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Abstract

The performance of a product often depends on one (or several) quality characteristic(s). Control
charts are used to determine whether a process should undergo a formal examination for quality-related
problems and have been used to routinely monitor quality characteristics in manufacturing.

Joint schemes for the process mean (vector) and the (co)variance (matrix) are essential to determine
if unusual variation in the location and spread of a univariate (multivariate) normal (vector of) quality
characteristic(s) has occurred.

Having this in mind, this paper includes: a detailed discussion on the Shewhart and EWMA joint
schemes for the process mean (vector) and the (co)variance (matrix) of a univariate (bivariate) normally
distributed quality characteristic; the study on the phenomenon of valid signals such as misleading
signals, unambiguous signals (as opposed to misleading signals) and simultaneous signals; and a few
examples on how the R statistical software can be used to monitor the location and spread in practice
and to assess the performance of joint schemes.

1 Introduction

The effective control of a process implies the joint monitoring of its location and spread, therefore it
requires the use of schemes usually termed joint (or simultaneous) schemes. According to Morais and
Pacheco (2000), these schemes can be divided in two distinct categories: joint schemes that make use
of only one control chart with an univariate control statistic or a bivariate control statistic; and joint
schemes that result from running two individual control charts, one for the process mean µ and another
for the process variance σ2. When we are using the latter type of schemes, the process is suspected to
be out-of-control whenever at least one of the individual control charts triggers a signal. Moreover, the
following types of misleading signals (MS) can occur, as reported by Morais and Pacheco (2000):

I. µ increases but the signal is triggered by the chart for σ2 or on the negative side of the chart for
µ;

II. µ decreases but the signal is triggered by the chart for σ2 or on the positive side of the chart for
µ;

III. σ2 increases but the signal is triggered by the chart for µ;

IV. µ shifts but the signal is triggered by the chart σ2.
Having in mind that what is more relevant is the misidentification of the parameter that has changed,

Morais and Pacheco (2000) only studied the misleading signals of types III and IV and recommended the
calculation of the probabilities of a misleading signal (PMS) as a performance measure of joint schemes
for µ and σ2.
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As suggested by Hawkins and Maboudou-Tchao (2008), it is extremely important to correctly identify
which process parameter is out-of-control. Therefore, it is pertinent to calculate the probability that a
signal is solely triggered by the chart for µ (resp. σ2) when the process is out-of-control due to a shift
only in µ (resp. σ2) (Ramos, 2013, p. 112). In fact, these valid signals allow the user to have an idea
of how likely is the signal to come from the “correct” chart, and have been called unambiguous signals
(UNS) by Ramos (2013, p. 112). An unambiguous signal of Type III (resp. IV) occurs if the individual
chart for σ2 (resp. µ) triggers a signal before the individual chart for µ (resp. σ2), when the process
mean (resp. variance) is in-control and the process variance (resp. mean) is out-of-control.

The work of Hawkins and Maboudou-Tchao (2008, tables 3 and 4) also suggests the calculation of the
probability of a simultaneous signal (SS) by the two individual charts that constitute the joint scheme,
when both µ and σ2 are out-of-control.

Finally, the use of joint control schemes will be illustrated with a real data set referring to a bivariate
quality characteristic that represents a pair of relevant measurements of a piece manufactured by the
automotive industry. All functions used, both to draw the control charts and to calculate the probability
of valid signals, were implemented in R. R is an open-source programming language mainly focused on
statistical processing; it is easy-to-use, flexible, multi-platform and a free software. These characteristics
place it in the elite of the statistical software (Santos-Fernández, 2012, p. 1).

2 Joint schemes for the process mean and variance

Let X ∼ N (µ, σ2), where µ ∈ R and σ2 > 0, and assume that µ0 and σ2
0 are the known target values of

µ and σ2 and, without loss of generality, that a shift results in a change from µ0 to µ = µ0 + δσ0/
√
n

or an increase from σ2
0 to σ2 = (θσ0)2, where δ = µ−µ0

σ0/
√
n
(δ ∈ R) and θ = σ

σ0
(θ ≥ 1). When (δ, θ) =

(0, 1) the process is in-control, otherwise (δ, θ) takes a pair of constant values and the process is said to
be out-of-control.

Table 1: Individual Shewhart and EWMA charts for µ and for σ2.

X̄ chart (standard) EWMAµ chart (standard)

Statistic X̄N = 1
n

∑n

i=1 XiN WN =
{

µ0, N = 0
(1− λE−µ)WN−1 + λE−µX̄N , N ∈ N(mean of the Nth random

sample)

LCL LCLS−µ = µ0−γS−µ×σ0/
√
n LCLE−µ = µ0 − γE−µ ×

√
λE−µ

2−λE−µ
× σ2

0
n

Target µ0 µ0

UCL UCLS−µ = µ0 +γS−µ×σ0/
√
n UCLE−µ = µ0 + γE−µ ×

√
λE−µ

2−λE−µ
× σ2

0
n

S2 chart (upper one-sided) EWMAσ chart (upper one-sided)

Statistic
S2
N = 1

n−1
∑n

i=1(XiN − X̄iN )2

VN =
{

ln(σ2
0), N = 0

max{ln(σ2
0), (1− λE−σ)VN−1 + λE−σ ln(S2

N )}, N ∈ N(variance of the Nth random
sample)

LCL LCLS−σ = 0 LCLE−σ = ln(σ2
0)

Target σ2
0 ln(σ2

0)

UCL UCLS−σ = σ2
0

n−1 × γS−σ UCLE−σ = ln(σ2
0) + γE−σ0 ×

√
λE−σ

2−λE−σ
×Ψ′[(n− 1)/2]

Table 1 summarizes the statistics, the control limits and targets of the individual Shewhart and
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EWMA charts for µ (standard) and for σ2 (upper one-sided), where λE−µ, λE−σ ∈ (0, 1] represent the
weights assigned to the mean and the logarithm of the variance of the most recent sample and Ψ′ is the
trigamma function.

The performance of a joint scheme can be evaluated in terms of RL (run length, the number of
samples collected before a signal is triggered). The RL of the individual Shewhart charts for µ and for
σ2, RLS−µ and RLS−σ, have geometric distributions with parameters ξS−µ(δ, θ) = 1−{Φ [(γS−µ − δ)/θ]
−Φ [(−γS−µ − δ)/θ]} and ξS−σ(θ) = 1−Fχ2

n−1

(
γS−σ/θ

2), respectively. Given that the joint scheme for
µ and σ2 triggers a signal when at least one of the individual charts triggers a signal, the RL of this
joint scheme is RLS−µ,σ(δ, θ) = min{RLS−µ(δ, θ), RLS−σ(θ)}. Since the individual charts for µ and for
σ2 have independent performances, conditionally on (δ, θ), it is possible to define the survival function
RLS−µ,σ(δ, θ) as the product of the RL survival functions of each of the individual charts, i.e.,

FRLS−µ,σ(δ,θ)(m) =FRLS−µ(δ,θ)(m)×FRLS−σ(θ)(m), m ∈ N. (1)

Thus, the RL of the Shewhart joint scheme has a geometric distribution with parameter ξS−µ,σ(δ, θ) =
ξS−µ(δ, θ) + ξS−σ(θ)− ξS−µ(δ, θ)× ξS−σ(θ) and its ARL is equal to

ARLS−µ,σ(δ, θ) = 1/ξS−µ,σ(δ, θ). (2)

Approximate distributions of the RL of the individual EWMA chart for µ and for σ2, RLE−µ(δ, θ)
and RLE−σ(θ), are obtained using the Markov chain approach described in detail by Brook and
Evans (1972). Expectedly, the RL for the EWMA joint scheme is RLE−µ,σ(δ, θ) = min{RLE−µ(δ, θ),
RLE−σ(θ)}. Invoking the fact thatWN and VN are independent r.v., conditionally on (δ, θ), the survival
function of RLE−µ,σ(δ, θ) and the ARLE−µ,σ(δ, θ) are given by:

FRLE−µ,σ(δ,θ)(m) = FRLE−µ(δ,θ)(m)×FRLE−σ(θ)(m), m ∈ N; (3)

ARLE−µ,σ(δ, θ) =
+∞∑
m=0

[
FRLE−µ(δ,θ)(m)×FRLE−σ(θ)(m)

]
. (4)

3 Misleading signals, unambiguous signals and simultaneous
signals in joint schemes for µ and σ2

Since the responsible causes for shifts in µ may differ from causes associated with shifts in σ2 (Mont-
gomery, 2009, p. 244), it comes as no surprise that only the types of misleading and unambiguous signals
listed in Table 2 will be considered. Moreover, we shall also consider simultaneous signals, i.e., valid

Table 2: Types of valid signals.

Valid signals µ σ2 First chart to signal
MS of Type III in-control out-of-control chart for µ
MS of Type IV out-of-control in-control chart for σ2

UNS of Type III in-control out-of-control chart for σ2

UNS of Type IV out-of-control in-control chart for µ

signals that lead to a correct identification of which of the two parameters is out-of-control.
It is important to investigate how often valid signals occur, so the calculation of the probability of

a misleading signal (PMS), the probability of an unambiguous signal (PUNS) and the probability of a
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simultaneous signal (PSS) is recommended in the assessment of the performance of the joint scheme:

PMSIII(θ) = P [RLσ(θ) > RLµ(0, θ)]

=
+∞∑
i=1

[FRLµ(0,θ)(i)− FRLµ(0,θ)(i− 1)]× [1− FRLσ(θ)(i)], θ > 1; (5)

PMSIV (δ) = P [RLµ(δ, 1) > RLσ(1)]

=
+∞∑
i=1

[FRLσ(1)(i)− FRLσ(1)(i− 1)]× [1− FRLµ(δ,1)(i)], δ 6= 0; (6)

PUNSIII(θ) = P [RLσ(θ) < RLµ(0, θ)]

=
+∞∑
i=1

[FRLσ(θ)(i)− FRLσ(θ)(i− 1)]× [1− FRLµ(0,θ)(i)], θ > 1; (7)

PUNSIV (δ) = P [RLµ(δ, 1) < RLσ(1)]

=
+∞∑
i=1

[FRLµ(δ,1)(i)− FRLµ(δ,1)(i− 1)]× [1− FRLσ(1)(i)], δ 6= 0; (8)

PSS(δ, θ) = P [RLσ(θ) = RLµ(δ, θ)]

=
+∞∑
i=1

[FRLµ(δ,θ)(i)− FRLµ(δ,θ)(i− 1)]× [FRLσ(θ)(i)− FRLσ(θ)(i− 1)], δ 6= 0, θ > 1. (9)

It is possible to derive the exact expressions for the PMS, PUNS and PSS of the Shewhart joint
schemes, by replacing the expressions of the distribution functions of the RL in (5)–(9). As far as the
expressions of the PMS, PUNS and PSS of the EWMA joint schemes are concerned, they cannot be
simplified; however, the PMS, PUNS and PSS can be approximated by taking advantage of the Marko-
vian approximations of the RL survival functions and by truncating the series (5) to (9) considering,
for example, a relative error of 10−6.

Several functions have been implemented in R to calculate the PMS, PUNS and PSS for the Shewhart
and EWMA joint schemes.

In the next example, numerical results will be provided only for the PUNS of types III and IV
of Shewhart and EWMA joint schemes for µ and σ2; these results were obtained using the functions
PUNS.3.S, PUNS.4.S, PUNS.3.E and PUNS.4.E, respectively.

Example 3.1. Let us consider the following set of parameters taken from Morais (2002, pp. 120–121,
Table 6.4) and adopted by Antunes (2009, pp. 16, 23): n = 5; µ0 = 0; σ2

0 = 1; γS−µ = 3.09023;
γS−µ = 16.9238; λE−µ = 0.134; γE−µ = 2.8891; λE−σ = 0.043; γE−σ = 1.2198; xµ + 1 = xσ + 1 = 41
transient states in the Markov chain approach. It should be noted that the critical values above were
obtained in order that the in-control ARL of each of the individual charts is approximately equal to
ARL∗ = 500 samples.

Table 3 illustrates the variation of the PUNS of Type III in terms of θ, for the Shewhart and EWMA
joint schemes for µ and σ2. It is important to note that, in any case, the PUNS take values larger than
50%. Furthermore, the PUNS of Type III have an increasing behavior for both schemes up to a certain
value of θ and after that they decrease, as shown by Table 3. This decreasing behavior is probably due to
the fact that the chart for µ is very sensitive to large shifts in σ2 and therefore responsible for triggering
valid signals along with the control chart for σ2. Table 3 also suggests that there is an advantage in
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using the EWMA joint scheme; after all the PUNS of Type III for this scheme are in general larger than
the ones for the Shewhart joint scheme for µ and σ2.

The variation of the PUNS of Type IV as a function of δ, for the Shewhart and EWMA joint
schemes, is apparent in Table 4. It should be also noted that the PUNS of Type IV have a non-
decreasing monotone behavior for both joint schemes. We believe that this behavior is due to the fact
that the performance of the chart for σ2 does not depend on the magnitude of the shift in µ and, as a
consequence, it is the chart for µ that triggers signals more often, when µ is out-of-control. Table 4 also
suggests that the EWMA joint scheme triggers unambiguous signals more frequently than its Shewhart
counterpart, so we strongly recommend that this joint scheme is replaced by the EWMA joint scheme
for µ and σ2, in case we aim at maximizing the PUNS of Type IV.

Table 3: Values of the PUNS of Type III for
the Shewhart and EWMA joint schemes.

θ PUNSIII−S(θ) PUNSIII−E(θ)

1.02 0.522105 0.581437
1.03 0.532717 0.617546
1.05 0.552615 0.679320
1.1 0.595247 0.782549
1.2 0.655892 0.869081
1.3 0.693547 0.898003
1.4 0.716497 0.908697
1.5 0.729840 0.911810
1.6 0.736692 0.910974
1.7 0.739001 0.907719
1.8 0.738031 0.902811
1.9 0.734632 0.896690
2 0.729398 0.889630
3 0.635472 0.788034

Table 4: Values of the PUNS of Type IV for
the Shewhart and EWMA joint schemes.

δ PUNSIV−S(δ) PUNSIV−E(δ)

0.05 0.502734 0.526754
0.1 0.512244 0.594105
0.2 0.547558 0.749149
0.3 0.598128 0.854936
0.4 0.655398 0.913765
0.5 0.712265 0.946063
0.6 0.764207 0.964595
0.7 0.809108 0.975841
0.8 0.846530 0.983026
0.9 0.876985 0.987816
1 0.901397 0.991117

1.5 0.965387 0.997926
2 0.985666 0.999464
3 0.995700 0.999957

4 Joint schemes for the process mean vector and covariance
matrix

The performance of a product often depends on several quality characteristics that may interact (Ramos,
2013, p. 65).

Let us assume that X is a random vector of two continuous quality characteristics, with a bivariate
normal joint distribution with mean vector µ and covariance matrix Σ, and that the joint schemes aim
at detecting changes in µ or Σ from their known target values µ0 and Σ0 to µ1 = µ0 + 1√

n
Σ

1/2
0 δ and

Σ1 = ΘΣ0Θ>, where δ = [δi]i=1,2 and Θ = [Θi,j ]i,j=1,2 represent the magnitudes of the shifts in µ

and in Σ, respectively. If δ = 0 and Θ = I the process is said to be in-control, otherwise it is said to
be out-of-control. Furthermore, we assume that the multivariate output is i.i.d.

In this section we describe the Hotelling-|S| and EWMA joint schemes that simultaneously run one
individual chart for µ and another one for Σ. Table 5 summarizes the control statistics and limits of
the Hotelling T 2, |S| and EWMA charts found in Ramos (2013, pp. 67, 69).

The RL of the individual charts for µ and for Σ, RLH−µ(δ,Θ) and RLH−Σ(Θ), also have geometric
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Table 5: Individual Shewhart and EWMA charts for µ and for Σ.

Hotelling T 2 chart (upper one-sided) EWMA chart for µ (upper one-sided)

Statistic T 2
N = n(X̄N − µ0)>Σ0

−1(X̄N − µ0) ZN =
{

2, N = 0
(1− λE−µ)ZN−1 + λE−µT

2
N , N ∈ N

LCL LCLH−µ = 0 LCLE−µ = 0
UCL UCLH−µ = 2 + 2γH−µ UCLE−µ = 2 + γE−µ

√
4λE−µ

2−λE−µ

|S| chart (upper one-sided) EWMA chart for Σ (upper one-sided)

Statistic UN = 2(n−1)|SN |1/2

|Σ0|1/2 WN =
{

2(n− 2), N = 0
(1− λE−Σ)WN−1 + λE−ΣUN , N ∈ N

LCL LCLH−Σ = 0 LCLE−Σ = 0
UCL UCLH−Σ = 2(n− 2) + 2γH−Σ

√
n− 2 UCLE−Σ = 2(n− 2) + γE−Σ

√
4λE−Σ(n−2)

2−λE−Σ

distributions with parameters

ξH−µ(δ,Θ) = 1− FT 2
N

(2 + 2γH−µ)

=
{

1− Fχ2
2,ν

(2 + 2γH−µ) , Θ = I
1− F ∗ (2 + 2γH−µ) , Θ 6= I,

(10)

ξH−Σ(Θ) = 1− Fχ2
2(n−2)

{
1
|Θ|

[
2(n− 2) + 2γH−Σ

√
n− 2

]}
, (11)

where: Fχ2
2,ν

is the distribution function of a non-central chi-square distribution with two degrees of
freedom and non-centrality parameter ν = δ>δ; and F ∗ represents the distribution function of T 2

N

when µ or Σ are out-of-control. When only Σ is out-of-control, F ∗ coincides with the distribution
function of a linear combination of i.i.d. random variables with chi-square distribution with one degree
of freedom, as stated by Ramos (2013, p. 72). When both µ and Σ are out-of-control, F ∗ can be
rewritten as the distribution function of a quadratic form involving a random vector with multivariate
normal distribution, as shown by Mathai and Provost (1992, p. 95).

The RL for the Hotelling-|S| joint scheme is defined by RLH−µ,Σ(δ,Θ) = min{RLH−µ(δ,Θ),
RLH−Σ(Θ)}. Since X̄N and SN are independent conditionally on (δ,Θ), we can conclude that
RLH−µ(δ,Θ) and RLH−Σ(Θ) are also independent and it is possible to write the survival function
of RLH−µ,Σ(δ,Θ) as the product of the survival functions of RLH−µ(δ,Θ) and RLH−Σ(Θ),

FRLH−µ,Σ(δ,Θ)(m) =FRLH−µ(δ,Θ)(m)×FRLH−Σ(Θ)(m), m ∈ N. (12)

We deal once more with a RL with a geometric distribution, in this case with parameter given by
ξH−µ,Σ(δ,Θ) = ξH−µ(δ,Θ) + ξH−Σ(Θ)− ξH−µ(δ,Θ)× ξH−Σ(Θ). The corresponding ARL is equal to

ARLH−µ,Σ(δ,Θ) = 1/ξH−µ,Σ(δ,Θ). (13)

We can obtain the approximate distributions of the RL of the individual EWMA charts for µ and
for Σ, RLE−µ(δ,Θ) and RLE−Σ(Θ), using once again the Markovian approach. Unsurprisingly, the
RL for the EWMA joint scheme is given by RLE−µ,Σ(δ,θ) = min{RLE−µ(δ,Θ), RLE−Σ(Θ)} and by
invoking the conditional independence of the control statistics ZN and WN we get:

FRLE−µ,Σ(δ,Θ)(m) = FRLE−µ(δ,Θ)(m)×FRLE−Σ(Θ)(m),m ∈ N; (14)

ARLE−µ,Σ(δ,Θ) =
+∞∑
m=0

[
FRLE−µ(δ,Θ)(m)×FRLE−Σ(Θ)(m)

]
. (15)
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In order to study the performance of these joint schemes for µ and Σ, Ramos (2013, pp. 75–76)
defined several scenarios for the shifts in µ and Σ. This author assumed, without loss of generality,
that the magnitudes of the shifts in the two components of the process mean vector are equal, i.e.,
δ = [δi]i=1,2 = [δ]i=1,2, and that both variances have the same nominal value σ2

0 . Regarding the shifts
in the covariance matrix, four different scenarios for the matrix Θ were considered:

Θ1 =
[ √

θ 0
0
√
θ

]
; Θ2 =

[
1
√
θ

√
θ 1

]
; Θ3 =

[ √
θ −

√
θ

√
θ
√
θ

]
; Θ4 =

 σ∗
√

1−ρ∗

2 σ∗
√

1+ρ∗

2

−σ∗
√

1−ρ∗

2 σ∗
√

1+ρ∗

2

 .
5 Misleading signals, unambiguous signals and simultaneous

signals in joint schemes for µ and Σ

We shall also investigate misleading, unambiguous and simultaneous signals in the bivariate case which
are defined as in the univariate case. The corresponding probabilities are similar to (5)–(9); we have to
certainly replace θ, δ, RLµ, RLσ, 0 and 1 with Θ, δ, RLµ, RLΣ, 0 and I, respectively.

Example 5.1. Having in mind the out-of-control scenarios described in Section 4, only the values of
PUNS of types III and IV of the Hotelling-|S| and EWMA joint schemes for µ and Σ were calculated,
considering the following set of parameters:

• n = 5
• xµ + 1 = xΣ + 1 = 101;

• µ0 = 0; Σ0 =
[

1 0.3
0.3 1

]
or Σ0 = I;

• λµ = 1, γH−µ = 5.9078, γH−Σ = 4.7509;
• λµ = 0.5, γH−µ = 5.4664, γH−Σ = 4.5062;
• λµ = 0.05, γH−µ = 3.3372, γH−Σ = 3.1274.

The choice of the critical values γH−µ, γH−Σ, γE−µ and γE−Σ was made so that the expected
number of samples until a signal is triggered by the individual charts are approximately equal and the
in-control ARL of the joint scheme is close to ARL∗ = 500 samples.

The values of the PUNS of types III and IV can be found in tables 6 and 7. For instance, for scenario
1 the PUNS of Type III can be obtained by using function PUNS3_bi_c1, whereas the PUNS of Type
IV were obtained using function PUNS4_bi.

Given the definition of the PUNS of Type III and the fact that PMSIII(Θ) + PUNSIII(Θ) +
P [RLµ(Θ) = RLΣ(0,Θ)] = 1 we were not surprised to learn that:
• in the first scenario, the results suggest that the PUNS of Type III increase as the shift in the
variance increases, and decrease with λ, leading us to recommend the use of EWMA joint scheme
instead of the Hotelling-|S| joint scheme;

• in scenario 2, the PUNS of Type III seem to decrease when the variance and the correlation
coefficient increase; the value of these probabilities tend to decrease as λ increases, unlike in
scenario 1;

• the numerical results for the PUNS of Type III for scenario 3 increase as the shift in the variance
increases or when λ decreases, like in scenario 1;

• in scenario 4, the PUNS of Type III appear to increase with the shift in the variance, and decrease
with the absolute value of the correlation coefficient.

As far as unambiguous signals of Type IV are concerned, it is apparent from Table 7 that these
signals arise very frequently in the presence of large shifts in µ; it also suggests that the unambiguous
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Table 6: PUNS of Type III for the Hotelling-|S| (λ = 1) and EWMA (λ = 0.5, 0.05) joint schemes for
µ and Σ.

Scenario (σ2
0 , ρ0) (σ2, ρ)

1 (1.00, 0.30)

λ (1.01, 0.30) (1.05, 0.30) (1.200, 0.30) (1.50, 0.30) (2.00, 0.30)
1 0.505660 0.528685 0.595590 0.669643 0.714072

0.5 0.507945 0.539754 0.629995 0.715850 0.745925
0.05 0.520351 0.592611 0.719625 0.766849 0.768686

2 (1.00, 0.30)

λ (1.01, 0.33) (1.05, 0.43) (1.200, 0.66) (1.50, 0.87) (2.00, 0.98)
1 0.496229 0.435912 0.138102 0.005461 1.217× 10−7

0.5 0.496222 0.433934 0.124971 0.003288 2.443× 10−8

0.05 0.496469 0.428753 0.068852 6.232× 10−4 1.744× 10−15

3 (1.00, 0.30)

λ ((1.01, 1.88), 0) ((1.05, 1.95), 0) ((1.20, 2.23), 0) ((1.50, 2.79), 0) ((2.00, 3.710), 0)
1 0.468337 0.490913 0.556015 0.625196 0.659469

0.5 0.529173 0.553260 0.615041 0.664402 0.674448
0.05 0.628670 0.641591 0.670034 0.687078 0.683147

4 (1.00, 0)

λ (1.01,±0.50) (1.050,±0.50) (1.20,±0.50) (1.50,±0.50) (2.00,±0.50)
1 0.074226 0.091298 0.166594 0.325897 0.503433

0.5 0.059776 0.077581 0.166077 0.371671 0.565254
0.05 0.012613 0.026307 0.177630 0.496709 0.621404
λ (1.01,±0.70) (1.050,±0.70) (1.20,±0.70) (1.50,±0.70) (2.00,±0.70)
1 4.651× 10−3 6.585× 10−3 1.913× 10−2 0.075340 0.227809

0.5 2.540× 10−3 3.827× 10−3 1.380× 10−2 0.074991 0.271873
0.05 7.374× 10−6 1.000× 10−5 1.357× 10−3 0.077690 0.348990

Table 7: PUNS of Type IV for Hotelling-|S| (λ = 1) and EWMA (λ = 0.5, 0.05) joint schemes for µ
and Σ.

δ

λ 0.05 0.10 0.25 0.50 1 1.5 2
1 0.503794 0.516392 0.593907 0.766680 0.948535 0.987376 0.995701

0.5 0.504311 0.518258 0.604462 0.794004 0.966777 0.992944 0.997489
0.05 0.508326 0.532728 0.679381 0.911083 0.994406 0.999462 0.999923

signals of Type IV are more likely to occur in the EWMA joint schemes than in the Hotelling-|S| joint
schemes, thus the use of those schemes is recommended.

Interestingly, given that PUNSIV (δ) = P [RLµ(δ, I) < RLΣ(I)] and the fact that RLµ(δ, I) stochas-
tically decreases with δ (Ramos, 2013, p. 87, Theorem 3.4), we can state that the PUNS of Type IV
decrease with δ.

6 Modeling a real problem

In this section we shall illustrate the use of a quality control scheme to monitor the location and spread
of a bivariate industrial data set. The quality characteristic refers to a relevant pair of continuous
measurements, (X,Y ), of a part produced by the automotive industry.

We should remind the reader that before using any quality control chart it is essential to perform
an exploratory data analysis in order to verify if the working hypothesis required to implement these
charts are valid or not. Firstly, we used R to investigate whether the r.v. X and Y are independent and
normally distributed, as assumed by the manufacturer. Secondly, the bivariate normality of the pair
(X,Y ) was verified.

In order to check the independence between X and Y , we performed the Hoeffding independence
test (Hoeffding, 1948), by using the function hoeffd of the Hmisc package (Harrell Jr et al., 2014) which
returned a p-value= 0.005025. This value suggests the rejection of the independence assumption at any

8



of the usual significance levels (10%, 5% and 1%).
To investigate the marginal normality ofX and Y several tests were performed, including the Shapiro-

Wilks, K-squared D’Agostino (MSQC package) and Jarque-Bera (tseries package, Trapletti and Hornik
(2013)) tests. These tests led, in any case, to p-values smaller than 0.01, thus, the marginal normality
assumption is not reasonable.

The multivariate normality Mardia, Henze-Zirkler and Royston’s tests of MSQC package were sub-
sequently carried out. Expectedly, the p-value of these tests are also smaller than 0.01 and led us to
believe that the pair (X,Y ) has not a bivariate normal distribution.

It is common to deal with variables which are not normally distributed, as a consequence, we
often transform the data (Santos-Fernández, 2012, p. 100), in order to “normalize” them using, for
example, the Box-Cox transformation (Box and Cox, 1964). This transformation was made using the
functions bcPower and boxcoxnc from car and AID (Dag et al., 2014) packages, respectively; the
variables resulting from the transformation, XBC = X−5.73−1

−5.73 and YBC = X−0.02−1
−0.02 , were subjected

to the univariate and bivariate normality tests mentioned above. The p-values of the three univariate
normality tests were in all cases higher than 0.1, so it is reasonable to assume that XBC and YBC have
normal distributions. Regarding the bivariate normality tests, the p-values of Mardia and Henze-Zirkler
tests were approximately 0.03, while the Royston test was close to 0.15. That said, we shall cautiously
assume that the vector resulting from the Box-Cox transformation, (XBC , YBC), has a bivariate normal
distribution. For this reason the target values of the mean vector (µBC) and the covariance matrix
(ΣBC) were estimated robustly using the function covMcd from the robustbase package, where the
estimators of location and scale fast MCD (Rousseeuw and van Driessen, 1999) are implemented.

Since there is no normality and independence between the quality characteristics X and Y , we
recommend the use of the Hotelling-|S| joint scheme to monitor the mean vector and the covariance
matrix of (XBC , YBC) that makes use of those robust estimates. To draw this scheme we wrote a few
functions in R, adapting some of the functions listed in MSQC package (Santos-Fernández, 2014).

Figure 1: Hotelling-|S| joint scheme (transformed data).

Figure 1 shows the recommended Hotelling-|S| joint scheme with an in-control ARL of 500 samples.
This figure suggests that µBC and ΣBC are in-control.

Even though we are aware that it is possible to write µ and Σ approximately in terms of µBC and
ΣBC using the Delta Method (Casella and Berger, 2002, p. 245), obtaining the individual charts for µ
and for Σ does not seem trivial, so this task will be left for future work if the manufacturer recognizes
clear advantages in directly controlling the location and the spread of the original r.v. X and Y .
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