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Abstract

The present work aims at the analysis of the water consumption behaviour at end use points of a
District Metered Area (DMA) in order to select the points where telemetry should be installed. Firstly,
the data provided was distributed into clusters according to the amount of water consumed and different
time series consumption behaviours. After that, three sampling techniques were applied: simple random
sampling, stratified sampling with proportional and optimum allocation. The case study consists of 496
active end use points of the same DMA from the water utility Águas da Figueira. It was concluded
that the most appropriate sampling approach to estimate the population total amount of billed water
was the stratified sampling with optimum allocation. With a sample of size n = 259, an estimation of
the total amount of billed water between April 2017 and March 2019 was 63086.06m3, with an error of
0.72%. Moreover, visual representations of the locations of the sampled end use points were created.
In summary, this work presents a statistical approach for estimating the total amount of billed water,
during a period of time, suitable for most of the District Metered Areas, by comparing the outcomes of
different methods and techniques applied based only on billed data provided by the water utility.

Keywords: Water Consumption, Billing Data, Time Series Clustering, Statistical Analysis, Stratified
Sampling

1. Introduction

Water, a small word with just five letters that repre-
sents a compound made of two basic elements (oxy-
gen and hydrogen) essential for life. One of the
most important components of the building infras-
tructures that collect, treat, store and distribute
water from the source to customers are the Dis-
trict Metered Areas (DMA), which are sections with
all the entry and exit points measured. This di-
vision makes better operational management pos-
sible, since can prevent and control losses, detect
atypical consumption behaviour, notice illegal con-
nections and supervise the pressure levels using lo-
cal collected data and water consumption estima-
tion. Therefore, the existence of a reliable, accurate
and complete consumption data history is funda-
mental.

However, the billing data is not enough for pre-
venting and reducing unnecessary losses and in-
creasing the understanding of water uses, since only
primary and basic goals can be achieved from this
data. Therefore, Advancing Metering Infrastruc-
ture (AMI) systems (like telemetry) must be imple-
mented.

The association of telemetry to water meters is

one of the most challenging tasks of water utilities,
since these technologies are expensive and require
qualified staff [1], even and besides the fact that
smart metering is one example of opening new busi-
ness lines, making losses control more accurate and
improving water demand [2]. The application of
survey techniques in the case of a finite population
is an answer to this problem.

In 1979, one of the first studies where stratified
sampling theory was applied and used in the field
of water consumption was presented [3]. In this pi-
oneering work, the authors performed a study to
obtain an optimal sample of the individual residen-
tial water users from the United States, aiming to
forecast water usage and determine an efficient wa-
ter system design criterion. Years later, a sampling
methodology for water quality assessment in water
distribution systems was suggested by [4]. They
proposed a stratification criterion using variables
such as pipe material, distance from the treatment
station and age of the infrastructure .

At a DMA level, sampling techniques, random
and stratified, were also applied aiming to identify
and control water losses via water budgets [5][6].

As the years went by, a panoply of variables that
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can be influence the water billed consumption such
as type of buildings, economic activities, sustain-
ability concern, buildings size, housing typology,
the existence of outdoor space, mobility of con-
sumers, age of the infrastructure, type of water
meters, among others, were identified and started
being crucial to identify in which end use points
telemetry should be installed [7].

The main goal of this work is to study, estimate
and characterise the total of water billed consump-
tion in a DMA, using different sampling techniques
according to the type of use, location and consump-
tion behaviours of each end use point. A similar
research was conducted by [8], where variables such
as the household type, size and occupants number
were assumed relevant. Since this information was
not possible to be achieved, in this work the vari-
ables under consideration were distinct from the
ones presented before. Moreover, maps with the po-
sition of the end use points were plotted, creating a
better and visual solution for the water utilities.

2. Methodology
Since stratified sampling will be applied, elements
of each stratum should be identified. Due to this
different time series hierarchical clustering meth-
ods were applied. Among the distinct clustering
techniques used, only two will be introduced here.
Regarding the sampling methods considered, sim-
ple random sampling and two different stratification
approaches will be also here introduced.

2.1. Clustering
Clustering is an unsupervised learning family of al-
gorithms used to form groups/natural classes of ob-
jects that have common characteristics/similarities
with each other. The homogeneous groups created
by using these techniques are known as clusters.

Hierarchical clustering is one of the most pop-
ular and longest-established connectivity clustering
method, usually presented in a tree-like visual rep-
resentation known as dendrogram [9]. This method
requires a dissimilarity measure and an agglomera-
tive criterion. Depending on the properties of the
data, different dissimilarity measures can be consid-
ered. In this study, the dissimilarity measure used
was the euclidean distance. Regarding the agglom-
erative methods, three variants can be taken into
account:

• Complete linkage - the distance between two
clusters is the maximum distance between two
points (one of each cluster), i.e., the longest
edge between nodes in different subsets;

• Average linkage - defines the distance between
two clusters as the mean of the distance be-
tween all pairs of points from different clusters,

i.e., the arithmetic average of all inter-cluster
distance;

• Ward’s method - distance resorting to a cost
function of the distance between the centroids
of the clusters, minimising the total within-
cluster variance.

During this work, only Ward’s method was ap-
plied.

2.2. Time Series Clustering
Sometimes data can be in a form of a time series
with the values of each feature changing, not neces-
sarily all, from time to time. Two different model-
free approaches were used in order to assess which
one would be better suited for the provided data.
Let’s consider two real-valued stochastic processes
{Xt, t ∈ Z} and {Yt, t ∈ Z} with partial realisations
(time series) denoted by XT = (X1, ..., XT )T and
YT = (Y1, ..., YT )T .
Dynamic Time Warping (DTW): Introduced
by [10], the dynamic time warping distance is gen-
erally used in time series data, allowing the com-
parison between different series with similar shape
but with a time misalignment.

The first step is to compute the distance matrix
(Dij)n×m, where δ(i, j) is the distance between the
time series XT and YT at times i and j respectively
[11]. Up to the user, two different distances can
be considered: δ1(i, j) = |Xi − Yj |, and δ2(i, j) =
(Xi − Yj)2.

Then, the algorithm creates a warping path W in
the distance matrix, starting in entry (1, 1). This
path defines a mapping between series, that, in the
end, results in an alignment between the two time
series that produces the minimum distance between
them. Required to be monotonically spaced in time,
the elements of the path W = (w1, ..., wK) are co-
ordinates of the distance matrix (Dij)n×m. Then,
according to [11] the distance between the two time
series is given by:

dDTW (XT,YT) = min

(√√√√ K∑
k=1

wk

)
.

Dissimilarity Index Combining Temporal
Correlation and Raw Values Behaviours
(CORT): Seeking for an dissimilarity measure that
combines temporal correlation between time series
and distance between raw values behaviours, [12] in-
troduced a new model-free approach, most known
as CORT. Considering the two time series defined
before as XT and YT, the proximity between the
raw-values of these two series can be modulated us-
ing the CORT (XT,YT) coefficient defined as:

dCORT (XT,YT) = φk[CORT (XT,YT)]·d(XT,YT),

where,
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• d(XT,YT) is usually the euclidean or the
DTW distance between time series;

• φk(·) is an adaptive function that turns a con-
ventional raw-data distance according to tem-
poral correlation;

• CORT (XT,YT) denotes the means of the first
order temporal correlation coefficient given by:

CORT (XT,YT) =

=

∑T−1
t=1 (Xt+1 −Xt)(Yt+1 − Yt)√∑T−1

t=1 (Xt+1 −Xt)2
√∑T−1

t=1 (Yt+1 − Yt)2
.

2.3. Clustering Validation Indexes
When applying a clustering technique, the goal is to
find clusters that are internally similar and differ-
ent from the rest. In real life, it’s quite challenging
to overcome the dilemma of selecting the adequate
number of clusters for each dataset, mainly because
different clustering techniques can lead to different
clusters . Even in the same algorithm, distinct pa-
rameters or data order can have a huge impact on
clustering partitions.
Dunn index: This index is defined as the ratio
between the minimal inter-cluster distance and the
cluster diameter, given by the following expression
[13]:

Dunn =
dmin
dmax

,

where,

• dmin is the smallest distance between two ele-
ments from different clusters;

• dmax is the largest distance of two objects from
the same cluster (which corresponds to the di-
ameter of that cluster).

The diameter of the cluster is expected to be
small because the elements of each cluster must be
similar to each other. The distance between clus-
ters is expected to be the largest possible. Then,
the optimal number of clusters is the one that cor-
responds to the maximum value of this index [9].
Silhouette index: The silhouette index created
by [14] can be computed using

Silhouette =
b(i)− a(i)

max(a(i), b(i))
,

where,

• a(i) is the average distance of object i to all
other elements in its cluster (i.e., a(i) is the
within-cluster mean distance);

• d(i, C) is the average of all dissimilarities be-
tween an element i and a cluster C with i /∈ C;

• b(i) = min(d(i, C)) which can be seen as the
dissimilarity between i and its nearest cluster.

This index varies in the interval [−1, 1]. If its
value is close to 1, it indicates that the object is
well matched to its own cluster [9].
Gamma Index: Adapted by [15] from the Good-
man and Krustal’s theory, the gamma statistics
started being used in clustering situations. This
index uses comparisons between all within-cluster
dissimilarities and all between-cluster dissimilarities
[9] and is given by

Gamma =
s(+)− s(−)

s(+) + s(−)
,

where,

• s(+) is the number of concordant comparisons,
meaning, the number of times a within-cluster
distance is smaller than a between-cluster dis-
similarity;

• s(−) is the number of discordant comparisons.

This index considers that comparisons are strict
and ties do not contribute. The optimal number
of clusters is given by the maximum value of the
index.

2.4. Simple Random Sampling
The main goal of sample surveys is to select a sam-
ple from the frame, i.e., the list of all the units of
the population to be surveyed. Besides providing
an estimate of the unknown population size, prob-
ability sampling theory also enables the assessment
of the sampling error of the estimator, the standard
error.

Simple random sampling is the simplest proba-
bility sampling procedure. This method consists of
selecting n units out of a population composed on N
elements, assuming that every population unit has
an equal chance of appearing in the sample [16].

Let’s consider a population of size N and the val-
ues obtained for any specific item in the N units are
denoted by Y1, Y2, ..., YN . The corresponding values
for the sample units are yi (for i = 1, 2, ..., n).

Population total : T ≡ YT =

N∑
i=1

Yi;

Sample total : yT =

n∑
i=1

yi;

Population mean : µ ≡ Y =
1

N

N∑
i=1

Yi =
YT
N

;

Sample mean : y =
1

n

n∑
i=1

yi =
yT
n
.

The following expressions express the simplest es-
timators usually considered for the population total
and population mean, respectively:

Estimator− pop. total (Y) : T̂ = Ŷ = Ny;

3



Estimator− pop. mean (Y) :Ŷ = y =
1

n

n∑
i=1

yi.

According to [16], a consistent estimation method
exists if the estimate becomes exactly equal to the
population value when n = N . For simple random
sampling, it is clear that the estimates of the pop-
ulation mean (y) and total (Ny) satisfy the most
desirable property - consistency.

In statistics, the difference between the estima-
tor’s expected value and the true value of the pa-
rameter being estimated is called bias. Given this
definition, a method of estimation is unbiased if the
average value of the estimate is exactly equal to the
true population value. In simple random sampling,
the sample mean y is an unbiased estimate of Y .

It can also be concluded that s2 is an unbiased
estimator for S2 since the variance of the population
is defined as:

S2 =
1

N − 1

N∑
i=1

(Yi − Y )2,

and the estimator for the sample variance as:

s2 =
1

n− 1

n∑
i=1

(yi − y)2.

According to [17], the variance among all the
NCn possible sample mean can be expressed as:

V (y) =
N − n
Nn

S2 = (1− f)
S2

n
,

where,

• f = n/N is the sampling fraction;

• (1−f) is the finite population correction (fpc).

So, since s2 is an unbiased estimator for S2, an
unbiased estimator for V (y) is:

V̂ (y) = v(y) =
s2

n

(
N − n
N

)
=

(1− f)

n
s2.

If the topic of interest is to estimate the total
(YT ), the variance of the estimator Ŷ = Ny is:

V (Ŷ ) = N2V (y) =
N(N − n)

n
S2 =

N2S2

n
(1− f).

An unbiased estimator of this variance is:

V̂ (Ŷ ) = v(Ŷ ) =
N(N − n)

n
s2 =

N2s2

n
(1− f).

Assuming that n is large enough, but not too
large, let’s consider the random variable:

Z =
y − Y√
1−f
n S

a∼ N(0, 1).

Then, a 100(1 − α)% confidence interval for the
population mean and total has the following lower
and upper confidence limits:

Mean : Ŷ = y ± z1−α/2S
√

1− f
n

;

Total : Ŷ = Ny ± z1−α/2NS
√

1− f
n

.

2.5. Stratified Sampling
Simple stratified sampling is a sampling method in
which the total population is divided into stratum
(small groups) for the sake of satisfying the sam-
pling proposes. Denoting Yij the value of the vari-
able Y for the individual j of the strata i, it follows
that [17]:

µi =
1

Ni

Ni∑
j=1

Yij = Y i,

Ti =

Ni∑
j=1

Yij = NiY i = YTi,

σ2
i =

1

Ni

Ni∑
j=1

(
Yij − Y i

)2
,

σ
′2
i =

1

Ni − 1

Ni∑
j=1

(
Yij − Y i

)2
= S2

i ,

such that, Ni is the total number of units of the
strata Ei, with

∑k
i=1Ni = N , µi is the mean of the

variable Y in Ei, Ti is the total of the variable Y in
Ei and σi is the variance of Y in Ei.

Assuming this, the total and the mean of Y in
the population can be achieved and are defined, re-
spectively, as

T =

N∑
l=1

Yl =

k∑
i=1

Ni∑
j=1

Yij =

k∑
i=1

NiY i = YT ,

µ =
1

N

k∑
i=1

Ni∑
j=1

Yij =

k∑
i=1

Ni
N
Y i =

k∑
i=1

WiY i = Y ,

where Wi = Ni/N, is the relative weight of the
strata Ei, i = 1, ..., k.

In simple stratified sampling, a sample of n units
is selected from the population according to the fol-
lowing schema: in each stratum, and using random
simple selection, a defined number of units ni is se-
lected, such as

∑k
i=1 ni = n. For each stratum Ei,

composed of Ni units, it is essential to considered
that:

• fi = ni/Ni is the sampling fraction in the stra-
tum i;

• yi = 1
ni

∑ni

j=1 yij is the sample mean;
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• for ni ≥ 2 is the sample variance

s2i =
1

ni − 1

ni∑
j=1

(yij − yi)2.

In order to estimate the total and the mean in the
stratified population, let’s consider that the units
of each stratum (Ni) are known. A nice way of
estimating the population total of the variable in
study is using the Horvitz-Thompson estimator

yTe =

k∑
i=1

Niyi.

Considering independent samples, and according
to [17], it follows that: E(yTe) = T = YT , which
means that yTe is an unbiased estimator. Then,

V (yTe) =

k∑
i=1

N2
i

1− fi
ni

S2
i ,

V̂ (yTe) =

k∑
i=1

N2
i

1− fi
ni

s2i ,

and V̂ (yTe) is an unbiased estimator of V (yTe) since
s2i is an unbiased estimator of S2

i .
In order to estimate the population mean, the

estimate used is stratified sampling is ye, where,

ye =
yTe
N

=
1

N

k∑
i=1

Niyi =

k∑
i=1

Wiyi

Then, ye is an unbiased estimator of Y , and

V (ye) =

k∑
i=1

W 2
i

1− fi
ni

S2
i ,

V̂ (ye) =

k∑
i=1

W 2
i

1− fi
ni

s2i .

When the dimensions of the samples collected of
each stratum are proportional to the dimensions of
each stratum, the method of selecting these ni di-
mensions is denoted as proportional allocation and
it can be stated that

E(ye) =

k∑
i=1

WiE(yi) =

k∑
i=1

WiY i = Y ,

since yi is an unbiased estimator of Yi. Then,

V (ye) =

k∑
i=1

W 2
i V (yi) =

k∑
i=1

W 2
i

1− fi
ni

S2
i .

Assuming that the sample size is large and that
the sizes of each stratum are modest it can be as-
sumed that ye and, consequently, yTe are normally
distributed.

Then, 100(1−α)% confidence interval for Y and
YT are as follows:

Mean :Ŷ = ye ± a
√
V̂ (ye);

Total :Ŷ = Nye ± a
√
N2V̂ (ye),

considering a = Ft
−1
ν (1 − α/2) if only a few de-

grees of freedom are provided by each stratum or,
on other hand, a = Φ−1(1−α/2), i.e., large sample
sizes assume ye normally distributed.

In stratified sampling, the problem of choosing
the sample sizes in the respective stratum depends
on what is asked for and the costs of taking the
sample. If, for example, what is needed and asked is
precision, then more individuals should be selected,
which can cost more. The simplest cost function is
of the form: C = C0 +

∑k
i=1 nici, where: C is the

total sampling cost; C0 is the overhead cost and ci
unit cost of the stratum Ei, for i = 1, ..., k.

The problem now is how to select the n1, ..., nk.
To do that, two criteria can be taken into account:

i Minimise the variance of the estimator for a
specified cost;

ii Minimise the cost for a specified variance.

Since nothing regardless of the cost associated
with the sampling methods was mentioned by the
water utility, during this study only the first crite-
rion was adopted. Thus, the intention was to solve
the optimisation problem of minimising the subse-
quent function of k variables (n1, ..., nk):

V (ye) =

k∑
i=1

W 2
i S

2
i

ni
− 1

N

k∑
i=1

WiS
2
i .

Due to this result, is evident that

ni = L
WiSi√
ci
∝ WiSi√

ci
, i = 1, ..., k,

assuming L as the coefficient of proportionality.
Then, the size of the sample (n) is given by

n =

k∑
i=1

ni =

k
i=1

WiSi√
ci∑k

i=1WiSi
√
ci

(C − C0).

The optimum allocation, also known as Neyman
allocation, is an important case that arises if ci =
c,∀i, which means, if the cost per unit is the same in
all stratum. This leads to the following outcomes:

i Total sample size in a stratum:

ni = n
WiSi∑k
i=1WiSi

, i = 1, .., k;
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ii Minimum variance (assuming a fixed n):

Vmin(ye) =
1

n

( k∑
i=1

WiSi

)2

− 1

N

k∑
i=1

WiS
2
i .

However, sometimes, the formula for the opti-
mum allocation may produce an ni in some stratum
that is larger than the corresponding Ni. This prob-
lem happens and can occur in practice on several
occasions, arising only when the over-all sampling
fraction is substantial and some strata are much
more variable than others. If the original allocation
gives n1 > N1 (considering that there exists more
than two strata), the optimum revised allocation is
(for i ≥ 2):

ñ1 = N1; ñi = (n−N1)
WiSi∑k
i=2WiSi

,

provided that ñi ≤ Ni for i ≥ 2. This process
continues until every ñi ≤ Ni.

Caution must also be exercised when dealing and
calculating the variance V (ye). Assuming

∑′
de-

notes summation over the strata in which ñi < Ni,

Vmin(ye) =
1

n′

( k∑
i=1

′WiSi

)2

− 1

N

k∑
i=1

′WiS
2
i ,

where n′ is the revised total sample size in these
strata [16]. Summarising, if the variance V when es-
timation of the population total is desired, V (yTe),
the formulas are:

• General:

n =

∑k
i=1

N2
i S

2
i

wi

V +
∑k
i=1NiS

2
i

;

• Optimum allocation (for fixed n):

n =

(∑k
i=1NiSi

)2

V +
∑k
i=1NiS

2
i

;

• Proportional allocation:

n0 =
N

V

k∑
i=1

NiS
2
i , n =

n0
1 + n0

N

.

If used wisely and correctly, stratification almost
always results in a smaller variance for the esti-
mated mean or total (when compared with sim-
ple random sampling). As can be seen in [16],
the variance of the estimator achieved using opti-
mum allocation must, most of the time, be equal or
smaller than the one obtained using proportional
allocation, which, on the other hand, is smaller or
equal to the one using simple random sampling [17]:
Vopt ≤ Vprop ≤ Vs.r.s.

3. Exploratory Data Analysis
The datasets kindly provided by Laboratório Na-
cional de Engenharia Civil (LNEC) were examined
in order to make this study possible. Three types
of data were given with detailed information on all
recorded clients of the water utility, the billed con-
sumptions at each end use point from April 2017 to
March 2019 and incoming flow data (composed by
15 minute time steps records) of that DMA.

A closer look at the dataset that contains the per-
sonal information regardless of the clients showed
that the DMA in study was composed by 1160 ob-
servations and 56 variables. From the data it is
possible to notice that there are 582 different end
use points. Some observations with missing or du-
bious data values were also identified and adjusted
according to information obtained during regular
meetings with the water utility.

After these modifications the variable current

situation of the end use points was analysed.
Given the inability to work with end use points that
were already settled and/or in which their situation
is unknown, the solution was to remove these ob-
servations. Upon processing of data the regrouped
dataset with the merged information ended up with
496 active end use points and 50 variables. It is also
important to highlight that the monthly billed val-
ues of each end use point recorded correspond to the
cubic meters of water spent in the month before by
the end use points.

4. Results and Discussion
To study and group the 496 time series of active end
use points by similarity of consumption, time series
hierarchical clustering approaches were purposed.

4.1. Time Series Hierarchical Clustering
As can be seen in Table 1, when comparing the
Dunn, gamma and silhouette indexes, it was proved
that Ward’s method gave more relevant outcomes
than the other two hierarchical criteria. In order
to proceed, the average of the optimal number of
clusters suggested, assuming the Ward’s method,
was considered the suitable amount of clusters for
each dissimilarity.

After that, the number of elements per cluster
and some descriptive statistics were computed (Ta-
ble 2). In both dissimilarities, one of the large con-
sumers identified with the type of use-fire station, is
the only element of the group (cluster five - DTW
and cluster seven - CORT). Moreover, seven end
use points don’t have any record of billed water dur-
ing the study, so, they were grouped and classified
as cluster eight (when using CORT), otherwise it
wouldn’t be possible the computation of this clus-
tering method according to the theory exposed be-
fore.
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Dissimilarity Criteria Silhouette Gamma Dunn
Average linkage 2 2 2

DTW Complete linkage 2 2 2
Ward’s method 3 5 7
Average linkage 2 2 2

CORT Complete linkage 2 2 2
Ward’s method 6 7 7

Table 1: Optimal number of clusters given by the
silhouette, gamma and Dunn for the time series
clustering methods DTW and CORT.

N1 N2 N3 N4 N5

DTW 283 44 85 83 1

N1 N2 N3 N4 N5 N6 N7 N8

CORT 166 142 51 30 64 35 1 7

Table 2: Number of end use points of each cluster
- DTW and CORT.

As already stated, clustering is concerned with
grouping together objects that are similar to each
other and dissimilar to the objects belonging to
other clusters. So, in order to graphically under-
stand the time series clusters obtained, the mean
prototype of each group was plotted for both dissim-
ilarities. In the following figures, the cluster which
has only one element (the fire station) wasn’t con-
sidered.

Figure 1: Monthly mean prototype of the clusters
(except cluster five - fire station) obtained using
DTW dissimilarity between April 2017 and March
2019.

Figure 2: Monthly mean prototype of the clusters
(except cluster five - fire station) obtained using
CORT dissimilarity between April 2017 and March
2019.

In Figure 1 cluster two represents the end use
points with bimonthly (every two months) records.
The remaining clusters represent three different
water consumption behaviours: low (cluster two),
low/moderate (cluster five) and moderate (cluster
four).

Comparing the prototype series obtained using
the CORT with the series of the DTW results, it
is clear the existence of two, not one, bimonthly
series: one where the odd months have billed con-
sumptions and even don’t have (cluster three) and
vice versa (cluster six). The remaining CORT time
series clusters also represent different water con-
sumptions billing behaviours, but this time subdi-
vided into four categories: null or seasonal during
August/September (clusters eight and one, respec-
tively), low (cluster two), moderate (cluster five)
and moderate/high consumptions (cluster four).

After this analysis, it was considered that the
CORT method was the best and the most appro-
priated time series clustering method since it gives
more and distinct clusters and doesn’t consider any
shape axis misalignment.

4.2. Sampling Approaches
The finite population assumed during the sampling
techniques was 488 active end use points, since the
elements of clusters CORT7 and CORT8 weren’t
taken into account due to the fact that they repre-
sent a very large and anomalous consumer and end
use points with any billed consumption recorded,
during the billing period considered. It was ad-
vised to the water utility to install telemetry sys-
tems in the end use point with large consumptions
documented and a live face-to-face inspection to the
seven remaining ones.

Simple Random Sampling: The first method
applied was the simple random sampling method.
In order to inspect and find the best and adequate
sample size, n, to each sampling method, 400 differ-
ent seeds were set (sampling without replacement).
These seeds, obtained through a random number
generator, are crucial for achieving the best possi-
ble estimation of the real billed consumption.

During the implementation of this method it was
possible to conclude that the smaller the sample
sizes are, bigger is the variability and vice versa
(always slightly lower as the sample size gets closer
to the population size). The variance (or standard
deviation) and the costs associated were also com-
puted because different sampling methods will be
taken into account.

Stratification: Stratified sampling implies the di-
vision of the population in the study into units
called stratum. So, from CORT it results that:
N1 = 166, N2 = 142, N3 = 51, N4 = 30, N5 = 64
and N6 = 35. Note that cluster seven and eight
weren’t considered for stratified sampling as in the
simple random sampling. A similar process was per-
formed. The average results of the estimation of the
population, error, in %, the confidence limits and
the variance of the estimator were computed.

The first stratification method applied was the
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stratification considering proportional allocation.
Comparing these results with the ones obtained us-
ing simple random sample, it can be concluded that
the errors achieved using stratification are smaller
than those beforehand, meaning that repeated polls
using stratified random sampling (proportional al-
location) would give a more precise estimation. The
confidence intervals give plausible values for the pa-
rameter of interest and are wider than simple sam-
pling. The variance values obtained are smaller
than the ones founded before, which indicates that
the end use points sampled now have billed con-
sumptions more similar to each other.

The second sampling technique used assumes op-
timum allocation. The main difference between this
stratification method and the one exposed before is
the way of achieving the sample sizes that should
be considered from each stratum. Comparing the
outcomes achieved with the ones provided by the
stratification technique using proportional alloca-
tion, it can be concluded that the average of the
errors using optimum allocation is smaller than the
former results. It was also noticed that the confi-
dence intervals obtained using the second method
of stratification are smaller than the previous ones
for the same confidence level, i.e., the intervals ob-
tained now are more narrow, which leads to more
precisely outcomes. The variance values reached are
now smaller than the ones found using the other two
sampling plans.

5. Achievements and Conclusions
After exposing and discussing the results achieved
using the clustering methods and after applying the
sampling techniques to the outcomes, some conclu-
sions were made.

The first thing noticed was the fact that the sim-
ple random sampling method would give a higher
percentage of error and large variance values. So,
and given this, the decision was to not to consider-
ate this method for the final conclusions. Hence, it
was established that stratification was the best tech-
nique to be applied. But, which allocation would fit
best the problem in hands? Proportional or the op-
timum allocation? Which criteria must be taken
into account to select the sample size?

Looking for the results it can be stated that the
errors in optimum allocation are, in general, smaller
than the ones obtained with the proportional alloca-
tion. The confidence intervals in the second method
are more narrow and the variance of the population
total estimator smaller than the previous one, which
leads to a higher precision. Thus, the stratification
with optimum allocation is the perfect technique to
be applied to the provided billed data.

Since none of the cost associated with the new
water meters, telemetry systems, labour and main-

tenance were provided by the water utility, some
criteria were assumed in the decision making of the
sample size:

• Errors smaller than 1.5% in estimation results
applied to the ”real world” are reasonable;

• The amount of end use points sampled of each
stratum (ni) should be smaller than the size of
each stratum (Ni);

• When estimation is applied, it is wise not to
jeopardise the sample size, meaning, samples
too big and too small aren’t suitable for the
goals of this study.

According to the items above it was decided that
the most pertinent sample size for the estimation
of the total billed water consumption between the
billing period of April 2017 and March 2019 would
be n = 259 end use points.

n1 n2 n3 n4 n5 n6
n = 259 53 73 49 28 29 27

Table 3: Number of end use points sampled from
each stratum considering a total sample size of n =
259.

The billed water consumption estimated was
63086.06 cubic meters and the error associated with
the estimator of the population total of sample
drawn was less than the average error value of the
errors of each of the 400 seeds, which indicates that
this sample is more precise leading to a better-than-
expected outcome (0.7206%). After this step, it
was also concluded that the variance of this estima-
tor (972567.03 cubic meters squared) was a little
bit bigger than the previous average variance value
(827905.25 cubic meters squared). However, both
have the same order of magnitude. The lower limit
of a confidence interval (95%) was 60781.08 and the
upper limit achieved was 64344.53 (both in cubic
meters).

After presenting the best results achieved and a
suitable solution to the problem proposed by the
water utility, a map for each cluster was computed.
These following maps contain the location of the
sampled end use points and the tables near these
figures indicate the number of elements sampled
out of each cluster per zip code. Each colour
point in these maps uniquely identifies a zip code.

Zip code 1 7 Zip code 6 2 Zip code 10 6 Zip code 13 1
Zip code 2 1 Zip code 8 2 Zip code 11 1 Zip code 14 12
Zip code 3 3 Zip code 9 7 Zip code 12 2 Zip code 15 4
Zip code 4 5

Table 4: Number of end use points sampled per zip
code of cluster CORT1.
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Figure 3: Plot of locations of the sampled CORT1
end use points.

Zip code 2 1 Zip code 6 5 Zip code 9 14 Zip code 12 5
Zip code 3 2 Zip code 7 1 Zip code 10 9 Zip code 14 24
Zip code 4 3 Zip code 8 4 Zip code 11 1 Zip code 15 1
Zip code 5 3

Table 5: Number of end use points sampled per zip
code of cluster CORT2.

Figure 4: Plot of locations of the sampled CORT2
end use points.

Zip code 1 1 Zip code 5 3 Zip code 9 13 Zip code 13 1
Zip code 2 1 Zip code 6 7 Zip code 10 8 Zip code 14 6
Zip code 3 1 Zip code 8 1 Zip code 12 2 Zip code 15 3
Zip code 4 2

Table 6: Number of end use points sampled per zip
code of cluster CORT3.

Figure 5: Plot of locations of the sampled CORT3
end use points.

Zip code 1 5 Zip code 4 2 Zip code 8 1 Zip code 14 3
Zip code 2 1 Zip code 5 2 Zip code 9 5 Zip code 15 1
Zip code 3 1 Zip code 6 6 Zip code 13 1

Table 7: Number of end use points sampled per zip
code of cluster CORT4.

Figure 6: Plot of locations of the sampled CORT4
end use points.

Zip code 2 1 Zip code 6 3 Zip code 10 4 Zip code 14 7
Zip code 4 2 Zip code 8 1 Zip code 13 1 Zip code 15 4
Zip code 5 1 Zip code 9 5

Table 8: Number of end use points sampled per zip
code of cluster CORT5.

Figure 7: Plot of locations of the sampled CORT5
end use points.

Zip code 1 1 Zip code 5 2 Zip code 13 1 Zip code 16 1
Zip code 3 1 Zip code 9 5 Zip code 14 5 Zip code 17 1
Zip code 4 2 Zip code 10 7 Zip code 15 1

Table 9: Number of end use points sampled per zip
code of cluster CORT6.

Figure 8: Plot of locations of the sampled CORT6
end use points.

Analysing the results as a whole, one of the first
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things noticed was the fact that only four zip codes
are present in all clusters (4, 9, 14 and 15). Two
of them (zip code 9 and zip code 14) correspond
to the zip codes with the biggest amount of end
use points, however, and surprisingly, the other two
aren’t. This can be easily justified by the fact that
the sample considered for these conclusions is ran-
dom, meaning, each end use point inside each clus-
ter carries an equal opportunity of being chosen as
a part of the stratified sampling process.

Looking to the maps, it can also be seen that
the greater portion of the end use points is es-
sentially allocated to the larger and bigger streets,
which makes sense in the real world. It must be
also highlighted that around 96% of the sample end
use points are classified with the domestic/dwelling
type of use.
Conclusions: After a quick data cleaning and ex-
amination of the datasets, several clustering tech-
niques were applied. With these prototypes and
outcomes, it was possible to arise the following con-
clusion: the CORT dissimilarity, given the distri-
bution of end use points per cluster and due to the
representative series that seems to define clear con-
sumptions behaviours, is the best dissimilarity to
be applied to the billed data provided.

It was also noticed the existence of a special large
consumer identified as fire station, which has an
anomalous series of consumptions during the billing
period. For this end use point in specific, it was
suggested the installation of the telemetry system
right away, since the water consumptions are very
high and not regular.

After clustering, the next step was to estimate the
total billed water consumption of the DMA in hand
between April 2017 and March 2019. Subsequently,
a simple sampling method and two stratification ap-
proaches were computed. The outcomes of these
methods suggest that the best sampling technique
to be applied to the data provided by the water
utility was the stratified random sampling consid-
ering the optimum allocation. This method was the
one that most minimised the variance and provided
an accurate and precised estimation since the errors
for the same samples sizes were smaller compared
to proportional allocation and simple random sam-
pling.

In short, and drawing a sample of n = 259 end
use points, there is ample evidence that the strat-
ified sampling approach used (with the proposed
optimum allocation) is a more powerful estimation
method than the other approaches, and, therefore
recommended for problems where water billed data
estimation is required.

To expand upon the current work, other DMAs
should be considered to validate the proposed

methodology. It would also be interesting to ex-
plore the consumption profiles of these customers
and how the consumption behaviours change ac-
cording to the buildings typology and number of
people per end use point. Some studies have shown
that this information is crucial for a better perfor-
mance.
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