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Resumo

Buracos negros sao dos objetos mais simples previstos pela Relatividade Geral. No entanto, sao re-
sponsaveis por uma quantidade de fendmenos interessantes nas suas vizinhangas. Entre estes esta a
interacao de campos de matéria com a geometria, através de oscilagoes quasi-normais e emissao de
ondas gravitacionais. O estudo destes fendmenos pode fornecer informacao relevante para a procura
de matéria escura através de astronomia de ondas gravitacionais ou outras fontes de dados astrofisicos.

Nesta tese explora-se a interacdo de campos escalares reais, descritos pela equacao de Klein-
Gordon, em espacos-tempo de buraco negro. A nossa abordagem foca-se no uso de coordenadas
esféricas para tirar partido das simetrias aproximadas do problema. Para isso, comegamos por intro-
duzir o formalismo da Relatividade Numérica e a formulagdo BSSN, bem como algumas técnicas que
permitem o uso de sistemas de coordenadas curvas genéricos. Seguidamente, fazemos uso dessas
técnicas para evoluir as quantidades métricas e as variaveis de matéria de forma nao-linear. Foram
implementados, na ferramenta de geragao de cédigo NRPy+, mddulos que permitem a evolugao de
campos escalares, minimamente acoplados a gravidade. Os nossos resultados para a interagcao nao-
linear de campos sem massa, bem como a evolugao de estados pseudo-ligados de campos massivos,

sao coerentes com estudos lineares e nao-lineares existentes na literatura.

Palavras-chave: Relatividade Numérica, Coordenadas Esféricas, Campos Escalares, Bura-

cos Negros, Matéria Escura, Relatividade Geral
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Abstract

Black holes are some of the simplest objects predicted by General Relativity, yet they give rise to a num-
ber of interesting phenomena in their vicinities. Amongst these is the interaction of matter fields with the
geometry, through quasi-normal oscillations and gravitational wave emission. Studying such phenom-
ena could provide valuable insights towards dark matter searches from gravitational wave astronomy
and other sources of astrophysical data.

In this thesis we explore the scattering of real scalar fields, described by the Klein-Gordon equation,
with black hole spacetimes. Our approach focuses on the use of spherical coordinates to take advantage
of the approximate symmetries of the problem. To do so, we start by introducing the formalism of
Numerical Relativity and the BSSN formulation, along with techniques that allow the use of general
curvilinear coordinate systems. Then, we make use of those techniques to evolve both the metric
quantities and matter variables in a non-linear fashion. We implemented, within the code generation tool
NRPy+, modules that allow for the evolution of scalar fields minimally coupled to gravity. Our results for
the non-linear scattering of massless fields, as well as the evolution of pseudo-bound states of massive

fields, are consistent with previous linear and non-linear studies in the literature.

Keywords: Numerical Relativity, Spherical Coordinates, Scalar Fields, Black Holes, Dark Mat-

ter, General Relativity
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Chapter 1

Introduction

1.1 Motivation & Overview

Gravity, from the Latin gravitas, meaning "weight”, is one of the four fundamental interactions in physics.
It is the process through which all objects in the universe are attracted towards each other. It is responsi-
ble for several everyday phenomena, like the falling of objects or the tides of the oceans, as well as large
scale processes in the universe, such as the formation of galaxies, and even some exotic occurrences,

like black holes (more on that later).

Ever since humans started thinking rationally about the world around them, it was clear that grav-
ity played a central role in the universe. However, it was with the Scientific Revolution, starting in the
late 16th century, that major theoretical achievements started to appear. It was during this time that
Galileo showed, through the famous experiment performed in the Leaning Tower of Pisa, that the gravi-
tational acceleration at Earth’s surface is independent of the object experiencing it. Not long after came
Isaac Newton, who proposed the first proper theory of gravity. In this theory, the gravitational force F

experienced by an point mass m; due to another mass ms is given by

Fg _ Gm1m2

, (1.1)

r2

where r is the distance between the two masses, and G is the universal gravitational constant. Through
Newton’s second law, one can obtain the equations of motion for bodies subjected to F,. Newton’s
theory, frequently referred to as Newton’s Law of Universal Gravitation, had its share of successes over
the years. lts first test was the Cavendish experiment, in 1798, which led to an accurate measurement of
G. Almost a century later, the theory was used by John Couch Adams and Urbain Le Verrier to predict
the existence of Neptune, which was later discovered by Johann Gottfried Galle, by noticing that the
orbit of Uranus was not consistent with the current catalogue of planets. However, there were things the

theory was not able to explain, the most well-known being the precession of Mercury’s perihelion.

In 1905, Albert Einstein noted, in one of his seminal papers, that there were inconsistencies between

Maxwell’s theory of electromagnetism and the notion of absolute motion present in Newtonian mechan-



ics. Indeed, Einstein pointed out that, in electromagnetism, observable phenomena depended only on
the relative motion of bodies. This point, together with the fact that no evidence of the luminiferous ether
— a medium which was thought to be responsible for the propagation of light, and according to which ab-
solute movement could be defined —had been found, led Einstein to formulate the Principle of Relativity:
“for all coordinate systems for which the mechanical equations hold, the equivalent electrodynamical and
optical equations hold also” [1], i.e. the laws of physics are invariant in all inertial frames of reference.
This principle, together with the postulate that light propagates with a definite velocity ¢, regardless of
the frame of reference considered, led to the proposal of Special Relativity. From this theory stemmed
rather jarring consequences, like length contraction and time dilation. Space and time were no longer

separate entities, but rather one unique reality: spacetime.

Although groundbreaking, Special Relativity only tells us to use Lorentz transformations (instead of
Galilean transformations) when moving from one inertial frame to another. This means that it is not valid,
for example, in a frame with non-negligible gravitational effects. However, it did inspire Einstein to expand
it to include gravity. This was accomplished in 1915, with the publication of a series of papers where
a new geometric theory of gravitation was established, which was suitably named General Relativity.
In opposition with Newton’s Law of Universal Gravitation, General Relativity does not treat gravity as a
force, but rather as a geometric effect. Indeed, spacetime is now seen as a dynamic continuum, which
may have a flat or a curved geometry. The geometry of spacetime is encoded in the metric tensor g,s,

which obeys Einstein’s field equations,
1
Ray — iR Gab = 8T Ty, (1 2)

where R,, and R = g,, R* are the Ricci tensor and the Ricci scalar, respectively, and T,; is the stress-
energy tensor. The left-hand side of Eq. (1.2) is built from the Riemann tensor, so it is associated with
the curvature of the metric. The stress-energy tensor, on the right-hand side, is related to the density of
mass-energy in the universe, and it acts as a source of curvature (and gravity). In the manifold that is
spacetime, point particles to which no force is applied follow a class of trajectories called geodesics. In
the flat spacetime of Special Relativity, the geodesics equate to a straight line trajectory, hence validating
Newton’s law of inertia in this regime. However, when the metric is non-trivial (not flat), geodesics deviate
from the previous case due to the curvature, resulting in the gravitational effects we see throughout the

universe.

Having the field equations (1.2), one now intends to solve them, in order to obtain physically mean-
ingful solutions. This is no easy task — although the equations look simple, they are actually a set of
ten coupled non-linear partial differential equations containing hundreds, if not thousands of terms when
fully expanded. Nevertheless, some analytic solutions have been found. The first one was discovered

by Schwarzschild in 1916 [2], just one year after the publication of the field equations. This solution



describes a spherically symmetric geometry, and its line element ds? = g,,dz%dz? is given by
2M oM\ !
ds? = — <1 — ) dt? + (1 - r) dr? + 7% (d6” + sin® 0 de?) . (1.3)
r

Here, ¢, r, 6 and ¢ are the Schwarzschild spacetime coordinates — analogous to traditional spherical

coordinates in flat spacetime — and M is the mass of the solution.

One of the interesting features of this solution is the presence of an event horizon at the so called
Schwarzschild radius rs = 2M. At this radius, the Schwarzschild metric (1.3) appears to be singular,
as g — 0 and g, — oc. In fact, this is a coordinate singularity, not a physical one. At this boundary,
when moving from the exterior region r > rg to the interior region r < rg, the time coordinate ¢ and the
radial coordinate r reverse roles: t turns into a spacelike coordinate as g;; > 0, and r becomes timelike,
as g, > 0. This means that if an observer falls through the Schwarzschild radius, they will inevitably
keep falling to » — 0, just as inevitably as one grows from baby to adult as time passes. Due to this
character flipping of the coordinates r and ¢, the future light cones — which determine the set of events
causally influenced by a point in spacetime — tip over, making it so that the interior region is causally
disconnected from the exterior (this can be readily seen in Kruskal-Szekeres coordinates [4, 5]). These
characteristics led John Wheeler to coin the term Black Hole to classify these kinds of objects: regions

of spacetime where the gravitational pull is so strong that nothing, not even light, can escape.

Despite its impressive and counter-intuitive features, the Schwarzschild metric is only an idealized
solution. The Schwarzschild black hole can be obtained from the collapse of a static, uncharged, spheri-
cally symmetric star. However, in nature, stars are neither static nor spherically symmetric, and they can
also be (positively or negatively) charged. Therefore, generalisations of the Schwarzschild metric are in

order.

In 1916 and 1918, respectively, Hans Reissner [6] and Gunnar Nérdstrom [7] independently discov-
ered a solution to the Einstein-Maxwell field equations describing the geometry of a spherically symmet-
ric spacetime with charge @ and mass M, aptly named the Reissner-Nordstrom solution. Many years
later, in 1963, Roy Kerr [8] produced the metric for a neutral, spinning spacetime, which is referred to as
the Kerr solution. Finally, in 1965, Ezra Newman put together together the works of Reissner, Nordstrém
and Kerr and discovered the solution for an axisymetric spacetime describing a rotating and charged

black hole. The Kerr-Newman line element reads

.2
ds? = —% (dt — asin® 0 dp)® + S0 [(2 4 ?) dp —a i) + %dﬁ +%de?, (1.4)

where
A=r2—2Mr+ad®+ Q> (1.5a)
¥ =12+ a?cos? 0, (1.5b)
a=S/M, (1.5¢)

(t,r,0,p) are the Boyer-Lindquist coordinates — a generalisation of the Schwarzschild coordinates — and



M, S and @ are the mass, charge and angular momentum of the solution, respectively. In this work, we
shall focus exclusively on electrically neutral solutions, i.e. those with @ = 0, corresponding to the Kerr
family.

Kerr-Newman black holes exhibit remarkable features. One such feature is frame-dragging, a phe-

nomenon in which objects are made to co-rotate with the black hole. For r < ry, where

ro = M + /M2 — Q2 — a2 cos? 0, (1.6)

the so called static limit, no observer can stay at rest, and is forced by the geometry to orbit the black
hole in the direction in which the latter rotates. The metric (1.4) also possesses an event horizon at
r =71y, With

ry =M+ /M2 —-Q?— a2 (1.7)

This surface has similar characteristics to the one that appears in the Schwarzschild solution. The region
between the static limit (1.6) and the event horizon (1.7) is called ergoregion. The Kerr-Newman metric
(1.4) is conjectured to be the most general axisymmetric solution to the Einstein-Maxwell equations,
an idea supported by a series of theorems by Carter [9], Hawking [10, 11] and Israel [12, 13]. This
conjecture is well known as the no-hair property of black holes, which means there are no extra degrees

of freedom — other than mass, charge and spin — relevant for the description a black hole.

We are now over a century from the publication of the field equations (1.2), and a lot of progress has
been made in this field. General Relativity has passed — with flying colours — several experimental tests.
The first one was performed by British astronomers Frank Watson Dyson and Arthur Stanley Eddington
in 1919 [14], who measured the deflection of starlight during a solar eclipse on the 29th of May. More
recently, in 2016, the LIGO Scientific Collaboration announced the first observation of gravitational waves
from a binary black hole merger [15], not only confirming another notable prediction of General Relativity,
but also starting a new era of multi-messenger observational astronomy. Just three years after, in 2019,
the Event Horizon Telescope published the first ever picture of the shadow of a black hole [16], caused
by the gravitational deflection of light and the capture of photons at the event horizon. This image, shown

in Figure 1.1, is easily one of the most iconic scientific pictures of the last one hundred years.

However, General Relativity has also shown that there’s a lot happening in the universe that we
don’t understand. An example of this is the dark matter problem. As it stands, the general relativistic
description of gravity would not be able to hold the galaxies we observe together with just the matter we
can detect. The theorised solution to this problem is the existence of a new kind of matter that does not
emit or reflect electromagnetic radiation — in other words, dark matter. There are multiple dark matter
candidates in the literature, but no definite conclusion has been reached yet about the nature of this

mysterious substance.

Beyond their incredible simplicity in General Relativity, black holes are hosts to various fascinating
phenomena, some of which were already discussed in the paragraphs above. One such effect, that has

been a very active field of research for the past few decades, is that of superradiance.



Figure 1.1: Image of the shadow of the black hole at the core of the galaxy M87, using a 1.3mm
wavelength signal. Credit: Event Horizon Telescope Collaboration.

From etymology alone, one can understand that superradiance is a phenomenon through which
radiation is enhanced. It is a general occurrence in physics, spanning the areas of quantum mechanics,

optics and, more importantly to the scope of this thesis, black hole physics.

The study of superradiance can be traced back to 1929, in the early days of quantum mechanics,
when Klein showed that the Dirac equation allowed for the propagation of electrons through potential
barriers without the expected exponential damping, as long as the barrier was large enough [18]. This
became known as the Klein paradox. It was later shown, by Hund, that pair creation of charged par-
ticles, described by the Klein-Gordon equation, happened at the potential barrier [19]. Further results
in modern quantum field theory have shown that the solution to Klein’s paradox is this mechanism of
particle-antiparticle pair creation.

Superradiance is also present in classical systems, as was shown by Zel'dovich in 1972 [20]. In that
work, the author studied the amplification of m-pole electromagnetic waves, of the form v oc e~wt+ime,
from a rotating cylinder. He concluded that the condition for the wave to be superradiantly scattered by
the rotating cylinder is that the rotational velocity of the object is greater than the phase velocity of the
wave in the ¢ direction, i.e.

w > mf, (1.8)

where w is the angular frequency of the wave, m is the azimuthal number and Q is the velocity of the
cylinder.

For black holes, the theory is slightly more complex. However, for some perturbation 1 oc e~#witime,
be it scalar, Dirac spinor, electromagnetic or gravitational, the key result of equation (1.8) still holds,
where Q2 now represents the rotational velocity of the horizon of a Kerr black hole. For linear perturba-
tions, i.e. without considering the backreaction of the perturbation onto the metric, it can be shown that
complying with condition (1.8) leads to a negative energy flux through the horizon. Therefore, energy is
extracted from the black hole by the perturbing field, amplifying it. When a confinement mechanism is in

place, as is the case when dealing with massive perturbations, the energy extraction will persist and the



perturbing field will grow exponentially, giving rise to a superradiant instability. Such an event has been

nicknamed black hole bomb in the literature. For a recent, complete review on the matter, see [17].

The subject of black hole superradiance has a number of interesting applications in theoretical
physics. For example, studying astrophysical systems where superradiant instabilities are present may
help us in searching for physics beyond the Standard Model, such as the search for dark matter. Fur-
thermore, it can also be related to the formation of new, hairy black hole solutions, where the hair
corresponds to the perturbative degrees of freedom, and it can shed some light onto problems of parti-
cle physics and condensed matter physics, such as spontaneous symmetry breaking and superfluidity,
through the AdS/CFT correspondence [21-23].

General Relativity, by itself, is already quite a complex subject, and analytic solutions to the field
equations (1.2) are, for the most part, impossible to find, unless in cases where strict spacetime sym-
metries are present — spherical or axial symmetry, static or stationary spacetimes. If one, then, tries to
couple fundamental fields to the field equations, adding to the complexity of the problem, the only hope

is to study the system numerically. We enter the realm of Numerical Relativity.

The numerical study of Einstein’s equations was pioneered in the 1960s, through the works of Hahn
and Lindquist [24], Smarr [25] and Eppley [26], who obtained the first numerical spacetimes in General
Relativity. From then on, the field grew massively, alongside the evolution in power and accessibility
of computers, not only allowing a deeper theoretical understanding of the mechanisms of gravity in
Einstein’s theory, but also providing state of the art experimental facilities — such as LIGO — with ways to

extract meaningful information from very faint and noisy signals.

There are several different approaches to numerically solve the Einstein equations, which differ in
the way the original field equations are transformed into computer-friendly expressions. The most widely
used approach, and the one in which this thesis will be focused on, is the 3+1 Formalism [27—-29]. Within
this formalism, spacetime is foliated in 3-dimensional slices of constant coordinate time, and the metric
quantities are evolved from one slice to the next. Other approaches include the characteristic formulation

[30], the conformal field equations [31] or the generalised harmonic decomposition [32].

In the black hole solutions of equations (1.3) and (1.4), the coordinates used are of spherical-type.
These spacetimes have particular symmetries — spherical symmetry in the case of Schwarzschild, and
axial symmetry in the case of Kerr-Newman — which makes it natural to write the line elements in
spherical-type coordinates. However, for numerical evolution purposes, this is not the most common
approach. Most Numerical Relativity codes make use of Cartesian coordinates, such as the very popu-
lar Einstein Toolkit [33].

Cartesian coordinates are particularly well-suited for numerical evolution, as they are regular every-
where, i.e. every physical location corresponds to a single value of the coordinates. This is not the case
in spherical coordinates. For example, in the polar axis 6 = 0, for a definite value of r, any value of , cor-
responds to the same point. This is also the case at the origin » = 0, where the angular coordinates are
redundant. Furthermore, spherical coordinates introduce coordinate singularities wherever rsin6 = 0,

as differential operators and vector/tensor component expressions are typically inversely proportional to



some power of this factor.

However, apart from the obvious fact that they are better adapted to most problems in Numerical
Relativity, spherical coordinates also result in numerical grids in which the number of points per unit
angle is constant. Therefore, spherical coordinate grids have a higher resolution near the origin, where,
in most cases, the interesting phenomena are located, and a much lower resolution towards the edges
of the grid, thus saving memory and processor time in numerical simulations. This does not happen in
Cartesian coordinates. One, then, is forced to use mechanisms such as mesh refinement in order to
manage computational resources, but these introduce noise at the boundaries between grids.

There are now ways to deal with the problems that come with using spherical coordinates in Numer-
ical Relativity, such as the use of reference-metrics to rescale tensorial quantities and avoid coordinate
singularities. An example of a code that uses this approach is NRPy+ [34], that aims to implement
machine-generation of code in Cartesian-, spherical- or cylindrical-type coordinates to solve the Ein-

stein equations. This will be the focus of this thesis.

1.2 Objectives

This thesis aims to study, in the framework of Numerical Relativity, the evolution of fundamental scalar
fields in black hole spacetimes, in the fully non-linear regimes, in general coordinate systems — in par-
ticular, in spherical-type coordinates. This shall be done through the implementation, within the NRPy+
infrastructure, of a module for coupling the BSSN evolution equations to those of the scalar fields. The
main goals are to test the results against those present in the literature, obtained through numerical evo-
lutions in Cartesian coordinates, thus validating the observed phenomena, as well as to demonstrate

the improvement of numerical error when using coordinates adapted to the geometry.

1.3 Thesis Outline

The present thesis is structured as follows. In Chapter 2 we give an abbreviated, but self-contained,
introduction to the techniques of Numerical Relativity, focusing on the 3+1 Formalism, the BSSN equa-
tions and the choices of coordinates. Then, in Chapter 3, we address the challenges that arise when
one tries to use Numerical Relativity in curvilinear coordinate systems by introducing a covariant formu-
lation of the BSSN equations, a tensor rescaling technique, and we provide an overview of the features
of NRPy+, the code used in this work for numerical evolutions. In Chapter 4 we start by presenting
the initial data used for construction of black hole spacetimes within NRPy+, demonstrating the conver-
gence of numerical solutions. We also describe the initial data and evolution equations for scalar fields in
these geometries, the implementation of these into the pre-existing NRPy+ code, and new convergence
tests for these initial data. Finally, at the end of the chapter, we present the results of our evolutions of
massless and massive scalar fields in Schwarzschild and Kerr spacetimes, analysing the behaviour of
the scalar clouds as well as the gravitational wave signal. We present the conclusions of this work in
Chapter 5.






Chapter 2

Numerical Relativity in a nutshell

Numerical Relativity is the name given to the field of physics that uses numerical methods, taking advan-
tage of high performance computing systems, to study otherwise inaccessible dynamical phenomena
under the framework of General Relativity, and extensions thereof. The usual approach, and the one
taken in this work, is to set up a Cauchy problem, wherein initial data at time ¢ = 0 for the spacetime is
provided and, through the use of the Method of Lines, data for later times is obtained.

There is, however, an obvious problem with what is described above. Einstein’s equations (1.2) are
fully covariant, and there is no meaningful distinction between space and time. Therefore, the equations
must be properly recast into a form well-suited for such numerical evolutions. This is a non-trivial task,
which will be summarised throughout this chapter.

We shall first sketch the derivation of the so-called 3+1 form of the field equations in section 2.1.
Then, in section 2.2 we analyse the shortcomings of the previous model, and present a widely used
reformulation that addresses these issues: the BSSN scheme. Finally, in section 2.3 we provide insight
on ways to take advantage of the coordinate freedom of General Relativity to obtain stable numerical

evolutions.

2.1 The 3+1 Formalism: from Einstein to ADM

The 3+1 formalism is an approach which takes the covariant Einstein equations (1.2) and sets them
up as a Cauchy problem. It does so by foliating the spacetime into 3-dimensional spacelike slices ¥,
which evolve through a time coordinate. This is advantageous from a numerical point of view, as the
formulation of a Cauchy problem allows for the use of standard methods to solve partial differential
equations on computers. It does, however, come at a cost of diminishing the mathematical beauty and
flexibility of the original formulation of GR.

This formulation has its roots between the 1920s and 1950s, in the works of Darmois [35], Lich-
nerowicz [36—38] and Choquet-Bruhat [39, 40]. In the late 1950s, Arnowitt, Deser and Misner (ADM)
developed a Hamiltonian approach to General Relativity [41], which aimed at deriving evolution equa-

tions for the metric quantities. Later, York established the 3+1 equations in the way that became standard



in Numerical Relativity [42].

To develop the 3+1 formalism, the first step is to establish a foliation. Consider a spacetime manifold
M, which is 4-dimensional and endowed with a metric tensor g.,. A foliation is a family of spacelike
hypersurfaces {3} ,t € R such that each hypersurface corresponds to a level surface of a scalar field ¢,
which acts as a global time function. In each slice of the foliation we can define the future-directed unit
normal vector n® as

n® = —aVa, (2.1)

where « is the lapse function, V* = ¢?V, and V, is the covariant derivative compatible with the metric

gab- This allows us to obtain the spatial metric induced by g,;, on ¥; by

Yab = Gab + NaNp. (22)

By raising an index of the spatial metric we obtain a projection operator ~; which, when acting on a

vector (or one-form) returns a purely spatial object, i.e. for some vector V¢,
N2V = 0. (2.3)

The extension to a general rank tensor is trivially obtained by contracting each index with a projection
operator ;.

It is important to define a covariant derivative that is compatible with the spatial metric ~,,. This can
be done by projecting the spacetime covariant derivative V, onto ¥, i.e., for a scalar function f, we
have

Daf =7V, (2.4)

with trivial extensions to arbitrary rank spatial tensors. From this covariant derivative we can obtain
3-dimensional Christoffel symbols and the 3-dimensional Riemman tensor by the usual expressions,

replacing g., with v, everywhere.

The Riemann tensor we can obtain from the spatial metric 7,,, just like its 4-dimensional counterpart,
expresses the intrinsic curvature of the spacelike slice ;. However, it holds no information about how
the hypersurface is embedded into the spacetime M. That information is contained in the extrinsic
curvature tensor K, defined by X

Koy = *51171,'7(11)7 (25)

where L, is the Lie derivative along n*. With n® being a timelike, future-pointing vector, K,; has the

physical interpretation of a time derivative of the spatial metric.

We now have the basic ingredients to start deriving the 3+1 Einstein equations. To do that, we
note that the original field equations (1.2) relate contractions of the Riemman curvature tensor with the
stress energy tensor. Therefore, a natural path is to express the left-hand side of (1.2) in terms of the 3-
dimensional Riemann tensor, the extrinsic curvature and other quantities mentioned above, and perform

multiple projections using the projection operator ;' and the future-pointing unit vector n,.
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There are three non-vanishing contractions of the Riemann tensor with the projection operator: the
full spatial projection on all four indices, the projection with one index contracted with n?, and the projec-
tion with two indices contracted with the normal vector. For the sake of brevity, the full derivation will not

be presented here, but the results will be summarised.

The full projection of the 4-dimensional Riemann tensor ) R,;.q onto ¥, gives the Gauss equation,
Vs D Rpgrs = Raped + KaeKpa — KaaKeb. (2.6)
Projecting one of the indices of (%) R,.q onto the normal direction holds the Codazzi equation,
VErdrin® W Rygrs = DyKae — DoKpe. (2.7)
Finally, contracting twice with n® gives the Ricci equation,
Verydn"n® W Ry = LoKap +a *DyDpa + K K. (2.8)

This set of equations is usually referred to as the Gauss-Codazzi equations.

Notice that the Ricci equation (2.8) includes a term featuring the Lie derivative along n* of the ex-
trinsic curvature. Just like in equation (2.5), the definition of the extrinsic curvature, this has the physical
interpretation of a time evolution equation for the extrinsic curvature. It is also worth noting the relations

above are purely geometric: nowhere in the derivation were Einstein’s equations used.

To carry on towards the goal of the 3+1 form of the field equations, we now need to transform
the Gauss-Codazzi equations by replacing the 4-dimensional Riemann tensor in the right-hand side of

equations (2.6), (2.7) and (2.8), with the help of Einstein’s equations.

First, we contract the Gauss equation on two indices, and define the energy density p measured by

an observer with 4-velocity n* — hereafter referred to as a normal observer — as
p = ngnyT. (2.9)
What we obtain is the Hamiltonian constraint,
R+ K? — K, K% = 167p, (2.10)

where R is the 3-dimensional Ricci scalar and K = ¢*°K,,, is the trace of the extrinsic curvature.

By contracting the Codazzi equation once and defining the momentum density S, measured by a
normal observer,
Sa = =701 The, (2.11)

we obtain the momentum constraint,
DyK? — D, K = 878S,,. (2.12)

11



In order to obtain a useful relation from the Ricci equation, we first define the vector ¢* given by
t* = an® + 8%, (2.13)
where ¢ is the spatial shift vector. This vector is dual to V.t i.e.
'Vt = 1. (2.14)
By the rules following from the definition of the Lie derivative, we are able to write
LiKop = alp, Koy + LsKap, (2.15)

which is a more natural time derivative candidate then £,, K.

One can now introduce (2.15) into the Ricci equation (2.8). By defining the spatial stress tensor and
its trace as
Sab =578 Tea and S = g®Sa, (2.16)

and further simplifying, making use of Einstein’s equations and the Gauss relation, we obtain the evolu-

tion equation for the extrinsic curvature,
1
LiKop = —DyDya + « (Rab — 2Kach + KKab) —8ma | Sy — §7ab (S — p) + ,CﬁKab. (217)

Going back to the definition of the extrinsic curvature, equation (2.5), and making the substitution in

equation (2.15), we obtain the evolution equation for the spatial metric,

Livab = —2aKap + LsYab- (2.18)

Equations (2.10), (2.12), (2.17) and (2.18) are equivalent to Einstein’s equations (1.2). They are
clearly divided in two sets: the Hamiltonian and momentum constraints, as their name suggests, have
nothing to do with time evolution of the system, but rather with how 3, is embedded in M for each
coordinate time t; the evolution equations are the ones that push the fundamental variables — the spatial

metric v, and the extrinsic curvature K, — forward in time.

Throughout the discussion above, all tensors were written is abstract index notation, making all
quantities coordinate independent. However, it can be shown that, by choosing ¢¢, as defined in (2.13),
as the zeroth basis vector of the coordinate system, the Lie derivatives that appear in the evolution
equations can be simplified to partial derivatives, and timelike components of spatial tensors can be

ignored without loss of information.

By doing this, we find the expression for the unit normal vector n* and the shift vector g¢,

n*=a"'(1,-") and B°=(0,5). (2.19)

12



Furthermore, it is possible to prove that ;v = 5{ meaning we can raise or lower spatial indices with

the 3-metric. We can write the 3+1 line element as
ds® = —a?dt? + v;; (da’ + Bdt) (da’ + B/dt) . (2.20)

The roles of the lapse function a and the shift vector 3¢ can be understood from the above discussion.
The lapse tells us how much proper time elapses for a Eulerian observer — j.e. an observer with 4-
velocity n* —when going from a hypersurface ¥, to another X, 4; separated by an infinitesimal amount
of coordinate time dt¢. The shift vector, on the other hand, lets us know how much the local coordinates
change, i.e. get shifted, when moving from one slice to the next, with respect to the normal vector n®.
These variables encode the coordinate freedom of General Relativity in the 3+1 formalism, which will be
explored later in this chapter.

One important point of the discussion above is that all information contained in a spatial tensor can
be attained from spatial components alone. We can, then, rewrite the 3+1 equations to a form that is

known as often referred to as the ADM form of the Einstein field equations:
R+ K? — K;; K" = 167p, (2.21a)

D; (K" —4YK) = 8r5", (2.21b)

1
atKij = — DZ-D]'O( + « (R” — QKZkKjk + KKZ]) — 8T Sij — 5’72']' (S — p)

+ 8Dy K, + Ky1.D; B + Ky,; D; 8", (2.21c)

Orvij = —2aK; + D3 + D;f;. (2.21d)

2.2 The BSSN Formulation

In the previous section we decomposed the Einstein field equations (1.2) into their 3+1 form, clearly sep-
arating time from space. What we ended up with, system (2.21), amounts to two constraint equations
(2.21a, 2.21b), which we must solve to obtain physically significant initial data, and two evolution equa-
tions (2.21c, 2.21d), for the extrinsic curvature K;; and the spatial metric ~;;, to step our system forward
in time. It can be shown that the evolution equations preserve the constraints, i.e. if the constraints
are satisfied initially, and the system is evolved using the evolution equations, then the constraints will
remain unviolated throughout the whole evolution — at least analytically.

One would then think we are well-equipped to jump on the computer and evolve the ADM equations to
obtain numerical solutions to dynamical spacetimes in General Relativity. However, in most cases of full
3+1 numerical evolution, what happens in practice is that for any non-trivial spacetime, the evolutions
are unstable, quickly causing overflows and crashing the codes. This can sometimes be avoided by

working in spacetimes with high degrees of symmetry, like spherical or axial symmetry, but that is not
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the goal of Numerical Relativity in general, or of this work in particular.

The reason for the instabilities in numerical evolution is actually a formal one. Let us start by defining
well-posedness. Consider a set u of n variables in a (d + 1)-dimensional spacetime. The evolution
equations for v read

Opu+ A'O;u = S, (2.22)

where A’ are n x n matrices, and the index i represents each spatial dimension, running from 1 to
d. Suppose we provide initial data at ¢ = 0 of the form u (0,z%). We say the initial value problem is

well-posed if it is possible to define a norm ||-|| such that
o (52 | < ke[ (0, 2.23)

for every t > 0, where k and « are constants that do not depend on the initial data. That is, the system
is well-posed if it is bounded by an exponential for all ¢. This is useful in numerical evolution, as one
does not want the computational variables to grow indefinitely, producing overflows, loss of information,
or ultimately causing the code to crash.

To understand the well-posedness — or ill-posedness — of the ADM equations, it is instructive to
define the concept of hyperbolicity. Consider again a system like that of equation (2.22), and build a
matrix P = Ain;, where n’ is some unit vector. This matrix is called the principal symbol of the system.
If, for all unit vectors n?, P has a complete set of eigenvectors corresponding to real eigenvalues, we
say the system is strongly hyperbolic. On the other hand, if P has real eigenvalues, but its eigenvectors
do not generate the whole space, the system is only weakly hyperbolic. It can be shown that initial
value problems defined by strongly hyperbolic systems are well-posed, whilst those defined from weakly
hyperbolic ones are ill-posed.

The ADM form of the Einstein equations, as derived in section 2.1, is only weakly hyperbolic. For
a proof of this statement, see, for example, chapter 5 of Alcubierre’s book [28]. It is clear now that
the instability of numerical evolutions is caused by the ill-posedness of the system. However, there
are several formulations, based on the previous approach, that take the system (2.21) to a strongly
hyperbolic form. The most notable of these is the BSSN formulation, presented in 1995 by Shibata and
Nakamura [43] and further developed and tested, in the context of Numerical Relativity, by Baumgarte
and Shapiro [44].

The first step towards the construction of the BSSN equations is the conformal rescaling of the spatial
metric. Let ¢) be a positive function of the coordinates, henceforth named the conformal factor. We can
write ~;; as

Yij = ¥4, (2.24)

where 7;; is some conformally related metric, or conformal metric for short. The obvious relation for the
inverse metric holds,
7 =Y, (2.25)

For the BSSN formulation, it is customary to rewrite the conformal factor as ¢ = ¢?, so that the confor-
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mally related metric is given by

Vij = e 45, (2.26)

Furthermore, we choose ¢ in such a way that makes the determinant of the conformally related metric

~ equal to that of the flat metric n. This gives
1 gl
=—In(-]). 2.27
o=z (2) (2.27)
In Cartesian coordinates, we have ¥ = n = 1. We will assume the use of this coordinate system
throughout this section.

In regards to the extrinsic curvature, we first split it into a traceless part A;; and its trace K in the
following way:

1
Kij = Ay + g%‘jK. (2.28)

The conformal transformation rules for these quantities are quite arbitrary, and they should be done in a
way that facilitates the solution of the constraints. In BSSN, the choice is to rescale the trace-free part

in the same manner as the spatial metric, i.e.
Aij = 674¢A1;j. (229)

The trace K is not rescaled using the conformal factor.

Defining D; as the covariant derivative associated with the conformally related metric, the Christoffel
symbols transform as
Iy =T% +2(5.Dro + 64.D6 — %17 Dio) | (2.30)

and the Ricci tensor becomes

Rij = Rij —2(D;iD;¢ + 77" DiDy¢) + 4 (Di¢ D — 77 ™ D1 D) . (2.31)

The secret to transforming the ADM equations into a strongly hyperbolic system lies in eliminating
the mixed second derivatives, i.e. terms such as akankj. Terms like these appear in the expression for
the conformally related Ricci tensor Rij when the expression for R;; is introduced and the spatial metric
is replaced by its conformally related cousin. We can avoid the appearance of these terms by defining a

contraction of the Christoffel symbols, sometimes called conformal connection functions, as
[ =4I = —9;57. (2.32)

Using the conformal connection functions, the Ricci tensor can be written as

1— m = = T kT ~tm T T T T
In this expression there are no mixed second derivatives, as intended. The only second derivative
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present is the Laplacian 59,,0,.

To complete this effort, we need obtain the constraints and evolution equations written in terms of
the new variables. Firstly, we can split the evolution equation for the spatial metric (2.21d) into one for
the conformal factor,

he = —éaK + B'0;¢ + é&ﬂi, (2.34a)

and an equation for the conformally related metric,
- 1 ko = - ko, = k2 k
OYij = —20Aij + B OkYij + Yik0i 8" + Yk 0i 8" — g%‘jakﬂ : (2.34b)

By performing the conformal traceless decomposition of the extrinsic curvature, using equation (2.28),

we can split the evolution equation for K;; (2.21c) into an equation for the trace,
g o1 _
813K = —ﬁ/lijDiOé + (AijA” —+ 3K2> +47ra (p + S) + ,BzaiK, (2340)
and another for the traceless part,

8tAij 2674(1) - (DZ‘Dj(Jé)TF + « (R-LI—JF — SWSLF)} + o (KALJ — QAWZ%)
_ _ _ 2 -
+ B O Aij + Air0; B* + Ar;0,8" — gAijakﬁk- (2.34d)
Here, variables that do not correspond to the conformally related ones should be substituted accordingly.

Elevating the conformal connection functions I'? to variables to evolve alongside the ones above, we can

obtain their evolution equations, which read
_. . o2 . ..
o' = —-2AY0;a + 2 <F;.k.A’W — g‘”ajK — 8wy S + 6A”aj¢)
Lo 2. 1 .. ) ) )
+ 570, —170;8° + gl”ajﬁj + gﬁ“alajﬁj + 790,05 (2.34¢)

Finally, the constraint equations are also altered in the BSSN formulation. The new expression for the

Hamiltonian constraint is [45]

H=-K>-A;AY + e * (R—877D;¢D;¢ — 877 D;D;¢) — 16mp = 0 (2.34f)

[SUR )

and the momentum constraint reads
, o o 2 . _
Mi=e1® (DjAU +6A9D;¢p — 37”1)]»[() =0 (2.349)

Equations (2.34) constitute the full BSSN evolution scheme for the Einstein field equations in 3+1
form. It can be shown that, as was the intention all along, the equations are strongly hyperbolic and
combine to a well-posed system. Once again, the proof of this statement can be found, for example, in
reference [28].

Since its development, at the end of the 1990s, the BSSN formalism has been used in most full 3+1
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dimensional numerical evolutions of spacetimes in General Relativity and extensions thereof. Paired
with adequate initial data and gauge conditions, it provides the framework for much longer evolutions
than the ADM equations. However, it does have some drawbacks, such as the fact that it was derived
specifically with Cartesian coordinates in mind. These coordinates are certainly the most common in 3+1
Numerical Relativity, as they are in general simpler to implement than, say, spherical polar coordinates.
However, they are usually not the natural coordinate system for most situations of interest in General
Relativity, i.e. they are not adapted to the exact or approximate symmetries of the problem at hand. We

will go into more detail on this issue in the next chapter.

2.3 Coordinate freedom

The freedom to choose coordinates or, in other words, the coordinate-independence of the field equa-
tions (1.2), is a defining feature of General Relativity as a theory. That feature carries over to the 3+1
formalism and its extensions, like the BSSN scheme of the previous section, through the gauge vari-
ables: the lapse o and the shift 3?. The choice of gauge is a non-trivial issue, as it might break the
stability of the equations under computational evolution. Therefore, it has been a major part of the re-
search surrounding the numerical solution of Einstein’s equations. In this section, we mention a few
important options for gauge fixing, as well as some of their most important features.

The simplest possible choice one can make for the gauge variables is the so-called geodesic slicing,

in which the lapse and shift have fixed values throughout the whole evolution, given by
a=1 and p'=0. (2.35)

It can be shown that the acceleration of normal observers in this gauge is zero. Hence, normal observers
follow geodesics in these coordinates, justifying the name.

However simple, geodesic slicing is not well-suited to numerical evolution. In non-trivial spacetimes,
the curvature might focus geodesics into small regions, or single points if singularities are present. As the
coordinates are adapted to the geodesics, coordinate singularities will form, and overflows or underflows
might occur, spoiling the numerical evolution. Therefore, for anything other than flat spacetimes, which
are of little interest to Numerical Relativity, geodesic slicing does not present itself as a wise choice of
gauge.

Another possible choice of gauge is, surprisingly, not defined through fixing the gauge functions

themselves. Instead, in maximal slicing, one fixes the trace of the extrinsic curvature to
K =0. (2.36)

If this holds for all ¢, the time derivative of K also vanishes. This allows us to write a condition for the

lapse from a contraction of the ADM equation (2.21c), which reads
D'Dja = a[Ky;KY7 +4n (p+ 9)] . (2.37)
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The shift can be chosen independently of a.

The advantages of using the maximal slicing gauge for the lapse amount to its singularity avoidance
property. It can be shown that, in this gauge, normal observers have zero expansion, meaning that
distances between normal observers are preserved and no coordinate singularities form. However,
equation (2.37) for « is an elliptic equation that is computationally hard to solve during an evolution. In
this case, specific techniques for elliptic equations must be employed at each time step, which differ from
the ones used for the hyperbolic evolution equations of the BSSN scheme. Therefore, it might be useful
to find a gauge that provides an hyperbolic equation for the lapse and shift, so they can be evolved in

equal footing with relation to the remaining variables.

A gauge option that solves the issue brought up by maximal slicing can be obtained by providing
conditions to the Christoffel symbols. Specifically, let ()T be the following contraction of the Christoffel
symbols:

e = ghe Ty (2.38)

By setting the zeroth component of ()T to zero, and assuming a vanishing shift, one obtains an evolu-
tion equation for the lapse, namely
oo = —a’K. (2.39)

This condition is referred to as the harmonic slicing condition. It can be generalised through the use of

some function f («) such that the evolution equation becomes
oo = —a’f (a) K. (2.40)

A particularly relevant form of this generalised harmonic slicing gauge is obtained when setting f («) =
2/« which gives
Ora = —2aK, (2.41)

the notable 7+/og slicing condition.

Like maximal slicing, these conditions have a singularity avoidance property. However, it is weaker
than in the previous case. Nevertheless, this gauge choice for the lapse has been the go-to for several

types of simulations in Numerical Relativity, including binary black hole evolutions.

We now work towards obtaining conditions for the spatial coordinates, through the gauge choice of
the shift vector, as opposed to the slicing conditions described above, which relate to the time coordinate.
One example of such a choice is called the minimal distortion gauge, and it is based on minimising the
time derivative of the conformally related metric, 0;7;;. It can be shown that this leads to an elliptic

equation for the shift, which reads
D'D;p! 1DZ'D I+ R:BI = 16maS! i D'K 4 2A%D 2.42
;8 +§ ;67 + jﬂ T +§a + ja, (2.42)
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or, in terms of the conformally related metric and the conformal factor ¢,
D' (¢°9,7;;) = 0. (2.43)

Physically, this gauge choice minimises variations in the metric which are due to the change of the
coordinates themselves, thus letting the evolution focus on the change of the actual geometry. However,
just like the maximal slicing condition (2.37), it provides us with an elliptic equation for a gauge quantity,
which must be solved at each time step of the evolution. This takes a heavy toll on computational
resources, making simulations longer.

Alternatives to the minimal distortion gauge can be achieved by providing an evolution equation to
B'. A successful example of this is the hyperbolic gamma driver, where the second time derivative of
3¢ is proportional to the time derivative of the conformal connection functions defined in equation (2.32).
Since this is a second order PDE on 3¢, in analogy to what was done with the spatial metric and extrinsic

curvature, we define an auxiliary variable B* such that
B = iB . (2.44a)
Then, we set the time derivative of this auxiliary variable to

where 7 is a freely specifiable damping parameter that helps prevent the appearance of strong oscil-
lations in the shift.

The 1+log condition for the lapse (2.41) together with the gamma driver condition for the shift (2.44)
are the most common gauge choices in Numerical Relativity, and are thus usually referred to as the
standard gauge. This conjunction was proposed by Alcubierre et al. [46] as a way to enable stable evo-
lutions of black hole spacetime without excision. Later, van Meter et al. [47] investigated the propagation
of low-speed oscillation modes under this gauge, which could lead to the accumulation of numerical
error within the grid. With this in mind, they proposed generalising the standard gauge by subtracting a
shift advection term, of the form 3¢9;, to each time derivative appearing in Equations (2.41) and (2.44).

The new evolution equations for « and 3* read

(0, — B'0;) a = —2aK, (2.452)
(0, — B10;) B' = %Bi, (2.45b)
(0, — B70;) B' = (0, — p?9;) " — nB". (2.45c)

In this work, we will be using a modified version of the gauge evolution equations above, which will be

detailed and justified in the next chapter.
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Chapter 3

BSSN in curvilinear coordinates and
NRPy+

In the previous chapter we derived the BSSN formalism, a powerful evolution scheme for the 3+1 form
of Einstein’s equations. The BSSN equations have been used extensively for several years now in most
3+1 evolutions in Cartesian coordinates, the most common coordinate choice in Numerical Relativity.

Cartesian coordinates are very well suited to numerical evolution. For starters, there is no ambiguity
as to where the coordinates point in physical space: every set of coordinate values corresponds to one
and only one physical location. Furthermore, there are no coordinate singularities for this choice of
coordinates. However, many problems in physics have symmetries which make the Cartesian system
not ideal. Examples like the evolution of a single Kerr-Newman black hole (1.4) are naturally described
in spherical polar coordinates.

Spherical polar coordinates and, in general, other curvilinear coordinate systems, suffer from afflic-
tions that might hinder numerical evolution. Contrary to Cartesian coordinates, in spherical coordinates
we find that # and ¢ are periodic. Thus, an infinite number of values of 6, for example, correspond to
the same point. To further complicate matters, there are coordinate singularities at the origin and on
the polar axis, where rsinf = 0. This is problematic because differential operators, as well as tensor
components, in spherical coordinates are inversely proportional to factors that become zero at these
points, causing potential overflows in numerical evolution.

In order to circumvent these issues, one first needs to rewrite the BSSN scheme in a covariant form,
which has been done by Brown [48]. Then, the coordinate singularities described above need to be
taken care of, and this might be done either by adopting a Partially Implicit Runge-Kutta method, as
developed by Cordero-Carrién and Cerda-Duran [49], or by rescaling vector and tensor components
with the appropriate quantities, eliminating the divergences analytically [34].

In this chapter we go through the Covariant BSSN Formulation, in section 3.1, defining new variables
and deriving their equations of motion for numerical evolution. Next, in section 3.2, we explain the
tensor rescaling procedure that allows us to analytically treat the coordinate singularities present in

vector and tensor quantities that would otherwise spoil numerical evolution. Finally, in section 3.3 and
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the subsections therein, we introduce NRPy+ [34], a Python infrastructure aimed at code generation for

Numerical Relativity simulations.

3.1 Covariant BSSN Formulation

The derivation of the BSSN scheme in section 2.2 of this thesis assumed, as stated, the use of Carte-
sian coordinates, in particular by assuming that ¥ = » = 1. This equation is covariant if we consider
the conformally related metric to be a tensor density of weight 2/3. However, the resulting coordinate

transformation relations are quite cumbersome to work with.

Pairing the BSSN equations with the standard gauge (2.41, 2.44) only makes matters worse. Focus-
ing on equation (2.44b), it can easily be seen that the term 9, is not covariant, since the conformal

connection functions are built from the Christoffel symbols, which do not transform as tensors.

To solve this issue, we first introduce a time-independent background metric 4;;, which we take to be

the flat metric in whatever coordinates are chosen, and write the conformal spatial metric as
Yij = Yij + €ij- (3.1)
The conformal metric is related to the physical spatial metric by the usual relation (2.26), where ¢ is now

_ 1 (2
¢ = Eln (’y) . (3.2)

Now instead of imposing that ¥ = 7, we instead provide an evolution equation to 4, namely by using

given more generally by

Brown’s Lagrangian evolution equation
0y =0. (3.3)

This allows all the tensorial quantities present in the formalism to transform as regular tensors, instead

of tensor densities.

The non-covariance of the conformal connection functions, pointed out above, can also be taken care
of by noticing that, even though Christoffel symbols do not transform as tensors, the difference between

two sets of them does. With this in mind, we define
Al =Ty — T, (34)
and contract this tensor with the conformal metric,
Af=AFALL (3.5)

The contraction A’ allows us to define a new independently evolved vector A?, which is equal to A? when
the constraint
C=AN—-A"=0 (3.6)
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holds.
Using the above, it is possible to rewrite the evolution equations of the BSSN scheme (2.34) in terms

of a combination of new variables — ¢;; and A —and old ones — /Lj, ¢ and K. This yields

2 — — . ~ -
((’)t — Eﬁ) €ij = g’%j (OzAi — Dkﬂk> + 2D(i 5]) — 204141'3*7 (373)

_ 2 _ - - -
(0 — L) Ajj = — gAijDkﬁk — 204, AY + aAj; K

+ e [—2aD,D;¢ + 4aD;$D;¢ +4D;aD ;¢ — DiDja+ aRyj] ", (3.7b)
1, -
(90— L£5) & = ¢ (DifB* — k), (3.7¢)
1 . L _
(0 — L) K = gaKQ + ad;jAY — e * (D'D;a + 2D'aD;¢) (3.7d)

1

. T T o 4
(0 — Lp) &' = 35 D; Dy’ + SAD; 7 + DD, 6 247 (90 — 60,0) + 247 A}, — 20370, K. (37€)

The Ricci tensor can now be computed through
_ 1 .~ = P . _ m m
R;; = —5“?lele% + V(i D jy A+ AFA G + 7 [2Ak(i A jymi + A A | - (3.8)

All there is left to do is to fix the Gamma-driver evolution equation for the auxiliary vector B?. This is

done by replacing 9, by 9,A?, giving the system’
(0, — B0;) ' = B, (3.92)

(9, — B19;) B' = = (8, — B79;) A" — nB'. (3.9b)

> w

Adding the 1+log evolution equation for the lapse (2.41) we obtain the full set of evolution equations for
all important quantities. This set must, of course, be complemented with the constraint equations (2.34f,

2.349) so that the field equations (1.2) are completely satisfied.

3.2 Tensor rescaling

Another issue that needs tackling when one intends to solve Einstein’s equation numerically on a gen-
eral curvilinear grid is the presence of singular coefficients in both tensor component expressions and
differential operators. To illustrate this problem, consider a generic vector field with components V. The

vector may be expressed in a Cartesian coordinate basis a?; - as

.0
V=V"—. (3.10)
ox?

"Note that # in equation 3.9b does not correspond to the determinant of the flat metric, but is instead a damping parameter for
the gamma driver evolution equations.
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If we wish to express this vector field in spherical coordinates z* = (r, 0, ¢) instead of Cartesian coordi-
nates z* = (z,y, z), tensor transformation rules give the expression
7 .0
02" (3.11)

Consider the particular case where only the  component of V', V*, is non-zero. Then, the factors

% in (3.11) can be computed from the usual relations between z* and z'%, yielding in the spherical

coordinate basis 52+
i

cosfcosp O L Sing 0

7]
‘/ = T g 0 —_— z .
Visin COS¢8r+V r 00 rsinf d¢

(8.12)
As can be seen, this transformation results in coordinate singularities wherever rsind = 0. This is
undesirable in a numerical context, as the divergence and rapid variation of these tensor components
require the use of significantly more points to approximate spatial derivatives through finite differences

in a satisfactory way.

Fortunately, this complication can be easily averted with tensor rescaling. This technique, as pre-
sented by Ruchlin, Etienne and Baumgarte [34], relies on defining a non-coordinate basis that incor-
porates the singular terms, thus ridding the tensor components of their divergent behaviour. For the

example above, we can define three non-coordinate basis vectors, namely

15] 10 1 9
= — =—-— = 3.13
€ o € 30 and e, rsind 9y’ ( )
and rewrite the vector V' in terms of this basis as
V =V*sinfcosp ey + V¥ costicosp ey — V7 sing e(,). (3.14)

This procedure can be easily generalised to arbitrary coordinate systems as follows. Consider a
non-coordinate basis vectors efj), where the index in parenthesis denotes each of the basis vectors,
and the index without parenthesis refers to the components of the individual vector. The non-coordinate
basis vectors are related to the coordinate basis % through the so-called orthogonal scale factors F;,

by the relation

ew = F%aii (3.15)
The dual basis egi) can be obtained, as usual, by
eg)e’(“j) = eg-k)eék) = 5; (3.16)
The reference metric can be expressed in terms of the non-coordinate basis vectors as
Yij = 5kl€§k)6;l)7 (3.17)

24



which is taken to be the defining relation for the scale factors F;. In orthogonal coordinate systems, onto
which we focus our efforts, and if the reference metric is taken to be that of flat space, the only non-zero
elements of 4;; are along its diagonal. Therefore, we can compute the F; by simply taking the square

root of each diagonal element of the reference metric, i.e.
F; = /A, (3.18)

where there is no implied sum over the repeated i index on the right-hand side.
For arbitrary rank tensors, the rescaling procedure amounts to contracting each contravariant, or
covariant, component of the tensor with a non-coordinate basis vector, or dual vector, respectively. As

an example, for a type-(f) tensor T, the components of its rescaled sibling ¢ are given by
ty =TmeelDel,. (3.19)

With this technique, we can define rescaled versions of the tensors and vectors to be evolved through
our covariant BSSN scheme of equations (3.7). We, therefore, define the quantities h;;, a;;, A*, V* and

B’ as

hij = erefy ey, (3.20a)
aij = Awiefyeq;, (3.20Db)
X= Akel (3.20¢)
Vi = gFeld, (3.20d)
B = B¥el" (3.20¢)

and their respective evolution equations are obtained by the same rescaling.

3.3 NRPy+

In the previous sections of this chapter we built a framework that, in principle, will allow us to solve
Einstein’s equations, in 3+1 form, not only in Cartesian coordinates, but in more general curvilinear
coordinate systems. In section 3.1 we went through the details of a covariant formulation of the BSSN
scheme, derived in the last chapter. Then, noticing how some curvilinear coordinates might produce
unphysical singularities in vector and tensor quantities, we introduced a tensor rescaling method in
section 3.2, which allows us to evolve equations (3.7) without the worry of coordinate related overflows.

We are now ready to put this theoretical foundation to practice, proceeding to numerical simulation
of spacetimes in Numerical Relativity. To that end, we introduce the NRPy+/SENR [34] infrastructure.
NRPy+ is a Python-based package that aims to generate highly optimised C code to perform Numerical
Relativity computations. This is done through the symbolic manipulation of expressions appearing, for

example, in the right-hand sides of the evolution equations, using the standard, open-source Python
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library SymPy. Using algorithms such as common subexpression elimination, NRPy+ outputs the ex-
pressions to C files, which are further optimised by using OpenMP parallelisation [50] and SIMD vec-
torisation. The files are then used by SENR ("the Simple, Efficient Numerical Relativity code”), which
provides the essential structure to perform the evolutions.

In this section we will provide insight into the workings of NRPy+/SENR, explaining the procedures
of setting up numerical grids, initial data and boundary conditions, how it handles time evolution and

coordinates, and other important features.

3.3.1 Numerical grids

NRPy+’s way to solve Einstein’s equations numerically is the so-called Method of Lines: the quantities
to evolve are computed in a number of points of the computational domain, called the grid points , the
right-hand side of the evolution equations (3.7) are evaluated at those same grid points, and the system
is advanced in time by a small time step At. It is important to set up the numerical grid in a way that
provides stable evolution and allows the user to probe the phenomena they are interested in.

Within NRPy+, the numerical grid coordinates are designated x' = (x0,x1,x2). These do not always
correspond to the physical coordinate values. Both their relation to physical coordinates and the ranges
of values the numerical grid coordinates may take are related to the specific coordinate choice the user
implements. However, in the numerical domain, they are always considered to be uniformly spaced,
even if that does not translate to uniform spacing in the physical coordinates, as we shall see in the next

section.

The number of grid points for each spatial direction, V;, can be specified by the user. This allows
NRPy+ to compute the spacing between two consecutive grid points in the i-th direction,

X,

¥
Axi — Zmax — X

min
N (3.21)

To approximate the spatial derivatives that feature in the evolution equations, one uses finite differ-
ences, which require the knowledge of the grid functions — i.e. the functions evaluated at the computa-
tional grid — at neighbouring points in the domain. This poses a problem for points near the boundaries
of the grid, where there might not be neighbours. To tackle this issue, a number of ghost points, Ng,
is added at each boundary of the domain, obeying special boundary conditions. The number of ghost

points is related to the order of finite differences used, Ngp, by the relation

Ng = ? +1. (3.22)

Both the finite difference methods and the boundary conditions will be discussed in upcoming sections.

Since we intend to use curvilinear coordinate systems that, in some cases, introduce singularities
in the grid functions, it is important to choose the locations of our grid points in a way that avoids such

divergent behaviour. This is done through cell-centred grids, in which the j-th point in the i-th direction

26



has numerical coordinates

. ) 1
xi = Ax' (j — Ng + 2) , (3.23)

where j varies from 0 to the total number of points Nv; in that direction,
N1; = N; + 2Ng. (3.24)

Points given by relation (3.23) that lie outside the computational domain, to either side, correspond to

the ghost points.

3.3.2 Coordinates

Through the use of the reference metric, covariant BSSN formulation of equations (3.7), NRPy+ allows
for the generation of code to solve Einstein’s equation in curvilinear coordinates. Some of the most used
coordinate systems, namely Cartesian-, spherical- and cylindrical-like coordinates, are already imple-
mented in the package. Depending on the choice of coordinate system, NRPy+ defines the reference
metric 4;;, as well as the related Christoffel symbols I';, and scale factors.

The most simple coordinate system within NRPy+ is, obviously, the Cartesian one. In this system,
the three spatial coordinates z* = (z,, z) correspond directly to the computational grid coordinates,
which we denote by x’ = (x0,x1,x2). The values of the x* range between x’; and x...,, Where the
minimum and maximum values can be set by the user for each of the coordinates independently. In

Cartesian coordinates, the reference metric is the identity matrix,

1 0 0
Yij =10 1 0], (3.25)
0 0 1

and the scalar factors are all unity.
However, as has been stated multiple times throughout this thesis, our goal is to evolve spacetimes
of General Relativity in spherical-like coordinates. Fortunately, these are also available to use in NRPy+.

Spherical-like coordinates z* = (r, 6, ) are related to their Cartesian counterparts by the usual relations,

x = rsinf cos p, (3.26a)
y = rsinfsin @, (3.26b)
z=rcosf. (3.26¢)

Contrary to Cartesian coordinates, in spherical-like systems the grid coordinates x* don’t always corre-
spond exactly to the physical coordinates. It is possible that this is the case, if one chooses to use the
traditional spherical coordinate system, in which r € [0, Rmax], 6 € [0, 7] and ¢ € [—m, w|. However, one

can take r = f (x0), where f is an odd function of x0, in which case x0 € [0,1]. One example of such
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coordinates is called the SinhSpherical coordinate system, where

sinh (%) | 3.27)

This acts as a non-trivial map of the grid coordinate x0 to the interval [0, Rmax] in the physical radial
coordinate r. An advantage of such a coordinate system is to push the computational boundary further

away from the origin, whilst maintaining high resolution in the strong-field region.

In spherical-like coordinates, the reference metric is given by

1 0 0
Y =10 r? 0 , (3.28)

0 0 r2sin0

and the scale factors are the numerical coefficients appearing in the non-coordinate basis vectors of re-
lation (3.13). NRPy+ also implements other rescalings of » as a function of the computational coordinate
x0, as well as a cylindrical coordinate option, but those will not be mentioned here since they won’t be

utilised.

3.3.3 Initial data

The first step to the solution of a Cauchy problem is to provide data for all the grid functions at an initial
time ¢t = 0. In NRPy+ there are already several modules that implement initial data for useful spacetime
configurations. Amongst these modules are Static Trumpet [51] data for a single Schwarzschild Black
Hole, the UIUC [52] data for a single rotating Kerr Black Hole, the Brill-Lindquist [53] data for a system of
two non-rotating Black Holes, or the data for a Tolman—Oppenheimer—Volkoff (TOV) [54, 55] star. Apart
from the modules already provided, a user is always able to define their own initial data routines. There

are two ways to provide initial data: analytically or numerically.

In the analytical case, SymPy symbolic expressions for the ADM — the spatial metric ~;; and the
extrinsic curvature K,; — and for the gauge variables — the lapse « and the shift 3* — are given. These
can be written in either Cartesian or spherical coordinates. As an example, the Static Trumpet and
the UIUC Black Hole modules are written in spherical coordinates, but the Brill-Lindquist module uses
Cartesian coordinates instead. NRPy+ will, then, convert these expressions into initial data for the

covariant BSSN variables (3.20) in the coordinate system the user desires.

Sometimes, however, it is not possible to find analytical solutions to the constraint equations. This is
the case, for example, in the case of the initial data for a TOV star. In such cases, one solves the con-
straints numerically, resulting in text files containing the ADM data. This data is, then, interpolated and
converted into covariant BSSN form, with any spatial derivatives appearing in the conversion computed

through finite differences, rather than symbolically.
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3.3.4 Spatial derivatives

Spatial derivatives of the evolved quantities (3.20) appear throughout our covariant BSSN formalism, be
it in initial data expressions or the evolution equations themselves. Throughout the evolution, the grid
functions do not follow a closed-form expression, making symbolic derivation impossible. Therefore,
as briefly mentioned in the sections above, finite difference methods are used to approximate these

derivatives.

Take u (x) to be a function of a single variable =. Then, its derivative is defined by

fon g u(x 4 Ar) —u(x)
T

(3.29)

If one samples « in a discrete computational grid, like the one employed in Method of Lines numerical
evolutions of Einstein’s equations, there is no way to take this limit. In this case, Az has a minimum value
set by the minimum distance between grid points adjacent to «. However, if Az is small, the derivative

can be approximated by the finite difference quotient

o (z) ~ LT AA“’; —ulz) (3.30)

Expression (3.30) above, however, does not provide the most universal finite difference method. In

general, a finite difference approximation to the derivative v’ (z) is given by
u' (z) ~ Zaku (zk) (3.31)
k

where a;, are finite difference coefficients and the index k runs over a number of points z; in the vicinity
of z. Two questions emerge from this expression: how to choose the points x; and how to compute the

finite difference coefficients.

The most widespread way to solve both of these issues is through Taylor series expansions of u (x)

in the grid points near the point of interest. The Taylor series of u around some point x, has the form

— u®) (zo) k
u(x) = Z 0 (x — )", (3.32)
k=0
where u*) (z,) is the k-th derivative of u with respect to = at the point 5. Now let Ngp be an even
number, n = Ngp/2 and X = {z_,,...,x0,..., 2, the set of points around z,, including the central
point. If one writes u (x),x € X as a Taylor series around z(, one is left with a set of equations which
can be linearly combined together, and solved to yield an expression for the derivative v’ (z). In fact,
approximate expressions for higher order derivatives are easily obtainable through this process. From
Taylor’s theorem, it can be shown that this method of approximating derivatives is accurate to order Ngp

in the spacing between grid points Az.

This procedure can be applied in a general way to arbitrary finite difference approximation order Ngp

and for derivatives of any order. As an example, let us see how it works for a 4th order approximation of
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u’ (z9). In the notation used above, X = {x_o,z_1,z0,z1,z2}. Consider also that the points are evenly
spaced with distance Az between consecutive points, such that =, = z¢ + iAz. Denoting u (z;) = u;,

we can expand u in a Taylor series at each point, yielding

2Az)? 2Az)° 2Az)* 5
s =y — (207)ul + 2‘”) - 3;’3) ul® + %ug@ +0 ((Ax)"), (3.33a)
Az)® Az)’ Az)*
u_q1 =up — (Ax)uy + ( ;) uy — ( ;) ul® ( j) ul) +0 ((Am)5), (3.33b)
Up = uUg, (333C)
2 4
_ / (Az)” (Az) (3) (Az) (4) 5
up =ug + (Az)uy + 5 U0 + T + TR, +0 ((Aw) ) ) (3.33d)
2 3 4
ug = ug + (2Ax) ug + (2A2x) ug + (2A3'x) uég) + %ué‘l) +0 ((Az)5) . (3.33e)

The next step is to perform a linear combination of the equations above, such that
1
Az Z aguy, = uy + O ((Ax)4> ) (3.34)
k

By writing relation (3.34) in factors of the k-th order derivative of v, one can equate each of the factors
accompanying u(()k) to either 1, if k = 1, or 0 otherwise. Absorbing factors of (Az)" into the derivative

terms, the linear system we encounter can be written in matrix form as

1 1 1 1 1 a_s 0
(=2) (=1) 0 1 2| |a 1
(-2)> (-1* 0 1 22| ]| a [=]0 (3.35)
(-2 (-1* 01 22| | & 0
-2)* (=1* 0 1 2¢) \ a 0

Therefore, the problem of computing the finite difference coefficients a; amounts to the inversion of a

matrix.

In NRPy+, the technique is applied to obtain expressions for spatial derivatives, appearing in the
right-hand sides of the evolution equations (3.7), as well as to obtain initial data numerically, when
derivatives can not be taken symbolically. The finite difference order Ngp can be set to any positive even

integer, and the number of ghost points Ng, introduced in section 3.3.1 is calculated accordingly.

3.3.5 Time-stepping

With the finite difference methods described in the previous section, we are now able to use equations
(3.7) to step our system forward in time. Expressing the spatial derivatives as finite differences, the
evolution equations become ordinary differential equations. The standard way to evolve systems of
ODEs in time is to use explicit Runge-Kutta methods (henceforth we might drop the explicit designation,

as no other methods shall be considered).
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Let u (t) be an unknown function of time ¢. Its evolution is given by the ODE
du
where f is some function. Using Runge-Kutta methods, one can take an small step in time, from ¢,, to

tnt1 = tn, + At. The function « at the new time value will be given by

Up+1 = Up + At Z blkl) (3373)
=1
where u,, = u (t,). The k; can be seen as the values of f (¢, ) at intermediate time steps, and are given
recursively by

1—1
j=1

In equations (3.37a) and (3.37b), the a;;, b; and ¢; are numerical coefficients. This coefficients are what

makes the distinction between several types of Runge-Kutta methods, and they are usually visualised in

a Butcher table:

0
C2 | Q21
C3 | az1 @32 (3.370)
o/C
Cs | Qsy Gs2 -+ Ags—1
b1 b2 e bs—l bs

The most used Runge-Kutta method, and the one used in this thesis, is the 4th order one, usually

designated RK4. For this method, we have the expressions for the k; given by

Fy = AL (s t). (3.38a)
ks = At [ (un ¥t + A;) , (3.38)
ks = A, f (un + %kg,tn + A;) 7 (3.38¢)
Fa = At f (un + kst + AL). (3.384)

The profile of u (¢,+1) can be obtained from
1
Up4+1 = Up + 6 (kl + 2ko + 2k3 + k4) s (3386)
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corresponding to the following Butcher table:

0
1/2 | 1/2
12 0 172 (3.38f)

1o o 1
1/6 1/3 1/3 1/6

The RK4 method described above is accurate to 4th order in the time step At.

The time evolution is supplemented at each time step by the application of boundary conditions and
inner parity conditions, which will be described in detail in the next section. Furthermore, the k; substeps
also need to be provided with adequate boundary and inner parity conditions. Finally, at each time step,
the of the evolution, the Lagrangian condition for the evolution of the determinant of the conformally

related spatial metric is enforced by making the substitution
Yij = (’y) Vi (3.39)
Y
where 7 is the determinant of the spatial metric at the initial time ¢ = 0.

3.3.6 Boundary conditions

Another key aspect that differs between Cartesian and general curvilinear coordinate systems, as far as
finding a numerical solution to a Cauchy problem is concerned, is the application of boundary conditions.
Indeed, in Cartesian coordinates, all numerical boundaries correspond to exterior boundaries of the
physical system under study. This makes applying boundary conditions straightforward, as all the points
in the boundary region suffer the same fate.

This is not the case, however, in curvilinear systems, where some coordinates might have a periodic
behaviour, or some other symmetries. As an example, take the azimuthal angle ¢ in a spherical coordi-
nate system. The extremal points of the interval where ¢ is defined, ¢ = —x, 7, correspond to the same
physical point, therefore constituting an inner boundary. Conversely, the radial coordinate r at r = Rmax
corresponds to a physical exterior limit of the system, which is thus classified as an outer boundary.

In a numerical evolution scenario, this difference is of paramount importance. Therefore, it is a
necessity to establish what points lie on inner or outer boundaries, and how to assign data at the inner
boundary points according to the periodic nature of the coordinates. Furthermore, vectors and tensors
components must obey parity conditions when moving across an inner boundary, which must also be

accounted for. The problem of implementing boundary conditions can, then, be divided into the following:
1. Identifying inner and outer boundary points;

2. Defining the parity conditions that vectors and tensors must obey when moving across inner bound-

aries;

3. Obtaining relations to determine the behaviour at outer boundaries.
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To understand how to distinguish inner from outer boundaries, let us first describe what the aim
is for these points. As explained in section 3.3.4, the approximation of spatial derivatives, using finite
differences, requires the use of points in the vicinities of the point of interest. However, if the point
of interest lies just inside a boundary, some neighbouring points will correspond to the ghost points,
introduced in section 3.3.1. At the inner boundaries, due to the periodic nature of some coordinates, the
ghost points will lie inside the numerical domain, superposed to the physical grid. The values of the grid
functions must be corresponded between these ghosts and the inner points.

Consider relation (3.23) that establishes the coordinates of each grid point. Evidently, ghost points,
where j < Ng or j > N; + Ng, have coordinate values that lie outside the established ranges. Take
one of these ghost points, with coordinates xép in a general curvilinear coordinate system, which is
utilised for numerical evolution. To find out whether this point lies on an inner or outer boundary of the

computational domain, we express the location of the point in Cartesian coordinates, writing
(z,y,2) = (x (xl) Y (xl) , 2 (xl)) . (3.40)
Next, we transform back to the original system, obtaining
mﬁew = xﬁew (z,y,z2). (3.41)

Two cases might occur: if zj, = w1, the ghost point belongs to an outer boundary; on the contrary, if
4o 7 Thew» then it corresponds to an inner boundary.

Inner boundaries occur for coordinates with fixed domains — i.e. domains that are dependent only
on the geometry of the coordinate system and cannot be defined by the user. This is what happens in
the case of the angular coordinates 6 and ¢ in a spherical system, as opposed to the radial coordinate’s
upper limit, which can be set freely. Therefore, when a point has coordinate values that lie outside
the domain of these domains, transforming to Cartesian coordinates and back will single out the non-
trivial behaviour across the inner boundaries, returning the coordinate values inside the domain that
correspond to the same physical location.

However, this technique can be tricky to implement in some cases. For example, in the case of
spherical-like coordinates where the radial coordinate is given by equation (3.27), the relations that take
(r,0,¢) — (x,y, z) are not invertible. The solution for this problem is to create an inner boundary map-
ping before the evolution starts, using what is designated in NRPy+ as an Eigen-Coordinate System. An
Eigen-Coordinate System is a coordinate system where the relations (3.40) are invertible. In particular,
for spherical-like coordinates, the Eigen-Coordinate system is the regular spherical one; for cylindrical-
like coordinates, the Eigen-Coordinate system is the regular cylindrical one. In the Eigen-Coordinate
system, the mappings of ghost points across inner boundaries to the interior points match the ones in
the original system, with the advantage of not needing numerical methods to invert the transformations
to Cartesian coordinates.

The next issue to address is that of defining parity conditions for scalar, vector and tensor variables

across inner boundaries, which is done before the evolution, at grid setup time. This is done by deter-

33



mining the change in the unit vectors that define each direction when an inner boundary is crossed.
To better grasp what happens, consider, as has been usual throughout this thesis, a spherical co-
ordinate system. Say we are going through the inner boundary at § = =. A ghost point beyond this

boundary will have some coordinates
(Tv 9, @)gp = (7‘0, T+ 507 QOO) . (342)

This will, however, correspond to a physical point inside the domain, which, by the symmetries of the
coordinate system, corresponds to a reflection in  at 6 = 7 and a translation in ¢ by an amount 7. The

new coordinates, in accordance to the nomenclature defined above for ghost points, will be given by

(7“7 g, @)new = (T‘O, T — 60, wo + 7T) ) (343)

KA
86’

coordinate sets above, will give a different result — in particular, its direction will be reversed when

assuming no inner boundary in ¢ is encountered. The unit basis vector computed in each of the

going to the new coordinates. This change in direction will affect the components of a vector or tensor

calculated across this boundary.

o
ox?

This is easily probed if one takes the dot product between the vector in the ghost point coordinates and

In general, when going across an inner boundary, the unit basis vectors

might flip their direction.

the new coordinates. Since these are unit vectors, the dot product will be either +1, if no change in
direction happens, or -1, if indeed the vector changed direction. To this end, we define this dot product
as

Pi= % () - % (whow) = £1. (3.44)

This translates into parity relations for tensor components as follows. Consider a type- (:1) tensor T.
When crossing an inner boundary, the tensor components of a ghost point must be replaced by the ones
at the corresponding physical point, which is found as described above. Furthermore, these components
might suffer a parity change from the reversal of the unit vectors at that boundary. The overall substitution

relation for the components of T is
Tk (%) = (H Pa) Tk (22,), with a € {i,j,k, ....[,mn..}. (3.45)

In practice, though, only scalars, vectors and rank-2 tensors are present in the covariant BSSN for-
malism. Therefore, it is not computationally hard to establish all possible parity relations for each grid
function? type prior to the start of the numerical evolution. To that end, a set of 10 parity types, listed in
Table 3.1, is considered.

The process of setting up the structure of the ghost points corresponding to inner boundaries is
achieved as follows. At grid set up time, all ghost points are grouped into inner and outer boundary

points, by the method described earlier in this section. At the same time, for the inner boundary points,

2Note that each tensor component is treated as a separate grid function in NRPy-+.
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Tensor type Parity type Dot product Example

Scalar 0 1 +1
Rank 1, Direction 0 1 P, +1
Rank 1, Direction 1 2 P -1
Rank 1, Direction 2 3 P -1
Rank 2, Direction 00 4 P} +1
Rank 2, Direction 01 5 PyPy -1
Rank 2, Direction 02 6 PP -1
Rank 2, Direction 11 7 p? +1
Rank 2, Direction 12 8 PPy +1
Rank 2, Direction 22 9 P2 +1

Table 3.1: Parity types for BSSN variables in NRPy+. P; refers to the dot products of equation (3.44).
The example column refers to the values of the dot products to its left when evaluated at a boundary
where sin § = 0 in spherical-like coordinates.

a map is created that matches the grid coordinates of the ghost point to those of the inner point it
corresponds to. Finally, all listed parity types are given a value of +1 for each of those inner ghost
points. All this information is stored in a structure, so that it can be easily accessed during every step
of the evolution, in which the parity conditions must be enforced. A second structure, consisting of the
locations of the outer boundary points, is also created, so that one can effortlessly loop through them

and apply boundary conditions during the evolution.

The last thing on the menu, regarding boundary conditions in NRPy+, is understanding what is done
to the points at the outer boundary at every time step of the evolution. There are two main choices
implemented in the code on this matter: the Quadratic Polynomial Extrapolation (QPE) method or the

widely used Sommerfeld boundary conditions.

The QPE method is rather simple. With this method, the grid function values at ghost zone points are
approximated, from the innermost layer outwards, by extrapolation with an order 2 polynomial, through
expression

f(x)=3f(z—Azx) —3f (x —2Ax) + f (v — 3Az), (3.46)

where f is some grid function, x is the coordinate perpendicular to the outer boundary, and Az is the
distance between consecutive points in the x direction. Az need not be constant; here, x — nAx is
just used to denote the n-th closest inner neighbour to the point at z. This boundary condition produces
good enough results when evolving the BSSN system, but if one adds a scalar field to it, with a wave-like

evolution equation, there is production of undesirable ingoing modes that spoil the evolution.

The second option, and the one used throughout the numerical simulations in this work, is the Som-
merfeld boundary condition, also known as radiation condition. It is common practice in Numerical
Relativity — and other fields where Method of Lines evolutions are performed — to employ this sort of
boundary condition, where the aim is to have the evolved functions act as waves that go through the

boundary with minimal reflections.

To derive this boundary condition, we will assume spherical coordinates. Let us start by considering
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the wave equation,
1

where u = u (¢, 1,0, ) is some function of time and space. Furthermore, let us assume w is spherically
symmetric, so that all dependences in § and ¢ in equation (3.47) vanish. The wave equation is thus

simplified to 3
2
%(fu = 0%u + ;aru. (3.48)
v
The general solution to this equation is of the form

u(r:—vt) JrBu(rT—vt)’ (3.49)

u(r,t)=A

which has the physical interpretation of a superposition of an ingoing and an outgoing wave.

With this solution to the wave equation, we now intend to make our grid functions f behave like

outgoing, spherically symmetric waves at the boundaries. This can be achieved by making the ansatz

feofogplr=2t) € (3.50)

r rn

where f; is an asymptotic value for f, and ¢/r™ is a radial falloff term that acts as a correction for
incoming waves and other undesirable behaviour. It is useful, however, to transform condition (3.50) into
a condition for the time derivative of f, because then one would be able to evolve the points at the outer
boundaries in the same way as all the other points, by using the Method of Lines. Differentiating the

previous equation with respect to time, we obtain

!
— ot
ol (r v).

Of = — . (3.51)

Taking now a derivative of equation (3.50) with respect to r, we get

u (r—ot)  u(r—ot) nc
orf = " — - ~ i (3.52)
Solving (3.52) to obtain v’ (r — vt) /r and plugging into (3.51) results in

u(r —vt) ne

Of =—v|0-f + 5 + =l (8.53)
T r

The term u (r — vt) /72 on the right-hand side of (3.53) can be cancelled out by plugging in the ansatz

(3.50). Defining k = —vc (n — 1), we obtain the final form of the Sommerfeld boundary condition,
2 k 3.54
Ocf == 1o f +(f = fo) + 5| - (3.54)

This boundary condition can be applied in any curvilinear coordinate system, with coordinates (3:1)

3The right-hand side of equation (3.48) is simply the radially-dependent part of the Laplacian in spherical coordinates, which
can be derived in a number of ways.
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by taking r = r (2*). The radial derivative in the evolution equation above becomes

O, f = %iai f. (3.55)

It might be impossible to invert the relation r (a:l) to compute the right-hand side of (3.55), but this can

be achieved also by computing the Jacobian matrix,

Jj _ &st‘ph-(mi)

(3 a:,r,,

, (3.56)

where =L, = (r,6, ) are the spherical coordinates, and invert .J/, obtaining

N —1 i
(Jg) - 8“]’? , (3.57)
8xsph
which can be used directly in (3.55).
With this overview of the implementation of boundary conditions within NRPy+, we conclude our
presentation of the main features of this code generation tool. In the next chapter we will use NRPy+ to

evolve scalar fields in black hole spacetimes.
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Chapter 4

Numerical evolutions: initial data,

implementation and results

In Chapter 1 of this work, we went through the history of gravitational physics, with a focus on General
Relativity. Next, in Chapter 2 laid out the 3+1 Formalism of Numerical Relativity, as well as the BSSN
evolution scheme, which intend to provide a framework to evolve the Einstein equations (1.2) numerically.
Finally, in Chapter 3 we iterated on the BSSN equations, making them covariant and rescaling the vector
and tensor variables therein, allowing for numerical evolution in general curvilinear coordinate systems.

At the end of the previous chapter, we also presented NRPy+ [34], a set of libraries, written in Python,
that aim to generate optimised C code that can be used to evolve spacetimes in General Relativity.
Now, we have at our disposal all the tools needed to do numerical simulations of physically interesting

spacetimes. This is the aim of this chapter and, in a broader sense, of this thesis.

4.1 Initial data for a rotating black hole

Initial data is one the most important parts of any numerical solution of a Cauchy problem. It establishes
the physical situation one wants to study over time. In section 3.3.3 we listed some of the available initial
data modules within NRPy+, as well as the specific workings of the code that allow for the translation of
symbolic expressions and numerical data to C variables. In this section, we will study in some detail the
UIUC Black Hole initial data [52], which will be used as the background spacetime for all the evolutions
throughout this thesis.

As mentioned several times up to this point, the presence of singularities in a spacetime spoils
numerical evolution very quickly. These singularities may present themselves as coordinate singularities,
like the event horizon at rs = 2M in the Schwarzschild solution (1.3). However, the spacetime can also
have physical singularities, which is what happens at the centre of a black hole. Coordinate singularities
can be obviously dealt with by finding a non-singular coordinate system, but if the spacetime is singular,
other techniques must be employed.

Historically, there are two main ways to deal with the black hole singularities. The first is called
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excision and, as the name indicates, it consists of manually removing the interior of a black hole from
the numerical domain, thus getting rid of the singularity at the centre. This was suggested in 1984 by
Unruh, as cited by Thornburg [56]. The downside of this method is that an apparent horizon' must be
found at every time slice, so that its interior can be removed from the domain. Apparent horizon finders
solve elliptic equations that increase the computational strain for each time step, potentially slowing
down the evolution in a significant way.

The second, and most common, way to deal with black hole singularities is known as puncture tech-
niques. The name comes from the fact that, in this paradigm, each slice ¥ of constant coordinate time
t corresponds to R?, except for a set of points, each corresponding to a singularity. These techniques
are further subdivided into static punctures, where the positions of the singularities are kept constant
and the divergent behaviour of grid quantities is analytically separated from the regular parts [57], and
moving punctures, where, through a singularity avoiding gauge choice, the physical singularity does not
present itself in the computational domain, making the punctures correspond to coordinate singularities
[58, 59]. Here, we shall be interested in evolving a single black hole, through the use of initial data built
under the moving puncture paradigm.

The UIUC Black Hole initial data was introduced in 2010 by Liu et al. [52], with the aim of surpassing
the extremal Bowen-York limit [60] for the spin of a Kerr black hole in numerical evolution. Until that point,
conformally flat puncture initial data could only be accurately evolved if the black hole’s dimensionless
spin x = a/M obeyed x < 0.93, while the Kerr limit corresponds to x < 1. This results in an inability to
probe potentially interesting physics around very rapidly rotating black holes.

Spinning black holes with zero electric charge are represented by the Kerr metric,
=

oM 4aMrg, sin?
ds? — — (1_7°BL) dtz_%bm@dtde

A
drg, + 2d6? + 5 sin? fde?, (4.1)

which corresponds to the line element (1.4) when @ = 0. Here we define the variables A, ¥ and A as

A =13 —2Mrg. + a?, (4.2a)
¥ =g+ a®cos? 0, (4.2b)
A= (g +a®) — Ad’sin® 0, (4.2c)

a is the spin per unit mass, as in equation (1.5¢), M is the black hole mass, and rg| is the Boyer-Lindquist
radial coordinate.
Proceeding to a 3+1 decomposition of the Kerr metric, the spatial 3-metric can be easily read from

the line element above. It takes the form

2 _ X
A

An event horizon is defined as the boundary of the causal past of future null infinity. Therefore, its existence is a global property
of a spacetime, and thus cannot be determined locally on each hypersurface ¥ of constant coordinate time ¢. An apparent horizon,
however, is a local 2 dimensional surface that can be determined for each ¢. Furthermore, if it exists, it can be shown to always
be inside an event horizon. Therefore, in most numerical simulations, one searches for apparent horizons at runtime instead of an
event horizon in post-processing.

A
dl drg, + Xdo? + S sin? 0de?. (4.3)
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The shift vector g; that keeps the spacetime stationary can also be read from the off-diagonal elements

of (4.1). Contracting with the inverse spatial metric %/ to raise the covariant index, one gets

i 2Marg,
B = (0,0, " ) (4.4)
The lapse can be determined by equation (5.49) of reference [27],
— _ 2 k
goo = gyt = —a” + B, (4.5)
which, in this particular case, gives
AM?r2 a?sin®0  a?sin®0 — A
2 _ BL _
ot = S = . (4.6)
After a lengthy computation, it is possible to show that
AY
=4/ —. 4.7
o=y (4.7)

It is important to note, however, that o and 3¢ are gauge choices, so they can be chosen to have different
values from the above. These expressions correspond to the gauge choice that results in a stationary

metric, even though that may not be the most advantageous choice in the context of numerical evolution.

The Kerr solution to Einstein’s equations is characterised by two horizons at rg| = r,r_, with
re =M &/ M? — a2, (4.8)

At these points, the Boyer-Lindquist coordinates are singular. As suggested by Brandt and Seidel [61], it
is possible to resolve this issue by introducing a new, dimensionless radial coordinate 7, defined implicitly
through
_ 32 (MY o an2 (1
r = r4 cosh (2) r_ sinh (2> . (4.9)

With this choice, the event horizon at r,. is mapped to n = 0. Furthermore, the radial coordinate range is
n € (—o0, +00), where both positive and negative values of n correspond to rg_ € [r, +00). Therefore,

the 3-metric written in these coordinates,

di* = Wg [e7*® (dn® + d6?) + sin® 6dep?] (4.10)
where
A _ »2
\Pé:i and e 2‘1":? (4.11)

corresponds to a wormhole geometry, where two asymptotically flat universes are connected through an

Einstein-Rosen bridge at the throat = 0.

Brandt and Seidel [61] propose the definition, from 7, of a quasi-isotropic radial coordinate, i.e. a

radial coordinate 7 that is reduced to the Schwarzschild isotropic coordinates when a — 0. However, in
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this coordinate, the position of the event horizon goes to zero when xy — 1, which impedes the evolution
of extremal black hole spacetimes. Liu ef al. [52] generalise their proposal by suggesting a radial
coordinate of the form

M2 — a?

r=— A(a,m)e’. (4.12)

The function X (a, n) is, in principle, arbitrary. With the choice

Ao [TBL—%+\/msinh (g)} (4.13)

M? — a2

we obtain a quasi-isotropic r coordinate that relates to the Boyer-Lindquist radial coordinate through

TBL:r(l—I-Z—:)Q. (4.14)

This coordinate results in a non-zero position for the event horizon, irrespective of black hole spin. It

also coincides with rg_ at spatial infinity. In these new coordinates, the event horizon is located at

Py, = % (4.15)
The spatial metric reads

2
) o Asin® 6
a? = ZUHE) o s 2 T g2, (4.16)
r3(rgL—r-) by
In order to construct initial data for the Kerr spacetime, in any coordinate system, one also needs to know

the extrinsic curvature K;;. Its only non-zero components with this quasi-isotropic radial coordinate are

B Masin2 0

1
e =R =5 /s

[37”é|_ +2a’rg, —a* — a? (T%L — a2) sin’ 9] (1 + Tl) —F——, (4.173)
4r r(rgL —7_)

2a® Mrg, cosfsin® 0 T4 rRL — T—
= =— - — _ 4.17
Koo = Kot SVAS =)V (&170)

By introducing the quasi-isotropic radial coordinate, we took the wormhole geometry of the line ele-

ment (4.10) and compactified the universe corresponding to n € (—oo, 0] to the range r € (0, rp], whilst
the other side of the throat at the horizon now corresponds to » € [ry,+00). Therefore, in these coor-
dinates, the origin at » = 0 is a coordinate singularity, corresponding to the asymptotically flat spatial
infinity of one of the two universes. The physical singularity at the centre of the black hole is completely

avoided by this choice of coordinates.

4.2 Convergence testing for black hole evolutions

When dealing with Method of Lines simulations, one discretises the continuous computational domain
into a set of grid points, wherein the evolved grid functions are to be evaluated at each coordinate time
slice ¥;. As mentioned in section 3.3.4, since the evolution equations within our covariant BSSN scheme

involve the computation of spatial derivatives, one has to resort to techniques, such as finite differences,
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to approximate the continuous differential operators on our discrete grid. By doing so, the numerical
accuracy of the solution becomes limited by the accuracy of these approximations.
Consider a PDE of the form
Oiu = Pu, (4.18)

where v = u (t,z) is a function of time ¢ and a single space variable =, and P is a general linear
differential operator where no derivatives with respect to time appear. As we have seen, this operator P
can be approximated via finite differences by an operator @), whose expression is obtained by the Taylor
series expansion of u at the grid points, as described in section 3.3.4. This approximation is accurate
up to order Ngp, by Taylor's theorem. What this means is that, under the context of a MoL evolution of
equation (4.18), for a given time ¢, the difference between the solution « and its numerical approximation
unum Obeys the relation

[ u (t, ) — tnym (t, 2)|| < K (Az)P (4.19)

where Az is the uniform spacing between grid points, and |-|| is a suitable norm. This relation is valid
as long as u (z, t) is smooth and the time evolution is stable, i.e. it satisfies relation (2.23) for all time.

Relation (4.19) is very useful to study the convergence of a numerical method to its real solution.
In general, the truncation errors from the finite difference approximations performed to compute the
right-hand side of the evolution equations will be the dominant source of inaccuracy in the numerical
evolution. Thus, by evolving the same code with varying values of Az — or, equivalently, varying number
of grid points V —in a given direction, one can check if this behaviour is evident.

In the context of BSSN evolutions, a particularly useful quantity to look for convergence with is the
Hamiltonian constraint violation 7, as its value for any solution that obeys the Einstein equations is

H = 0 for all ¢ and in every point of the domain.? For 7, equation (4.19) is equivalent to

K

W’ (4.20)

|Hnum| =

where we wrote Az < N~!, with N being the number of points in the x direction, and absorbed all
multiplicative constants into . The factor « is of order unity, and it depends on the finite differencing
method used, but not on N. By taking two different grid resolutions, say N; and N», taking relation (4.20)

for each of those grids and dividing them together yields

|H1| <N2>NFD
Pl _(22) 4.21
7| N, (4.21)

Using the equation above, we can probe the rate of convergence of simulations using NRPy+. To
that end, using the UIUC Black Hole initial data described in section 4.1 above, several simulations of a
Schwarzschild wormhole spacetime (obtained by setting x = 0) with mass M = 1 were performed, with
varying radial resolution. The boundary of the computational domain was set at Rmax/M = 20 and the

spacetime was allowed to evolve until the coordinate time reached t/M = Rpmax. The right-hand side of

2This characteristic is obviously shared with the momentum constraints M?, as they must also be obeyed in a numerical
evolution of the BSSN equations.
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Figure 4.1: Convergence tests for the evolution of a single black hole using UIUC initial data, for the
non-spinning and extremal spin cases. The plots correspond to the coordinate time slice t/M ~ 10. For
the non-spinning case (a), Ny = 8 and N, = 16, while for the rapidly spinning case (b), N, = 90 and
N, = 16.

the evolutions equations employed 4™ order finite difference methods for the spatial derivative operators.
On the left panel of Figure 4.1 we plot the absolute value of the Hamiltonian constraint violation as a
function of r for t/M =~ 10, for a line of constant § and ¢. The values for |#| for the higher radial
resolutions, namely for N, > N, = 60, were rescaled, as the axis label indicates, by multiplication of
the values at each grid point by the factor at the right-hand side of equation (4.21), where N; and N,
are taken to be N, and N, respectively. This rescaling should approximately match the plots for each
resolution to that of the lowest N,., as long as the truncation error is the dominant source of numerical
inaccuracy. As is shown in the Figure, this is almost exactly what happens for /M < 6.5. After that
point, the propagation of error from the approximate boundary conditions dominates, but even then there
is a remarkable superposition of the plots.®

Since, in this work, we also aim to study rapidly spinning black hole spacetimes, a similar study of
the convergence behaviour was performed with a near-extremal spinning black hole, with dimensionless
spin x = 0.99, with all other parameters unchanged when compared to the non-spinning case above.
This testing revealed that the expected convergence behaviour was not apparent when varying the
number of points in the radial direction. However, the obvious reason for this phenomenon is that, as
the spin increases, the spacetime deviates further from a spherically symmetric configuration, and the
variation in # becomes very important. Therefore, on the right side of Figure 4.1 we show the Hamiltonian
constraint violation for the rapidly spinning spacetime, with varying Ny. The same rescaling procedure
was employed, with the rescaling coefficient being computed with the number of points in the 6 direction
for each case. Compared to the Schwarzschild case, this plot looks quite a bit messier. However,
the same general characteristics are evident: up to /M < 6.5 the curves are on the same order of

magnitude, even though they to not coincide completely; after this point, as before, the propagation of

3In these simulations, the radial coordinate is of the type SinhSpherical, with r given by equation (3.27) and ws = 0.2.
Therefore, there is a smaller density of grid points near the boundary at » = Rmax, and the numerical error from the boundary
penetrates the domain much faster. However, as the error encounters the region with larger density of grid points, the propagation
is slower, making sure it doesn’t reach the most physically interesting region near the origin.
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numerical error from the boundary dominates, and the plots stray further from each other.

For both the cases above, it is important to note a few things. Firstly, the order of magnitude of
the Hamiltonian constraint violation is quite small in most of the computational domain. It is also on
par with the results of Ruchlin et al. [34], where NRPy+ was presented and also compared to other
codes, like the Einstein Toolkit [33], showing general agreement between the two. This helps validate
the proposition of using NRPy+ to generate code that is capable of humerical simulation of spacetimes
in General Relativity with numerical accuracy that is at least as good as other popular tools in Numerical
Relativity.

Secondly, in both plots of Figure 4.1 we see a significant spike of the Hamiltonian constraint violation
to values close to order unity for » — 0. The reason for this is clear if we remember that the quasi-
isotropic slices of Kerr spacetime we are evolving have a wormhole geometry. This means that the
region near the origin represents a whole asymptotically flat region of spacetime equivalent to the rest of
the computational domain. Obviously covering this region with only a small number of grid points results
in large numerical inaccuracy. However, this is not a problem as the presence of an event horizon
prevents the propagation of information from this region to our region of interest, » > r,, which is evident
from the fact that we are able to achieve convergence of the H to zero at the expected rate.

Also noteworthy is the fact that the simulations presented here were performed on a desktop com-
puter using a 16 thread processor, taking anywhere from a couple of minutes to a couple of hours to
run, depending on the grid resolution. This is remarkable performance when compared, again, to codes
like the Einstein Toolkit that, while very robust, are very computationally expensive due to the use of

Cartesian coordinates with complex AMR algorithms.

4.3 Scalar field: equations of motion and initial data

We now wish to take the black hole spacetimes evolved in the previous section and add fundamental
fields to them. In particular, we'd like to study how scalar fields evolve in these curved geometries. This

can be done by coupling the Klein-Gordon equation,
(VIV, —pd) @ — V' (®) =0, (4.22)

to the Einstein field equations (1.2) of General Relativity. Here, V' (®) is a self-interaction potential for
the field which, for the purposes of this work, will always be set to zero, and pg is the mass coupling
of the field. The Klein-Gordon equation determines the evolution of the scalar field ®, which in turn is
responsible for a backreaction onto the metric g,.,,, by means of a non-zero stress-energy tensor 7,,,,
given by

1 1
Ty = =5 9w (0,27 0%® + p®* @) + 3 (0,9%0,® + 0,90,9%), (4.23)

that acts as a source term for the geometry.
However, to be able to include the evolution of the scalar field in our Numerical Relativity framework,

we must proceed to the 3+1 decomposition of its equation of motion (4.22) and the corresponding stress-
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energy tensor source terms for the BSSN equations. To do so, following the treatment of Okawa et al.

[62], let us first define a new field variable II, by
(0 — L) P = —all. (4.24)

This variable is the field analogous to the extrinsic curvature K;;, which can be physically interpreted
as a time derivative of the spatial metric +;; by equation (2.18). Furthermore, the definition above is
also seen as the evolution equation of ® in our decomposition, thus making the system of equations first

order in time. A 3+1 decomposition of the Klein-Gordon equation (4.22) yields
(0 — Lg) 1 = o (~D'D;® + K11 + p3®) — D'aD;®, (4.25)

with D; being the covariant derivative associated with the physical spatial metric +;;. Expanding the
covariant derivatives and Lie derivatives in Equations (4.24) and (4.25), we get the evolution equations
for the fields,

0,® = —all + 50, D, (4.26a)

WL = (=7 0,0;® + vIT%,0,® + KIL + p2®) — 470,00, + '0;®. (4.26b)

If one wishes to minimally couple* a scalar field ® to General Relativity, it is necessary to obtain the
source terms for the 3+1 Einstein equations (2.21). The energy density p, defined in equation (2.9),
reads

p=- (I + pi®*® + Dy ®*D*®) . (4.27a)

N | =

The momentum density S;, as in equation (2.11), gives

S; = = (ILD; ®* + I1* D; ®) . (4.27b)

DN | =

Finally, the spatial stress tensor, defined by equation (2.16), is given by

1 1
Sij = 5% (IT'I1 — p%®@*® — D*®* Dy, @) + 3 (D;®*D;® + D;®D;®*). (4.27¢)

The evolution equations above are written in terms of the ADM quantities. However, to be consistent
with the formalism developed in previous chapters, one should write these equations in terms of BSSN
quantities, like the conformally related spatial metric 4;;. Doing so, the evolution equation for ® remains

unchanged, while the one for 11 reads

Il = o (—e 959 9,0;® + e HIT}, 00D — 2”157 0,00;¢ + KT + pi2®) — e~ 95" 9;00;® + B O;11.
(4.28)
The next issue to solve is that of physically meaningful initial data for the scalar field variables ® and

I1. Since we intend to solve the coupled Einstein-Klein-Gordon system, it is of utmost importance that

4By minimally couple it is meant that the self-interaction potential V/ in equation (4.22) is 0, and the coupling is done through
the stress-energy tensor exclusively.
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our initial data satisfy the constraint equations, at least partially®. In reference [62], Okawa et al. show

that, for a Schwarzschild spacetime in isotropic coordinates, one can take the ansatz

w—5/2
= N F(r)Z(6,¢), (4.29a)
v=vs Y 0.6). (4.29)
where
ps=1+ 2 (4.30)

2r

is the conformal factor one obtains by performing a conformally flat decomposition of the Schwarzschild
metric in isotropic coordinates, r is the isotropic radial coordinate, Y;,, are spherical harmonics and
wm (1), F (r) and Z (0, ¢) are undetermined functions. Furthermore imposing the maximal slicing condi-
tion, K = 0, and ® = 0 at the initial time instant, the constraints reduce to ordinary differential equations

involving u;.,,, ' and Z, which read

> (“f'm - 1(1721)%) Yim = —F*(r) 2% (6, %) . (4.31)

Ilm

In reference [62], two sets of analytical initial data that solve equation (4.31) are given: a spherically
symmetric one, and a dipole configuration for the field. For the former, the functions F' and Z are given
by

F (r) = Agoyfre~ 4" (4.32a)
and
1

Z(0,0) = —. 4.32b
(0,9) T ( )

The only non-zero component of u;,,, that satisfies equation (4.31) is that with [ = m = 0, which reads

w [w? — 4ro (r —ro)] V2 (r —ro) row? —20—rp)?
= A2 f —_— - 1 - A2 R y— w2 4

Ugo 00 16v2 er w 00 8\/776 (4.33)

The dipole type of initial data, on the other hand, can be achieved by setting the functions F and Z to

F(r) = A117‘€_(r:vr20) (4.34a)
and
Z0,0)=Y11 Y1 = \/?Sin@(zos ©, (4.34b)
0

with A1, being the scalar field amplitude, and ry and w the gaussian centre and width, respectively. For

5We shall say that the constraints are partially satisfied if the values of the constraint violation are small enough as to not
dominate the error of the simulations.
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these, it can be shown that the non-vanishing u;,, that adhere to equation (4.31) are
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In the reference, initial data for the scalar field in a Kerr spacetime, using the quasi-isotropic coor-
dinates of section 4.1, are also detailed. However, these are not defined by closed-form expressions,
but rather by the numerical solution of an elliptic equation. Finally, the authors also set up initial data
for pseudo-bound states, which are ideal to study superradiant instabilities of massive fields in black
hole geometries. Conversely, the states detailed above are more advantageous in the case of scattering

experiments.

For the purpose of creating long-lived, pseudo-bound states, where the scalar field forms a cloud
around the black hole that remains present for large time scales, we set up a simplified version of the
pseudo-bound initial data provided by Okawa et al. [62]. In their work, the authors assume a complex

scalar field, which is given by the ansatz

L \2
O (1,76, ¢) = é’; exp |i (wt +mep) — (’“;]7;0) Z(0). (4.36)
Here, ry and w are the usual Gaussian profile centre and width, respectively, Ap is the amplitude of the
profile, w is a frequency, m is an integer, and Z (6) is some function that provides a dependence on 6.

From the definition of IT we can obtain its expression for these initial data, which reads
[ (t,r,0.0) = = (mB* ) @, (4.37)

where 3¢ is the only non-zero component of the shift for the rotating black hole initial data described in

section 4.1, as indicated in equation (4.4).

In the reference, the authors proceed to solve the Hamiltonian and momentum constraints, as one
should in order to provide initial data describing a real physical situation. This leads them, much like in
the case for scattering initial data in a Kerr background, to an elliptic PDE for a correction to the conformal

factor that must be solved numerically. However, due to time constraints, a simplified constraint-violating
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set of initial data was implemented. These data can be obtained from Equations (4.36) and (4.37) above

by imposing that ® be real and, furthermore, that Z (9) = sin 0. Taking the real part of (4.36), we obtain

Ap —(rer)?
O (t,r,0,p) = \/—Iie 2 os (wt + m) sin 6. (4.38)
T

We can compute the expression for II from the definition (4.24) and, again, taking 3’ given by the
expression (4.4). This yields
Ap —(-rp?

Im= e wZ  (mpB¥ —w)sin (wt + mep)sin 6. (4.39)
aym

As we shall see below, these initial data lead to results that are qualitatively similar to those presented

in [62], i.e. long-lived scalar clouds around black holes can be developed and maintained.

4.3.1 Implementation and convergence testing

To implement the evolution equations and initial data into the infrastructure of NRPy+ and, with it, gener-
ate C code that allows for the evolution of the coupled Einstein-Klein-Gordon system of equations, four

new modules were written and added to the base code. These are as follows:

» ScalarFieldRHSs — registers the grid functions for ® and 11, the scalar field variables, and defines

the right-hand side expressions of the evolution equations (4.26a) and (4.28) for these quantities;

* ScalarFieldT4munu — defines the expressions for the source terms p, S; and S;; of Equations
(4.27), as well as the derived quantities that appear in the evolution equations of the covariant
BSSN formulation (3.7) and that should be added to the vacuum expressions that are generated

by the standard NRPy+ modules;

» ScalarFieldID — defines the expressions for several types of initial data for the scalar field vari-

ables, including the constraint satisfying and simplified pseudo-bound initial data described above;

* ScalarField ID function_string — takes the symbolic expressions for the initial data defined in

ScalarFieldID and uses them to generate C code that implements these data.

The modules listed above can then be used, in conjunction with other NRPy+ modules, namely the
ones that generate the right-hand side expressions of the covariant BSSN equations as well as the
aforementioned UIUC Black Hole initial data module of section 4.1, to generate optimised C code that
evolves the system forward in time.

To validate the implementation of the constraint satisfying initial data, in both the spherically symmet-
ric and dipolar configurations, convergence tests were performed. To do so, we proceeded in a way that
is similar to what was described in section 4.2, where convergence tests were performed on the metric
without the presence of matter fields. Specifically, we set up initial data with the parameters listed in Ta-
ble 4.1 for four different radial resolutions, computed the Hamiltonian constraint violation using equation

(2.34f) with the spatial derivatives replaced by the corresponding fourth-order finite difference operators,

49



Parameter Gaussian Dipole
Ny 8 16

N, 16 32

M 1.0 1.0

A 0.075 0.075
ro 5.0 5.0

w 0.5 0.5
s 0.0 0.0
Rmax 20.0 20.0

Table 4.1: Parameters used for the convergence tests of the constraint-satisfying scalar field initial data
for both Gaussian and dipolar configurations. The results for these tests are shown in Figure 4.2. The
parameter A corresponds to the amplitude Ay, or 4,1, depending on what type of initial data it refers to.

and rescaled the absolute values of ‘H as before. The results for both initial data configurations are
shown in the plots of Figure 4.2.

For the Gaussian configuration of the fields, we obtain convergence at the expected rate even with
a small number of points in the angular directions. This is to be expected since, in this case, both the
spacetime and scalar field are spherically symmetric and spatial derivatives in 6 and ¢ vanish identically.
However, in the case of the dipolar configuration, one must increase Ny and N,, to at least double of
the values used in the Gaussian case, as can be read in Table 4.1. For these initial data, the most
rapidly varying component in the angular directions is the one proportional to the spherical harmonics
Yoo 4+ Yo o o cos (2¢)sin® 6, therefore requiring a more dense sampling of spacetime to accurately
approximate differential operators by finite differences. Nevertheless, for this set of parameters, the rate
of convergence of A to zero is the expected one, especially around the points where the scalar field
dominates (around r/M = 5). In the remaining parts of the domain, the Hamiltonian constraint violation

does not converge as expected, hinting at other effects, such as floating point precision, dominating the
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(a) Gaussian initial data (b) Dipolar initial data

Figure 4.2: Convergence tests for the nonlinear evolution of a scalar field ® in a isotopic Schwarzschild
spacetime. Both plots correspond to the absolute value of the Hamiltonian constraint violation at the
initial time slice ¢ = 0. Plot (a) shows the convergence for Gaussian type initial data, whilst plot (b)
shows the convergence for dipolar type initial data.
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error, instead of the finite difference operators. In fact, if |#| is not rescaled, the plots in those regions
superpose perfectly, giving merit to this idea.

The analysis above shows that the constraint-satisfying initial data expressions were correctly im-
plemented. Furthermore, through analytical manipulation of the expressions in Wolfram Mathematica,
we were able to confirm the claims of the reference that indeed these initial data solve the constraints.
Therefore, we can confidently use this implementation to probe interesting phenomena that might hap-
pen in systems of scalar fields non-linearly coupled to gravity in Schwarzschild black hole spacetimes.
We note, however, that while the implementation allows one to use these initial data expressions for the
fields in a Kerr background metric, the constraints will be violated in that case. Furthermore, the fact that
no correction was applied to the metric quantities — namely the conformal factor — for the pseudo-bound
initial data in our implementation means that these too are constraint-violating expressions. Therefore,
these cases will be studied from the point of view of what one could expect to see if proper constraint-
satisfying initial data were set up, rather than the means for precise simulation of realistic physical

scenarios.

4.4 Non-linear scattering of massless scalar fields

In this section we aim to explore qualitatively the interaction of massless scalar fields with black hole
spacetimes, through numerical evolution. The scalar fields are initialised to the expressions of the pre-
vious section and reference [62], describing constraint-satisfying initial data for Schwarzschild back-
grounds. Specifically, we shall focus here on the dipolar configurations exclusively. However, we shall
also use those same data to explore the evolution on rapidly spinning Kerr geometries. The metric
quantities are initially given by the quasi-isotropic expressions of section 4.1 and reference [52] in both
spinning and non-spinning cases, since this metric is trivially reduced to Schwarzschild in isotropic co-

ordinates when the dimensionless spin parameter y is set to zero.

4.41 Massless scalar fields in a Schwarzschild background

To set a baseline knowledge of what to expect, we began by evolving a scalar profile with amplitude
A1 = 0.04, centred around ro /M = 6.0 and with width w = 2.0. The initial configuration of the spacetime
geometry is given by the Schwarzschild metric in isotropic coordinates, with mass M = 1. Furthermore,
for this evolution the outer boundary of the computational domain was set to Rmax = 100.0, and the
domain was covered by N, = 398 points in the radial direction, distributed according to relation (3.27)
and w, = 0.25, as described in sections 3.3.1 and 3.3.2. The values of N, and w, were chosen in such a
way that the region behind the event horizon was covered with at least 15 points®, whilst ensuring that the

gaussian profile of the scalar field could be resolved throughout the whole computational domain’. The

8The region inside the horizon is characterised by large values for the derivatives of metric quantities. Therefore, to ensure a
good enough approximation with finite difference operators, one must cover this region with a sufficiently large number of points.

"From early simulations, we discovered that not being able to resolve the scalar field gaussian throughout the whole domain
led to the appearance of spurious oscillations in the scalar field, which quickly propagated to the interior of the domain and spoiled
the evolution. Empirically we found that imposing the minimum radial distance between two consecutive grid points to be half of
the width w of the gaussian profile allowed for the complete elimination of these oscillations.
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Figure 4.3: Snapshots of the scalar field profile in a Schwarzschild background, for four instants of
time. These snapshots were obtained by taking two-dimensional slices of the spatial hypersurfaces of
constant coordinate time ¢ along the direction ¢ = 47 /2. The x coordinate is redefined accordingly.

number of points in the angular directions correspond to those of Table 4.1 for the dipolar configuration.

In Figure 4.3 we have a visualisation of the scalar field profile for four different values of the coordinate
time ¢t. Before we analyse these, however, it is important to understand how the plots were obtained.
The plots correspond to a two-dimensional slice of the three-dimensional hypersurface 3, of constant
time ¢. Specifically, the slicing contains those grid points with coordinate ¢ closest to £7. With this

choice, the x coordinate, corresponding to the bottom axis of each plot, was redefined to
. ™
x = rsinf cos (<p + 5) , (4.40)

as opposed to the usual relation (3.26a). The z coordinate is still given by equation (3.26¢), since it does
not depend on ¢. The time instants that are represented in Figure 4.3 were chosen in a way that would
illustrate the main phases of the evolution.

We now look at the plots of Figure 4.3. On the top left plot, corresponding to t/M = 2.5, we see a
very early configuration® of the field. The angular profile is clearly dipolar, whilst in the radial direction
the configuration is Gaussian, as expected from the provided initial data. The field is, then, propagated

towards the origin and towards spatial infinity until, some time later, it reaches the vicinity of the event

8We don’t show here the initial configuration of @, i.e. its configuration at t = 0, because, as noted in the discussion of section
4.3, @ is initialised to 0, and the non-zero initial data is assigned to IT instead. Therefore, we must probe the field at some later
instant to get non-zero values.
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Figure 4.4: Sampling of a scalar field ® at a single point of the domain, as function of time, for an
evolution in an initially Schwarzschild geometry. Plot (a) shows the behaviour of the field at the point
with coordinates r/M = 15, 6 ~ /2, ¢ = 0 for the full simulation time. Plot (b) focuses on the ringdown
phase at the same point, displaying the quasi-normal oscillation in the scalar channel.

horizon, located at r,,/M = % for this configuration. In the top right panel we can see the first stages of
the interaction of the field with the black hole. The interaction is such that new scalar pulses are created,

with decreasing amplitude, and propagated to infinity, as can be seen from the two bottom images.

To understand this scattering behaviour, we must introduce the concept of quasi-normal modes of
black hole perturbations. In 1973, Saul Teukolsky investigated linear perturbations of Kerr spacetimes
[63] (for a recent review, see [64]). The article studies perturbations of spin % (Dirac fields), spin 1
(electromagnetic fields) or spin 2 (gravitational fields), but scalar perturbations of spin 0 can be described
in the same manner. One of the findings of this work is that all linear perturbations of Kerr obey a single
master equation, which can be separated into an ODE for the radial profile and another one for the
angular dependence, similarly to what happens with the Schrédinger equation for the hydrogen atom.
The angular part can be solved using spin-weighted spheroidal harmonics [65], while the radial equation
gives rise to quasi-normal oscillations. These are analogous to normal modes in isolated systems, but
since the system is dissipative®, the oscillation frequency wqnm becomes complex, with its imaginary
part w; being responsible for a decay in amplitude over time. This is consistent with what is shown in

Figure 4.3.

In order to further probe the quasi-normal ringdown of the Schwarzschild spacetime with a scalar

non-linear perturbation, we took a narrower initial data profile, namely with width w 0.5, centred
around ro/M = 5.0 and of amplitude A,; = 0.075, and performed a new numerical evolution. A narrower
profile, however, means that the radial distribution of grid points must be adjusted, so that our criteria
of points inside the event horizon and ability to resolve the gaussian pulse are met. For this simulation
we found the best grid parameters to be N, = 544 and w, = 0.37. Furthermore, the boundary was set
at Rmax = 50.0 to keep simulation times manageable. All other parameters keep the values from the

previous simulation, including the number of points in the angular directions.

The data from the simulation was then probed at a single point with the intention of identifying the

9Energy can escape through the event horizon or towards spatial infinity.
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Figure 4.5: Dominant modes of quasi-normal oscillation in the gravitational wave channel, through the
Weyl scalar ¥4, in a Schwarzschild background.

quasi-normal oscillations of the field qualitatively. To that end, in Figure 4.4 we display the profile, over
time, of the scalar field at a single point, of coordinates™ /M ~ 15, § ~ /2, ¢ ~ 0. On the left
plot we show the behaviour of the field for the whole simulation time. Several phases can be identified
here: at t = 0, as expected, we have & = 0; after some time, since the sampling radius is greater than
ro, the scalar pulse propagating towards infinity passes through the sampling point, and the amplitude
starts oscillating; finally, at ¢t/M ~ 90 we see a small, but noticeable, perturbation of the signal, due
to the propagation of noise from the boundary. Because of the fact that the initial pulse is positioned
fairly close to the horizon, where the quasi-normal ringdown originates, it is difficult to clearly separate
the quasi-normal oscillation from the propagation of the initial pulse. Nevertheless, on the right plot of
Figure 4.4 we see an oscillation pattern of approximately constant frequency and exponential decay,
which is consistent (at least from a qualitative standpoint) with perturbation theory and with the results
of Okawa et al. [62]. Again, at t/M =~ 90 we see the effects of the approximate boundary conditions that
are propagated towards the interior and dominate over the numerical solution.

With the help of the diagnostic tools implemented within NRPy+, we can also extract the gravitational
wave signal that is generated by the scalar perturbation introduced into the Schwarzschild spacetime.
To do so, NRPy+ implements a module that generates C code for the computation of the Weyl scalar ¥,
a quantity featured in the Newman-Penrose formalism [66] that, in broad terms, encodes the outgoing
gravitational wave signal. Furthermore, NRPy+ can also generate code for spin-weight -2 spherical
harmonics _»Y,,, which are the eigenfunctions of the angular Teukolsky equation for a Schwarzschild

spacetime. We can, then, decompose ¥, into its I, m mode by computing the inner product

Uy im = / / Uy (t,r,0,0) oY, (0,0)sind db de, (4.41)
—m JO

where the integrals are computed numerically using a simple quadrature algorithm.
For the simulation described above, for which the quasi-normal oscillation of the scalar field of Figure

4.4 was observed, we also extracted the gravitational wave signal with the method outlined in the pre-

0The coordinates are only given approximately as, since the grid is cell-centred and the radial coordinate is given by expression
3.27 as a function of the computational coordinate x0, points with these exact coordinates may not exist in the grid. Therefore, we
search for the point whose coordinates are as close as possible to these reference values.
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vious paragraph. The results for the dominant modes are shown in the plot of Figure 4.5. These data,
corresponding to an extraction radius of r/M = 30, show a similar behaviour to what was found in the
scalar channel, and consistent with the findings of Okawa et al. [62] and black hole perturbation theory.
The plots show an oscillation of roughly constant frequency, with exponential decay in amplitude.

With the data presented above for the scalar field at a constant point, as a function of time, an attempt
was made to determine the quasi-normal frequencies for the dominant modes of oscillation. This was
done by decomposing the scalar signal into spherical harmonics'", in analogy with equation (4.41), and
fitting a exponentially damped sinusoid to the data. The results of this analysis, however, were not
satisfactory, revealing a 10% to 20% difference between our results and those predicted in the data files
provided in [67], so we chose not to show them. The extraction of black hole mass and spin shown in
reference [62] for similar evolutions sheds some light on the effects that may justify this difference. The
authors show that the interaction of the scalar cloud with the black hole is responsible for accretion of
a relevant portion of the scalar field, leading to increase of black hole mass and spin-up for fields with
large enough amplitude. This change of black hole parameters leads to a change in the predicted quasi-
normal frequencies and, in fact, the increase in black hole spin of 15% to 20% shown in the reference
can account for the increased quasi-normal frequency obtained from our fits. Nevertheless, without
accurate measurement of black hole properties, e.g. through the deployment of an apparent horizon

finder, we can not take this argument with certainty.

4.4.2 Massless scalar fields in a Kerr background

We now turn our attention to the evolution of massless scalar fields in Kerr spacetimes, to understand
what is the influence of the rotation and lack of spherical symmetry on the evolution. To do so, we set
up initial data for the field using the same parameters as in the Schwarzschild case of Figure 4.3, i.e. a
dipolar profile with amplitude A;; = 0.04 and Gaussian width w = 2.0, centred around ro/M = 6.0. As
for the initial spacetime configuration, we kept M = 1 and increased the dimensionless spin to y = 0.95.
For this configuration, the required number of points in the radial direction is N,. = 452, with w, = 0.22
and Rmax/M = 100.0. The values for Ny and N,, are carried over from the previous simulations.

With the initial data described above, we obtained the plots of Figure 4.6. These were obtained
exactly in the same manner as the analogous ones of Figure 4.3 for the spin 0 case. The time slices
chosen for these plots are also approximately the same as in the previous case, to allow for a direct com-
parison between the two. Focusing on the top left plot, and comparing to the Schwarzschild case, there
seems to be no discernible difference. This is, of course, justified by the fact that the initial configuration
for the scalar field is exactly the same in both cases, and ¢t/M = 2.50 is still a very early moment in the
evolution, where the effects of the geometry are still insignificant. However, looking at the top right plot,
we begin to see evidence of the different spacetime configuration: the distribution of the scalar cloud is
not axisymmetric anymore, with the left side of the configuration showing greater absolute values for the

field. This asymmetry is caused by the frame-draggin effects of the Kerr spacetime, which force the field

""Note that spin-weighted spheroidal harmonics reduce to the usual spherical harmonics when s = 0 and aw = 0, where
a = My is the black hole spin.
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Figure 4.6: Snapshots of the scalar field profile in a Kerr background, for four instants of time. These
snapshots were obtained by taking two-dimensional slices of the spatial hypersurfaces of constant co-
ordinate time t along the direction ¢ = +7 /2. The x coordinate is redefined accordingly.

to co-rotate with the geometry'2. However, just like in the non-rotating case, quasi-normal oscillation and
ringdown seems present, with the appearance of pulses near the horizon with decreasing amplitude.

To follow the path we took for the evolution of the scalar field in a Schwarzschild spacetime, we
performed an evolution of a narrower profile with the intention of studying the quasi-normal oscillatory
behaviour in a rotating black hole geometry. The parameters for the field and metric remain unchanged
from the non-spinning case, other than the dimensionless spin of the black hole, which is set to x = 0.95.
For this configuration, a computational grid with N, = 626 points in the radial direction was used, with
parameters Rmax/M = 50.0 and w, = 0.32 in order to ensure accurate evolution of the scalar pulse. The
number of points in 6 and ¢ were, again, kept constant.

Like in the non-spinning case of section 4.4.1, we sampled the scalar field at a grid point with coor-
dinates r/M ~ 15, 0 =~ /2, ¢ ~ 0. The result is plotted on the left-hand side of Figure 4.7, which is very
similar to the corresponding plot in Figure 4.4. As before, the field is zero until the pulse passes through
this point, starting at t/M ~ 17. Then, the field oscillates with decreasing amplitude, and at t/M =~ 90
an effect of the propagation of numerical error from the boundary is visible.

The plot on the right side is focused on the ringdown, and the vertical axis is in logarithmic scale

to help visualisation. Comparing with the Schwarzschild case, we can see that, at least on average,

2We note here that the z axis, represented in the vertical axis of the plots of Figure 4.6, coincides with the axis of rotation of
the Kerr black hole.
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Figure 4.7: Sampling of a scalar field ® at a single point of the domain, as function of time, for an evolu-
tion in an initially Kerr geometry. Plot (a) shows the behaviour of the field at the point with coordinates
r/M =~ 15, 0 =~ /2, ¢ ~ 0 for the full simulation time. Plot (b) focuses on the ringdown phase at the
same point, displaying the quasi-normal oscillation in the scalar channel.

the oscillation frequency is larger — we see around 8 half-periods of oscillation in this case before the
boundary effects dominate, compared to around 6 in the Schwarzschild case. This observation is con-
sistent with perturbative calculations of the frequencies of quasi-normal modes for Kerr black holes: the
data files and routines found in [67] (see [64, 68] for details on the calculation of the quasi-normal fre-
quencies) show that wg, the real part of the quasi-normal frequency wqnm should increase when the
dimensionless spin x increases for the dominant I, m = 1, +1 modes. However, both wr and w; appear
to not be constant over time. Several effects can help explain this behaviour. Firstly, the fact that the
initial geometry is that of a rapidly spinning Kerr black hole will promote the excitation of modes with
higher [, which also decay faster. This leads to a potential mixture of modes at early times. A longer
evolution would certainly help in isolating the longer lived fundamental modes. Furthermore, since the
evolution is non-linear, i.e. the scalar field causes a back-reaction onto the metric quantities, we can
expect that the interaction of the scalar cloud with the black hole will lead to accretion of the scalar field,
but also extraction of rotational energy from the black hole. Both these effects will change the mass
and/or the spin of the geometry and, consequently, the characteristic quasi-normal frequencies. These
effects could be explored by using an apparent horizon finder, which would allow for the determination of
the mass and spin of the black hole as a function of time. Unfortunately, no such tool was implemented
within NRPy+ at the time of writing. However, these effects are explored by Okawa et al. [62], and their

results give merit to our claims.

We were also able to extract the gravitational wave signal from this simulation, by means of the
Weyl scalar ¥4 and in analogy with what was done for Schwarzschild. The results are shown in Figure
4.8. Direct comparison with the non-spinning case presented in the previous section shows that, in the
rapidly spinning case, there is separation in amplitude between the I, m = 2,0 mode and the others with
m # 0, with clear differences in the frequency of oscillation between these modes. However, as before,
the behaviour is consistent with the expected quasi-normal ringdown, where the metric oscillates with a

definite frequency and approximately exponential decay in amplitude over time.
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Figure 4.8: Dominant modes of quasi-normal oscillation in the gravitational wave channel, through the
Weyl scalar ¥4, in a Kerr background.

4.5 Pseudo-bound states of massive scalar fields

To conclude the analysis of our results, we now focus on an evolution with initial data given by the
simplified pseudo-bound states of section 4.3. For this evolution, the scalar field was initialised with an
amplitude Ap = 0.003, a Gaussian radial profile of width w = 10.0 and centred around ro /M = 25.0, with
mass term pg = 0.35. Furthermore, the frequency and azimuthal number chosen for the pseudo-bound
profile were w = 0.3929 and m = 1, respectively. The initial geometry is that of a Kerr black hole with
M =1 and x = 0.95. The value of w is one of the values suggested by Okawa et al. for the pseudo-
bound states, and it should obey condition (1.8) for superradiant amplification, for the chosen values of
m and the black hole parameters. The m parameter, an integer, is the smallest non-trivial possible value,
since increasing it would necessitate the use of more points in the ¢ direction and slow down the code.
The number of points in the radial direction was setto N, = 1172, with ws; = 0.17 and Rmax/M = 1000.0,
according to the same criteria used in previous simulations. Given the dependences on the angular
coordinates of Equations (4.38) and (4.39), we chose to use Ny = 8 and N, = 16 as the numbers of
points in each angular direction.

One of the objectives of this simulation was to see whether or not long-lived scalar clouds formed
around the black hole. Because of that, the boundary was pushed as far away from the origin as possible,
whilst keeping a high enough resolution to resolve the fields and the geometry, and an adequate simula-
tion time. With this in mind, we ran the simulation until the coordinate time reached values t/M 2 1000.0.
The profile of the fields for six different time instants are shown in the plots of Figure 4.9. These plots
differ from those of Figures 4.3 and 4.6, as one might infer from the label of their vertical axis. These
correspond to an approximately equatorial slicing of the spatial hypersurfaces'?, i.e. across a surface of
0 ~ 7 /2. For this type of slicing, there is no need for a redefinition of the Cartesian coordinates.

Going through the plots of Figure 4.9, we start on the top left with the scalar field profile at ¢ = 0.
As expected, & # 0 for these initial data. The radial profile is of Gaussian type, while the azimuthal

configuration is dipolar due to the cos (m¢) term. The field is then spread out, mostly towards the black

3Again, we refer to the slicing as approximately equatorial as, since our grid is cell-centred, there is no point matching the
condition & = 0 exactly. The slices, then, correspond to a conic surface of small 6, as close to the equatorial plane z = 0 as
possible.
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Figure 4.9: Snapshots of the scalar field pseudo-bound state in a Kerr background, for six instants of
time. These snapshots were obtained by taking two-dimensional equatorial slices of the spatial hyper-
surfaces of constant coordinate time ¢.

hole at the origin, and we observe rotation in a counterclockwise direction (in this visualisation). The
term cos (wt + me) in equation (4.38) is responsible for this behaviour. On the two plots in the middle
we can see propagation of quasi-normal oscillations towards infinity. This propagation, however, is quite
a bit slower than in the massless cases studied in the previous sections. The non-zero mass coupling
in this configuration is responsible for the creation of an attractive potential that binds the scalar cloud
to the strong field region in the vicinity of the black hole. At ¢/M ~ 250 we can already distinguish the
formation of a quasi-bound state, composed by two axially symmetric lobes. The bottom plots show that,
whilst these are indeed long lived, being present for the rest of our evolution, they do eventually disperse

their energy towards infinity. The results expressed in these plots are consistent with those presented
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Figure 4.10: Results for the extraction of the modes with I = 2,m = 0,2 of the Weyl scalar ¥, for a
massive scalar field with pseudo-bound type initial data in a rapidly rotating Kerr background. Plots (a)
and (c) show each of the modes as a function of time for the full length of the evolution, whilst (b) and
(c) focus on the time interval t/M < (30, 200).

by Okawa et al. [62] for their constraint-satisfying pseudo-bound initial data.

As mentioned in the introduction of this dissertation, a particularly compelling reason for studying
systems of scalar'* fields in black hole spacetimes is that these types of fundamental fields are seen as
dark matter candidates. Studying their behaviour in strong-field spacetimes and extracting potentially
measurable quantities can provide a template for the detection of dark matter from astrophysical sources,
much like what has happened with the detection of a gravitational wave signal from a binary black hole
merger by the LIGO/Virgo collaboration [15]. With that in mind, we extracted the Weyl scalar ¥, at
r/M = 30.0 for this simulation. The results for the modes | = 2,m = 0,2 are displayed in the four plots
of Figure 4.10.

The plots on the left of Figure 4.10 show the corresponding modes of ¥, as a function of time, for the
whole length of the evolution. For the mode I, m = 2,0, a quasi-normal ringdown behaviour is apparent
for early coordinate times, consistent with the analysis of previous sections. This is seen more clearly
on plot (b), where we focus on the relevant time interval. For the I, m = 2,2 mode, however, this effect
is more subtle. By zooming into the same time interval as for the other mode, for t/M € (50,100) there

seems to be an oscillatory behaviour of more or less constant frequency, even though exponential decay

14This argument also applies to vector fields.

60



is not present. However, beyond the upper limit of the aforementioned time interval, the signal appears
more irregular. This could be an effect of the presence of the scalar field itself at the radius of extraction.
Since the scalar field in this simulation has a much wider radial profile than in the previous cases, it

would have been advantageous to choose an extraction radius that was further away from the origin.
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Chapter 5

Conclusions

In the previous chapters of this dissertation we have introduced the basic concepts and techniques
of Numerical Relativity, such as the 3+1 decomposition of Einstein’s equations and the Baumgarte-
Shapiro-Shibata-Nakamura formulation; then, we took this knowledge and expanded on it to allow for
evolutions in general curvilinear coordinate systems, introducing NRPy+, the numerical tool used for
evolutions in this work; finally, we established initial data for both black hole spacetimes and scalar fields
in those geometries, and performed evolutions to illustrate the potential results one could draw from our
implementation. Now, however, it is time to conclude the work by looking back on everything written in
the previous chapters, discussing what was achieved, what could have been improved, and what is left

to do.

The list of achievements of this work is extensive, but it may be difficult to grasp for individuals not
familiar with the sort of numerical implementation work we presented. Numerical Relativity is, itself, a
highly non-trivial subject, for reasons that have been highlighted various times throughout this text, such
as the explicit covariance of Einstein’s field equations, the ill-posedness of the evolution equations for
3+1 metric quantities, and many others. Furthermore, performing evolutions on curvilinear coordinate
systems poses additional problems, which were discussed in detail in Chapter 3, that need to be un-
derstood in detail in order to be able to implement code that performs these evolutions. All of that was
done in this thesis: we present a rather short, but detailed, description of the topics at hand, making the

reader familiar enough with the subject that they can understand the challenges of implementation.

Perhaps the biggest achievement discussed here was the successful implementation, within NRPy+,
of the possibility of evolving a real scalar field coupled to the pre-existing interface for evolution of the
geometric quantities describing spacetime. This is shown extensively in the results presented in Chap-
ter 4, where we looked at evolutions of scalar fields in black hole spacetimes (both rotating and not),
discussed the quasi-normal ringdown in the scalar and gravitational wave channels and showed the ex-
istence of long-lived massive scalar clouds in these spacetimes. NRPy+, as most Numerical Relativity
codes, is complex, due to the complexity of the subject itself, and the implementation was riddled with
many challenges. However, those challenges were addressed, and in the end we were left with a very

satisfactory implementation and a substantial amount of results.
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However, this work has several shortcomings, most of which justified by the time constraints that
a dissertation of this kind is subject to. The most prominent of shortcomings is the lack of precision
measurement of various quantities, such as the quasi-normal frequencies and evolution of black hole
parameters in time. As mentioned above, the implementation of the evolution equations for the field and
inclusion of the correct source terms in the BSSN equations posed many difficulties and, by the time
these were taken care of, there was little time to explore the parameter space in a more complete way,
as well as to perform very precise evolutions with the parameters we chose. This was unaided by the
fact that the code lacks optimisation for running in higher core-count environments, such as computing
clusters, which could have made performance better. For these reasons, we chose to focus our efforts
in a qualitative showing of the possibilities opened up by the implementation, rather than on precision.

To add to the aforementioned shortcoming, there is a lot of work left for the future. To name a few
things that would be interesting to implement and explore, we highlight the expansion of the code to
the evolution of complex fields, the implementation of proper constraint-satisfying initial data for scalar
fields in Kerr geometries and in pseudo-bound states, further optimisation of the code to take advantage
of a wider variety of computing devices, exploration of superradiant effects for very long evolutions and
a similar implementation for vector fields and other types of perturbations. This would allow a more
accurate comparison between our implementation and the existing results in the literature, and the
possibility to take advantage of the characteristics of the code, such as the use of coordinates adapted
to the geometry of the problem in study, to provide insight on yet unexplored effects. From the point of
view of physics and our understanding of the universe, such studies would allow for the prediction of
measurable signals from dark matter candidates and beyond Standard Model physics.

In conclusion, this work as achieved a very satisfactory, albeit incomplete, implementation allowing
the fully non-linear evolution of scalar fields in black hole geometries, and has presented results showing
the potential for extraction of measurable quantities from these simulations. The work is, however, left
unfinished due to time constraints, and should be regarded as a beginning, not a closed system. The

way to improve and evolve this work is outlined above, but the results shown are promising.
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