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Abstract—Demand flexibility and its responsiveness under
price-based control is a major research field. Much attention
has being payed to model demand elasticity. However, demand
flexibility comes mostly as load shifting, and shifting dynamics
have been neglected when modelling demand response. In this
study load shifting dynamics are modelled to simulate aggregate
responses and analyse their predictability under time-varying
prices. A particle hopping cellular automaton model is used to
study demand response as a means to perform supply following.
With that model, simulation is used to analyse load-shifting
main dynamics under indirect control strategies. An analysis
was made on how does demand respond to price signals and
what implications dynamics may have on predictability and
controllability. Also, several properties and limitations of load-
shifting w.r.t. target aggregate load or original load density
distribution, were analysed.

Index Terms—Demand-Side management, demand response,
load shifting, load-following, supply-following, supply dynamics,
indirect control.

I. INTRODUCTION

EUROPEAN Commission has recently established frame-
works to reach targets for clean energy transition by 2030

and to reach climate neutrality by 2050 [1]. Reaching this
targets requires novel solutions.

An impressive body of research has recently been made
available in the topic of demand response. Many of the
studies focus on specific applications as electric vehicles,
water heaters and air-conditioners (HVAC). Plug-in hybrid
electric vehicles have been studied has a means to regulate
power in form of primary, secondary and tertiary frequency
control and other ancillary services [2]. In [3] it is assumed
that large groups of electrical loads can be controlled as a
single entity to reduce their aggregate power demand and
then, focuses on the dynamics of thermostatically controlled
loads, modelling them in a way simple enough to be used in
control design. With a similar objective, in [4], the dynamics
of aggregate thermostatic loads are studied using a partial
differential equation model aiming at designing nonlinear load
control algorithms.

The current electric grid has a relatively simple architec-
ture, where generation is largely predictable and deliberately
dispatched. Demand is also well understood, predictable and
passive. However, as penetration of renewable generation
increases, together with the also increasing adoption of electric
vehicles, this premise is changing at an impressive rate. Re-
newable Energies introduces variability in generation and with
the increasing electrification of heat and transport, demand

is predicted to increase considerably whilst becoming less
predictable. This changes will contribute to bring challenges
on peak-power supply and on what the reliability of electric-
ity infrastructure is concerned. For this matter demand side
management assumes a great importance.

Load commitment timescale varies from years or months
ahead to real time commitment and, therefore, demand re-
sponse strategies should be developed in accordance. In what
years/months ahead load commitment is concerned much has
been studied and time-of-use prices exist for a long time as
a way of decreasing peak power demand. Conversely, day
of dispatch/use or real time demand side management is a
relatively recent subject, but with a lot of attention being given
to it nowadays and already being implemented, particularly
in the form of reserves or balancing markets. However, in a
day ahead load commitment timescale, demand response could
assume an important role on what could be called the change
of paradigm from a “load following” to a “supply following”
paradigm, as suggested in [5].

In the conventional supply-following paradigm generation
is being dispatched to follow the current load and is seen as
an ancillary service to pick up load ramp between scheduling
steps and maintaining the frequency of electricity within the
required tolerance. With this changes taking place, the future
will see demand being called on to follow supply. For this
demand response programs, more flexible demand, relying
upon some form of energy storage, is going to assume a key
role.

Loads that comply with sufficient elasticity requirement
are so diverse that it will force utilities and other entities
to deal with the future demand-side resource as a composite
of different resource types, whose response characteristics
they will have to segment into different classes in order to
be able to predict individual class responses. This creates
the need for studying demand response main dynamics and
their implications on load predictability and control, focusing
mainly on its implementation.

II. LOAD SHIFTING DYNAMICS

A. Model for Load Shifting

This study is drawn on top of the model first suggested in
[6] and that served, also, as the basis for the study in [7].

Shiftable loads are referred to as interruptible, a subclass
of curtailable loads that are perfectly elastic in time, as they
rely upon perfect storage, but whose elasticity is confined to a
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Fig. 1. Illustration of the time-constrained maximum flexibility of a time-
shiftable incompressible load from a single user with τ = 1, under the
assumptions of instantaneous load use.

time window limited ahead by a given time for load use. An
example of such a load is an electric water heater whose time
to heat the water is initially scheduled to a period, say [s, s+τ ],
that ends a few periods before the time instant u required to
use the hot water, i.e., u > s + τ . The load “particle” that
corresponds to the power consumption used during the storage
period (for water heating) can be shifted ahead in time until
t = u− τ without anticipated discomfort.

In this thesis, the time window is set to its theoretical
maximum assuming that (i) the load use is instantaneous
and (ii) the original scheduling of storage is set to start
immediately after every such use, anticipating the original
storage period [s, s + τ ] as much as possible and this way
maximizing the room for shifting it ahead in time. Under
such assumptions, the original load particles are flexible to
be moved ahead as long as they do not overlap the scheduled
times of use, u.

Fig. 1 illustrates the dynamics of load-shifting for a single
user under the assumptions stated above. The figure shows
four plots in consecutive time instances. In the upper plot, the
original schedule of load particles is shown. The schedule can
be changed at t = 4 by shifting the first particle ahead in time.
The lower plots show the successive shifting of load particles:
in the second and third plots the schedule at t = 5 and t = 6
is obtained after shifting the first particle once and again; in
the fourth plot, the first particle could no longer be shifted

Fig. 2. Two-dimensional lattice of cells representing the original schedule of
load uses for a population of uses at k = 0 whose flexibility will be explored
in k > 0 (not illustrated here)

as there was another particle ahead, so, the second particle is
moved ahead instead.

For simplicity of notation, it is assumed throughout the
study that τ = 1 and use indifferently periods, k, and time
stamps, t.

B. Algorithm for Indirect Control

Particle hopping models have been used to simulate a
variety of dynamic processes, including traffic-flow [8], [9].
Recently particle hopping models were used to simulate load
shifting dynamics [6], [7], for direct control. In those models,
each load shifting process is simulated as a particle hopping
process in a one-dimensional lattice of cells (a string of cells),
each cell representing a time period, k. In the lattice, cells are
either occupied by exactly one load particle or are empty, and
shifting takes place by hopping between cells in one direction
only (the time direction). Because particles can only be shifted
ahead onto empty cells, the process of consecutive shifting
can be seen as a travelling process with elastic collisions with
particles ahead. See Fig. 1 to notice that there is a collision
in k = 6.

The population of load-uses was then modelled as a two-
dimensional lattice of cells, one being the time-period dimen-
sion of the schedule and the other being the user-number
dimension. Fig. 2 illustrates one such lattice for height uses
and heighten time periods. Note that the schedule depicted in
the first row of the lattice (first user) corresponds to Fig. 1’s
original schedule.

In [6], the shifting dynamics for ideal direct control over
hidden shifting constraints, were analysed, as enabled by
future ICT and imposed by the confidentiality of user load
schedules, respectively. In [7], the behavior of the model under
indirect control, was analysed. The analysis relied on a simple
Cellular Automaton (CA) algorithm that simulated real-time
control over the aggregate output of a population of shiftable
loads. The following definitions help in understanding the
proposed algorithm design:

p(k) =

N∑
n=1

dn(k), k = 1, ..., T (1)

dn(k) ∈ {0, 1} n = 1, ..., N ; k = 1, ..., T (2)

where dn is the load demand of user n.
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A possibility to incentivize users to postpone their consump-
tion would be to, actually, broadcast a price incentive to be
paid to users, π(k), for every time there is a response to a
shifting call. In this case let us suppose each user bids a price
πn to be rewarded for shifting load use n.

Let us define the target output of the aggregate load in time
period k by p∗(k). For this experience, based on the model
described, a simple algorithm is proposed. The following
algorithm summarizes the main steps of the cellular automaton
indirect control algorithm implemented:

Set k = 0 ; n = 0 ;
for k = 1, ..., T do

if πn > π∗(k) then
if dn(k) = 1 Λ dn(k + 1) = 0 then

Make dn(k) = 0; dn(k + 1) = 1;
Update p(k) with (1);

else
Break;

Store p(k);

Fig. 3 illustrates the output p(k) obtained with a population
of N = 5, 000 uses and the corresponding lattice of user re-
sponsive actions for a triangular load-following target function,
p∗(k). Results are shown in three different perspectives:

1) Evolution in time of the normalized aggregate output
that results from individual load responses, p̂;

2) Evolution of the number of responsive actions – popu-
lation shifting velocity v(t) - necessary to undertake the
changes in aggregate output;

3) The positions of such responsive actions in the two-
dimensional lattice of cells – to identify responsive user
positions, vn.

C. Model for Price-Velocity Characteristic

In [7] the price evolution π∗(k) was combined with the
evolution of the number of responses in time to synthesize
the information obtained in the learning experience. Like
before, the relative number of responses is referred by shifting
velocity, v, i.e.:

v(k) ≡
N∑

n=1

vn(k), vn ∈ {0, 1}, n = 1, ..., N (3)

where vn(k) defined to be: unitary if a particle n is shifted
in time k; and zero, otherwise.

It is important to note that, as shown before, the changes
in aggregate load necessary to yield p∗ in time k δp∗(k) =
p∗(k)− p̂, are obtained by controlling the population velocity,
as

δp∗(k) = −v(k + 1) + v(k) (4)

The characteristic built from the learning experience with
N = 5, 000 uses is depicted in Fig. 4 assuming that the users’
population bidding function b(n) : n −→ πn is linear, i.e., that
πn = αn/N . The characteristic exhibits hysteresis caused by
the supply dynamics introduced by the shifting process.

Fig. 3. Load shifting aggregate response from indirect control over a
population of N = 5, 000 uses. The target function is a triangular wave
function with magnitude of 40% of the average load. The lattice has an
average density of d̂ = 0.167 load particles per period.

Fig. 4. Price incentive vs. population velocity. Trajectories obtained from
experience with N = 5, 000 uses subject to the indirect price based control
process illustrated in Fig. 3 for a linear bidding function with α = 0.4.

As it is shown in [7] for large density values the process can
be approximated by an ordinary difference equation in time,
written as:

vk+1 ≈

v
k 1− 2d̂

1− d̂
+ b−1(πk) · d̂ ⇐ vk+1 > vk

b−1
(
πk+1

)
(1− d̂) ⇐ otherwise

(5)

The equation can, then, be used to generalize the learning
process to other densities and other load target functions.
Fig. 6 illustrates the approximate price-response characteristic,
as modelled by (5), for different average load densities, d̂.
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Fig. 5. Price incentive vs. population velocity. Trajectories obtained from
experience with different density populations of 5,000 uses subject to the
indirect price based control process, with the same triangular target aggregate
load function as in Fig. 3, for a linear bidding function with α = 0.4

Fig. 6. Price incentive vs. population velocity. Trajectories obtained from
experience with different density populations of 5,000 uses subject to the
indirect price based control process, with the same triangular target aggregate
load function as in Fig. 3, for a linear bidding function with α = 0.4

Fig. 6 in comparison to Fig. 5 shows that, (5), despite
not being an exact expression to describe the process, could
be seen as a reasonable approximation, especially for higher
densities. In fact the expression’s domain where velocity is
decreasing is not linear nor the domain where velocity is
increasing and decreasing prices is described by the same
expression as for increasing prices.

From a market perspective, indirect control introduces a
dynamical effect into the market clearing process: when a
consumer shifts a load particle ahead in a period, this same
particle will probably become available to be shifted again in
the next period for a similar price, this way expanding parti-
cles supply in the future period and consequently decreasing
clearing prices for the same target variation of the aggregate
load.

III. PREDICTABILITY UNDER INDIRECT CONTROL

We might be lead to think that learning could be accom-
plished only with data on bidding and clearing prices (input)
and aggregate load response (output) [10]–[14]. However, (5)
highlights the fact that predictability cannot be yield without
information on population velocity. It makes clear that the
relationship between aggregate output changes, ∆p∗, and
price, π∗, depend on a state-variable - velocity. If one uses
(5) together with (4) to express aggregate output changes on
price, one may write:

∆pk ≈


d̂

1− d̂
· vk − d̂ · b−1(πk+1) ⇐ ∆p∗(k) < 0

vk − (1− d̂) · b−1(πk+1) ⇐ otherwise

(6)

which quantifies the role of velocity in price-based demand
response, for a given bidding function b(n).

Load uses cannot be assumed homogeneous, so (6) cannot
be used directly to predict load changes induced by price.
However, (6), could be used to study how the predictability’s
dependence on velocity varies with the load itself.

A. Density

Load particle density is defined in [6], as the probability of
load demand being unitary. Fig. 6 illustrates the dependence
the characteristic has on the value of the average density,
d̂. Note that, despite the maximum price being different in
every curve, the bidding function and the target load-aggregate
output is the same. This shows the effect that the average
density, d̂, has on the number of responses requirements and
consequently on the price function, π∗(k).

As Fig. 6 shows, the maximum velocity increases with
density. This, not only has an effect on supply-following
accuracy itself, but also on what predictability is concerned.
Note that as density decreases, the curve that represents
the price-velocity characteristic moves away from the actual
bidding function. Not also that (5) becomes less acurate as
density decreases and that the process’s hysteresis ”width”,
i.e, the slope difference between ramping-up and ramping-
down trajectories, increases. This could bring extra difficulties
into the predictability and controllability exercise for lower
densities. For higher densities, not only our model better
describes the process but it also shows that the characteristic is
closer to linearity and therefore, controlability would be made
easier with limited information on velocity.

B. Magnitude and Frequency

Fig. 7 shows the effect of magnitude changes on price-
velocity characteristic and consequently on supply-following
accuracy. As expected, the maximum velocity increases with
magnitude, and, so does the process’s hysteresis ”width”, i.e,
the slope difference between ramping-up and ramping-down
trajectories. This could bring extra difficulties into the pre-
dictability and controllability exercise, as magnitude increases.
Also, note that, as magnitude reaches the value of m = 0.7,
the price has already peaked at its maximum (πmax = 40%),
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Fig. 7. Price incentive vs. population velocity. Trajectories obtained with (5)
for different magnitudes m and constant frequency f = 0.04, load density
d̂ = 0.16(6) and linear bidding function with α = 0.4.

Fig. 8. Price incentive vs. population velocity. Trajectories obtained with (5)
for different values of frequency f , a constant magnitude m = 0.4, load
density d̂ = 0.16(6) and linear bidding function with α = 0.4.

meaning that no other users can be called to fulfill the needed
number of shifting responses. In this situation, it can be said
that supply-following can no longer be accurate.

Despite what one might be led to conclude, frequency
changes have the opposite effect of magnitude’s. That is
because when frequency increases, supply-following becomes
less demanding from velocity needs (see Fig. 8). In contrast
to magnitude changes’ effect on price-velocity, frequency
changes do not have a significant impact on hysteresis cycle
”width”, meaning that predictability would not be affected
directly by frequency changes.

Note that, despite not being trivial to guess, in an accurate
supply-following process for an aggregate output set to follow
a triangle wave function, it is a constant m/f relation that
leads to the certainty that supply-following will keep its
accuracy, and not a constant slope given by m×f . By looking
at Fig. 9, it is evident that maximum velocity is the same for
a constant m/f ratio.

Nonetheless, even if a constant m/f leads to a theoretically

Fig. 9. Price incentive vs. population velocity. Trajectories obtained from
experience with 5,000 uses subject to the indirect price based control process,
with triangular target aggregate load functions with varying magnitude m and
frequency f , keeping a constant m/f relation. Load density is d̂ = 0.16(6)
and the bidding function is linear with α = 0.4

Fig. 10. Price incentive vs. population velocity. Trajectories obtained from
experience with 5,000 uses subject to the indirect price based control process,
with a sinusoidal target aggregate load function with amplitude of 40% of the
average load, for a linear bidding function with α = 0.4. The lattice has an
average density of d̂ = 0.167 load particles per period.

constant accuracy in supply following, due to the need of
predicting the response to a given price function, that might
not hold. As it is clear from Fig. 9, when magnitude increases
and frequency decreases the cycle’s width increases pushing
the curve away from linearity and therefore increasing the
difficulty in predicting, accurately, the output.

C. Target Load Shape

Fig. 10 depicts the approximate price-velocity characteristic
as modelled by (5) for a sinusoidal target function. Since
every variable was kept constant except for the target load
function shape, both Fig. 5 and Fig. 10 can be compared.
From this comparison, it becomes evident that sinusoidal
supply-following is more demanding than triangular supply-
following. It requires both higher maximum velocity and
higher maximum price.
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Fig. 11. Price incentive vs. population velocity. Trajectories obtained from
experience with 5,000 uses subject to the indirect price based control process,
with a square target aggregate load function with amplitude of 40% of the
average load, for a linear bidding function with α = 0.4. The lattice has an
average density of d̂ = 0.167 load particles per period.

Fig. 12. Price incentive vs. population velocity. Trajectories obtained from
experience with 5,000 uses subject to the indirect price based control process,
a square target aggregate load function with amplitude of 20% of the average
load, for a linear bidding function with α = 0.4. The lattice has an average
density of d̂ = 0.167 load particles per period.

Fig. 11 illustrates the approximate price-velocity character-
istic again, modelled by (5), this time for a square wave target.
From this comparison, it becomes evident that square wave
supply-following is more demanding than both the triangular
and the sinusoidal functions to a point that, for this magnitude
(40%), inaccuracy is not only due to randomness and size
effect but also due to the fact that the price reaches its
maximum. In this case, to properly compare the price-velocity
characteristic with the previous ones, magnitude should be
reduced.

Fig. 12 illustrates the the price-velocity characteristic for
an experience similar to the one in Fig. 11, except now this
time for a square wave target function, p∗(k) with a reduced
magnitude of 20%. In this case it becomes clear that the price
does not reach its previously defined limit of 40%. However,
supply-following is still inaccurate due to randomness and

Fig. 13. Load shifting aggregate response from indirect control over a
population of 50000 uses. The target function is a square wave function with
magnitude of 20% of the average load. The lattice has an average density of
d̂ = 0.167 load particles per period.

population size effects that become more visible for the square
wave target function.

Note that, as the step duration increases, the more demand-
ing it is to obtain an accurate output function. Contrary to what
might be thought, it is more difficult for the load to follow a
constant target, different from its average value, than it is for it
to ramp-up or ramp-down frequently. This could be explained
by the result reached previously, regarding frequency impact
on supply-following accuracy. As frequency is reduced, max-
imum velocity approaches its limit, and therefore the closer
supply-following is to become inaccurate.

Fig. 13 shows the output p(k) for an attempt of ”smoothing”
the original load density to a constant target function with
a value 15% higher than the average load. The result is a
ramping velocity v. The output function is accurate until
velocity reaches its maximum value. At that point the pop-
ulation is unable to keep following the target function p∗(k).
It should also be noted that, for this target function, the role of
randomness and size assumes is so important that a simulation
for a population of N = 100, 000 had to be carried out to
obtain a reasonable accuracy on the target function p(k).

This set of experiences not only shows the effect the target
aggregate load function has on the price-velocity character-
istic, having a direct influence on the demand for shifting
responses, but also illustrates the idea of existence of a
maximum velocity above which an accurate output function
p(k) is not attainable.

IV. PROCESS TERMINATION

In view of the dynamic characteristic of the process, where
velocity assumes such a major part, terminating the control
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Fig. 14. Load shifting aggregate transient from an interruption (at time period
k = 16). Indirect control over a population of 5000 users. The target function
is a triangle wave function with magnitude of 20% of the average load. The
lattice has an average density of d̂ = 0.167 load particles per period.

process is not an insignificant matter.
Note that, for an abrupt variation in velocity v, as it

represents the integral of the changes in aggregate load ∆p,
this changes, being its derivative, would tend to be very
large. Fig. 14 shows the transient resulting from an abrupt
interruption on price incentives and, hence, on velocity. As
this figure shows, bringing price incentives to zero, results
in a considerable overshoot on load aggregate response, of
approximately 200% of the average load, in this case.

Yet, there is a possibility to bring the load aggregate output
to its average value without any undesired overshoot. This
possibility is to keep the price constant at the value it takes
when the process is interrupted. However, this could result in
price incentives being paid indefinitely.

An alternative way of terminating the process, bringing
load aggregate output to its average value, would be to stop
the incentives as velocity crosses zero. At that moment no
particle is being shifted and an interruption would not imply
any significant transient on controlled magnitude (as seen in
Fig. 15).

Once again, from this example, the necessity of having
information on velocity data in order to be able to control
load-shifting, is reinforced. Without this information, it is not
possible to adequately terminate the process.

V. CONCLUSION

In the thesis, individual load-use shifting processes were
modelled as a particle hopping process to capture the main
dynamics of populations of users under aggregate load profile
control. The processes were simulated under indirect control
to illustrate the load-following capability of such populations

Fig. 15. Load shifting aggregate transient from an interruption. Indirect
control over a population of 5000 users. The target function is a triangle
wave function with magnitude of 20% of the average load. The lattice has an
average density of d̂ = 0.167 load particles per period.

Fig. 16. Load shifting aggregate transient from an interruption. Indirect
control over a population of 5000 users. The target function is a triangle
wave function with magnitude of 20% of the average load. The lattice has an
average density of d̂ = 0.167 load particles per period.

and their dependence on load-use density and population
size. The notion of price velocity was introduced and de-
fined as the number of shifting responses projected against
price. This price-velocity characteristic is shown to exhibit
hysteresis when following periodic load targets. The existence
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of hysteresis provides evidence that elasticity alone is not
sufficient to model the aggregate response. Aggregate response
dynamics and their dependence on prices were then expressed
analytically by utilizing velocity to generalize such dependen-
cies. The role of velocity in price-formation was discussed to
emphasize that response output cannot be predicted without
keeping track of velocity no matter how large the population
of users might be. The analytical description of the aggregate
response dynamics was, finally, used to study a set of other
relevant dependencies and their implications on prediction.
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