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Abstract—The work presented here proposes a position and
velocity estimator using onboard sensors, suitable for autonomous
quadrotors operating on GPS-denied environments. The velocity
estimator operates based on velocity measurements made by
an optical flow mouse sensor. Angular rate data is used for
angular compensation of the optical flow measured velocities.
The position estimates are based on the dynamic model of the
vehicle, but depending on GPS availability its estimates can be
corrected by position data. Apart from the optical flow sensor,
the proposed estimators requires altitude data and a basic set
of sensors composed by accelerometers and gyroscopes. Indoor
experiments were conducted to access the accuracy of the optical
flow sensor and angular compensation. In the outdoor tests, GPS
information is used to verify the accuracy of the velocity and
position estimates in remotely controlled flights.
Index Terms—Position and Velocity Estimation, Optical Flow,
GPS-denied environments, Lyapunov Theory

I. I NTRODUCTION
Autonomous civil UAV’s (Unmanned Air Vehicles) are already part of our daily routine in several outdoor applications.
Its operational cost and drastic reduction of human life risk
make it a viable option in fields where in the past the helicopter
played a major role. TV broadcasting, surveillance, farming
and inspection of infrastructure are examples of it. These
outdoor operations depend on the stabilization and control
of the vehicle, which nowadays is only made possible due
to GPS information. However, GPS data is not available in
urban canyons and indoor environments. In order to expand
the applicability of autonomous UAV’s to those situations
it is necessary that the scientific community finds suitable
alternatives to it. GPS-denied environment applications are
specially relevant in exploration/search and rescue in hostile
environments (e.g. mines, disaster sites), inspection and problem identification of buildings/plants. Although there are other
commercial applications, the use of UAV’s in these situations
plays a major role because it prevents the loss of humans lives
without putting others in jeopardy.
Although the transition to these environments may seem
logical, the indoor environment constraints clearly reduce the
performance of the existing outdoor autonomous UAV’s. Apart
from GPS signal deterioration, indoor environments usually
require hover capabilities, higher manoeuvrability and size
limitations that do not exist outdoors. Quadrotors close the
existing gap in indoor UAV’s capabilities. The use of rotor
propellers allow it to hover and its thrust-to-weight ratio provide great stability and high manoeuvrability. These qualities

allow quadrotors to navigate through narrow corridors, doors
and windows.
Throughout this work the problem of position and velocity
estimation using on-board sensors in unknown GPS-denied
environments is addressed. The unknown variables of this
estimation problem are the inertial position and velocity
of the vehicle. The estimated velocity values will be used
to reconstruct the vehicle’s trajectory. However, any of the
UAV’s and quadrotors applications that are mentioned in the
following section require position and velocity estimates to
automate its procedures. The precision and accuracy required
considerably change depending on the envisaged use of the
estimated values. Throughout this thesis the estimation will
be considered successful if the velocity estimated values can
be used to control the vehicle’s velocity in a desired set point.
Since no position measurement is provided by the optical flow
sensor, the trajectory estimate that can be obtained does not
have the desired accuracy for the purposes of flight control
considered in this work. However, estimating the trajectory
and using GPS information as ground truth for comparison,
provides valuable information for further research work.
This paper is structured as follows. Section II defines
the quadrotors kinematic and dynamic equations. Section III
contains all the core information regarding the estimation
processes applied in this work. Section IV presents the information regarding all the practical experiments done in
this thesis. The aerial vehicle used and all used sensors are
specified and afterwards each of the experiments is described
and its results presented. The general conclusions of the work
are presented in section V. The direct consequences of the
achieved results are addressed and future work that might use
this thesis as a starting point is proposed.
A. Related Work
Several fields of scientific research focused on quadrotors
have the common goal of achieving optimal autonomous
navigation of the vehicle in order to perform a certain action.
The range of applications in which this goal is possible to
achieve depends on two different but interconnected fields:
Control and Estimation.
Due to the non linear, multi variable and coupled dynamics
of the quadrotor, its stabilization is essential even to human
controlled missions. Several work has been done in the control
field in terms of stabilization of the vehicle both with standard
linear and non linear approaches[1][2]. Although there are already important applications that can be performed by human
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control, the use of quadrotors in bigger scale depends on the
ability to automate these processes.
The conventional estimation processes in aerial vehicle is
mainly divided into attitude estimation and position/velocity
estimation. Accurate estimates are already achieved with low
cost sensors even in the presence of biased measures recurring
to several versions of Kalman Filters as in[3][4]. In terms of
position/velocity estimates GPS presents itself as the state of
the art system and together with an attitude estimator already
makes possible to perform waypoint navigation[5][6], pursuitevasion missions and target tracking[6]. Nevertheless, there is
still the need to find a suitable replacement for GPS in indoor
environments. Off-board alternatives like Vicon1 provide really
accurate and high frequency estimates for attitude,velocity
and position that makes possible to perform extreme control
actions like ball juggling[7] or static and dynamic equilibrium
of an inverted pendulum [8].
In order to be able to perform the control actions mentioned
above in unknown indoor environments without prior hardware
installation, it is necessary to find on boards sensors that
provide the same level of information that systems like Vicon
and GPS do. Simultaneous Localization and Mapping(SLAM)
algorithms are presented in [9] using on board video and in
[10] using LRF data. Both works provide interesting results in
which position hold and position set point missions are executed with common PID controllers. Due to the computational
complexity of the SLAM algorithms, the retrieved data has to
be sent to a ground station in order to be processed which is
undesirable.
Another alternative is to retrieve ego motion information
from visual cues. In [11] a fish eye camera is used to retrieve
optical flow information with the final goal of building a short
depth map of the surroundings in corridor like environment.
However, the necessary computations to the retrieved images
are also done off board. So the transmission of data to a ground
station is avoided, the use of dedicated sensor to retrieve
image frames and compute optical flow on board were also
explored in [12][13]. In [12] the optical flow vector field is
calculated in spherical coordinates which makes possible to
retrieve additional information regarding the distance to the
overflown surface. Set point missions are performed although
ground markers are necessary. In [13] a dedicated optical flow
hardware is used and compared with optical mouse sensors.
The vehicle’s dynamics are neglected but a Kalman filter
approach is applied to provide the final velocity estimates.
The position estimates are direct integration of the velocity.
Nevertheless, it is not possible to access the accuracy of
the presented solution since no estimate error information is
provided.
The previous research presented above has common applicability limitations as the necessity of off board computations
or the use of landmarks so the optical flow measures are more
accurate. The presented work tries to achieve similar accuracy
as the one achieved before using cheaper sensors like optical
mouse sensors and without constrains in the overflown surface.
A novel approach is proposed in terms of the connection
1 more

information at www.vicon.com

between attitude estimation and estimated trajectory accuracy
by separating the problem of computing the body and inertial
velocity. This work presents detailed results in terms of angular
compensation accuracy, velocity and position estimates error
that is not available in the research mentioned above.
B. Proposed Solution
The solution proposed in this thesis for the velocity estimation in GPS-denied environments is based on the direct measurements made by the OF sensor, IMU(Inertial Measuring
Unit) and LRF(Laser Range Finder) in which the problem is
decoupled into the X-Y body frame plane and Z body axis. The
estimation in the X-Y plane is the main focus of this thesis. For
the Z component simple first-order backward differencing approximation will be used. The estimation is done by extracting
the rotational velocity component from the UAV’s optical flow
field using only data from one sample time. This way, only
the translational component is left out. Thorough explanations
of the compensation method are presented in chapter III. The
trajectory estimator is based on the integration of the inertial
frame velocity but corrects its estimates whenever GPS data
is available.
II. Q UADROTOR M ODEL
The quadrotor is modelled as a rigid body that is actuated in
torque and force. A frame {B} attached to the vehicle’s center
of mass and the inertial frame {I} are considered and vectors
can be expressed in one frame or the other. It is possible to
transform a vector from {I} to {B} using the rotation matrix
denoted by BI R. The kinematic and dynamic equations of
motion that define the vehicle’s motion are written as:
Ṙ = RS(ω)

(1)

ṗ = Rv

(2)

ω̇ = J −1 S(ω)J + J −1 τ

(3)


1
−T + m B g
(4)
m
Where the position p is expressed in the inertial frame {I},
R is the rotation matrix from {B} to {I}, and the angular
velocity ω ∈ R3 , and the linear velocity v ∈ R3 are expressed
in the body frame {B}. The scalar m and the matrix J ∈ R3 x3
represent the quadrotor’s mass and moment of inertia andf
and n ∈ R3 denote the external force and torque expressed
in the body frame. The thrust T is applied by four different
propellers but can only be applied in the perpendicular plane
of them.
v̇ = −S(ω)v +

III. E STIMATION A LGORITHMS
A. Velocity Estimation
The goal of the velocity estimation problem addressed here
is to continuously be able to estimate the velocity in a known
reference frame with bounded error using only on-board sensor
information. When looking at the usual sensors available in
UAV’s like gyroscopes and accelerometers, it is not possible to
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estimate the velocity due to unbounded growth of errors [14].
Therefore the incorporation of additional sensors is inevitable.
The solution proposed in this work comprises two separated
actions, in which the first is to compute the body frame
velocity from the OF sensor output. The second part subtracts
the influence of rotations in the OF sensor by fusing its data
with IMU data.
Mapping the OF sensor’s data to physical units is essential
to its use in any engineering system. In this case, besides the
conversion from cpi(count per inch) to meters one has to model
the influence of the lens in the measured data, which has focal
distance f and is assumed to be at distance h from the floor.
Let {B} be the frame attached to the camera in which the
Z-axis is coincident with the optical axis and Pi =[Xi Yi Zi ]T
a stationary point on that same reference frame. The projection
of Pi into the surface S defined by the camera is shown in (5).
The term ξ(P i) represents the camera geometry projection.
The camera used by the OF sensor in this work projects the
captured image in a flat plane at a distance f as shown in
Zi
. Finally, the goal
figure 1. It is then obvious that ξ(P i) =
f
is to map the displacements measured by the sensor on S to
the camera displacements in {B}.
pi =

1
f
Pi =
Pi
ξ(P i)
Zi

happens with most of ground robots) to move on the X-Y
plane direction without an angular rotation.
The problem introduced by rotations is that the OF sensor
can not distinguish translational and rotational movements.
This occurs because in terms of captured images the rotation
movement is the same as the translational one. In figure 2 it is
possible to see that the camera covers approximately the same
area in the initial and final position on both circumstances.

Figure 2: Optical Flow Rotational Inconsistency
This phenomena can be better understood when looking
back at the dynamics of the projected point pi from (5).
Differentiating with respect to time leads to:

(5)

The sensor’s output is function of the number of pixels
moved by the detected features between consecutive frames.
Since DNS3080 datasheet is not clear about Avago’s interpretation of the cpi unit and the internal computations of the
sensor are not available to the public, it can only be assumed
that the sensor’s output is directly proportional to the length
of one pixel. Defining d as the known length of the sensor’s
30x30 pixel array and ∆XOF and ∆YOF as the sensor’s body
frame outputs, the displacement of Pi on S, in meters, is given
by:




d
∆px
∆XOF
KOF
=
(6)
∆py
∆YOF
30
1) Angular Compensation: Quadrotor dynamics have some
particularities that need to be taken into account when retrieving velocity information from optical flow data. For example,
assuming that B Z axis is aligned with I Z axis and that
the quadrotor is hovering, it is not possible for it (like it


p˙i = f

Zi [−v − S(ω)Pi ] − (−(v)z + ωy x + ωx y)Pi
Zi2

vOF =

N
1 X
p˙i
N i

y x
z



vz x − vx f
ωx xy − ωy x2


−
ω
f
+
ω
y
+
y
z


vxOF
h
f

=
2

vz y − vy f
ωx y − ωy xy 
vy OF
+ ωx f − ωz x +
h
f
(9)
The relation shown in (9) is extremely important since it
shows what can be easily seen in experimental data. The
measured optical flow has components due the translational
movement and rotational movement. The last term on the right
N
N
P
P
from (9) can be neglected because
xi ≈ 0,
yi ≈ 0,

i

h

Pi
Figure 1: Projection of a Single Point Schematic

(8)

Expanding (7) to its several components while neglecting
the B Z component:

i

S

(7)

The optical flow can then be defined as:

N
P

{B}
f X
Z
pi



xi yi ≈ 0,

N
P
i

x2i

≈ const,

N
P
i

yi2

i

≈ const and therefore it

has a smaller order of magnitude than the remainder terms.
When the optical flow field is integrated over X and Y the
displacement caused by rotations around the Z axis sum zero,
and therefore the terms related to ωz are also neglected. Thus,
using the angular velocity values obtained by IMU one can
write the translational velocity of the vehicle as function of
the optical flow indicated velocity and angular velocity values.
Solving (9) for the translational components and modelling
the terms vy OF and vy OF as numeric differentiation from the
displacements measured by the OF sensor in (10) leads to:
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 −∆X 
OF
 


vx

∆t

 + h −wy
  = d h KOF 


wx
30 f
−∆YOF
vy
∆t

(10)

ˆ = R̂S(ω − b̂ + u)
Ṙ
m

The equation above directly maps the sensor’s output to
travelled distance as function of the height and its angular
speed. The results provided by this estimation process will be
discussed in chapter IV.
2) Filtering Algorithm: Although the velocity estimate provided by (10) is accurate, it contains undesired noise for its use
in a real-time controller and it solely depends on the OF sensor
being able to capture correct information from the overflown
surface. When travelling above surfaces that are approximately
uniform (e.g. single coloured floor), the data provided by
sensor Avago ASDN3080 has less quality than usual, which
leads to less accurate estimations. In order to reduce noise and
expand the applicability of the velocity estimation procedure,
a state observer was introduced.
As it was mentioned in the beginning of section III-A,
the accelerometers are not used as stand alone information
to provide velocity estimations due to unbounded growth of
errors. Nevertheless, this information can be used to filter
velocity estimates provided by (10).
Based on the dynamical model introduced in (4), the specific
force measured by the accelerometers in the quadcopter is
given by:
f s = v̇ + S(ω)v − B g

(11)

Note that in order to use the accelerometers measures, the
gravity vector in the body reference frame has to be known.
The dynamical model can be calculated by solving (11) for
v̇. Applying now a continuous version of an observer model
and considering the velocity estimates from (10) as the model
observations, it is possible to define the observer dynamics:
v̂˙ = −S(ω)v̂ + f s + B g + Kob (vOF − v̂)

(12)

Although analytically this observer produces accurate estimates, the practical results presented a drift caused by the
integration of angular rates measurements. It is possible to
estimate the sensor’s bias by evaluating different obtained
values for the rotation matrix. Consider the relation between
the measured angular rate ω m , the true angular velocity ω
and a bias term b, ω m = ω + b and define the estimate
ω̂ as ω̂ = ω m − b̂, where b̂ denotes the estimate of b. By
comparison with the real time evolution of R defined in (4),
consider also the following dynamics for the rotation matrix
ˆ = R̂S(ω̂ + u) where u is an input function to
observer Ṙ
be defined with the goal of estimating both R and b, i.e.,
guaranteeing converge of R̂ and b̂ to R and b, respectively.
e and
It is possible now to define the estimated drift error b
e
the rotation matrix error R:
e = b̂ − b = ω − ω̂
b
e = R̂T R
R

Using the notation introduced in before, it is possible
to substitute the unknown true angular rate in for known
quantities:

(13)

(14)

So the estimator rotation matrix estimator is evaluated
in terms of stability, its estimation error time evolution is
considered:
e˙ = −S(ω m − b̂ + u)R
e + RS(ω)
e
R
(15)
A Lyapunov Function V1 is defined and its time derivative
evaluated:
e
V1 = tr(I − R)

(16)

taking the time derivative,
 
˙
e
V˙1 = −tr R


e
= −tr (−ω m + b̂ − u + ω)R

(17)

Having in mind the goal of achieving a law for the angular
rate sensor bias, it is possible to rewrite the equation above
as:


e + u)R
e
V˙1 = tr S(b
(18)
e−R
eT ) with k1 > 0 yields:
Choosing u = k1 S −1 (R
e T S −1 (R
e−R
eT ) − k1 S −T (R
e−R
eT )S −1 (R
e−R
eT )
V˙1 = −b
{z
}
|

≥0

(19)
V1 is a negative definite function of the rotation error R̃ but
does not consider b̃. Therefore another Lyapunov function V2
e
is defined using the drift error b:
V2 = V1 +

1 eT e
b b
k2

(20)

e˙ = k2 S −1 (R−
e R
eT )
Taking its time derivative and defining b
and k2 > 0 results in:
e−R
eT )S −1 (R
e−R
eT ) ≤ 0
V˙2 = −k1 S −T (R

(21)

The Lyapunov Function V2 meets the conditions of Lyapunov’s Theorem for stability but not for asymptotic stability
for any values of k1 , k2 > 0. Nevertheless, it is possible to
prove convergence of R̃ to I and b̃ to 0 using Barbalat’s
theorem defined in [15]. This yields the final drift time law:


ˆ = ṘS ω − b̂ + k S −1 (R
T
e
e
Ṙ
−
R
)
m
1
e˙ = −k2 S −1 (R
e−R
eT )
b

(22)

Since the drift is now defined over time, it is possible now
to use the velocity observer defined in (12) by updating it with
the result of (22). The stability of the new observer has also to
be evaluated, and therefore the dynamics of the estimate error
e is evaluated considering vOF = v:
v
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e + S(b)v
e − Kob v
e˙ = −S(ω − b)ṽ
e
v

(23)

1 T
e v
e to evaluate the
Using a Lyapunov function V3 = v
2
asymptotic stability of the new observer yields:
e − Kob v
e S(b)v
eT v
e
V˙3 = v

(24)

V3 does not meet the requirements of Lyapunov’s Stability
Theorem. Nevertheless, it is possible to rewrite equation 24 to
evaluate if the observer is input-to-state stable:
e
e − Kob v
eT v
e+v
e S(b)v
V˙3 = −Kob (1 − )e
vT v

(25)

Setting an upper bound to the equation above yields:

The necessary information for (29) is provided by the
velocity estimator in the previous section. This estimator
cascade formed by (10) and (29) fully defines the proposed
solution.
Another alternative position estimator was designed in
which low rate GPS information is used to update the filter.
This way, it is also possible to simulate applications in which
GPS is available but not under ideal conditions. Local blind
spots or low rate data transmissions are possible real situations.
The multi rate observer dynamics is given in (30), in which
the GPS data is considered as the true position I p and the
velocity estimate is provided by (23). The first dynamics is
considered if GPS data is available and the vehicle’s model is
used in case GPS data is not available.
(B
B

e
V˙3 ≤ −Kob (1 − )||e
v||2 − Kob ||e
v||2 + ||e
v||||b||||v||
=


e
= −Kob (1 − )||e
v||2 − ||e
v|| Kob ||e
v|| − ||b||||v||
(26)
Then, it is possible to state that V˙1 is definite negative when
the following conditions are met:
1 e
||b||||v||
V˙1 < 0 , if ||e
v|| >
Kob 

(27)

Assuming that v is bounded, (27) shows that V1 applied to
the observer from (23) meets the ISS requirements, i.e., the
system described by (26) is ISS with b̃ as input. Since b̃ is
converging to zero, it follows that ṽ also converges to zero.
The proposed estimator for v is then achieved by combining
(10) (22) and (23).

The goal of the trajectory estimator proposed here is to
continuously provide the vehicle’s centre of mass position
in the inertial reference frame. Nevertheless, the possible
estimator properties have to take in account the set of sensor’s
available in the quadcopter. In this case, there is not complete
position or distance data in the body or inertial reference frame
as it can be achieved using inertial positioning systems like
GPS or Vicon. Therefore, it is necessary that the trajectory
estimator base its estimates in the integration of the velocity
provided by (23).
Since the velocity estimator and the sensors provide information in the body reference frame, {B}, the dynamics of the
trajectory estimator will also be written in the body frame.
The desired inertial frame trajectory it will be obtain by using
the rotation matrix BI R. The position of the inertial frame with
respect to the body frame is written as B pI and is given by:
pI = − BI RT I pB

(28)

Differentiating the equation above and adding the angular
rate drift results in the position observer dynamics:
B

e B p̂I + v̂
p̂˙ I = S(ω − b)

(30)

For the stability analysis of the multi rate observer it will
only be considered the dynamics when GPS information is
e , its time evolution
available. Cosidering the estimation error p
is given by:
e˙ = −S(ω)e
e + KGP S p
e
p
p−v

(31)

Using the same methodology as the one use for the velocity
estimators in the previous section, it is possible to define a
Lyapunov Function V4 :
1 T
e p
e
p
2
Taking its time derivative yields:
V4 =

(32)

eT p
e−p
eT v
e
V˙4 = −KGP S p

(33)

Its asymptotic stability can be accessed by rewriting the
equation above as:

B. Trajectory Estimation

B

p̂˙ I = −S(ω) B p̂I − v̂ + KGP S (p − B p̂I )
p̂˙ I = −S(ω) B pI − v̂

(29)

e − KGP S e
e−p
eT v
e
V˙4 = −KGP S (1 − )e
pT p
pT p

(34)

V˙4 ≤ −KGP S (1 − )||e
p||2 − KGP S ||e
p||2 − ||e
p||||e
v|| =
= −KGP S (1 − )||e
p||2 − ||e
p|| (KGP S ||e
p|| − ||e
v||)
(35)
Therefore V˙4 is definite negative if:
V˙4 < 0 , if ||e
p|| >

||e
v||
KGP S

(36)

The equation above shows that the body frame position dye as the input. Assuming that v
e converges
namics is ISS with v
to zero it is then possible to say that p̃ and therefore the
observer defined in (30) has an asymptotic stable equilibrium
point at the origin.
In order to achieve the desired inertial position, the estimates
provided by (30) have to be rotated on the inertial reference
frame. This step does not deteriorate the position estimates
if the true rotation matrix is used. Nevertheless, the rotation
matrix is calculated by the IMU, which contains errors.
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To isolate this source of error and determine the order of
magniture of the erros that may result exclusively from the
rotation step, consider the optimization problem of finding
e
max ||(I − R)x||

||x||=1

(37)

B

where I R̂T BI R. The solution to this problem gives the
maximum error norm resulting from a rotation error, assuming
that there is no error in the measurement of an arbitrary
unit vector x, expressed in the body frame. Applying the
Rodriguez’s Formula to express R̃ as a rotation of angle τ
about the axis γ, it is straightforward to observe that
k(I − R̃)xk2 = 2(1 − cosτ )(1 − (x0 γ)2 )

(38)

and the maximum of 2(1 - cos(γ)) occurs when x0 γ = 0.
it follows that for the particular case of a levelled flight with
φ = θ = 0 and a heading error ψe ,
B

max kI v −I v̂k2 = 2 max v 0 (I − R̃)B v = 2(1 − cos ψe )kB vk2 .
The result above relates the heading estimate error with the
induced error in the inertial velocity estimates
IV. E XPERIMENTAL VALIDATION
This chapter describes and presents the results from all
experiments made in the framework of this thesis. The procedures took place in indoor environment at IST and outdoors at
the aeromodelling track Hangar 13 in Montijo. First, in section
IV-A and IV-B indoor estimation procedures are presented.
Afterwards in section IV-C, outdoor tests results are shown.
The tests were made with quadrotor Mikrocopter
QuadroKopter XL equipped with the sensors listed below.
Apart from the GPS data that was available at a 10Hz,the
remaining sensors had an output rate of 50Hz.
• IMU: Microstrain 3DM-GX3
•

LRF: Hokuyo UTM 30LX

•

Optical Flow Sensor: Avago ASDN3080 coupled with
16mm lens

•

GPS Software:2 ASHTEC MB100 with Real Time
Kinematic (RTK) corrections

•

GPSAntenna: Trimble AV33

The flights tests were performed by controlling the quadrotor with 2.4 GHz radio control and the goal was to simulate a
flight with approximately constant height in which a rectangular shaped area was covered. The previously defined observers
were implemented in its discrete form by using the standard
discretization for periodic sampled continuous systems [16].
The solution presented here can be implemented in others
UAV’s that are equipped with the necessary sensors. Nevertheless the initial calibration and modelling experiments are
2 used

in the outdoor flight tests

essential in order to obtain more accurate results when using a
different experimental set up, since the velocity estimation algorithm depends on sensor calibration (distance measurements
and angular compensation) and position of the OF sensor
regarding the IMU. The trajectory estimation procedures can
be implemented in any dynamic system provided that the
necessary dynamic variables are known.
A. KOF estimation
Due to lack of knowledge of the OF sensor internal computations the constant KOF was introduced in (10) to correctly
scale the sensor’s output to the real travelled distance. The
estimation of KOF can be easily achieved by looking at the
output data when travelling a known distance without angular
movement. In this case, a person walked in a pre-defined
straight line while keeping one of the OF axis aligned with
the desired path. This way it is known that the output data
from the referred axis should provide the length covered by
the person after the necessary computations.
When travelling a known distance, the only unknown in (10)
is KOF . Evaluating it over the experiment time yields:
N

∆sreal =

s
h
d X
∆sof Kof
30 i=1
f

(39)

For each experiment made there is a value of KOF that
fulfils equation 39. In order to estimate a constant value it is
possible to use a maximum likelihood estimator. Assuming
that the measurements are corrupted with Additive White
Gaussian Noise, the estimated value of KOF can be calculated
as shown in the equation below, where Ne is the total number
of experiments.
Ne
P

⇔ K̂of =

(Kof )j

j=1

Ne

= 0.0569

1
cpi

(40)

Assuming that the measurement errors are normally distributed and that the experiment data fully represent the
sensor’s behaviour, it is possible to say that 95.4% of the
measurements will have less than 20% error.
B. Angular Compensation
The angular compensation procedure demonstrated in section III-A1 was tested experimentally in a set up where the
quadcopter is fixed laterally so the only degree of freedom
is the rotation with respect to the line that connect the fixed
points.
The goal of this experiment is to use the previous knowledge
that v = 0 to test the performance of the optical flow
angular compensation. The OF sensor will detect movement
due to the pure rotation, but using the angular compensation
shown in equation 10 the computed translational velocity
should be zero. The angular movement done by the UAV
was approximately sinusoidal varying pitch or roll angles
separately. In an standard UAV flight, the pitch and roll angles
are only punctually bigger than ±10◦ . Nevertheless, in order
to make sure that the angular compensation deals with the all
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regular angular flight positions the tested angles were extended
to ±20◦ .
The blue line in figures 3 and 4 show that the computed
compensated velocity has a sinusoidal shape and that the peak
values range between 0.1 0.2 ms−1 .
The mean of the relative error for the angular compensation
is presented in equation 41, in which the subscript "p" and "r"
correspond to pitch and roll respectively.
r = 12.9171%

p = 12.9106%

(41)

Due to the fact that the quadcopter is under actuated and
its dynamics is influenced by vibrations modes, the angular
compensation plays a major role in the estimates accuracy.
Although the compensation errors whose source are the mathematical approximations explained in section III-A1 can not
be reduced, the ones that come from how the data is acquired
can. For example, in the previous results it is assumed that
both IMU and OF sensor are installed at the vehicle centre
of mass. More important, it is assumed that the optical flow
measures are not influenced by the current angular speed of
the camera. It is possible to take in account these differences
from the ideal model to the experimental set up by estimating
the parameters in equation 10.
Since the linear velocity of the quadcopter is known to be
zero, the set of equations shown in 10 are reduced to:

 

1 vOF x
wy
=
(42)
−wx
f vOF y
It is possible to estimate this relationship experimentally
1
is replaced for a general affine function y = mx + b.
if
f
This yields equation 43 and makes possible to take in account
differences between the ideal model and the experimental set
up.

   

vOF x mp
b
wy
+ p =
(43)
vOF y mr
br
−wx
The linear fitting parameters were estimated as following:
mr = 55.32
br = −0.001398

mp = 56.03
bp = −0.003213

(44)

The parameters estimated are rich in a way that its values are
similar to the theoretical ones but show the expected small
deviations from it. During this process it was also possible
to see that the quantization of the OF readings influences the
angular compensation. However, it is not possible to diminish
its influence without changing the sensor.
Applying the identified angular compensation model, it is
possible to see that the induce velocity is the same, but the
computed translational velocities peak values range is reduced
from 0.1 ∼ 0.2 ms−1 to 0.05 ∼ 0.01 ms−1 . Figures 3 and
4 compare the results from the theoretical compensation to
the estimated one. The average relative error of the estimated
model is shown in equation 45
r = 5.8958%

p = 7.88%

(45)

Figure 3: Modelled Pitch Compensation

Figure 4: Modelled Roll Compensation

C. Flight Tests
Although the results presented in section IV-B and IV-A can
already provide a reference for the estimation performance,
they result of experiments done in a set of conditions that are
completely different from an actual flight. Therefore, flight
tests were performed in real outdoor environment in Hangar
13 in Montijo. A ground GPS station was set to provide RTK
corrections to the GPS data received by the quadrotor and the
flight was manually controlled using radio control.
The results will be divided in two different parts. The
performance of the estimation process will be addressed first
and secondly it will be compared with current alternatives.
In all the results presented it will be assumed that the GPS
information retrieved is the ground truth since it is the most
precise information available.
In order to have a deeper understanding of the proposed
solution performance, it is important to compare it with current
procedures for velocity and position estimation that rely on
the same data as the one available in the used experimental
set up. Apart from the proposed solution other two different
models for the estimation process will be evaluated. The one
introduced in equation 30 will be referred as M2 and a straightforward dead reckoning solution. This last solution will be
referred as M3 and uses the velocity dynamic model of the
quadrotor introduced in equation 4. Therefore, in this last
model the optical flow information is not used.
In the following tests the constants defined throughout this
work were set as following:
•
•

k1 = 1
k2 = 0.1

•
•

Kob = 10
KGP S = 75
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All results shown were computed by post-processing data
retrieved and logged during the flight. MATLAB® and
SIMULINK® were used to perform the results shown in the
following chapters.
Since it was not possible to test the trajectory estimates in
a indoor environment due to lack of true trajectory values and
external influences in the magnetometer (eg. cellphones and
metal structures), a rectangular trajectory of 5m of length and
3m of width was performed while carrying the quadrotor in an
outdoor environment while receiving GPS data. The direction
of movement was always aligned with the X body axis, so the
influence of non constant heading can also be evaluated.
In figure 5 it is possible to see the 2D trajectory data
retrieved from the first manual experiment. The blue line
shows GPS obtained data and the green line was obtained by
using the proposed solution trajectory estimator. The following
measured travelled distance relative error for a 16.39m was
achieved:
∆s (%) = 3.5077%
(46)
It is clear that trajectory error estimated is considerably larger
than the travelled distance error, which means that the error is
caused by the projection of the body frame estimated velocity
to the inertial frame. It is possible to see in figure 5a that
the estimated heading angle in green is not consisted with
rectangular shaped trajectory. In order to access the reason for
this large estimate error, the heading angle was estimated using
only the rotational matrix dynamics from equation 1 and a
second estimated trajectory computed using the same velocity
estimates from the proposed solution. The results obtained
with this approach is shown in red in figure 5. It is possible
to see that the general trend of the heading angle is the one
expected and consequently the estimated trajectory is more
accurate than the previous estimate.
The proposed solution rotation matrix didn’t present clear
deviations during the flight tests, which indicates that the error
observed in the manual tests were due external influences like
cellphones close to the quadrotor magnetometer.
This result proves that the accuracy of the trajectory estimates using on board sensor is highly dependent on the
accuracy of the rotation matrix. Therefore, even if more
accurate techniques are found to estimate the body frame
velocity, it will not necessarily result into more accurate
estimated trajectories.
A second manual experiment was performed in the same
trajectory at a bigger speed but in which the rectangular
trajectory was travelled two consecutive times in the same
direction. The results presented in figure 6 show that the
travelled distance measures were not affected by the increasing
speed of the experiment and its travelled distance error shown
in equation was smaller regarding the first experiment.
∆s = 1.62%

(47)

The second experiment results confirmed the conclusions
retrieved with the first experiment that the heading estimates
limits the estimated trajectory accuracy. After the manual
experiments, flight tests were performed. The left column of
figures in 7 show both the norm and inertial components of the

(a) ψ(t)

(b) Travelled Distance

(c) 2D Trajectory

Figure 5: Manual 5m x 3m Trajectory Experiment

(a) 2D Trajectory

(b) Travelled Distance

Figure 6: Manual 5m x 3m Trajectory(2 turns)

velocity estimates. The proposed solution data is presented in
red, the M3 velocity is presented in green and the GPS velocity
is presented in blue. The right column shows the estimate error
of the proposed solution.
The mean of the estimate velocity norm error has an
approximated value of −0.0066 ms−1 and the estimate error
in each of the inertial component has an approximated average
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of −0.025 ms−1 . The higher order of magnitude in the inertial
velocity components error can be explained by the induced
error in the projection of the body frame velocity. It is possible
to see in figure 5a that the magnetometer readings have a
considerable settling time. If big variations of heading occur,
it is expected that the heading angle errors on those periods are
considerably large. The peaks observed in the estimate error

of the estimated velocity can still be used to shown the importance of the velocity observer introduced in section III-A2.
It is possible to see in figure 9 that the observer considerably
reduces the noise originated in the numeric differentiation of
the OF displacement measures and its output quantization.
It is important to state that the observer does not introduce
visible delay in the velocity estimation. Figure 10 shows the

(a) ||I v(t)||

Figure 9: Velocity Filter Action During Flight

(b) I vy (t)

(c) I vx (t)

Figure 7: Velocity Estimation Data
coincide with more abrupt manoeuvres since there is additional
error originated by the angular compensation. This can be
easily seen in figure 8 in which the non compensated velocity
is presented in brown. This doesn’t present limitations in terms
of the estimator applicability since angular movements of that
magnitude are rare in a standard quadrotor flight. The norm

3D position estimation for the proposed solution estimator and
its error regarding the GPS data. The colours follow the same
designation as in the previous images. Although the estimated
trajectory provides good indications of the quadrotors general
trajectory, the estimation error grows in time since the position
estimate is originated from pure integration of the velocity
data. Even in the ideal case that the velocity estimator has
mean zero error, it is not possible to bound the error.
The results presented in figure 11 show M2 and M3 results
for four different TGP S values. In the left column the red
and green line represent M2 and M3 trajectory estimates and
in the right column the estimate error for M2 is shown. For
TGP S = 25s, the trajectory provided by M3 is not presented
because its accuracy is several order of magnitudes lower than
M2.
It is possible to see that the introduction of an OF sensor
to the usual set of sensor’s composed by gyroscopes and
accelerometers considerably improves the trajectory estimate
for any of the cases. In fact, while M3 can only provide
a acceptable trajectory with GPS updates every second, M1
estimates error are under 1 m in the entire scope of the
experiment with the lower update rate tested.

(a) Trajectory Estimation
(a) Flight Pitch Compensation

(b) Estimation Error

Figure 10: Proposed Solution Position Estimates

V. C ONCLUSIONS
(b) Flight Roll Compensation

Figure 8: Angular Compensation Action During Flight

In this thesis a velocity and position estimator in GPSdenied environments based on low cost on-board sensors is
proposed and tested in a quadrotor. Apart from the standard
sensors like accelerometer and gyroscopes the use of an mice
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(a) TGP S = 25 s

(b) TGP S = 15 s

in certain areas of the flown environment.
Regarding future developments of the proposed solution, a
SLAM algorithm could be added by using LRF data. Similar
algorithms for mapping were already used in [9], [10]. Since
the used set up already contains an LRF to provide altitude
readings, its information could be used for mapping algorithms
without changing the experimental set up. The use of a more
robust estimator for heading values could also be applied in
order to check the influence of the heading accuracy in the
observers implemented in the presented work.
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(c) TGP S = 5 s

(d) TGP S = 1 s

(e) Estimation Error

Figure 11: M2 and M3 Position Estimates
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