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ASTROPHYSICS EXAM

INTEGRATED MASTER IN ENGINEERING PHYSICS

Tuesday 17 May 2016 11.00am – 1.00pm

Before you begin read these instructions carefully

– Write your ist-number and name on top of every sheet that you use to answer this exam.

– Clearly identify each sheet of the exam with an arabic number in the top right side.

– Start solving each problem on a new page.

– The duration of the exam is of 2h00m + 00h30m.

– Students can not give up the exam during the first 30 minutes.

– The use se mobile phones and calculators is not allowed during the exam.

– Always perform first the analytical calculations and only at the end replace the numeric

values.

– Fundamental Constants, Formulae and additional material can be found in the last page

of the exam.

– Good Luck !

You may not start to read the questions printed on the subsequent pages of this ques-

tion paper until instructed that you may do so.



Astrophysics · Engineering Physics

Exame · 17 May 2016 · 11h00m - 13h30m 2

1. Some questions about stars:
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Figure 1: Hipparcos HR (MV , B − V ) diagram for the 4902 single stars from the Hipparcos

Catalogue with relative distance precision σπ/π < 0.05 and σ(B−V ) less than or equal to 0.025

mag. Colours indicate the number of stars in a cell of 0.01 mag in (B − V ) and 0.05 mag in V

magnitude (MV ).

(a) A variable star shows changes in its brightness by a factor of 4. What is its change

in apparent magnitude?

(b) What is the combined apparent magnitude of a binary system consisting in two stars

with magnitudes m1 = 3.0 and m2 = 4.0?

(c) If a star has an apparent magnitude of -4.0 and a parallax angle of 0.3”, calculate its

distance modulus and absolute magnitude.

(d) Consider a globular cluster with a total of 104 stars. 100 of those stars have absolute

visual magnitude Mv = 0.0 and the rest have Mv = +5.0. What is the integrated

visual magnitude of the cluster?

(e) What is the spectral classification of stars ? Identify the different spectral classes

known and give a qualitative explanation of their main properties.

(f) Using the HR diagram show in figure 1 please indicate the different stellar spectral

classes, luminosities classes, location of the main stages of stellar evolution, and

explain the variation of the luminosity and effective temperature with MV and B −
V . [Hint:if useful make a schematic representation of figure 1 in the exam’s sheet.]
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2. Identify and characterize the main properties of the star for which their spectrum and

atmosphere are shown in the figure 2:

Figure 2: Spectrum of a typical solar type star (a) and a model of its atmosphere (b). In the

panel (a) it is shown the best fit of a blackbody function (dashed line) to the star’s spectrum.

In panel (b) it is shown the atmosphere radial profiles of temperature, density, as well as the

location of the formation of the core and wings of several spectral lines.

(a) Determine the effective temperature of the star shown in Figure 2.

(b) Give a qualitative explanation of the formation of spectral lines, in particular by

making reference to their location in the star’s atmosphere.

(c) Identify in the spectrum the location of the Balmer Jump (and series). Hint: Use the

result λ−1 = RH(2
−2−n−2) with RH = 1.0973732× 107 m−1 (Rydberg constant.)

(d) If the effective temperature of the star increases significantly, what is expected to

happen to the Balmer Jump ?

(e) Identify the spectral class of the star shown in Figure 2. Explain your choice.

(f) What are the main known properties of the atmosphere’s regions shown in Fig-

ure 2(b) in the case of a star like the Sun.

(g) How is the intensity of the magnetic field measured in sunspots ? What spectral line

you recommend to be used and why ?
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3. Polytropic models are stellar models for which the equation of state can be written as

P = Kργ with γ = 1+ 1
n

, where K is a constant and n is the polytropic index. Determine

the following relations (in the case γ 6= 1):

(a) Express the density as a function of the gravitational potential (in the case of γ 6= 1).

In the derivation of this result use the Poisson and Hydrostatic equilibrium equa-

tions:

1

r2
∂

∂r

(

r2
∂Φ

∂r

)

= 4πGρ (1)

dP

dr
= −g(r)ρ, (2)

use the boundary condition that Φ = 0 and ρ = 0 at the surface of the star (r = R).

(b) From the previous result determine the Lane-Emden equation, using the transforma-

tion of variables z = Ar and Φ = wΦc, where the subscript c refers to the centre

of the star, such that at r = 0, Φ = Φc and ρ = ρc. Determine the value of A. The

Lane-Emden equation reads

dw2

∂z2
+

2

z

dw

dz
+ wn = 0. (3)

(c) Describe the behaviour of w(z) near the stellar centre (w(z) up to z4). Assume that

w(0) = 1 and w′(0) = 0 for z = 0.

(d) Solve the Lane-Emden equation for n = 1 (with w(0) = 1 and w′(0) = 0 for z = 0).
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4. Consider an infinite homogeneous isothermal medium of constant density (non-

vanishing) composed of an ideal gas at rest. Assuming the fluid motions are described by

the following system of differential equations (the Euler equation motion, the continuity

equation and the Poisson equation):

∂~v

∂t
+ (~v · ∇)~v = −

1

ρ
∇P −∇Φ,

∂ρ

∂t
+ ~v∇ρ+ ρ∇ · ~v = 0,

∇2Φ = 4πGρ

where the variables have their usual meaning. Answer the following questions:

(a) Consider that this medium experiments a small amplitude perturbation, for which

any scalar quantity of the previous system of equations can be written as f(~r, t) =
fo(~r) + f1(~r, t) with |f1| ≪ |fo|. This approximation also holds for vectorial quan-

tities ~f , such as ~f = ~fo(~r) + ~f1(~r, t) with |~f1| ≪ |~fo|. Show that the linear system

of equations describing the small perturbations reads

∂~v1
∂t

= −∇

(

v2s
ρ1
ρo

+ Φ1

)

∂ρ1
∂t

+ ρo∇~v1 = 0

∇2Φ1 = 4πGρ1

(b) Simplify the previous system assuming the perturbation corresponds to a plane

wave propagating in the x direction. [Hint: Assume that any variable f1(x, t) is

∼ ei(kx+ωt), where ω and k are the frequency and wave number of the wave.]

(c) Show that the previous system (v1, ρ1,Φ1) describing plane wave perturbations, can

only have non-trivial solutions if ω2 = k2v2s − 4πGρo.

(d) Represent graphically the dispersion relation for these perturbations. Compute the

dispersion relation in the limit of very small wavelengths. Which type of waves

corresponds to this type of dispersion relation ?

(e) Using the previous result define the Jeans wavelength λJ and explain its physical

meaning.

(f) Show that the Jeans mass MJ is such that MJ ∼ (R/G)3/2 (T/µ)3/2 (1/ρ)1/2. For

that assume that MJ relates with the Jeans wavelength as MJ = ρλ3
J .



Astrophysics · Engineering Physics

Exame · 17 May 2016 · 11h00m - 13h30m 6

5. The virial theorem applies to a wide variety of bound gravity systems, such as single

stars, clusters of stars and clusters of galaxies.

(a) Show that the virial theorem for a gravitationally bound system of N particles of

equal mass can be written as

1

2

d2I

dt2
= 2K + U, (4)

where K is the kinetic energy, U is the gravitational potential energy and I is the

”generalised” moment of inertia defined by I =
∑N

i mir
2
i .

(b) For a gravitationally bound system in equilibrium, show that the total energy of the

system is always one-half of the time-averaged potential energy. Clearly explain

your simplifications.

(c) Calculate the potential gravitational energy of a spherical stellar cluster of constant

density with a total mass M and radius R.

(d) Calculate the rms velocity for the previous stellar cluster. Assume that the stars in

the cluster have equal mass.

(e) Consider a spherical stellar cluster with a radius of 8 pc with one million stars each

with mass of 0.6M⊙:

(i) Determine the gravitational potential energy of the stellar cluster.

(ii) Determine the rms velocity for the cluster.
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ASTROPHYSICS EXAM INFORMATION SHEET

Physical and Astronomical Constants

velocity of light c = 2.999× 1010 cm s−1

Newton constant G = 6.6726× 10−8 dyne cm2 g−2

Planck constant ~ = h/(2π) = 1.0546× 10−27 erg s
ideal gas constant R = kbNA = 8.3143× 107 erg K−1 mol−1

Avogadro’s number NA = 6.022× 1023 mol−1

Boltzmann constant kb = 1.38064852(79)× 10−16 erg K−1

parsec pc = 3.086× 1018 cm
astronomical unit AU = 1.496× 1013 cm

Solar Radius R⊙ = 6.955× 1010 cm
Solar Mass M⊙ = 1.989× 1033 g
Solar Luminosity L⊙ = 3.839× 1033 erg s−1

Additional Formulae

Equation of state for an ideal gas P = R

µ
ρT = v2sρ


