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Abstract

The work focuses on the design, validation, and comparison of different control solutions allowing
a particular wheeled mobile robot - rhombic like vehicle to follow a reference path. The mathematical
model of the rhombic like vehicle system (RLVs) consisting of a drive system, modules system, and the
vehicle system is developed. Furthermore, the vehicle’s kinematic model adherence to a nonholonomic
constraint is studied for the control design purpose. A designing process of a controller based on
the hierarchical approach is presented: i) low-level law for the motor speed control and ii) high-level
control law for the vehicle position control. The low-level control for the motor system is based on the
Proportional–Integral–Derivative(PID) control theory. The high-level control methodologies developed
for position control are geometrical control and optimal control methods. A simulator is built in
Simulink/Matlab to validate the designed controller.
Keywords: Wheeled mobile robot, Rhombic like vehicle, Nonholonomic constraints, Motion control,
PID control, Linear control, Geometric control

1. Introduction

The research on the wheeled mobile robot (WMR)
has been discussed in the past century. The interest
of using wheeled mobile robot for several different
applications is increasing worldwide nowadays [1],
such as transportation in factories, warehouses, and
places where there is a need for material delivery.
A particular rhombic like vehicle (RLV) with
nonholonomic constraint is design for the trans-
portation of equipment inside of the International
thermonuclear experimental reactor (ITER). ITER
project is one of the most aspiring energy projects
today; it aims to explore nuclear fusion as a viable
energy resource for the future. In order to achieve
the ITER’s main objective, the Remote Handling
(RH) technique related with a transfer casks sys-
tem was needed due to the restrictive presence of
humans in inactivated areas during the mainte-
nance operations. The main operation of RH equip-
ment in ITER includes manipulating and exchang-
ing components with weight up to 100 tons. A RLVs
is particularly suitable for operations in the ITER
cluttered environment (see Fig.1) because it enables
higher maneuverability. It is type of vehicle equips
with two drivable and steerable modules, the front
and rear modules, each module with two wheels on
the sides. The dissertation’s theme is integrated
into the FORMULAfusion project which aims to be
a demonstration of a proof-of-concept with a scale
robot of RLV with 250 kg of payload. Fig.2 showed

Figure 1: Simplified versions of two levels in the
main buildings of ITER: storage and maintenance
areas in the hot cell building (left) and divertor level
of the tokamak reactor building (right) [2]

an automated vehicle with two steerable modules
for cargo transportation using 3D CAD software.
There are three major challenges in the WMR au-
tonomous navigation problem: localization[3, 4, 5],
motion planning[2, 6, 7], and motion control[8, 9,
10, 11, 12]. This thesis studied the motion con-
trol problem, which the system receives as the in-
put the motion plan in the previous stage - motion
planning, and develop the feedback control law that
allows the vehicle to track the desired trajectory.
In order to reach this goal, the dissertation has two
major objectives: the mathematical modeling of the
RLVs scale prototype (see Fig.2), and developing
the control solution for the vehicle motion control
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problem. The work is organized as follows: Sec-

Figure 2: CAD representation of the RLVs without
platform

tion 2 introduce the mathematical modeling of the
RLVs model, developing the simulator; in Section 3
the proposed control solutions is presented; in Sec-
tion 4 the results and final analysis of the thesis will
be shown and Section 5 presents the conclusion and
suggestions of future work to the proposed work.
The work presented in this thesis played an impor-
tant contribution for the project FORMULAfusion
of the Instituto de Plasmas Fusão Nuclear in Insti-
tuto Superior Técnico, University of Lisbon.

2. Mathematical Modelling

The RLVs planar representation is presented in
Fig.3 to illustrate the main component of the sys-
tem. The vehicle motion is defined with the body-
fixed coordinate frame (xB , yB) and the fixed coor-
dinate frame (XI , Y I). ψ is the projection of the an-
gle from the XB to the world’s XI and Y I plane. It
increases in the counter-clockwise direction, which
implies that the vehicle’s left turn signifies a posi-
tive radius. The vehicle pose is defined as (x, y, ψ),
and it moves with linear speed v and angular speed
ω of the vehicle until new definition is assigned. A

Figure 3: Vehicle coordinate system

formulation of the system aims to model the motion
of the RLVs.
The approach is to separate the RLVs system into
divided into three systems: drive system, modules
system and vehicle system. In the following sec-
tions, each system will be described in detail.

2.1. Drive System Modeling

In this section, a modeling process of the drive sys-
tem is developed. It is assumed that the vehicle is
driven by four DC motors with mechanical gears.

In Fig.4 a simplified scheme of the DC motor is de-
picted. The motor engine model used in the project

Figure 4: Decomposition of the system

FORMULAfusion is the MDXL61GN3IP, a single
and integrated motor package (motor, drive and
controller) sponsored by Applied Motion company
(Reference: J0200− 408− 4− 000A), as illustrated
in Fig.5. According to the information provided by

Figure 5: MDX Servo Motor

Applied Motion company, the motor specifications
and parameters are given in Table 1. The dynamic

Table 1: Motor Model Parameter

Motor Parameters Value
Armature Resistance Re = 0.192 Ω
Armature Inductance Le = 0.56 × 10−3 H
Torque constant Kt = 0.192 N m A−1

Voltage constant Kb = 0.392 V/(rad/s)
Friction coefficient c = 3.0 × 10−3 N m s−1

Inertia J = 165 × 10−7 kgm2

equation of the motor is presented as follows:

ReI + Leİ + Eemf − V = 0

Jω̇m = τm − cωm
(1)

where the torque generated by DC motor τm is pro-
portional to the current, and the electromotive force
Eemf proportional to the angular velocity as fol-
lows:

τm = KtI

Eemf = Kbωm
(2)
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The whole gear system provides the gear ratio n,
where n = 84, thus:

τ = nKtI

ω =
ωm
n

(3)

with τ the torque acting on the wheels, and ω is de-
noted as the angular speed of the wheel until a new
definition is assigned. Additional dynamic effects
related to the mechanical gear system are herein
not considered.

2.2. Modules System Modeling

After analyzing the drive system, one obtains the
torque τij and wheel angular speed ωij as the drive
system’s output. To understand how the wheel
torque effect the vehicle’s motion, the relation be-
tween the module velocity and orientation with the
wheel angular speed is presented in this section.
As two modules have same configuration, the mod-
eling of the module system is identical for the front
and rear module. The first module is implemented
in the scope of the project. Fig.6 shows a mod-
ule with two parallel driven wheels, each wheel is
attached with a drive system and a power supply.
For the mathematical analysis of the module model,

Figure 6: Module prototype attached with drive
system

based on the Fig.6, the model representative of the
module is presented in Fig.7. According to the geo-

Figure 7: Model representative of the front module

metric relations, the forward velocity vx and angu-
lar rate θ̇ (denoted as ω in Fig.7) depends on both

two wheels angular velocities as:

vx =
Rωr +Rωl

2

ω =
Rωr −Rωl

D

(4)

Therefore the modules linear and angular speed is
now expressed in function of four wheel angular
speed ωfr, ωfl, ωrr and ωrl as:

vf
θ̇f
vr
θ̇r

 =


R
2

R
2 0 0

R
D −R

D 0 0
0 0 R

2
R
2

0 0 R
D −R

D



ωfr
ωfl
ωrr
ωrl

 (5)

with D the distance between the wheels and R the
wheel radius. The active force is generated by the
motor which are aligned to the wheels. The force
diagram with all active forces is presented in Fig.8.
θf and θr are the modules orientations, and Fij the

Figure 8: Force diagram for the vehicle

active forces of the vehicle with i = (f, r) refer to
the front, and rear modules and j = (l, r) to the
left and right wheels, respectively. The Ff and Fr
are the resulting force acting on the front and rear
module, respectively. Fpx and Fpy are the resulting
forces in the x and y direction, and Mpz the mo-
ment, in the center of the vehicle.
The active force on the wheel can be calculated as:

Fij =
τij
R

(6)

with τij the torque action on the wheels, and R the
wheel radius.
The calculation of the resulting forces of the mod-
ules level in the vehicle frame is performed once each
module’s orientation is determined. For the analy-
sis of the forces, the following relation is obtained
according to Fig.8:

Fijx = Fij cos θi

Fijy = Fij sin θi
(7)

with the index i refers to the i-th module, j refers
to the j-th wheel.
The resulting forces in x and y direction, and mo-
ment from the action of the modules system are ob-
tained in relation to the vehicle center of gravity’s
local coordinate system:

Fpx = Ffx +Frx = (Ffrx +Fflx)+(Frrx +Frlx) (8)
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Fpy = Ffy +Fry = (Ffry +Ffly )+(Frry +Frly ) (9)

Mpz =
D

2
(Ffrx + Frrx) − D

2
(Fflx + Frlx)

+Lf (Ffry + Ffly ) − Lr(Frry + Frly ))
(10)

from now on the ω is denoted as the angular speed
of the vehicle. D the distance between the left and
right wheels, Lf ,Lr the distance of the front, rear
module to the vehicle center of gravity, respectively.

2.3. Vehicle Motion
After analyzing the drive system and modules sys-
tem, one obtains the active forces (Fpx, Fpy) and
moments Mpz acting on the center of the vehicle.
Additionally, the friction forces is considered and it
is defined as a function of the vehicle’s speed:

Fax = µxvx

Fay = µyvy
(11)

where µx and µy are the friction coefficients. The
value of the friction coefficients are related to the
actual pose of the RLVs and the surface condition
of the work environment. It can be obtained ex-
perimentally. Due to lack of the information, the
first estimation of the friction value is made based
on the [2], and then adjusted to the RLVs model in
studied.
Thus the velocities of the vehicle in the body frame
are presented as follows:

v̇x =
1

M
(Fpx − µxvx − ωMvx) (12)

v̇y =
1

M
(Fpy − µyvy − ωMvy) (13)

ω̇ =
1

Iz
Mpz (14)

where M is the mass of the vehicle, Iz the vehi-
cle inertia. For control and navigation purposes,
the velocity vector expressed in the vehicle frame
(xB , yB) must be transformed to the global frame
(XI , Y I), and this leads to the kinematics relations.
Consider the coordinates (x, y, ψ) give the vehicle
position in the global frame; it may be regarded
as an integration of the inertial velocities vI in the
global frame with the following relations:

vI =

 ẋ
ẏ

ψ̇

 = RIB

 vx
vy
ω

 (15)

with

RIB =

 cosψ − sinψ 0
sinψ cosψ 0

0 0 1

 (16)

Based on the modeling equations of the previous
sections, a simulator was built in Matlab/Simulink
for the validation of the control system using the
model parameters presented in Table 2.

Table 2: Vehicle Parameters Simulation setup

Vehicle parameters Value
Lf 0.5 m
Lr 0.5 m
Vehicle width 0.7 m
Vehicle length 1.1 m
Distance between the wheels 0.25 m
Wheel radius 0.1 m
Vehicle Inertia 250 kgm2

Total Mass of the Vehicle 375 kg
Maximum speed v = 0.5m s−1

3. Motion Control
The motion control is based on the schematic di-
agram of the control system as shown in Fig.9,
where the system’s global input is the reference
position (xref , yref , ψref ), and suppose the current
position (x, y, ψ) of the RLVs is measurable. The
position control output is the four angular speed of
the wheel. The control objective is to minimise the
position and orientation errors q̃, and it is defined
as follows:

q̃ = qref − q =
[
q̃x q̃y q̃ψ

]
(17)

In short, the motion control problem’s solution is
based on a hierarchical approach: i) low-level con-
trol law for the speed control of the drive system
and ii) high-level control law for the position con-
trol.

Figure 9: Schematic diagram of control system

3.1. Speed controller for the DC motor
For a motion control purpose, a speed controller
based on the PID theory in the motor level is im-
plemented to ensure the tracking features. In this
case, the control law is defined as:

Vij(s)

Eij(s)
= Kp +Ki

1

s
+Kds (18)

where the Eij(s) is the speed tracking error:

Eij(s) = (ωref − ω)ij

Kp is the proportional gain, Ki is the integral gain,
and Kd is the derivative gain.
The transfer function of the DC motor is obtained
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using the motor parameters in Table 1:

ωm(s)
V (s) = 1

1.42× 10−7s2+7.46× 10−5s+9.20× 10−3

(19)
The speed controller design via root locus
method[13] is performed. Final PID parameters are
presented in Table 3. The comparison between the

Table 3: PID Speed Controller Parameters

Controller Parameters Value
Kp 50
Ki 5
Kd 0.5

simulation in Simulink and the experimental results
in MDX Servo Suite is analyzed. Additional white
noise was implemented to the motor model in order
to get more realistic simulation results. The final
result is presented in Fig.10.

(a) Simulink (b) MDX Servo Suite

Figure 10: Comparison between the simulation and
the experimental results

3.2. Alonzo Kelly Modified Controller

A kinematic model of RLVs based on a pure geo-
metric study is presented in this section for control-
oriented studies, and it is adherent to the nonholo-
nomic constraints. Based on [14] the following equa-

Figure 11: RLVs variables and parameters

tions are valid: ẋ
ẏ

ψ̇

 =

 cos (β + ψ)
sin (β + ψ)

(tan θf−tan θr) cos β
Lr+Lf

 v (20)

where β is the slip angle of the vehicle.

β = arctan
Lr tan θf + Lf tan θr

Lr + Lf
(21)

v =
vf cos θf + vr cos θr

2 cosβ
(22)

The RLVs is considered as rigid body itself there-
fore the geometric constraints must be obeyed. The
geometric constraint is expressed as follows:

vf cos θf = vr cos θr (23)

According to Fig.11, to obtain the values of
(vf , θf , vr, θr), and meanwhile respecting the rigid
body constraint (23), the following relations be-
tween the modules speed and vehicle speed must
be verified:

vfx
vfy
vrx
vry

 =


1 0 0
0 1 Lf
1 0 0
0 1 −Lr


 vx
vy
ω

 (24)

where

vx = v cosβ

vy = v sinβ
(25)

and Lf , Lr are the distance of the front and rear
module to the vehicle CG, respectively. The module
orientation can be obtained using the trigonometric
relation:

θi = arctan 2
viy
vix

(26)

and the linear velocity of the module:

vi =
√
vix2 + viy2 (27)

The module is equipped with two wheels, and each
wheel is attached with a motor. In body frame,
the angular velocities of the wheels can be obtained
from the modules speed as:

ωfr
ωfl
ωrr
ωrl

 =
1

R


1 D

2 0 0
1 −D

2 0 0
0 0 1 D

2

0 0 1 −D
2



vf
θ̇f
vr
θ̇r


(28)

with R the wheel radius, and D the distance be-
tween two wheels. Hence, this transformation al-
lows that motion control thought [v, β, ω], inside of
[ωfr, ωfl, ωrr, ωrl].
Two feedback control laws are here introduced
based on the principle presented in [15, 16, 17], and
extended to the RLVs in studied. The main idea
of the methodology is to control the RLVs motion
thought the control of [vc, βc, ωc] (see Fig.12). The
output would be the angular velocities of the wheel:
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[ωcfr, ω
c
fl, ω

c
rr, ω

c
rl] that enable the RLVs follow the

desired path. For the control law design, the vc is
assumed to be predefined and the speed information
is contained in the reference trajectory. The control
variable βc is obtained using the geometric law as
presented in Fig.12, and it is used to direct the ve-
hicle’s to the reference pose. As for control variable
ωc, it aims to orientating RLVs to the desired ori-
entation. The control law for those two variables is

Figure 12: Alonzo Kelly Modified controller repre-
sentation and variables definition

presented as follows:

βc = arctan
xref − x

yref − y
− ψ

ωc =
kω(ψref − ψ)

tn

(29)

where the (xref , yref , ψref ) are the coordinate of
reference path pose and (x, y, ψ) the actual coor-
dinate of RLVs. tn the simulation step and kω a
positive gain that tunes the RLVs to desired ori-
entation. In brief, the AKM controller works as a
proportional controller, where the control variables
are proportional to the heading angle error and the
cross track errors.
For the path following task simulation, as the RLVs
will be operating the ITER with the cluttered work
environment, in order to simulate the work condi-
tions, the direction path is designed. The simula-
tion result in the kinematic model (20) is presented
in Fig.13. One drawback of this method is the oscil-
lation in the requested wheel speed (see Fig.13(d))
which may cause damage to the system actuator.
The simulation with the kinematic model was able
to capture the essential characteristics of the AKM
controller. However, a more precise simulation is
done with the RLVs simulator presented section 2.
Table 4 summarizes the controller performance with
the given reference in both two models with the po-
sition errors (δx, δy) and orientation errors δψ. The
simulation in the RLVs simulator is worst because
the dynamic effects are not considered at the con-
troller design stage. The oscillation of the position
error in Fig.13(b) is mainly caused by introducing

(a) Resulting trajectory (b) Errors

(c) Resulting vehicle speed (d) Resulting wheel speed

Figure 13: AKM controller: simulation in the kine-
matic model

Table 4: Simulation result ( root mean square
(RMS) values of selected variables)

AKM controller δx(m) δy(m) δψ(deg)
Kinematic model 0.59 0.40 2.79
RLVs simulator 0.87 0.68 6.63

the look-ahead distance. The position error can be
decreased if the smaller value of look-ahead distance
is used. Table 5 demonstrates the position error
decreased with the decrease of the look ahead dis-
tance. However, a smaller look ahead distance can
cause strong oscillations, and the system became
challenging to stabilize.

Table 5: Influence of the look ahead distance

look ahead distance δx(m) δy(m) δψ(deg)
0.2 0.15 0.10 2.58
0.5 0.38 0.26 2.67
0.8 0.87 0.68 6.63

3.3. Linear Quadratic Regulator

A LQR optimal control for trajectory tracking of
RLVs is developed in this section, which calculates
optimally the necessary linear and angular velocity
to follow a reference signal. Consider the optimal
regulator problem that, given the system equation:

ẋ = Ax+Bu
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determines the matrix K of the optimal control vec-
tor

u = −Kx

so as to minimize a certain cost function. For the
infinite horizon problem, the cost function and con-
ditions is defined as:

J∗ = minu

∫ ∞
0

(x(t)TQx(t) + u(t)TRu(t))dt

ẋ(t) = Ax(t) +Bu(t)

x(0) = x0

(30)

The system is consider in the steady state condition,
therefore the solution can be considered as an ARE
(Algebraic Riccati Equation ):

ATPss + PssA− PssBR
−1BTPss +Q = 0 (31)

and
uopt(t) = −Kx(t) (32)

with
K(t) = −R−1BTPss

For the trajectory tracking problem, given a system
ẋ = f(x, u) and a reference trajectory (xref , yref ),
the problem becomes to calculate a compensator of
the form u = K(x, xref , uref ) such that when t goes
to infinity, the position error is equals to zero.
The error in the inertial frame ˙̃qI = (q̃x, q̃y, q̃ψ)I are: q̃x

q̃y
q̃ψ


I

=

 cosψ sinψ 0
− sinψ cosψ 0

0 0 1

 qx
qy
qψ


B

(33)

For the control design purpose, the result of tangent
linearization of system about the reference trajec-
tory in the global frame is presented:

˙̃qI =

 0 ωref 0
−ωref 0 vref

0 0 0

 q̃I +

 1 0
0 0
0 1

[ ṽ
ω̃

]
(34)

For the reference trajectory defined as
(xref , yref , ψref ), the vref and ωref can be
calculated from following equations according to
[12]:

ψref = arctan
ẏref
ẋref

(35)

having differentiation of (35) in order to get ωref
as:

ωref =
ẋref ÿref − ẏref ẍref

ẋ2ref + ẏ2ref
(36)

vref = ±
√
ẋ2ref + ẏ2ref (37)

The sign for vref will define forward or backward
motion of vehicle. The desired cartesian motion
reference (xref , yref ) should be twice differential ac-
cording to the (36).

The system (34) has three state variables
[q̃x, q̃y, q̃ψ], representing the dynamics of tracking
error in coordinate (x, y, ψ), and two inputs [ṽ, ω̃].
In order to determine inputs of the closed-loop sys-
tem the LQR optimal control is used. According
to the LQR control theory, the solution can be ob-
tained as

uopt(t) = −Kx̃(t)

where K is the gain matrix determined by LQR
controller optimally. The Bryson method is used
for the first estimation of the weighting matrices
of the states and inputs, respectively Q and R, as
diagonal matrices where each term is the inverse
square of the expected maximum for the variable
during the motion:

Q = diag(Qi)

Qi =
1

q2i,max

(38)

with qi,max maximum acceptable value of qi in SI
unit. According to the ITER project specification,
the vehicle has to move in cluttered environments
with safety margins of 30 cm, therefore the maxi-
mum accepted value for the q̃x and q̃y are approxi-
mately 0.3 m, and 0.15 radius for the vehicle orien-
tation. The final value is presented below based on
the (38):

Q(q̃x, q̃y, q̃ψ) = diag(10, 10, 50) (39)

Same principle is used for the matrix R:

R = diag(Ri)

Ri =
1

u2i,max

(40)

with ui,max max acceptable value of ui.

R(ṽref , q̃ref ) = diag(5, 1) (41)

By changing the elements of Q, the sensitivity of
the system to the state variables can be adjusted.
Therefore, to obtain the inputs of the system, the
Equation (42) is available:

[
vc

ωc

]
= −K

 q̃x
q̃y
q̃ψ


I

(42)

with K the gain matrix determined by LQR con-
troller optimally and the system is extended with
determination of βc(29).
A pose tracking problem is studied to investigate
the stabilization feature of the LQR controller, and
the relation between the module’s orientation and
the vehicle heading angle is also discussed. The
desired pose is position (5, 5)m with zero heading
angle. The chosen initial conditions for the RLVs
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is (0, 0)m with zero heading angle. This case study
aims to illustrate how the vehicle can slide to the
desired position without changing the vehicle head-
ing angle. The study of how the model parame-

(a) Resulting errors (b) Resulting linear and angu-
lar speed

(c) Resulting modules orientation: the green ar-
row represents the front module and the red ar-
row represents the rear module

Figure 14: LQR controller: initial conditions
(x, y, ψ) = (0, 0, 0); desired pose: (5, 5, 0)

ters’ variation, in this case, a wheel radius and ve-
hicle mass, effects on the controller performance is
presented. The simulation’s case mission is con-
sidered a circle path with null initial conditions.
According to (37) and (36), the reference veloci-
ties are calculated, where the vref = 0.2 m s−1 and
ωref = 0.05 rad s−1 clockwise.
Fig.15(a) is the resulting trajectory of the vehicle,
and the vehicle follows the reference trajectory with
the minimum position error. The resulting vehicle
velocities are presented in Fig.15(b), where the lin-
ear speed v oscillated around the vref and angu-
lar speed approximated to the ωref . Several sim-

(a) Resulting trajectory (b) Resulting linear and angu-
lar speed

Figure 15: Baseline simulation for the study of the
robustness of the LQR controller

ulations are done with the variation of the vehicle

mass and wheel radius. Fig.16(a) showed the po-
sition and orientation errors increase with the in-
crease of the vehicle mass. This is due to the fact
of the controller is designed based on the kinematic
model. As the mass increases, the vehicle’s iner-
tial effect becomes significant, and the system can
not respond to the request control action as quickly
as it is supposed to be, which causes the controller
performance to become worse. Fig.16(b) showed
the variation of the wheel radius effects more in
the position x and y than the vehicle orientation.
This kind of mismatch in the wheel radius in real-
ity can be caused by various reasons, such as tire
wear or measurement errors. The tire’s wear can
be a severe problem, and depends on the type of
tire will be used, the scale of variation can be con-
siderable. However, as the wheel radius parameter
is a measurable variable, and generally speaking,
for a large and heavy-duty vehicle, the maximum
tire wear permitted is around 60mm1, including the
eventual measurement error, the LQR is considered
to be robust to 50% variation of the wheel radius
parameter.

(a) Influence of M (b) Influence of R

Figure 16: Study of the robustness: red mark rep-
resents the baseline simulation

4. Results
Two types of control solutions described in the pre-
vious sections present their advantages and disad-
vantages. An overall comparison between them is
crucial to provide a better overview of the differ-
ent control options. In this section, this assess-
ment is made considering parameters such as path-
tracking performance for the several challenge paths
(see Section 4.1), a case study mission which intent
to evaluate the control effort of two controllers is
presented in Section 4.2.

4.1. Performance for case-study mission
For the tracking error assessment, the cross-track
error of the center of the RLVs, denoted by ec, is
used, and it is calculated as:

ec =
√
δ2x + δ2y (43)

1Information provided by Technical Engineer in CRRC
Tangshan Co., Ltd., a manufacturer of rolling stock located
in Tangshan, Hebei province,China
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where the δx and δy are the position error of the cen-
ter of vehicle in x and y direction, respectively. The
results show for all the path-tracking case in study,
the LQR was able to follow the reference with less
errors than AKM controller. However, the perfor-
mance of two controllers relied a lot on the tuning
parameters, and as the tuning process of the AKM
controller is done empirically, a more precise study
is presented in the next section to evaluate the dif-
ference between the two controllers for a case study
mission.

Path Controller ec(m)
Spiral AKM

LQR

0.45

0.36
Circle AKM

LQR

0.43

0.15
Direction Path AKM

LQR

0.92

0.40

Table 6: RMS of ec for each of the controllers

4.2. Comparison of controller performance: case
study

The mission case is defined as:

xref = 0.1t

yref = 0

ψref = 0

(44)

and vehicle initial conditions are (−2,−2)m with
zero heading angle.
The vehicle with LQR controller was able to enter
the reference trajectory quicker than vehicle with
AKM controller (see Fig.17). However after the en-
trance to the reference trajectory, the AKM con-
troller presents less static errors than the LQR con-
troller. For better validation of two controller, the
RMS of errors is calculated and summarized in Ta-
ble 7. Fig.18 show the requested torque of four mo-

(a) AKM controller (b) LQR controller

Figure 17: Comparison of two controllers: resulting
trajectories

tors for both two controllers. The value of torque is
much smaller in the LQR controller, as the princi-
ple of the LQR is calculate the optimal control input

Table 7: Comparison between two controllers (RMS
values of selected variables)

Type of controller δx(m) δy(m) δψ(deg)
LQR 1.16 0.49 5.95
AKM 0.87 0.69 0.01

that minimized the defined cost function. In order

(a) AKM controller (b) LQR controller

Figure 18: Comparison of two controllers: actuators
request

to better visualize of the relative results, Table 8
presents a qualitative overall comparison between
controllers. The evaluation of the design parame-

Table 8: Overall comparison between two con-
trollers: (++ good, + average, – poor)

Type of controller AKM LQR
Tracking errors ++ +
Requested control effort – ++
Code simplicity ++ +
Design parameters tuning – +

ters tuning provides a comparative idea of the nec-
essary effort of the designer to correctly tune the
controllers parameters. This evaluation is merely
based on the knowledge acquired throughout this
work, and serves only as an indication of the future
work.

5. Conclusions
A mathematical model of RLVs is presented based
on the dynamic and kinematic equations. A simula-
tor is built in Simulink to validate the designed con-
troller. Two controllers are proposed allowing the
vehicle to follow a reference path. The validation
of the two solutions for different tasks is performed.
The simulation results show the performance of the
AKM controller depends a lot on the tuning param-
eter. The advantages of the AKM controller are the
design simplicity and the main disadvantage is the
time-consuming tuning of the control design param-
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eters. An LQR controller is designed for the posi-
tion control based on the kinematic model. It still
takes some time-consuming tuning of the control
design parameters, namely the state and input con-
trol matrices. However, this time compared with
the AKM controller is insignificant.
Both two control solutions, AKM and LQR con-
troller, proved to be capable of executing different
missions. An assessment of each controller’s advan-
tages and disadvantages and a comparison between
them was also made, providing a comprehensive in-
sight into the RLVs autonomous navigation control
problem and the solutions proposed. During the de-
velopment of this work, given the time limitations
for this thesis development, some subject have not
been addressed: development of the mathematical
model of the RLVs including tire model and design
of the controller with the dynamic vehicle effects
and it would be also interesting to performed con-
trol design in discrete time and analyse the differ-
ences with the continuous case.
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