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Abstract

Since the 1960s several approaches have been proposed with the goal of preventing the redrawing of electoral
districts in such way that they are beneficial to a certain party or political faction (gerrymandering).

In this work, a new compact Boolean formulation is proposed for solving the electoral districting problem and avoid
gerrymandering. This formulation satisfies all common criteria for building electoral maps, in particular the contiguity and
representation criteria. Moreover, a new compactness measure is also proposed that does not depend on geographic
centers. Additionally, an incomplete formulation is also devised to be used in some problem instances.

Experimental results are obtained by drawing electoral maps for continental Portugal. Results show that the proposed
formulations are more effective than previous ones in drawing the electoral districts in Portugal. Moreover, based on
results from previous elections, several gerrymandering scenarios are devised, showing that electoral outcomes can be

twisted depending on the drawing of the electoral maps.
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1. Introduction

Most European democracies elect their members for the
legislative body through a closed list party system. In
this case, the elected members of each party are defined
through a proportional representation (PR) system (such
as the D’Hondt method [10]) that makes the distribution
according to a predefined ordered list. Hence, in these
voting systems, people do not vote on a particular candi-
date but in a party-list.

A different electoral system is one based on single-
member electoral districts. In this system, the territory
is split into a given number of electoral districts (e.g. the
number of members to be elected) and each electoral dis-
trict elects just one person. The voting system usually
used in these districts is the first-past-the-post (FPTP)
where the person with the most votes wins the district,
even if a majority (50% of the votes) was not attained. The
FPTP is used in countries such as the United States of
America or the United Kingdom. Although less common,
instant-runoff voting (e.g. Australia) and the two-round
system (e.g. France) are also a possibility and these sys-
tems guarantee a majority to the winner. Alternatively,
a parallel voting system in which two voting systems are
combined (usually FPTP and PR) can be used, this is the
case in countries such as Russia or Italy.

There are several works to build electoral district maps
based on clustering [3, 4, 14, 25, 31], local search [15, 33]
or metaheuristics [2, 5, 9, 17, 20]. The focus of these
works is mainly on trying to maximize the compactness
of the electoral districts by optimizing the distance to the
geographic center of the electoral district. However, this
compactness metric might still produce electoral districts
with odd shapes.

Integer Linear Programming (ILP) models have also
been proposed for electoral districting [13, 16, 32] that
try to maximize compactness. However, a common dif-
ficulty of these ILP models is to ensure the contiguity of
the electoral districts. In this paper, we extend previous
work in several ways: (i) new and more compact mod-
els to ensure the satisfaction of contiguity constraints; (ii)
new measure of compactness based on the size of the
frontiers between districts; (iii) new symmetry breaking
techniques that improve upon previously proposed mod-
els, as well as our own models; (iv) new multi-objective
combinatorial optimization (MOCQO) models to generate
possible gerrymandering scenarios; (v) extensive experi-
mental results carried out using real data from continen-
tal Portugal. Overall, we improve upon the state of the art
by being able to build compact and contiguous electoral
district maps more effectively than previous approaches.
Moreover, we also show how one can generate electoral
maps that introduce bias towards a political party and
present the effects of gerrymandering on electoral results
and electoral map design.

2. Background

This section reviews several voting systems, defines the
electoral districting problem, as well as the related issue
of gerrymandering. Next, previous work using incomplete
and complete methods is briefly described, as we refer to
the literature for a more complete survey [26].

2.1. Electoral Districting and Voting Systems

An electoral district is a territorial subdivision of a country
which elects members to the legislative body of that coun-



try.! The number of elected members in each district can
vary depending on the electoral system in place.

The electoral system is the set of rules that determines
when the elections take place, who can vote and the vot-
ing system (how candidates are elected). There are many
voting systems, but the most used are party-list propor-
tional representation (e.g. the Portuguese and Spanish
systems for legislative elections), first-past-the-post vot-
ing (also known as winner takes all, used in the United
States of America), the two-round system (common in
head of state elections such as the French or Portuguese
presidential elections) and ranked voting where voters
rank several candidates by preference (e.g. used to elect
members to the legislature of Australia) [7, 11].

A single-member district is an electoral district where
only one candidate is elected to a body with multiple
members. The voting system usually used in these dis-
tricts is the first-past-the-post (FPTP) where the person
with the most votes is the winner even if a majority was
not achieved. Although less common, instant-runoff vot-
ing (IRV) (e.g. Australia) and the two-round system (e.g.
France) are also a possibility and these systems guar-
antee a majority to the winner. One argument against
single-member districts is that they tend to favor two-party
systems (Duverger’s law) [7, 29] resulting in fewer minor-
ity parties in parliament. In order to introduce some pro-
portional representation, some countries use parallel vot-
ing that combines single-member districts with party-list
proportional representation.

In order to create new electoral maps, electoral districts
must be created by joining territorial units (indivisible) to
form clusters. There are multiple criteria to evaluate the
quality of the new map but the core ones are:

1. Each elected member should represent approxi-
mately the same number of people. Ideally each
elected member would represent the theoretical best
value B of people where B equals the total number
of electors divided by the number of officials to be
elected.

2. All the new electoral districts should be contiguous.
An electoral district ED is contiguous if, and only if,
to go from any point A, inside ED to any other point
A, inside ED as well, it is not necessary to leave
ED.

3. All districts should be compact meaning that odd
shapes (see examples in Figure 1) should not exist.?
To measure compactness multiple ideas have been
proposed such as the Schwartzberg score [30], the
Reock score [24] or simply summing the Euclidean
distances between the geographical centers (cen-
troids) of each territorial unit inside a district [22, 34].

"There can also be (possibly different) electoral districts within ad-
ministrative subdivisions of a country to elect local legislatures (e.g.
state elections in the United States of America).

20dd shapes in electoral districting are usually associated with Ger-
rymandering

Figure 1: North Carolina Congressional Districts in 2001. Extracted
from [12]

Although less crucial, there are other criteria (some-
times used in political districting) such as the conformity
to administrative boundaries, that is, the respect of exist-
ing administrative subdivisions (used, as much as pos-
sible, in the United Kingdom) and the respect of natural
boundaries in cases where mountains or rivers may be a
problem for the contiguity of the districts [28].

The term gerrymandering first appeared in 1812 asso-
ciated with electoral districting in the Boston area, and is
often defined as the practice of redrawing the boundaries
of an electoral district in order to make it more beneficial
to a certain party or political faction. Although less usual,
gerrymandering can also be used to increase/decrease
the voting power of a racial minority (racial gerrymander-
ing) [19]. As a result of gerrymandering, the electoral dis-
tricts often end up with odd shapes. Figure 1 illustrates
the practice of gerrymandering, in particular the electoral
district in red.

2.2. Electoral Districting Methods

Most approaches to the electoral districting problem use
incomplete methods. Hill climbing methods are one of
the swapping-based methods to have been applied to the
problem [33]. Since these methods [15, 33] only perform
swaps that result in an improvement over the previous
map, they can easily converge to a local optimal solu-
tion. Hence, an alternative is to use simulated anneal-
ing methods [5, 9, 20] that try random swaps to find im-
proved approximations. Clustering algorithms have also
been widely used for electoral districting [3, 4, 14, 25, 31]
where a graph model for territorial representation is used.

Considering that the electoral districting problem is
NP-Complete [1], all complete methods are exponen-
tial in the worst case, unless P = NP. Garfinkel and
Nemhauser [13] were the first to use an exact approach
for the political districting problem. They use enumeration
techniques and the algorithm is divided in two stages. In
the first one, they construct all sets of feasible districts
(districts which are contiguous and meet the population
requirements). In the second stage, they solve a set
cover problem to choose the solutions that minimize the
population deviation with respect to the ideal value.

The first Integer Linear Programming (ILP) model was
proposed by Hess [16]. Let n and k denote respectively
the total number of territorial units and the number of elec-
toral districts to be drawn. The goal is to identify & ter-
ritorial units as the centers of the & districts and each
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Figure 2: Objective function and constraints in Hess et al. [16].

territorial unit must be assigned to exactly one district
center. The model has n? binary variables z;; where
i,j € {1,...,n} and z; ; = 1 if unit ¢ is assigned to dis-
trict with center at unit j, and 0 otherwise. A variable z; ;
equals 1 if, and only if, unit j is chosen as the center of a
district. Let d; ; denote the distance between units i and j
and let p; denote the population in territorial unit i, where
1,7 € {1,...,n}. Finally, let L and U define the lower and
upper bound on the population allowed in each district.
Hence, the ILP model can be build as shown in Figure 2.

The objective function in the Hess model (1) considers
the Euclidean distance between the centers of the terri-
torial units and the population in each unit. It penalizes
adding territorial units with large populations to a district
where they are far away from center. The constraints are
as follows: (i) a territorial unit must be assigned to only
one district center (2), (ii) there must be exactly & dis-
trict centers (3), (iii) the population limits inside each elec-
toral district must be between the lower and upper bounds
(4). Although not in the original model, some adapta-
tions [23, 27, 32] add that Ti.j < Tjjs VZ,] S {1 n},
meaning that if a territorial unit 7 is assigned to a district
centered at j, then j must be the center of a district.

Observe that the model in Figure 2 does not guaran-
tee contiguity of the electoral districts. While trying to
optimize the overall compactness of the districts [16, 21]
might produce some contiguous ones, this is not guaran-
teed for all and a post-processing algorithm (e.g. local
search) must be applied to try to fix this issue.

Defining a model that satisfies the contiguity restriction
on the electoral districts is not trivial. However, differ-
ent techniques have been proposed [18], including by ex-
tending the Hess model [32]. Recently, Validi et al. [32],
present and test four different approaches to add conti-
guity to the Hess model. In this paper we briefly review
the flow-based formulation using Boolean variables, the
authors name it the MCF model and refer to the original
paper for the remaining formulations [32].

In the MCF formulation, the authors start by creating a
bi-directional version of the contiguity graph G = (V, E)
by replacing each undirected edge {i,j} € E by its di-
rected counterparts (i,j) and (j,i). The set of edges
pointing away from vertex 7 is denoted by 67 (i) while, in-
versely, the set of edges pointing towards vertex i is de-
noted 6~ (). Let fﬁ;b be a Boolean variable that denotes

FEPET D) = F2P (D) = Tap
VacV\{b},YbeV (5

FEPET(@) = f2P(E@) =0
Vie V\{a,b},Vac V\{b},YbeV (6)
PG () =0
FUP67 (1) < mip
Figure 3: Contiguity Constraints for the Hess model [32].

Ya e V\ {b},vbeV 7)
Va,i € V\ {b},VbeV 8)

if edge (i,j) € E is on the path to vertex a from its district
center b. If this is the case, then fi‘f;b = 1. Otherwise,
ffff must be assigned value 0. In practice, one can inter-

pret the direct graph as a flow network and f{f}b denotes
the flow passing at edge (i, j) considering b as the source
and a as the sink. Moreover, let f**(S) be a shorthand
for Y jyes fi for a given S C E. Hence, by adding
the constraints in Figure 3 to the Hess model, the new
formulation only generates contiguous electoral districts.

In more detail, constraints (5) states that if a territorial
unit a has b as its district center, then the flow coming out
of b to a must equal 1. Moreover, constraints (6) ensure
the flow conservation on the network. Finally, if b is a dis-
trict center, then its incoming flow is 0 (7) and if : belongs
to the flow path from b to a, then its flow is limited to 1 (8).

3. Multi-Objective Combinatorial Optimization Model

In this section we present our formulations of the elec-
toral districting problem as multi-objective combinatorial
optimization model. Optimizations are proposed in Sec-
tions 3.4 and 3.5.

3.1. Shortest-Path contiguity formulation

We start by presenting a new formulation for the electoral
districting problem based on shortest-paths in the conti-
guity graph of territorial units. Although this formulation
guarantees that all districts are contiguous, it is not com-
plete in the sense that some feasible electoral districting
maps are not considered. However, it is simple, effective
and it seldom fails to include the global optimal solution.
Moreover, even in those cases, it manages to find com-
pact solutions, making it a valid option to use in scenarios
where more complex complete formulations fail to pro-
duce an answer.

Let V denote the set of territorial units (TUs) numbered
from 1 to n. We say that two TUs are adjacent (or neigh-
bors) if they share a common border. Let N; denote the
set of neighbors of TU j. If two TUs ¢ and j are adjacent,
theni € N; and j € N;. Let K denote the set of electoral
districts to be build numbered from 1 to £.

Consider two sets of Boolean variables where each z; ;
denotes if TU j € N is assigned to electoral district i € K
and each b; ; ;» denotes if TUs j and j’ both belong to
electoral district ¢ € K.

Figure 4 contains the base formulation for the simple
model. In more detail, the constraints are as follows: (i)
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Figure 4: Base formulation.

each TU must belong to a single electoral district (10), (ii)
each electoral district must have at least one TU (11), (iii)
the number of voters in each electoral district must be at
least L and at most U (12), and (iv) if two neighbouring
TUs j and ;' are not in the same electoral district 1 € K
then b; ; ;- is set to 0 (13). Finally, let L, ;» be the border
length between neighbouring TUs j and j’. Our objec-
tive function (9) aims at maximizing the total length of the
internal border lengths (i.e. minimizing the border length
between different electoral districts).

Observe that our goal is also to obtain compact elec-
toral districts, but using a different metric than other ap-
proaches [16, 32]. While other formulations try to mini-
mize the total distance between the geographic centers
of TUs to the geographic center of the electoral district,
we focus on the border length as a proxy measure for the
shape of the electoral district. Moreover, in some cases,
the geographic center might be outside the territorial unit
due to: (i) odd shape territorial unit or (ii) territorial units
that contain enclaves. Therefore, the border length is also
a valid measure for compactness and that is confirmed by
our experimental results.

Note that the base formulation in Figure 4 must be ex-
tended with additional constraints in order to guarantee
contiguity of the electoral districts. For that, consider the
contiguity graph of the territorial units where a weight of
1 is defined for every edge between two adjacent territo-
rial units. Given this weighted graph, one can compute
the matrix D of shortest distances between all pairs of
graph vertexes (TUs) [6] in polynomial time. Based on
the information from the shortest paths between all pairs
of territorial units, one can define that between two non-
neighbouring TUs j and j’ that belong to the same elec-
toral district, then one of its shortest paths in the contigu-
ity graph must also belong to the electoral district. This
can be achieved with the following constraints:

VieK,j,j €V,j € N; :

({L’i,j /\fti’jl) —— \/ (zi,j”) (14)
j”ENj/ ’Dj,j” <DJYJ"

Notice that if two non-neighbouring TUs j and j’ belong
to the same electoral district i, then there must exist at
least another territorial unit ;" in electoral district : such
that ;" is neighbour of ;' and the distance between j and

Figure 5: Redistricting the same area with the shortest path constraints
(left map) and the excluded optimal solution (right map).

j" is lower than the distance between j and j' (D; ;» <
D, ;). In other words, a shortest path between j and j’
must exist inside the electoral district. Finally, note that
(14) only applies if j and j’ belong to the same electoral
district <. Otherwise, the constraint is trivially satisfied.

In most cases, it is beneficial for compactness to in-
clude shortest paths between territorial units. Therefore,
it is rare that the most compact solution does notinclude a
shortest path between territorial units in the electoral dis-
trict. However, in Figure 5 we present one scenario where
the optimal solution for model in Figure 4 is excluded due
to the shortest path constraints in (14).

Note that the shortest path between territorial units A
and B is 2 (passing through C). Therefore, according to
the shortest path constraints in (14), the only way for A
and B to be in the same district is to also contain C. How-
ever, in this context, since C is a high density territorial
unit, this is not feasible and the optimal solution (Figure 5,
right) is not considered due to (14). Although it is not
easy to visually identify which one is better, the map on
the right has a 5.22% increase on the objective function,

3.2. Tree-based contiguity formulation
The previous encoding allows to generate electoral maps
that are contiguous, but it excludes some feasible solu-
tions. As a result, the optimal solution might also be ex-
cluded. In this section, alternative contiguity constraints
are used to ensure that the territorial units assigned to
each electoral district form a tree in the contiguity graph.
As a result, all electoral districts will be contiguous.
Recall the base formulation in Figure 4. In order to
represent the tree, for each electoral district we extend
this formulation with the following new sets of variables:

» r; denotes if territorial unit j € N is the root of a
district

* p;,;» denotes if territorial unit j* € N; is predecessor
ofjeN

* d;,; denotes if territorial unit j € N is at depth [ in the
tree

In this case, observe that only neighbors can be consid-
ered as predecessors of a given territorial unit j in vari-
ables p; ;. Moreover, for the special case of the root of
a given tree, those vertexes do not have a predecessor.
Variables d;; encode the depth in the tree for each vertex
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Figure 6: Tree-based formulation for contiguity of electoral districts.

j. The root node is considered to be at depth 0 and the
depth is increased by one at each level of the tree. Let
M = {0,...,m} denote the set of possible depths in a
tree where m is the maximum number of territorial units
that can be assigned to an electoral district minus 1. Con-
sidering there are limits on the number of voters in each
electoral district, one can easily calculate a priori a proper
value for m. In the worst case, for a problem instance with
n territorial units and k electoral districts, one can safely
define that m = n — k.

The contiguity constraints of the tree-based encoding
are presented in Figure 6. In more detail, the constraints
are as follows: (i) each territorial unit j must have a neigh-
bor as predecessor in the tree that represents a given
electoral district or be itself the root (15), (ii) if two neigh-
bors ; and j' belong to different electoral districts, then
they cannot have a predecessor relation (16), (iii) for each
pair of neighbors 5 and j', the predecessor relation can
only be established in one direction (17), (iv) in each elec-
toral district, there can only be one root node (18), (v)
each territorial unit can only be assigned a depth (19),
(vi) a root node is always at depth 0 (20), (vii) the depth
of a territorial unit is one more than its predecessor (21),
(viii) the nodes at depth m must be leafs of the tree, i.e.
these nodes cannot be predecessors of other nodes (22),
(ix) the number of roots must be exactly the same number
as the number of electoral districts (23).

We note that tree-based contiguity constraints have
been previously used. Kotthoff et al. [18] propose to en-
code a tree with a proper ranking among all territorial
units inside the electoral district. However, our encoding
shows that a topological sorting of units is not necessary.

3.3. Gerrymandering constraints

The encodings proposed in the previous sections are
solely concerned with optimizing compactness. However,
it is often the case that gerrymandering can be used to
produce electoral maps favoring some political party (or
being less favorable to some other party). In this section,
we extend the previous encodings by considering which
party is likely to win each electoral district in a first-past-

the-post (FPTP) electoral system based on results from
previous elections.

Let P denote the set of political parties to be consid-
ered in the election. In order to add gerrymandering ob-
jectives, we consider the following new sets of variables:

* l; . denotes if party p € P is likely to lose the elec-
tion at electoral district i to party p’ € P

* l; , denotes if party p € P is likely to lose the election
at electoral district i against at least one of the other
parties

Let v, ; be an estimate of the votes to be obtained from
party p € P in territorial unit j € N. Observe that this
estimate can be obtained from previous election results.
The procedure to best determine this estimation is out of
scope of this paper, since our focus is on the problem
formulations. In order to determine if a political party p €
P has fewer votes than another party p’ € P in electoral
district ¢ € K, the following constraints can be added:

Vie K, Vp,p' € P,p#p -

> (oprj = vpy)zig > 1 (24)

JEN

— li,p,p'

Hence, to determine if a political party p € P loses the
elections in electoral district ¢ € K, the following is added:

V

p’'€P,p#£p’

Vi € K, Vp € P = (25)

li,p li,p,p’

Finally, in order to gerrymander the building of the elec-
toral districts, one can define an objective function that
maximizes the number of electoral district wins of a cer-
tain party p € P. For that, one can define an objective
function that minimizes the sum of all /; ,, variables:

Minimize Zli#’
i€k

(26)

Note that if the goal is to minimize the electoral dis-
trict wins, then we simply have to create a maximiz-
ing objective function instead of a minimizing one. Fur-
thermore, by joining the base formulation from Figure 4,
the contiguity constraints from Figure 6, the party con-
straints (24) and (25) with the objective function (26), then
we define a Multi-Objective Combinatorial Optimization
(MOCO) formulation that gerrymanders the electoral dis-
trict and maximizes compactness. Experimental results
from this MOCO formulation applied to the case of elec-
toral districting of Portugal are presented in section 4.

3.4. Additional Techniques

A trivial upper bound on the maximum depth m of each
tree that represents a district, in the tree-based model,
is to consider that the district with the most TUs is com-
posed of the TUs with fewer voters. Let U denote the



maximum number of voters to be assigned to a district
and let v; denote the number of voters in TU j. Further-
more, let O define the ordered list of the n TUs indexes
in a non-decreasing order of voters. Therefore, one can
define m as follows:

m = max{u : Zvom <U} (27)

J=1

Clearly, there can not exist a district with « + 1 TUs, since
it would not satisfy constraint (12). In the worst case,
the units form a graph that corresponds to a linked list.
Notwithstanding, in this case, if we consider the root of
a district to be a TU in the middle of the list, there is still
always a solution since our constraints defined in Sec-
tion 3.2 do not preclude it. Hence, we can safely divide m
by 2 without removing any feasible district.

Drawing from Validi et al. [32], it is also possible to
determine that some pairs of TUs cannot be in the same
district. Consider the following weighted directed graph
G, = (N, E) defined as follows:

» For each TU j € N there is a corresponding vertex
jev

+ For each pair of adjacent TU j and 5/, we define two
edges (j,7') and (5, j) in E such that w(j, j') = vj
and w(j’,j) = v;

Let §(j,1) denote the shortest path from j to [ in G,,. If
v; +6(4,1) > U, then TUs j and [ cannot be in the same
district. Note that it would require more voters than the
upper limit U in order for these TUs to be in the same
contiguous district. Hence, the following constraint could
be safely added to our formulation:

Vie K:imy; = —aqy (28)

The same principle can also be applied in the Hess
model, resulting in Equation 29 requiring TUs j and [ to
always be in different districts.

Vie N:xj;, = —xy; (29)

3.5. Symmetry constraints
Symmetry constraints are simply additional constraints
that allow to remove equivalent solutions.

Consider four TUs A, B,C, D and two districts. Sup-
pose that a solution is reached where A, B form district
1 and C, D form district 2. Notice that if we were to as-
sign A, B to district 2 and C, D to district 1, then we would
have essentially the same solution. We say that these two
solutions are symmetric to the district assignment.

In order to avoid these symmetries between districts,
one can add constraints that cut these symmetric assign-
ments, just allowing one of them to be a solution to our
model. Observe that the model remains valid, since we
are only cutting symmetric solutions. In our domain, we
can add constraints such that the number of voters in

each district is non-decreasing according to the district
identifier. Hence, let v; be the number of voters in TU j.
Then, we can add the following constraints.

Vie K\ {k}: Z Vj - Ty < Z V) Tig1,j (30)

JEN JEN

Observe that there are also symmetries inside districts.
Consider the same four TUs A, B, C, D to be divided be-
tween the same two districts. It is equivalent assigning
A, B to district 1 and C, D to district 2 with A and C as
roots or the same assignment with B and D as roots and
A and C as leaves.

A possible solution to avoid inner district symmetries is
to add a constraint allowing only the TU with the lowest ID
to be the root of the district. It can be defined as follows:

Vie K,VjeN,j e Nj,j<j': pj = —rjy (31)
Equation 31 can be easily adapted to the Hess model

[16] (see Figure 2) in order to cut the same type of sym-

metries and significantly increase the performance.

(32)

Note that this optimization is only valid if the objective
function used to maximize compactness does not depend
on the root of the districts.

Vj,j/ € V,j < jl DT = Xy g

4. Results & discussion

In this section, our formulations proposed in section 3 are
compared with previous approaches in order to test its
efficiency. Therefore, section 4.1 describes the bench-
mark instances used in the experimental evaluation us-
ing a scenario of electoral districting in Portugal. Next,
section 4.2 considers the problem of maximizing com-
pactness in electoral districting and section 4.3 tests real-
world scenarios where a party tries to gerrymander the
electoral maps to favor itself.

The results presented use real data from continental
Portugal.® The continental part is divided into 18 regions
where each region elects a given number of officials to
the national parliament proportional to its population. Re-
garding the computational infrastructure, all results were
obtained on four Intel Xeon Silver 4110 processor running
Debian Linux with 64GB of RAM.

4.1. Electoral Districting in Portugal
Portugal uses a party-list proportional representation sys-
tem. However, in the context of this work, we study the
scenario of changing it to a parallel voting system. In fact,
this was precisely the system proposed by the two major
Portuguese parties in 1998 [2, 8] making it a strong can-
didate for a future electoral system revision in Portugal.
In a parallel electoral system a percentage of the
votes is distributed using single-member districts and the

3We do not consider electoral districting of the archipelagos of
Azores and Madeira, since a different approach would need to be ap-
plied.



Region Name [ Electoral Districts |

01 Aveiro 8
02 Beja 2
03 Braga 10
04 Braganca 2
05 Castelo Branco 2
06 Coimbra 5
07 Evora 2
08 Faro 5
09 Guarda 2
10 Leiria 5
11 Lisboa 24
12 Portalegre 1

13 Porto 20
14 Santarém 5
15 Setubal 9
16 | Viana do Castelo 3
17 Vila Real 3
18 Viseu 4

[ Total [ 112 |
Table 1: Identifiers, names and number of electoral districts to be cre-
ated for each region under a parallel voting system.

rest using a party-list proportional representation method
(most commonly, the D’Hondt method) at the national
level. The idea behind it is bringing the voters closer to
politics by voting directly to elect a parliament member
who is typically more concerned and connected with their
local electoral area, while maintaining some proportional-
ity through the national circle at the party level (avoiding
the tendency to create a two-party system of a first-past-
the-post (FPTP) system).

In the parallel voting system scenario, we consider the
number of single-member districts to be created in each
Portuguese region* as half the current number of elected
officials, rounded up. Hence, the total number of single-
member districts becomes 112 in continental Portugal as
shown in Table 1.

To generate the electoral maps (instances) tested in the
next sections we follow a set of rules, typical for redistrict-
ing, which are: (i) The number of people registered to vote
in each electoral district (ED) must not diverge more than
25% from the theoretical best value, (ii) the new electoral
districts should be as compact as possible, (iii) all elec-
toral districts must be contiguous, (iv) there must be con-
formity to administrative boundaries, the largest possible
administrative divisions should be kept whenever possi-
ble without disregarding the first rule.

The population margin is difficult to set. The bigger the
margin from a theoretical ideal value, the less equal is the
voting power between electoral districts. Some countries
such as the United States of America prefer a margin as
low as possible. However, this is only possible because
administrative boundaries are ignored in favor of census
tracts. Other countries set the margin limit at values such
as 10% (ltaly, Australia or Ukraine). In our scenarios, the
maximum margin value is set at 25%, as used in coun-
tries such as Canada or Germany. Moreover, it was the
maximum margin value presented in one of the proposi-
tions for Portugal back in 1998 [2, 8].

4We refer to the Portuguese first-level administrative divisions (called
districtos in Portuguese) as regions to avoid confusion with electoral
districts.

Figure 7: Steps to redistrict at the parish level.

Whenever possible, we try to preserve the municipali-
ties inside each Portuguese region. However, that is not
possible in most of the cases, either because the number
of electoral districts is larger than the number of munic-
ipalities of the region, or because the population differ-
ences between municipalities does not allow us to join
them while respecting the population similarity rule. In
the aforementioned cases, we start by splitting the region
in as many different areas as possible at the municipality
level. Next, each of these areas is then redistricted at the
civil parish level to define the electoral map of a region.

Figure 7 exemplifies our approach. Consider the re-
gion of Aveiro (number 01) and its 19 municipalities (map
Ain Figure 7). This region is to be split into 8 electoral dis-
tricts. However, this problem is unsatisfiable at the munic-
ipality level, since there is a municipality with 125534 reg-
istered voters and the upper population bound for each
electoral district is only 100883. Hence, we first split
the region into 4 areas (map B in Figure 7) where each
area contains roughly the same population (i.e. inside the
maximum margin of 25%), is contiguous and maximizes
compactness. Next, we consider the civil parishes inside
each of these areas as the territorial units (map C in Fig-
ure 7). Finally, districting of each of these 4 areas into 2
single-member districts is performed to achieve our final
electoral map for the region of Aveiro (map D in Figure 7).

After this first step, we end up with 35 areas of con-
tinental Portugal where a given number of electoral dis-
tricts are to be defined. These 35 areas are character-
ized in Table 2 and define the benchmark instances used
to evaluate the proposed ideas of the paper.

In the next sections, we provide experimental results
in order to answer the following research questions: (i)
can we improve previous models with the additional tech-
niques from Sections 3.4 and 3.57 (ii) How does our tree-



Instance | Portuguese | Territorial | Electoral
’ Number ‘ Region ‘ Units ‘ Districts ‘
1 01 22 2
2 01 25 2
3 01 33 2
4 01 67 2
5 02 14 2
6 03 34 2
7 03 37 2
8 03 53 2
9 03 70 2
10 03 153 2
11 04 12 2
12 05 11 2
13 06 64 2
14 06 91 3
15 07 14 2
16 08 16 5
17 09 14 2
18 10 57 2
19 10 53 3
20 11 15 6
21 11 15 6
22 11 24 6
23 11 80 6
24 12 15 1
25 13 11 4
26 13 15 4
27 13 25 4
28 13 43 4
29 13 149 4
30 14 21 5
31 15 12 4
32 15 43 5
33 16 10 3
34 17 14 3
35 18 24 4

Table 2: Correspondence between instance number, Portuguese re-
gion, the number of territorial units and districts to be created.

based formulation compare with previously proposed for-
mulations? (iii) The shortest-path based formulation can
just provide an approximation. How far are these results
from the optimal? What about the performance? (iv) Can
we solve the districting problem for Portugal just consid-
ering compactness? (v) Can we gerrymander the political
districts? What flip can we make to the electoral results?

4.2. Maximizing compactness

In order to answer the first research question, we im-
plemented the the original Hess model [16] (see Fig-
ure 2) with the contiguity constraints by Validi et. al. [32]
(see Figure 3), abbreviated simply as Hess model in the
next sections. Next, the optimizations proposed in Sec-
tions 3.4 and 3.5 were introduced. Both implementations
are evaluated in the 35 benchmark instances defined in
the previous section where the goal in each instance is
solely to optimize compactness. Therefore, both formu-
lations were evaluated using CPLEX 12.6.0 ® with a time
limit of three hours (10800 seconds).

Table 3 presents the results for the Hess formulation
with and without the proposed techniques. Whenever that
limit was exceeded, the background of the respective cell
is highlighted. Otherwise, the time spent to find the op-
timal solution is shown. The experimental results clearly
show the effectiveness of cutting symmetries in the Hess
formulation. Not only can we increase the number of
solved instances within the time limit, but also greatly im-

Shttps://www.ibm.com/analytics/cplex-optimizer

Instance Time without Time with

Number | Optimizations | Optimizations
1 768.84 9.47
2 10800 30.49
3 10800 148.31
4 10800 10800
5 8.73 0.56
6 10800 501.70
7 10800 525.94
8 10800 10800
9 10800 10800
10 10800 10800
11 3.68 0.66
12 0.94 0.05
13 10800 10800
14 10800 10800
15 8.74 0.51
16 6.87 0.51
17 9.20 0.85
18 10800 2241.33
19 10800 10800
20 6.59 0.66
21 4.41 0.15
22 10800 46.14
23 10800 10800
24 0.20 0.04
25 1.25 0.12
26 252.93 4.33
27 5486.67 7.33
28 10800 10800
29 10800 10800
30 8106.49 7.52
31 3.72 0.85
32 10800 10800
33 1.78 0.76
34 14.27 0.91
35 10800 4.60

Table 3: Comparison between the execution times of the Hess model
[16] with the contiguity constraints by Validi et al. [32] with and without
the optimizations proposed in Sections 3.4 and 3.5.

prove the performance in the remaining instances. Ob-
serve that the performance never worsens and in some
cases improves by two orders of magnitude. Although
not shown, in instances where the time limit is reached,
a better solution is usually obtained when using the tech-
niques proposed in the paper.

Next, we compare the improved Hess model with the
proposed tree-based (see section 3.2) and shortest path-
based (see section 3.1) formulations. Table 4 shows
the computational time for each approach (in seconds).
Whenever the time limit is reached, that entry’s back-
ground is highlighted. Moreover, the fastest computa-
tional time between the optimized Hess model and the
tree-based model is also highlighted in bold.

Overall, it is clear that the proposed tree-based formu-
lation improves upon the Hess model being able to solve
more instances. Moreover, when both formulations are
able to find an optimal solution, the tree-based formula-
tion is usually much faster. Finally, observe that CPLEX
is able to solve all instances of the shortest-path based
formulation. However, in some cases the optimal solution
of the shortest-path model is worse, since this formula-
tion excludes some feasible solutions. Nevertheless, as
can be seen in the last column of Table 4, for this set
of instances, the quality of the solution using the tree-
based model never increases by more than 6% with re-
gard to the solution found by the shortest-path formula-
tion. Moreover, for the 5 instances where the tree-based



Instance Hess Tree-based Shortest Quality
Number Model Model Path Model Increase
1 9.47 0.47 0.48 0.00%
2 30.49 0.82 0.30 0.00%
3 148.31 8.62 0.52 1.33%
4 10800 10800 1.96 TLE
5 0.56 0.38 0.26 0.00%
6 501.7 5.47 0.64 0.00%
7 525.94 1.34 0.75 0.00%
[} 10800 26.32 1.61 0.00%
9 10800 1882.42 3.28 1.80%
10 10800 10800 4.80 TLE
11 0.66 0.56 0.34 0.00%
12 0.05 0.04 0.03 5.15%
13 10800 575.96 1.77 1.29%
14 10800 10800 18.44 TLE
15 0.51 0.38 0.01 6.13%
16 0.51 1.01 0.81 0.00%
17 0.85 0.42 0.02 0.00%
18 2241.33 20.07 0.74 0.00%
19 10800 35.20 5.20 0.67%
20 0.66 5.63 0.71 0.00%
21 0.15 0.69 0.70 0.00%
22 46.14 53.26 11.42 0.00%
23 10800 10800 8939.96 TLE
24 0.04 0.01 0.01 0.00%
25 0.12 0.40 0.66 0.00%
26 4.33 1.32 0.37 0.00%
27 7.33 3.97 0.98 0.00%
28 10800 711.26 6.08 0.72%
29 10800 10800 1839.54 TLE
30 7.52 4.89 1.28 0.00%
31 0.85 0.48 0.24 0.00%
32 10800 225.03 19.21 0.56%
33 0.76 0.49 0.32 0.00%
34 0.91 0.41 0.42 0.00%
35 4.60 2.20 0.53 5.22%

Table 4: Execution times of the Hess optimized model and our proposed
Tree-based (complete) and Shortest-path (incomplete) models for all
instances. Highlighted in orange are cases where the time limit (3 hours)
was exceeded (TLE). In bold is the fastest model between the Hess
model and the Tree-based model.

model reached the time limit, CPLEX was not able to find
an integer solution. As a result, for these instances, there
is no comparison on the quality of solutions.

The benchmark instances used to evaluate the different
problem formulations represent real-world areas of Portu-
gal. Hence, it is possible to draw an electoral map of Por-
tugal under a parallel voting system. As a result, Figure 8
presents the complete electoral map for continental Por-
tugal. Note that all the electoral districts are contiguous
meaning that a change in color also represents a change
in district. There are 15 striped electoral districts. A dis-
trict is striped whenever the tree-based model exceeded
our time limits and the presented results are the ones ob-
tained with the shortest-path model which may not be the
global optimum solution for that particular region. Over-
all, there are no major compactness issues (such as the
ones in Figure 1) thus showing the capabilities of the pro-
posed objective function for compactness, as well as the
formulations proposed in this paper.

4.3. Gerrymandering Electoral Maps

Since the establishment of democratic elections in Portu-
gal in the 1970’s, the political spectrum has been domi-
nated by two major political parties: Socialist Party (PS)
and the Social Democratic Party (PSD). Hence, the draw-
ing of electoral maps is bound to be constrained by peo-
ple from these two parties that might decided to use other

Figure 8: Complete electoral map for continental Portugal under a par-
allel voting system.

Figure 9: Pareto front for the region of Viseu (18) at the municipality
level. In pink EDs won by party PS, in orange EDs won by party PSD.

criteria than compactness. In this section, we consider a
scenario where a political party tries to gerrymander the
electoral maps to its favour based on previous electoral
results and evaluate the overall impact on the number of
elected officials for parliament.

In order to maximize the results of a party, for each
instance in Table 2 two more instances were generated,
also creating biased maps towards each of the main Por-
tuguese parties using the formulations in Section 4.3. To
solve multi-objective combinatorial optimization problems
we use the Sat4jMoco solver®.

In our results, given that the associated colours of par-
ties PS and PSD are, respectively, pink and orange, dis-
tricts colored in shades of pink are wins for party PS and
colored in shades of orange are wins for party PSD.

There are 3 possible redistricting options for the region
of Viseu. These 3 points of the Pareto front are the trade-
off between electoral district wins (for party PS) and com-
pactness. On the left map in Figure 9 only compactness
is maximized and represents the most favourable distribu-

bhttps://gitlab.ow2.org/sat4j/moco



Figure 10: Different results for the region of Vila Real (17). In pink EDs
won by party PS and in orange EDs won by party PSD.

tion towards PSD. On this map the border length between
TUs in the same district is 614891 meters and it goes
down as the number of ED wins for party PS increases,
first to 611282 meters (center map) and then to 594286
meters (right map). These values represent a 0.59% and
a 3.35% decrease in compactness to the map that only
maximizes compactness. In the most biased map the
pink districts starts forming a snake around the orange
district which might be an indicator of gerrymandering.

For the region of Vila Real the results are presented
in Figure 10. Optimizing only the compactness (left map
in Figure 10), the orange party wins 2 districts and the
compactness measure is 440210 meters. If we are also
trying to maximize the wins of the pink party (center map),
it is possible to make PS win 2 out of the 3 districts but
the length of the border between TUs in the same dis-
trict goes down to 426060 meters (a 3.21% decrease).
Finally, maximizing the wins of PSD along with compact-
ness (Figure 10, right map), PSD would win all the seats
but we can immediately notice that one of the districts
has an extremely odd shape and that is confirmed by our
compactness measure now being only 371788 meters (a
15.54% decrease to the unbiased version).

The districting was done, independently, for all Por-
tuguese regions, and despite a complete map not being
presented, Table 5 presents the complete electoral re-
sults (number of seats won by each party) in each area.

In the 2019 elections (data used for the biased distribu-
tions) PS received 36.65% of the national vote while PSD
received 27.90%. 7 Consequentially, at the national level,
PS is expected to be the party with the most parliament
members under a FPTP system. This prediction is con-
firmed by the complete electoral results at the national
level (Table 5). They show that under an unbiased distri-
bution PS would win 84 out of 112 seats (75%) and PSD
the remaining 28 seats (25%). However, using gerryman-
dering, in the most favorable distribution towards PS, it is
possible to make it win 13 more seats, bringing its total to
97 (86.61%). Contrarily, under an unfavorable distribution
it can also lose 8 seats to the opposing party leaving it
with 76 members in parliament out of the 112 distributed
using the FPTP voting system (67.86%).

5. Conclusions

In this work we develop a novel and compact multi-
objective combinatorial optimization model with the ability
of creating electoral districts that are: compact, contigu-

"https://www.eleicoes.mai.gov.pt/legislativas2019/
territorio-nacional.html

Electoral Results - Section 4.3
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[TOTAL [ 84 | 28 [ 97 | 15 [ 76 | 36

Table 5: Electoral results for the districting in Section 4.3. Cells high-

lighted in yellow represent instances where the time limit was exceeded,

hence the presented results are the best solution found after 3 hours.

ous and give voters similar popular representation. Two
formulations to create contiguous districts are presented,
a complete one (capable of finding global optimal solu-
tions) and an incomplete, but dramatically faster version.
Optimizations that can also be adapted to classical ap-
proaches to the redistricting problem are also presented.
The developed model is versatile and can also be used
to create gerrymandered maps using data from previous
elections, allowing the study of the effects of gerryman-
dering in electoral maps.

Following the propositions to change the Portuguese
electoral system to one using single-member districts, the
experimental results are obtained drawing electoral maps
for continental Portugal. The results show that the pro-
posed model performs better than a classical approach
in this task and can deliver compact and contiguous so-
lutions within the population boundaries while conforming
with current administrative divisions.

Additionally, using the gerrymandering capacities of the
model and official electoral results from previous legisla-
tive elections, the impact of gerrymandering is studied.
The results show that gerrymandering significantly affects
the compactness of the electoral districts, creating odd
shapes, and has the power to completely change the
electoral results.
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