research to study specific diseases or test drugs,
clinical trials are performed, where patients are followed
through days, months or years until the event of interest
occurs. In these studies, some variables are obtained from
the patients in the first observation, called baseline or time-
independent variables, these are usually variables that don’t
change over time, e.g. the Sex or Age at baseline, while other
variables, usually patient bio-markers are collected at several
time-points during the study.

To provide a statistical analysis, survival analysis is usually
preformed, with methods such as the Kaplan Meier estimator
[1] or the Cox Proportional Hazards Model [2] that are used
to study the baseline covariates, to arrive at results such as if a
new drug being tested is efficient or if one or more covariates
affect the survival of a patient. These methods are particularly
useful to analyse baseline variables, since neither of them
support time-dependent variables.

To analyse time dependent variables, the Cox model can be
extended to include time dependent variables [3, Chapter 6],
but this extension assumes that the time-dependent variables
are known for all time points and are measured without error,
using variables that don’t fulfil both of these requirements can
lead to bias on the results [4].

In biostatistical literature, Joint Models for Longitudinal
and Survival data [5] have become increasingly popular to
analyse this type of data. These models’ approach is to model
the longitudinal data with a mixed effect model [6] and the
survival and baseline variables with a Cox model [2].

In terms of applications of these models to clinical data, they
were first applied to AIDS research [7] but have since been
applied to several other types of clinical conditions, including
several types of cancer, like leukaemia [8], prostate cancer [9],
breast cancer [10], [11] and lung cancer [12].

In clinical trials, the longitudinal biomarkers have a high
variability and a high amount of missing values. To attempt
to correctly model the high variability, cubic splines that
allow for a higher flexibility can be used [13]. Modelling and
obtaining replacement values for the missing values has been
extensively researched and has generated several books [14],
[15], where this problem is explored. The main techniques are
to remove patients with missing values, extrapolate the missing
values using previous values, performing multiple imputation
or the use of Clustering techniques like fuzzy clustering [16].

The use of this type of models can aid medical professionals
by indicating which variables are more correlated with the
event being studied and are also able to predict the response of
new patients to the treatment. Both these results are imperative
for medical research and for the advancement of treatment and
follow-up of patients.

The methods and models used are introduced in Section II,
the dataset used is described in Section III, the implementation
details are given in Section IV, the results are given in
Section V, the results are analysed in Section VI and the
conclusions are given in Section VII.

II. BACKGROUND

A. Survival Analysis and Censoring

Survival Analysis is an area of Statistics that includes
methods and models designed to analyse survival data, this
is, to analyse the times until the event of interest happens to
a set of patients.

Denote by T ∗i the true event time for the i-th patient and
consider a random sample of n patients (i = 1, . . . , n). Let
Ci denote the censoring potential for patient i, so that the
observed times are Ti = min(T ∗i , Ci) and δi = I(Ti∗ ≤ Ci)
is the censoring indicator, where I(·) is the indicator function.



2

S(t) is the survival function, given by S(t) = P (T ≥
t), t ≥ 0. And h(t) the hazard function given by

h(t) = lim
h→0

P (t ≤ T < t+ h|T ≥ t)
h

. (1)

B. Cox Proportional Hazards Model

Cox in [2] introduced a semi-parametric model for the
hazard function, that is given by

h(t;w) = h0(t) exp{γTw} (2)

where w = (w1, w2, ..., wN )T are patient specific time-
independent variables, h0(t) is the baseline hazard function
and γ are unknown regression coefficients. Cox in his original
paper [2] proposed the partial likelihood estimator to infer the
values of γ.

C. The linear mixed effects (LME) model

Longitudinal data occurs when repeated observations of
the same covariate and individual are taken over time. In
longitudinal data studies the focus is to use the variations
of the variables over time to understand time-dependent or
independent outcomes.

LME models are composed of two parts, a population
specific part, denoted by the fixed effects and a patient/group
specific part, that describes the patient’s deviation from the
population mean [6]. This second part is called the random
effects and the inclusion of two types of effects are responsible
for the model’s name.

For patients with k time-points, the LME model, as de-
scribed in [6] is given by

Y i =Xiβ +Zibi + εi, (3)

where i = 1, ..., n and n is the number of patients; Y i is the
response vector of the i-th individual; Xi is the k × p fixed
effects design matrix; β is the p×1 vector of the fixed effects;
Zi is the k × q random effects design matrix; bi is the q × 1
random effects vector and εi is a k × 1 vector of the group
random errors. The model has the following assumptions

bi ∼ N(0,D)

εi ∼ N(0,Σi)

bi and εi independent,between groups

and each other

where D is a q × q matrix and Σi is a k × k matrix, both of
them positive definite.

The Maximum Likelihood (ML) and Restricted Maximum
Likelihood (REML) are the used methods to estimate the
parameters of the LME models [6].

Splines in LME models

Modelling the non-linear longitudinal trajectories is a key
step to correctly specify the LME model. However, this can
become a non trivial problem due to the high variability of

patient data. One possible solution to this is to use cubic spline
interpolation. The cubic spline function is given by

NC(t, k,β, bi) =


(β0 + bi0)NC0(t), t0 < t ≤ s1
(β1 + bi1)NC1(t), s1 < t ≤ s2

...
(βk + bik)NCk(t), sk < t ≤ t1,

(4)

where NCi(t, k) = ait
3 + bit

2 + cit+ di is the natural cubic
spline function, t is the time-point, k are the number of knots
of the spline, s1, s2, ...sk are the knot locations and t0, t1 are
the starting and ending points of the time-series.

D. Survival Models with time-dependent variables

In many clinical studies, some covariates are measured at
several time-points to verify the progress of the patients. The
Cox model doesn’t support time-dependent variables, making
it impossible to use these variables in a survival context. To
overcome this the Cox model was extended [3, Chapter 4]
and the joint models for longitudinal and time-to-event data
[5, Chapter 4] were developed.

Extended Cox Model

The hazard function of the Extended Cox model [3, Chap-
ter 4] is given by

h(t;w) = h0(t) exp{γTw(t)}, (5)

where w(t) denotes a vector of both time-dependent and
independent variables.

Even though the extended Cox model is able to handle
longitudinal variables, it is not appropriate to deal with patient
biomarkers since it assumes that the time-dependent variables
are predictable processes, measured without error and that their
full path is completely known [5].

As with the original Cox model, the inference of the
extended Cox model can still be done by the partial likelihood
estimator [3, Chapter 4].

Joint Models for Longitudinal and time-to-event data

The main objective of joint models is to simultaneously
measure the association between time-dependent and inde-
pendent variables to the event of interest, without introducing
unreasonable assumptions to the time-dependent variables [5].
Let mi(t) denote the true and unobserved value of the time-
dependent variable for patient i at time t. To obtain the
association of the variables to the event, the survival sub-model
is postulated as

hi(t|Mi(t), wi) = h0(t) exp{γTwi + αmi(t)}, t > 0, (6)

where Mi(t) = {mi(s), 0 ≤ s < t} is the true, unobserved
time-dependent variable until time t, α denotes the association
of the time-dependent variable. In these models the baseline
hazard function h0(t) must be specified or, it could lead to an
underestimation of the standard errors [5].
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A LME model is postulated as the longitudinal sub-model.
The relationship between mi(t) and the observed values yi(t)
is given by

yi(t) = mi(t) + εi(t),

mi(t) = x
T
i (t)β + zTi (t)bi,

bi ∼ N (0,D), εi ∼ N (0, σ2),

(7)

where xi(t) is the fixed effects design vector, β are the fixed
effects, zi(t) is the random effects design vector, bi are the
random effects and εi(t) is the error term. The error term is
independent of the random effects.

The approach used to fit these models is called Shared
Parameter Model (SPM) and consists of modelling both sub-
models together, with the random effects as the shared param-
eter between both sub-models.

E. Fuzzy Short Time Series Clustering with missing values

Time-series clustering is useful in longitudinal studies since
it can segment the patients into groups that are similar between
each other. This information can be used in a longitudinal
model to obtain a better fit or alternatively, we can exploit the
similarities between patients to do imputations of the missing
values.

The Short Time Series Clustering (FSTS), defined in [17] is
an algorithm that focuses on clustering observations by their
shape over-time. It does so by considering the time-series as
piece-wise linear functions and using the slope in each of the
segments in the distance function, this is, it considers that
between time-points tj and tj+1 the observation y(t) is defined
as a linear function y(t) = mjt+ bj , tj ≤ t ≤ tj+1.

The FSTS distance metric is the squared norm of the differ-
ence between the slopes of the clusters and the observations,
this is

Dil =

k∑
j=0

(
vi(tj+1)− vi(tj)

tj+1 − tj
− yl(tj+1)− yl(tj)

tj+1 − tj

)2

, (8)

and the new functional, that needs to be minimized is given
by

J(y, v, U) =

c∑
i=1

n∑
l=1

Um
ilDil, (9)

where U corresponds to the partition matrix [18], m corre-
sponds to the partition coefficient and c is the number of
clusters.

In [16], an approach that combines Optimal Completion
Strategy (OCS) [19] with FSTS is proposed, where the FSTS’s
distance measure is used and the missing values are imputed
in each iteration with OCS. The OCS algorithm imputes the
missing values by following

ylj = Randy(maxy −miny) + minx, (10)

where Randy is a random number between 0 and 1 and maxy
and miny are the maximum and minimum of the patient’s
time-series, respectively.

F. Missing Data Treatment

Complete Case Analysis

This method of dealing with missing values consists of
omitting the patients that have missing values, using only the
ones whose full observation history is known in the analysis.
This stringent procedure may incorrectly discard relevant data
and can introduce bias [15, Chapter 13].

Last value carried forward (LOCF)

Another simple method of treating missing values is to
extrapolate the missing values to the last known observation of
the same subject. A refinement to this method is to interpolate
the missing value using the last and next value, using a simple
linear trend [15, Chapter 13].

Optimal Completion Strategy (OCS)

The third method to treat the missing values is to impute
them using OCS. This method was discried in Section II-E.

III. MEDICAL DATASET

As a case study, a real medical dataset from Hospital
Santa Maria will be used. This dataset is from a longitudinal
study where bone-metastatic cancer patients were followed
while receiving Bisphosphonates (BPs) treatment. This dataset
has 161 patients and has three types of variables, time-to-
event information, time-independent or baseline variables and
time-dependent variables. The time-to-event of interest is the
survival time after the start of the BPs treatment. In total 14
patients didn’t have information on the time-to-event and were
removed, reducing the number of patients to 147.

The baseline variables include the Age of Diagnosis
(Age.Diagnosis), Sex, Primary type of Cancer, X-Ray pattern,
Number of Skeletal Related Events (NSRE), Type of Skeletal
Related Event (SRE), and Extra Metastasis (Extra.Mets).

In this dataset, the longitudinal variables correspond to
biomarkers measurements at baseline, i.e. the beginning of BPs
treatment (0 months), and at 1, 3, 6, 9 and 12 months after this
date. The list of time-dependent variables that were obtained
for all patients by the study are N-terminal telopeptide (NTX),
Bone alkaline phosphatase (B-AP), osteocalcin, Type I colla-
gen degradation product (ICTP) and Matrix metalloproteinase-
1 (MMP1). These variables have a large amount of missing
values.

IV. IMPLEMENTATION

To perform the analysis of this dataset, the time-independent
variables were selected using the Kaplan Meier estimator [1],
the log-rank test [20], the Cox model [2] and the Wald test
[21], which are implemented in the R package survival
[22]. The missing values are treated by omitting the values,
LOCF, OCS, which were all implemented in R by the author
and are available in Github. The longitudinal variables were
modelled using the LME algorithm from package nlme [23].
And the joint analysis of time-independent and dependent vari-
ables used the Extended Cox algorithm, implemented in the

https://github.com/hdplsa/FuzzyClustering
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survival [22] package and the Joint model, implemented
in package JM [24].

All the analysis and results presented in the thesis are also
available in .Rmd (R markdown) files and compiled .html
files, with the result values and figures in Github.

V. RESULTS

A. Variable Selection

Time-independent Variables

To select the variables with interest for the study, the
Kaplan Meier [1] and Log-Rank Test [25] were used for the
categorical variables and the Cox model [2] and Wald test [21]
for the numerical variables. In Table I the p-values of the Log-
Rank and Wald tests are presented alongside the decision to
analyse it further or not.

TABLE I: Summary of the analysis of the time-independent
variables.

Variable p-value
(LR)

p-value
(Wald)

Further
analysis?

Age Diag. - 0.003 Yes
Sex 0.0140 - Yes
P. Cancer 0.0872 - No
X-Ray P. 0.1264 - No
NSRE 0.8027 0.563 No
Extra.Mets 0.0161 - Yes

Time-dependent Variables

TABLE II: Percentage of missing values for each time-
dependent variable.

Variable Missings % Patients without ob-
servations

NTX 31.8% 9
B-AP 80.7% 85
Osteocalcin 80.8% 86
ICTP 80.1% 83
MMP1 84.2% 90

From the time-dependent variables, the one that has the
least amount of missing values and patients without any
measurement is NTX. Its variation after the beginning of the
BPs treatment has also been considered important for the long-
term prognosis [26] of the patients. Considering this, NTX was
chosen to be the time-dependent variable in further analysis.
A log-transform was applied to NTX to make it’s distribution
normal.

B. Survival Sub-Model

This survival sub-model is a Cox model with the covariates
selected in Section V-A. The hazard function of this model is
given by

hi(t) =h0(t) exp(γ1Agei + γ2Sexi+

+ γ3Extra.Metsi).
(11)

The regressor values, standard errors (SE) and Wald test
statistics are given in Table III.

TABLE III: Regressor variable values, standard errors and
Wald test z and p values for the Cox model with the full
dataset.

γ Value SE z-value p-value
γ1 0.019 0.008 2.402 0.016
γ2 0.262 0.217 1.208 0.227
γ3 0.727 0.226 3.217 0.001

C. Missing Data Treatment

To treat the missing values, three strategies were formulated:
• Omit the missing data and preform the fit with only the

known values;
• Last observation carried forward;
• Perform Fuzzy clustering and impute the missing values

with OCS.
The first and second strategies presented are very straightfor-
ward, and were chosen for that particular reason. The third one
consists of clustering the time series and imputing the missing
values. In a previous analysis of this dataset in [16], an analysis
of FSTS was done. The optimal number of clusters was found
to be c = 6 and for the partition coefficients m = 1.3. Here,
the same values will be used.

D. Longitudinal Models

To perform the longitudinal modelling of NTX, a suitable
LME model must be determined. The trajectories of nine
patients were selected and are represented in Figure 1. From
the different patients three types of trajectories were noticed.
Decaying, Quadratic/Cubic and others where a simple model
wasn’t found. In the light of this, the models selected are the
Cubic based on the Quadratic/Cubic trajectories; Rational and
Exponential for the decaying trajectories and Cubic Splines
based on the other patients with highly non-linear trajectory.
The expressions of these models are represented in Table IV.
Models 1 to 4 are for the dataset with omitted missing values,
5 to 8 for the dataset using LOCF and 8 to 13 for the OCS
imputed.

The FSTS algorithm also yields a partition matrix. To use
this matrix in the analysis, alternative longitudinal models
were developed, where the partition matrix is used directly
in the fixed effects and the only random effect is a random
intercept. These models are represented in Table V. In both
Table IV and Table V, µNTXi corresponds to the mean of the
log-transformed values of NTX.

The LME fits for the same patients selected in Figure 1 are
represented in Figs. 2 to 5.

E. Joint Model Analysis

With the survival and longitudinal sub-models determined,
the joint models can be obtained. The hazard function of this
model is

hi(t) =h0(t) exp{γ1Agei + γ2Sexi+

+ γ3Extra.Metsi + α log{mi(t)}},
(12)

where the baseline hazard is given by a piecewise-constant [5]
survival function composed by 6 steps. A joint model was fit

https://github.com/hdplsa/Thesis-Analysis
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Fig. 1: Different types of NTX trajectories.

TABLE IV: LME Models to be fit to the data with missing values.

# Model Formula
1/5/8 Cubic NTXi(t) = (β0 + b0i) + β1µNTXi + β2t+ β3t2 + β4t3 + εi(t)
2/6/9 Rational NTXi(t) = (β0 + b0i) + β1µNTXi + (β2 + b2i)

1
(t+δ)η

+ εi(t), δ > 0, η > 0

3/7/10 Exponential NTXi(t) = (β0 + b0i) + β1µNTXi + (β2 + b2i) exp(−δt) + εi(t), δ > 0
4/8/12 Spline NTXi(t) = β1µNTXi +NC(t, 2, (β2, β3, β4)T , (bi2, bi3, bi4)

T ) + εi(t)

TABLE V: LME Models to be fit to the data imputed by the fuzzy clustering algorithm.

# Model Formula

13 Cubic Partition NTXi(t) = (β0 + b0i) + β1µNTXi +
∑c+1
j=2 U(j−1)iβj(t+ t2 + t3)+

+εi(t)

14 Rational Partition
NTXi(t) = (β0 + b0i) + β1µNTXi +

∑c+1
j=2 U(j−1)iβj

1
(t+δj−1)

ηj−1 +

+εi(t), δj > 0, ηj > 0, j = 2, . . . , c+ 1

15 Exponential Partition NTXi(t) = (β0 + b0i) + β1µNTXi +
∑c+1
j=2 U(j−1)iβj exp(−δj−1t)+

+εi(t), δj > 0, j = 2, . . . , c+ 1

16 Splines Partition
NTXi(t) = (β0 + b0i) + β1µNTXi+∑c+1

j=2 βjU(j−1)iNC(t, 2, (β2, β3, β4)T ,0) + εi(t)

for each of the longitudinal models from Subsection V-D. The
event process values and p-values are represented in Table VI.
The numbers of the models are the same used in Subsection
V-D. The values for model 13 aren’t presented because there
were convergence problems for that model.

F. Extended Cox Analysis

The last analysis of the dataset is to apply the Extended
Cox Model to each of the datasets with the missing values
treated. Since the Extended Cox Model treats the longitudinal
variables as step functions, with jumps at the measurements,
having multiple measurements with the same value or only
one measurement, will result in the same model. Therefore,
the model for the dataset with omitted missing values and for
the dataset using LOCF are essentially the same. The hazard
function of the extended Cox model is given by

hi(t) =h0(t) exp{γ1Agei + γ2Sexi+

+ γ3Extra.Metsi + γ4 log{NTXi(t)}}.
(13)

The regressor values and p-values are represented in Table VI.
The model with the omitted missing values / LOCF is Model
17 and the model with imputed missing values is Model 18.

VI. DISCUSSION OF THE RESULTS

From Table VI, Age of Diagnosis and Extra.Mets are
significant in all 18 models. Sex isn’t significant in any model.
And the value of log(NTX) wasn’t significant for any Extended
Cox models, but is significant for all joint models except for
the cubic models (1, 5 and 9). This indicates that there must
be a difference between the cubic model and the remaining
longitudinal models.

A. Analysis of the Cubic Models

None of the cubic models obtained significant p-values for
log(NTX) and the values of association were several degrees of
magnitude lower than the ones of the other models. Neither the
model statistics or plots show a significant difference between
the Cubic and other models. But these statistics and plots are
exclusive for values until 12 months. The predicted values
for time-points greater than 12 months could be significantly
different from the cubic model and other models. To compare
these values, the predicted values for the times of the event
were obtained for models 1 and 2, a cubic and rational model,
respectively. The histogram of these values are presented in
Figure 6, where the x axis represents the value of log(NTX)



6

●

●

●
●

●

●
●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●
●

● ●
●

●

●

●

●

●

●

●

●

●
●

●

●

●
●

●

●

●

●

●
●

●
●

●

33 41 137 142

3 10 11 14 29

01 3 6 9 12 01 3 6 9 12 01 3 6 9 12 01 3 6 9 12

01 3 6 9 12

4

5

6

3.9
4.2
4.5
4.8
5.1

4.0
4.5
5.0
5.5
6.0

3.0
3.5
4.0
4.5
5.0
5.5

3

4

5

2.0
2.5
3.0
3.5

2.0
2.5
3.0
3.5
4.0

4.0

4.5

5.0

5.5

4
5
6
7

time

N
T

X

Model Fit Cubic Model Rational Model Exponential Model Spline Model

Fig. 2: Graphical comparison of models 1 to 4.
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Fig. 3: Graphical comparison of models 5 to 8.
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Fig. 4: Graphical comparison of models 9 to 12.
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TABLE VI: Table with the comparison of the values and p-values of the event process for the 16 (models 1 to 16) joint models
and 2 extended Cox models (models 17 to 18).

Age of Diagnosis Sex Extra.Mets log(NTX)
Model Value p-value Value p-value Value p-value Value p-value
1 0.025 0.0015 0.280 0.1987 0.806 0.0004 0.000 0.5306
2 0.018 0.0153 0.306 0.1586 0.661 0.0035 0.206 0.0333
3 0.018 0.0149 0.301 0.1655 0.662 0.0034 0.205 0.0340
4 0.018 0.0204 0.310 0.1530 0.651 0.0040 0.192 0.0279
5 0.024 0.0022 0.282 0.1945 0.789 0.0006 0.000 0.4727
6 0.019 0.0146 0.302 0.1635 0.660 0.0035 0.180 0.0473
7 0.018 0.0153 0.301 0.1651 0.659 0.0035 0.183 0.0438
8 0.018 0.0237 0.281 0.2104 0.656 0.0040 0.192 0.0264
9 0.022 0.0056 0.279 0.1981 0.756 0.0008 0.000 0.4103
10 0.018 0.0154 0.309 0.1548 0.660 0.0035 0.210 0.0276
11 0.018 0.0155 0.310 0.1534 0.657 0.0036 0.210 0.0279
12 0.017 0.0342 0.328 0.1614 0.693 0.0033 0.214 0.0060
13 - - - - - - - -
14 0.018 0.0153 0.310 0.1532 0.658 0.0036 0.214 0.0254
15 0.019 0.0119 0.312 0.1508 0.673 0.0030 0.210 0.0299
16 0.020 0.0121 0.329 0.1380 0.811 0.0005 0.048 0.037
17 0.017 0.0256 0.305 0.1658 0.649 0.0047 0.140 0.0819
18 0.017 0.0235 0.295 0.1787 0.654 0.0043 0.153 0.0688

at the time of death and is limited to the interval [−500, 10].
The values at death of the cubic model are much more spread
out, and take values as little as -9000 (not displayed in the
graph), which is a highly unrealistic value for log(NTX). These
strange values could explain the very low value of association
of log(NTX) in the cubic model.

The survival part of the likelihood function of joint models
is

p(Ti, δi|bi; θt, β) =
[
h0(Ti) exp{γTωi + αmi(Ti)}

]δi
× exp

(
−
∫ Ti

0

h0(s) exp{γTωi + αmi(s)}ds

)
,

(14)

if the absolute value of the longitudinal model mi(t) grows
too much, the integral of the hazard function will tend to 0,
which consequently leads to a low value of the probability
function (14). This does not happen in the rational model, since
it decays and stabilises in the value β0+b0i+β1µNTXi as time
grows. Therefore, the reason for the low value of association
and high p-value was the usage of an inadequate longitudinal
model.

0
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−500 −400 −300 −200 −100 0

Time−of−death Value

co
un

t
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Fig. 6: Histogram of the extrapolated values of log(NTX) at
the time of death of the patients.

B. Analysis of the Regressor variables

Since the cubic models were shown to use an unreasonable
LME model for this dataset, the discussion won’t have these
models in consideration.
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The results of the Cox Model are in Table III. It shows that
the Age of Diagnosis and Extra.Mets have significant p-values.
This result is consistent with the analysis made in Section V-A.
But Sex isn’t significant even though the log-rank test had a
significant p-value. The patient’s Sex is highly correlated with
the Primary Cancer. Due to the dataset consisting primarily
of Breast and Prostate cancer patients, that are mostly female
and only male cancers, respectively. Primary Cancer did not
get a significant p-value in the log-rank test. And ultimately,
the Cox model shows that there is no prognostic value in Sex.

The longitudinal models in Figs. 2 to 5 are similar in shape.
They have, in general, a high value in the baseline which
decays over time to the value given by β0 + b0i + β1µNTXi .
In the decay the spline models perform a better fit of the
trajectories than the rational and exponential models, due to
the higher flexibility of these models.

The overall results of the extended and joint models are
represented in Table VII. Of the time-independent variables
Age of Diagnosis and Extra.Mets were found to be statistically
significant in all models and Sex wasn’t found to be significant
in any of the models. These results for the time-dependent
variables are consistent with the results for the Cox model. The
time-dependent variable, log(NTX) has significant p-values for
all joint models but not for the extended Cox models. Another
difference between these models is that the extended Cox
model’s median value for the association of log(NTX) is 0.147
while the median for the joint model is 0.208, this reveals that
Extended Cox Model’s value suffered an attenuation of this
value due to the untreated error [5] that could also affect the
p-value.

TABLE VII: Comparison of the Median and the number of
models with significant p-values for each of the covariates.

Covariate Median
Value

Signif. Joint
Models

Signif.
Extended
Models

Age Diag. 0.018 12/12 2/2
Sex 0.306 0/12 0/2
Extra.Mets 0.660 12/12 2/2
log(NTX) 0.206 12/12 0/2

To interpret the results obtained for the time-independent
variable, we resort to medical literature. Where the effects
of NTX on the prognosis of patients with bone metastasis
have been extensively studied [26]. One of the conclusions
reached was that the response of NTX after the start of the BPs
treatment has long-term prognostic value. More specifically, if
the value of NTX falls during this treatment, the patient should
have a better prognostic.

The joint models that have been obtained capture this effect.
The longitudinal models decay over time to a fixed value
β0+b0i+β1µNTXi that is proportional to the decrease in NTX.
For values of time greater than 12 months the trajectories
are approximately constant and have this value. Therefore, for
long-term values of time (Tx) the contribution to the hazard
of NTX is

exp(αmi(Tx)) ≈ exp(αβ0 + b0i + β1µNTXi). (15)

Indicating that if the value of NTX decreases, so does
β0 + b0i + β1µNTXi and consequently so does the long-term
patient’s hazard.

This dataset was analysed previously in [16], where several
Fuzzy Clustering algorithms were tested and compared. The
approach taken in that thesis was obtain the cluster to which
each patient belonged and do a Kaplan Meier curve for each
cluster. The prognostic was given according to the patient’s
cluster and corresponding Kaplan Meier curve. This required
that the patients had all or almost all the measurements taken
to be able to predict their response. In this thesis a completely
different approach was taken, the Fuzzy clustering algorithm
was used to impute the missing values or to provide a better
longitudinal fit. The usage of the Joint and Extended Cox
models allow us include in the model other information, like
the time-independent covariates. And in doing so we obtain a
model that uses more information from the study and that can
be used to predict the response of new patients earlier on in
the study.

VII. CONCLUSIONS

This thesis main objective was to explore the use of sur-
vival analysis methods that are able to analyse both time-
dependent and independent variables. The models used were
the Extended Cox and Joint Models. As a case study a dataset
from a medical study of bone metastatic cancer patients was
analysed. This dataset is composed of a combination of time-
dependent, independent and time-to-event variables. These
variables suffered a selection stage, where Age at Diagnosis,
Sex, the presence of Extra Metastasis and NTX were chosen
to receive further analysis.

The time-dependent variable, NTX had many missing obser-
vations and revealed to be highly non-linear. Three strategies to
deal with the missing values were performed and to model the
non-linearities, cubic, rational, exponential and cubic spline
LME models were used.

The Age of Diagnosis and the presence of Extra Metastasis
were shown to have significant p-values for all the models.
While Sex didn’t get any significant p-value and the log
transformed value of NTX only got significant p-values for
the joint models. The Extended Cox models’ median regressor
value for log(NTX) was lower than joint models’ value, this
is could be due to the noise being untreated [5].

In terms of medical interpretation of the results, a more
advanced age and a more spread out cancer (with extra metas-
tasis) would naturally affect the patient’s prognosis negatively.
Sex isn’t significant for the prognosis of the patients. This
might be due to the bone and other metastasis being more
violent than the Primary Cancer itself. The final variable,
NTX, affects patients negatively, if it’s value decreases after
the beginning of treatments, this leads to a better prognosis,
which is consistent with medical literature.

This dataset had already been studied in [16]. Where several
Fuzzy Clustering techniques were analysed and ultimatly, the
clusters obtained were used in a Kaplan Meier analysis. This
requires for the full or almost full trajectory to be known for
a correct estimation of the cluster. Our approach is radically
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different, the models studies here allow us to obtain a single
model with all the selected time-dependent and independent
variables. Leading to the use of more information from the
study, which in turn results in a more precise prognosis.
Ultimately, this model opens the door to personalised medicine
in this study, where new patient’s long-term prognostic can be
predicted in the beginning of the study rather than later.

Even though the analysis gave results on par with medical
literature there were a series of problems detected during the
analysis. The longitudinal fits captured the overall pattern of
the patient trajectories. But due to the high variability in the
patients, some patient’s fits were not optimal. Only one of the
longitudinal variables were used, while other variables could
also contain important information for the patient’s prognostic.
And finally, only one case study was analysed in this thesis.
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