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Abstract

This dissertation describes the development of robust distributed and cooperative control algorithms
for formation tracking by teams of vehicles modeled as double integrators, with application to multiro-
tor vehicles. For this effect, consensus-based protocols are considered, to achieve coordination between
the vehicles without explicit communication. A consensus protocol for agents modeled as triple inte-
grators is proposed and analyzed, providing necessary and sufficient conditions for convergence. Also,
a new criteria for convergence of the existing second-order consensus protocol is provided. The effect
of constant disturbances on the capability to achieve consensus is then analyzed and the third-order
consensus protocol is then used to propose integral action to the formation tracking controller used
for double integrator agents. The development and implementation of an experimental setup installed
in a controlled indoor environment, which allowed for testing, acquisition of experimental data, and
validation of the proposed algorithms using physical multirotor vehicles is also described.
Keywords: Consensus-Based Protocols, Formation Control, Integral Action, Multirotor Vehicles.

1. Introduction

Formation control is an important topic of research
in the coordinated motion of multiple unmanned
autonomous vehicles. Moving in formation can have
several advantages on the overall system, such as
increased redundancy and robustness, and reduced
cost [1]. This problem presents several challenges,
mainly related to the lack of total information by
each agent, but also to the desire to use a dis-
tributed, or a decentralized approach. In decentral-
ized approaches, each agent makes its own decisions
independently from the others, therefore a central
controller, coordinator or supervisor does not ex-
ist, making the problem more challenging. Despite
the challenges, a decentralized approach is still the
one that presents more potential applications, as it
provides scalability and robustness to the system.

A survey on the topic of multi-agent formation
control can be found in [2]. There, the authors
distinguish the several proposed approaches based
on the required sensing capabilities of the agents
and on the amount of interaction necessary between
them, categorizing the formation control methods
into position-, displacement- and distance-based.
The position-based approach considers that each
agent has access to measurements in the inertial
frame (e.g. absolute position measurements). In
this case, each agent can be equipped with a con-

Figure 1: Two multirotors flying in formation.

trol law to drive its position to a desired position,
thus achieving the prescribed formation without the
need to interact with others. This is however, the
most demanding approach in terms of the sens-
ing capability of each agent. The displacement-
based approach, considers that the agents can only
measure relative quantities (e.g., measurement of
the relative position, or displacement, to another
agent), and that they have the same sense of ori-
entation. However, it is necessary to have more
interactions between agents, in order to overcome
the reduced sensing capability. For agents mod-
eled as single integrators, this approach is studied
under directed interaction topologies in [3], consid-
ering consensus-based protocols. For the case of
agents modeled as double integrators, it was stud-
ied in [4], under directed and undirected interaction
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topologies. As for the general case of agents with
linear dynamics, it has been studied in [5]. Finally,
in the distance-based approach, it is assumed that
agents only have access to relative measurements,
but do not share a sense of orientation, and there-
fore, formations are stabilized based only on the
distance between the agents, not accounting for the
orientation of the formation. This approach is the
less demanding in terms of sensing capability of the
agents, however, it requires the use of more elab-
orate control laws, and more interactions between
the agents. It is commonly studied under the use of
gradient control laws, which are defined using arti-
ficial potential fields. For single integrator modeled
agents, it has been studied in [6] and [7], and for
double integrator modeled agents in [8] and [9].

Considering the importance of developing robust
control algorithms for the coordinated motion of
multiple unmanned autonomous vehicles, this work
aims to develop distributed control algorithms for
formation tracking, and apply the devised solutions
to multirotor vehicles. Noting that it is usual for
multirotors to have access to measurements of their
orientation, a displacement-based approach is con-
sidered. This approach is studied using consensus
based protocols, for the case of triple integrator
modeled agents, and the results are used to intro-
duce integral action to the formation tracking con-
troller for vehicles modeled as double integrators,
to enable disturbance rejection.

2. Notation and Preliminaries

The set of real numbers is denoted by R, the subset
of positive real numbers by R+, real numbers except
zero by R 6=0, and the set of complex numbers by C.
For a complex number z ∈ C, Re (z) denotes its real
part, and Im(z) its imaginary part. Rm denotes the
m-dimensional euclidean space, with norm ‖x‖ =√
x · x for all x ∈ Rm, where a · b := aTb denotes

the inner product between two vectors. The dot
notation is used to define the time derivative (as in
ẋ), and the number of dots its order. In is used
to denote the n×n identity matrix, and 0n×m an
n×m matrix of zeros. 0 is used when the size can
be determined.

When working with networks of agents, the net-
work information flow is typically described using
graph theory. A directed graph (or digraph) D,
consists of a pair of sets (V,E), where V is a non-
empty finite set of nodes, and E ∈ V2 is a finite set
of ordered pairs of nodes, called edges. Undirected
graphs are considered a particular case of digraphs
in which the edges are unordered pairs of nodes,
hence definitions are provided for digraphs only. If
a digraph is weighted, the weight associated to an
edge connecting node i to j, is denoted by kij ∈ R+.
If the graph is not weighted, then all weights are

considered to be one. If there is no edge connect-
ing i to j, kij = 0. When a directed edge connects
i to j, i is said to be the parent node, and j the
child node. The set of parent nodes of i is called
the neighborhood of i, denoted Ni ⊂ V. A directed
path is defined as an ordered sequence of edges, con-
necting two nodes. When there is at least one node
that has a directed path to all others, the digraph
is said to have a directed spanning tree. The adja-
cency matrix associated to the weighted digraph D,
is denoted by AD = [aij ], and defined by aij = kji
for i 6= j and aij = 0 for i = j. Then, L = [lij ] is
defined as lij = −aij , for i 6= j, and lij =

∑
j 6=i aij

otherwise. A relevant property of this matrix is the
null row sum, meaning that it has at least one null
eigenvalue, for which the associated eigenvector is a
vector of ones, 1n, where n is the number of nodes.

3. Consensus Protocols
Here, consensus protocols used for distributed co-
ordination of the multiple agents are presented.
Firstly, protocols for agents with single and dou-
ble integrator dynamics are presented, and a pro-
tocol for agents with triple integrator dynamics is
proposed. Then, a convergence analysis to the pro-
posed protocol is performed, providing necessary
and sufficient conditions for convergence.

3.1. Single and Double Integrator Dynamics
Consider a group of n agents with single integrator
dynamics, each described by α̇i = µi, with αi, µi ∈
R, where µi is the control input of the agent. In [3],
the following consensus protocol has been proposed
for this system

µi = −
∑
j∈Ni

kji (αi − αj) . (1)

The goal of protocol (1), is to drive the agents to
a consensus, i.e., |αi − αj | → 0 as t → ∞. Note
that each agent i only needs to know the differ-
ence from its state to the state of its neighbors
given by (αi − αj), j ∈ Ni. From the definition
of L, it is possible to write (1) in vector form as

µ = −Lα, where α = [α1 · · · αn]
T ∈ Rn and

µ = [µ1 · · · µn]
T ∈ Rn. As shown, for example,

in [3], the existence of a directed spanning tree on
the digraph, which describes the interaction topol-
ogy for this system, is a necessary and sufficient
condition for achieving consensus.

Consider now that the agents are modeled with
double integrator dynamics, that is,{

α̇i = βi

β̇i = µi
, (2)

with αi, βi, µi ∈ R, where µi is the control input
of the agent. The following consensus protocol was
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proposed in [4],

µi = −
∑
j∈Ni

kji [(αi − αj) + γ (βi − βj)] , (3)

with γ ∈ R+. The goal of protocol (3) is to drive
|αi − αj | → 0, and consequently |βi − βj | → 0, as
t → ∞. In vector form, the control law becomes
µ = −Lα − γLβ, with α,β,µ ∈ Rn. Unlike the
single integrator case, it is shown in [4] that the
existence of a spanning tree is not a sufficient con-
dition for reaching consensus. However, a sufficient
but not necessary condition is provided.

3.2. Triple Integrator Dynamics
For agents modeled by triple integrator dynamics,
i.e., 

ϑ̇i = αi

α̇i = βi

β̇i = µi

, (4)

with ϑi, αi, βi, µi ∈ R, where µi is the control in-
put of the agent, the following consensus protocol
is proposed

µi = −
∑
j 6=i

kji [αij + γβij + ζϑij ] , (5)

where γ, ζ ∈ R 6=0, and the subscript ij is used to
denote the difference between the state of vehicles
i and j. To achieve consensus, the goal is to have
|ϑi − ϑj | → 0, |αi − αj | → 0 and |βi − βj | → 0 as
t → ∞. Note that, in matricial form, (5) becomes
µ = −Lα − γLβ − ζLϑ, with ϑ,α,β,µ ∈ Rn,
hence, the feedback actuated system becomesϑ̇α̇
β̇

 =

0n×n In 0n×n
0n×n 0n×n In
−ζL −L −γL

ϑα
β

 = H

ϑα
β

 . (6)

3.3. Convergence Analysis
This section focuses on the analysis of the conver-
gence properties of the proposed third order consen-
sus protocol (5). To this end, the eigenvalues of H
must be studied. These correspond to the solution
of det(λI3n −H) = 0 (where det(λI3n −H) is the
characteristic polynomial of H). Noting that all the
blocks of λI3n −H commute, the result described
in Theorem 1 in [10] can be used to conclude that

det(λI3n−H) = det
(
λ3In + (γλ2+λ+ζ)L

)
. (7)

It is known that if a matrix L ∈ Rn×n has eigenval-
ues ηi, i = 1, . . . , n, then the matrix aL + bIn has
eigenvalues aηi+ b. Using this property on (7), and
recalling that the determinant of a matrix is equal
to the product of its eigenvalues, yields

det(λI3n−H) =

n∏
i=1

gi(λ), (8)

where gi(λ) := λ3 + (γλ2+λ+ζ)ηi. By definition,
ζ 6= 0, hence it is possible to conclude that λ = 0 is
a root of gi(λ) if and only if ηi = 0. Therefore, for
each ηi = 0, there are exactly three null eigenval-
ues in H. Conditions on the eigenvalues of H that
allow to reach consensus are now presented. The
following result can be considered an extension of
Lemma 4.1 in [4].

Lemma 1
The consensus protocol (5) for agents modeled by
triple integrator dynamics reaches consensus if and
only if H has exactly three null eigenvalues, and the
remaining eigenvalues have negative real part. More
concretely, when reaching consensus (for large t),
β(t) → 1nr

Tβ(0), α(t) → 1nr
Tα(0) + 1nr

Tβ(0)t

and ϑ(t) → 1nr
Tϑ(0) + 1nr

Tα(0)t + 1nr
Tβ(0) t

2

2 ,
where r is a non-negative left eigenvector of L as-
sociated to the null eigenvalue, and is such that
1T
nr = 1.

Considering Lemma 1, the eigenvalues of H are
studied, providing necessary and sufficient condi-
tions for reaching consensus.

Theorem 1
The third order consensus protocol (5) achieves con-
sensus asymptotically, if and only if the associated
digraph has a directed spanning tree, ζ > 0, and

γ > max
ηi 6=0

√
1− ξ2i
ξiωni

ζ < min
ηi 6=0

[
ωni

ξi

(
γ −

√
1− ξ2i
ξiωni

)] ,

where ωni
= |ηi| and ξi = Re(ηi)

ωni
represent the natu-

ral frequency and damping coefficient, respectively,
associated with the i-th eigenvalue of L.

From Theorem 1, the following result is obtained.

Corollary 1.1
The consensus protocol (3) applied to the dou-
ble integrator multi-agent system reaches consensus
asymptotically if and only if the digraph describing
the interaction topology of the agents has a directed
spanning tree and

γ > max
ηi 6=0

√
1− ξ2i
ξiωni

,

where ωni
= |ηi| and ξi = Re(ηi)

ωni
represent the natu-

ral frequency and damping coefficient, respectively,
associated with the i-th eigenvalue of L.

Note that Corollary 1.1 can now replace the re-
sult previously presented in [4], since it provides
not only sufficient but also necessary conditions for
reaching consensus. The following result is now pre-
sented, describing the effect of a constant distur-
bance on the overall convergence of the system.
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Proposition 1
In the conditions of Theorem 1, the consensus pro-
tocol (5) achieves consensus for the state variables
α and β in the presence of a constant disturbance,
d ∈ Rn. Moreover, the consensus protocol (3) is
able to achieve consensus for the state variables β
in the conditions of Corollary 1.1. Furthermore, if
all entries of d are equal, consensus is achieved for
all variables.

4. Formation Tracking Controller
Consider a group of n vehicles modeled as double
integrators, to which the desired formation can be
given as a desired position in time for each vehicle
i, i.e., a trajectory pd

i (t) ∈ R3, defined for all t > 0,
with known and continuous first and second time
derivatives. Their dynamics are then described as{

ṗi = vi

v̇i = ui
=⇒

{
˙̃pi = ṗi − ṗd

i = ṽi
˙̃vi = v̇i − p̈d

i = ũi
, (9)

where pi,vi ∈ R3 denote the position and veloc-
ity of the i-th vehicle, respectively, ui ∈ R3 is the
control input of the vehicle, in this case, its accel-
eration, and p̃i = pi−pd

i is the trajectory tracking
error. Let pij = (pi − pj) and pd

ij = (pd
i − pd

j )
denote the relative position, and the desired rela-
tive position of vehicle i with respect to vehicle j,
respectively. In order to track a prescribed forma-
tion, the goal is to have pij − pd

ij → 0. However,

note that pij − pd
ij = p̃i − p̃j , meaning that, the

goal is equivalent to p̃i−p̃j → 0. The dynamics, de-
scribed in (9), are decoupled, and so, the controllers
can be designed independently for each axis. Com-
paring the dynamics over each axis with the ones
described in (2), it is possible to conclude they are
the same. Also, note that the control objective,
is the same as the one described for protocol (3).
Therefore, protocol (3) can be used to achieve for-
mation tracking, and the control input ũi for the
error dynamics becomes

ũi = −
∑
j 6=i

kji [(p̃i − p̃j) + γ (ṽi − ṽj)] , (10)

which is guaranteed to drive the vehicles into for-
mation, under the conditions of Corollary 1.1. The
control input for the i-th vehicle can then be recov-
ered, yielding

ui = p̈d
i −

∑
j 6=i

kji
[(
pij−pd

ij

)
+γ
(
vij−ṗd

ij

)]
. (11)

The same rationale could be used to define a con-
troller for vehicles modeled as triple integrators us-
ing the consensus protocol (5).

4.1. Inclusion of Integral Action
When performing formation tracking, using the
control law described in (11), the distributed multi-

vehicle system is able to track the prescribed forma-
tion, under the conditions of Corollary 1.1. How-
ever, real systems are susceptible to a number of
non-idealities, such as disturbances, modeling errors
and actuator dead-zones, which can deteriorate the
ability to achieve their goal. It follows from Propo-
sition (1) that (11) is not able to reject a constant
disturbance acting on the system. To cope with
these effects, integral action is proposed. This can
be achieved considering the integral of the position
tracking error, modeled by an extra state on (9),
described as ˙̃gi = p̃i. Note that the system in-
cluding this new state, becomes a triple integrator
system. It is then straightforward to conclude that
consensus protocol (5) can be used, and

ũi = −
∑
j 6=i

kji [p̃ij + γṽij + ζg̃ij ] . (12)

Noting that

g̃ij =

∫ t

t0

p̃ij dt =

∫ t

t0

(
pij − pd

ij

)
dt,

the control input for the vehicle is recovered. It fol-
lows from Proposition 1, that this controller is able
to track the formation in the presence of a constant
disturbance, in the conditions of Theorem 1.

4.2. Inclusion of a Goal Seeking Term
Now that a controller that achieves formation track-
ing has been designed, the positions of all vehicles
must be driven to their desired positions. This is
accomplished using goal seeking terms, which take
the form of a trajectory tracking controller, to drive
the position of a vehicle to its desired position. It
could be added to all the vehicles, as in [4], but all
vehicles would need access to their own state. Note
however that it only needs to be added to one ve-
hicle. Consider adding goal seeking terms to the
consensus protocol (5), to drive the errors of all the
vehicles to zero. To do so, µ must be designed for
system (4), such that the feedback actuated system

becomes ẋ = HGx, where x =
[
ϑT αT βT

]T
, and

HG is a stable matrix, i.e., all its eigenvalues have
negative real part. To add a goal seeking term, the
following is added to µi

µGi = −kGi [Kααi + ζKϑϑi + γKββi] , (13)

where Kα,Kβ ,Kϑ ∈ R+ are the gains of the goal
seeking term, and kGi ∈ {0, 1} is a variable control-
ling whether the i-th agent has a goal seeking term,
or not. It is considered that only one vehicle uses
this term. For this reason, the following result is
introduced.

Proposition 2
The vehicles reach their desired positions, only if
the vehicle with a goal seeking term has a directed
path to all others.
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In the scope of this work, it is assumed that there
is a leader vehicle. This is a vehicle that only has
outgoing links in the digraph that describes the in-
teraction topology, and will correspond to a line of
zeros in L. Then, if there is a directed spanning tree
in the digraph, this is also the only vehicle that has
a directed path to all others. The controller for this
leader vehicle can be designed independently of the
formation tracking controller. If both the trajectory
tracking controller and the formation tracking con-
troller are stable, the overall system is stable, and
all vehicles are able to achieve their desired position.
Without loss of generality, let the leader vehicle be
denoted by vehicle 1. Its consensus seeking term is
null, and this is the only vehicle which considers a
goal seeking term. Hence, the control input for the
error dynamics associated to this vehicle becomes
ũ1 = −Kpp̃1 − Kvṽ1 − Kig̃1, where Kp = Kα,
Ki = ζKϑ and Kv = γKβ are the proportional, in-
tegral and derivative gains, respectively. Then, its
control input considering the transformation from
the error dynamics to the vehicle dynamics, yields

u1 = p̈d
1 −Kpp̃1 −Kvṽ1 −Ki

∫ t

t0

p̃1 dt. (14)

Note that the control law for the leader vehicle,
which can be independently designed taking only
into account its own state vector, consists on the
feedback of all the error states associated to this
vehicle. This can then be described by an LQR
feedback control law, to tune the gains for this PID
trajectory tracking controller.

5. Multirotor Tracking Control
The presented algorithms can be applied to any ve-
hicles modeled as double integrators, however, the
goal is to implement them on multirotors. This type
of vehicle is characterized by having multiple rotors,
all generating thrust aligned with the vertical direc-
tion of the vehicle. Their actuation is usually the
angular speed of each rotor. Then, an inner-outer
loop control scheme is typically used to control the
attitude (inner-loop) with actuation on the body
torques, and the position of the multirotor (outer-
loop) with actuation on the total thrust and virtual
control inputs defined by the attitude. To define

x

z

y

T

mg
Y

X

Z

Figure 2: Forces applied to the multirotor.

the outer-loop position controller and ultimately
apply the controller defined in Section 4, consider
Newton’s second law of motion, which states that∑
i fi = q̇, where fi ∈ R3 represents the i-th force

applied to the multirotor, m ∈ R+ its mass, v ∈ R3

its velocity, and q = mv the linear momentum of
the vehicle. Since the mass is constant, and consid-
ering the forces presented in Fig. 2,

v̇ =
1

m

∑
i

fi =
T

m
Re3 − ge3, (15)

where e3 = [0 0 1]
T

, g is the acceleration of grav-
ity, R represents the rotation matrix from the body
to the inertial frame and T represents the norm of
the total thrust applied by the rotors. Note that,
v̇ = u is the control input of the double integrator
system previously discussed. The goal is then to
determine T , and the attitude associated with R,
that correspond to the control input u. Note that
the matrix R can be decomposed into three rota-
tion matrices, associated to a sequence of elemen-
tary rotations around the principal rotation axis.
These rotations refer to the Euler angle representa-
tion of the orientation. Different rotation sequences
can be used to represent an arbitrary rotation ma-
trix R. In this work, the ZY X Euler angle repre-
sentation is adopted, for which R takes the form
R = Rz(ψ)Ry(θ)Rx(φ). For a rotation matrix, it
holds that R−1 = RT. It follows that if (T ,φ,θ) are
chosen such that Ry(θ)Rx(φ)Te3 = u∗, where

u∗ := mRz(ψ)T (u + ge3) , (16)

the double integrator model can be recovered. The
angles φ and θ, as well as T , associated to u, must
then be determined. To do so, it is necessary to
know ψ, commonly denoted by yaw angle. Note
that the yaw angle varies with time, and can be
controlled by providing the inner-loop attitude con-
troller with a desired yaw angle, which was chosen
to be constant. To determine φ, θ and T , given u, ψ
and the transformed control input u∗ = [u∗1 u

∗
2 u
∗
3]

T
,

it can be written that

u∗1
u∗3

= tan(θ),
u∗2√

u∗1
2 + u∗3

2
= − tan(φ).

It is then straightforward to determine φ and θ,
provided that either u∗1 6= 0 or u∗3 6= 0. To determine
the total thrust, T , note that T = ‖u∗‖.

5.1. Input Limitations
As any other vehicle, a multirotor is subject to lim-
itations imposed by its actuators. In this case, the
maximum thrust that the multirotor is capable of
is limited. At any time, the multirotor should have
a vertical force to balance its weight, i.e., a force of
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magnitude mg. Then, it must be able to maneuver
around this equilibrium. A descent can be achieve
by a decrease in the vertical force that balances the
weight. However, to climb, it must be able to pro-
duce an higher thrust on the vertical direction. It
is defined that it is always necessary to have avail-
able, in the vertical direction, a thrust magnitude
of m(g + amaxz ), where amaxz ∈ R+ represents the
maximum acceleration capability along the verti-
cal axis. Let Tmax ∈ R+ be the maximum thrust
that the multirotor can achieve, and amaxxy ∈ R+ be
the maximum acceleration on the horizontal plane.
Hence,

amaxxy =

√
(Tmax/m)

2 − (g + amaxz )
2
. (17)

The saturation along the vertical direction must
first be chosen, to ensure that the multirotor is ca-
pable of properly maintaining its altitude. Then,
the horizontal saturation is a result of the choice
made about amaxz . It is concluded that |uz| < amaxz

and ‖uxy‖ < amaxxy , where uz ∈ R and uxy ∈ R2 are
the components of the control input u along the
vertical axis, and its projection onto the horizontal
plane, respectively.

6. Experimental Setup
6.1. Test Space
The experiments with physical vehicles were per-
formed in a controlled indoor environment, which
consists of a flying arena. This is equipped with an
OptiTrack Motion Capture system, which provides
precise and high-frequency indoor position mea-
surements and also attitude data for several rigid
bodies, such as the multirotors. The considered in-
ertial frame is centered in the arena. Although the
multirotors are usually equipped with magnetome-
ters, used for attitude estimation, in the considered
indoor environment, magnetic readings are too un-
reliable to be used. For this reason, from here on,
an IMU (Inertial Measurement Unit) is considered
to be composed only of accelerometers and gyro-
scopes. However, using only these sensors, it is not
possible to obtain a good estimate of the yaw angle.
The solution is provided next.

6.2. Multirotors Setup
The physical multirotors used to perform the exper-
iments were the Intel Aero Ready to Fly quadrotors,
equipped with the PX4 autopilot. These quadrotors
feature an onboard computer with Wi-Fi capabili-
ties, communicating with the autopilot, which was
used mainly as a bridge between the autopilot and
the network. To be able to use the position control
features of the PX4 autopilot to perform takeoff,
landing or position hold, the autopilot requires valid
position, velocity and yaw estimates. For this rea-
son, the autopilot is provided with the position and

attitude measurements from the Motion Capture
system. Note that, from the provided attitude mea-
surements, only the yaw measurements are used for
estimation. The ROS (Robot Operating System)
middleware was used on the onboard computer to
inject the Motion Capture data into the autopilot,
using a ROS program to decode the received data
and another ROS program, MavROS (which pro-
vides an interface to communicate with the autopi-
lot), is used to send the decoded data to the autopi-
lot, after translating it into the MavLink protocol.
Upon receiving this data, the autopilot fuses it with
the IMU measurements using an EKF (Extended
Kalman Filter), to acquire valid estimates of the
yaw angle, position and velocity. It was necessary
to tune this EKF to receive these measurements.
Due to the communication overhead, the Motion
Capture data reaches the autopilot with some de-
lay. For this reason, the EKF fuses the data in a
delayed time horizon. Then the estimate is prop-
agated in time by a Complementary Filter, using
only the IMU data. This delay was determined by
performing several experiments with different delay
values. Then, the one which produces the smallest
EKF innovations is used. This delay is expected
to have some variation with time (due to dropped
messages, network traffic and others), therefore, the
confidence of the EKF on these measurements can-
not be set too high.

6.3. Simulating Multirotor Vehicles

Due to space constraints, the number of quadrotors
that is possible to fly simultaneously is quite lim-
ited. For this reason, some quadrotors were sim-
ulated in the loop, using the Gazebo simulator as
a physics engine, to simulate the physical aspects
of the system. The PX4 autopilot is executed for
each quadrotor in the simulation. Since the Gazebo
simulator is computationally heavy, it was decided
to have a computer dedicated to running the simu-
lation, ensuring that this would run near real time.

6.4. Controlling the Vehicles

The control algorithms to test were executed on an
external computer, to simplify the implementation,
avoiding the setup of a communication network to
exchange data among the several vehicles, and sim-
plifying the interface with the simulated quadrotors
which would interact with the physical ones. The
algorithms were implemented using the Python pro-
gramming language. To interact with the autopilot,
both for the simulated vehicles and for the real ones,
the ROS middleware was again used, running the
MavROS software.

6.5. Physical Flights

The flights always consider the same phases. First,
the takeoff is performed using the capabilities of
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the PX4 autopilot, in all vehicles simultaneously.
Then, a transition is made into the controller to
test. When the experiment ends, all vehicles are
given a command to land. The commands to switch
between flight phases are manually inserted by the
operator during the flight, and sent to all vehicles
simultaneously.

Some flights were performed using the trajectory
tracking controller described in (14), with Ki = 0,
to get familiarized with the capabilities of the multi-
rotor used, and to test the capability of the devised
experimental setup for testing of multirotor control
solutions. To gain more insight into how fast the
dynamics of the controllers to test could be, the
trajectory tracking controller was tuned. Since the
inner-loop dynamics are not taken into account in
the design of this controller, its gains cannot be set
too high, or the effects of these inner-loop dynamics
will become visible, and eventually, destabilize the
vehicle. After tuning this controller, the gains were
set to Kv = 4 s−1 and Kp = 4 s−2. These gains are
always used for this controller, which is used by the
leader vehicle.

7. Experimental Results
In this section, experimental results obtained us-
ing the previously described setup are presented.
Simulations proved to yield very similar results to
the ones obtained using physical vehicles, hence,
only the latter are presented. Two experiments are
performed to test the proposed control algorithms,
and a video of these experiments is presented in
[11]. When presenting results, circles and squares
are used to represent the current and initial posi-
tions of the vehicles, respectively. The shaded areas
in the figures used to present the altitude evolution
represent the takeoff and landing parts of the flight,
and the remaining area is when the controller to test
was acting.

1

2 3

45

(a) Experiment 1.

2

1

3 4

(b) Experiment 2.

Figure 3: Interaction topologies considered.

7.1. Experiment 1 - Static Formation
In this experiment, the goal is to show the conver-
gence of the vehicles from their initial positions to
the desired formation. For this, a virtual leader was
considered. The virtual leader is not an actual ve-
hicle, but some other entity of interest, such as a
target to follow. The goal of the vehicles is then to
control their position with respect to each other and

to the virtual leader. An actual object, with known
position and velocity, was used as the virtual leader.
The position and velocity of this object along the
Z-axis were set to zero, ensuring that it only in-
fluences the movement of the vehicles in the hori-
zontal plane. Initially, this object is placed at the
origin of the inertial frame, and is moved after the
vehicles reach the prescribed formation. The goal
formation prescribed to the vehicles is a square for-
mation, at an altitude of one meter relative to the
virtual leader (which as null altitude). The inter-
action topology considered is described by the di-
graph of Fig. 3a. For this graph L has eigenvalues
with imaginary parts, meaning that some oscilla-
tions are expected in the movement of the vehicles.
The connection weights were set to be kij = 1.4, the
derivative gain is γ = 1.2 s−1, and when considering
integral action, ζ = 0.15 s−3, which can be verified
to follow the conditions presented in Theorem 1.
Vehicle 1 is the virtual leader previously described.
When the virtual leader moves to a position other
than the origin, all vehicles are expected to move in
the same way. No disturbance was introduced, since
this is expected to exist. The physical multirotors
used were the vehicles 2 and 3.

The results obtained without considering integral
action are presented in Fig. 4. In Fig. 4a, it is
possible to observe the convergence of the vehicles
to the desired formation, while the virtual leader
remains static. After the initial convergence to the
desired formation, the virtual leader is moved. This
is depicted Fig. 4b. In Fig. 4c, the time evolu-
tion of the altitude of the vehicles is presented. As
can be seen, the physical vehicles considered, 2 and
3, both climb to an higher altitude, consequently
dragging the simulated vehicles with them. This is
evidence of unknown constant disturbances. There
are numerous possible causes for these disturbances.
Likely causes are: a poor identification of the thrust
curve; a mass different than the one considered; the
ground effect of the multirotors, due to flying at
low altitude, leading to an increase in thrust, not
considered in the model.

Regarding the results obtained when using inte-
gral action, these are presented in Fig. 5. The
initial convergence to the desired formation is pre-
sented in Fig. 5a. Some distinctions in relation to
Fig. 4a are to be noted. First, note that the initial
positions of the vehicles are not exactly the same,
hence some differences in the movement of the vehi-
cles were expected. Also, note that there is still an
observable error regarding the desired square for-
mation after the initial 10 seconds, most apparent
in vehicle 4. This can be an effect of the increased
oscillations caused by adding integral action to the
controller. It may also be some overshoot on the
response. However, this seems more likely to have
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Figure 4: Experiment 1 - Results without integral action.
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Figure 5: Experiment 1 - Results with integral action.

been caused by actuator saturation. Note that this
is the vehicle that starts farther away from the de-
sired formation. For this reason, it is expected to
have an high control input during the initial in-
stants, which saturates the actuation. Because of
this saturation, the controller was not able to de-
crease the error at the desired rate, causing the in-
tegrator to fill up. For this reason, it took some
time for the integrator to converge. A possible so-
lution consists in adding anti-windup action to the
integrator, to deal with actuator saturation. Figure
5b shows the movement of the vehicles, tracking
the object while maintaining the formation. It is
also possible to see that the integrator accumulated
error above described has disappeared, as the vehi-
cles achieved the prescribed square formation. The
time evolution of the altitude is presented in Fig.
5c, where it is now possible to observe that the ve-
hicles were able to achieve consensus on the altitude
of the formation and reach the prescribed altitude
of one meter, thus rejecting the disturbances.

7.2. Experiment 2 - Time Varying Formation

Now that convergence to a static formation, and
the capability to follow a moving target (the virtual
leader) have been presented, a more demanding ex-
ample consisting in a time varying formation is pre-
sented. This consists of a leader vehicle, following a

trajectory that is also time-varying (going back and
forth along a straight line with a sinusoidal velocity
profile), and three other vehicles orbiting it.

The prescribed motion is slow and was carefully
designed to fit the working space, with reasonable
margins between the vehicles and the arena limits.
The periodic motion considered has a period of 20
seconds, and was defined during two periods, i.e.,
40 seconds. After those 40 seconds, the vehicles
stop at the last desired position of this movement
(which is also the initial position). This consists
in a discontinuity on the desired motion, meaning
that a new convergence is initiated at that instant.
The digraph associated to the interaction topology
considered is presented in Fig. 3b. The connection
weights were set to be kij = 1.7, the derivative gain
to γ = 1.1 s−1, and the integral gain, when used, to
ζ = 0.15 s−3 as in the previous experiment, which
can be verified to follow the conditions presented
in Theorem 1. Since this is a more complex ex-
periment, and due to the space constraints of the
testing environment, the initial positions of the ve-
hicles were set to be close to their initial desired
positions. However, they start with null velocity,
so there is still a convergence to the desired time
varying formation.

The physical vehicles considered are vehicles 1
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Figure 6: Experiment 2 - Results without integral action.
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Figure 7: Experiment 2 - Results with integral action.

and 3. The movement on the horizontal plane, when
integral action is not considered, is presented in Fig.
6a and in Fig. 6b. As expected, oscillations are
present during the initial convergence. After this
initial convergence, the vehicles achieve the time
varying formation in the horizontal plane, orbiting
around the leader vehicle. The movement of the
vehicles on the horizontal plane when considering
integral action, is presented in Fig. 7a and Fig.
7b. As can be observed, there are no noticeable
differences between the movement on the horizon-
tal plane with and without integral action, apart
from the initial instants, which is a consequence of
slightly different initial positions.

Regarding the evolution of altitude with time,
this is presented in Fig. 6c when no integral ac-
tion is considered, and in Fig. 7c when considering
integral action. This is where most distinction can
be noted. Note that the presence of disturbances
is confirmed when no integral action is present, as
the vehicles climb to an altitude different than the
desired altitude of one meter, and do not maintain
the same altitude. This effect is apparent, mainly
in vehicle 3, which is one of the physical vehicles
considered, and has influence on the other vehi-
cles. The other physical vehicle considered, vehicle
1, now plays the role of leader, using the trajectory
tracking controller. For that reason, it is not influ-

enced by the disturbance of vehicle 3. However, it
can be noted that the leader vehicle is also subject
to a disturbance, although its effect is smaller. This
behavior is expected, as this vehicle used a trajec-
tory tracking controller which was tuned, meaning
it has higher gains, and thus it is less influenced
by the disturbance. Nonetheless, some influence
is still noticeable, since when the experiment was
performed without integral action on the formation
tracking controller, the integral action of the trajec-
tory tracking controller was also not present, as the
gain Ki introduced in (14), was set to zero. How-
ever, when performing the experiment with integral
action on the formation tracking controller, Ki was
set to 0.3 s−3, to reject the disturbance acting on
the leader vehicle as well, enabling all vehicles to
reach the desired altitude of one meter. It can be
noted that, even when tracking a time varying tra-
jectory, when integral action is added, the vehicles
are capable of rejecting the disturbance and achieve
the same altitude.

7.3. Discussion

The goal of these experiments consisted in assess-
ing the ability of the integral action which was
added to the formation tracking controller to re-
ject disturbances, and verify that it provides in-
creased capabilities when working with multirotor
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vehicles. These vehicles are susceptible to modeling
errors, which can be interpreted as disturbances to
the nominal system that is being considered. For
this reason, when applying controllers to this type
of vehicles, it is important to keep in mind that
these must be designed with some robustness to
these errors. It was shown, in the presented ex-
periments, that the ability of this vehicles to reach
the prescribed formation is considerably influenced
by these disturbances. These effects would be even
more evident when considering an increased num-
ber of vehicles. In the described experiments, only
two physical multirotors were used, and still, con-
siderable improvements were observed when adding
integral action. It is clear that the proposed inte-
gral action has a positive effect when performing
formation control with multirotor vehicles.

The effect of disturbances in multirotor vehicles
is clearly more apparent on the vertical axis, as ev-
idenced by the presented experiments, due to the
effect of the weight, and also because the prescribed
movement was sufficiently slow for the drag forces
to be negligible. Since the system of double inte-
grator agents previously described is decoupled, a
choice could be made to add integral action to the
vertical axis alone, as this is where most of the ef-
fect is visible. However, if flights were to be made
in an open space, an interesting movement for the
vehicles would be to move in formation with a con-
stant velocity. In this case, if the velocity was high
enough for the drag to have a considerable effect, it
would probably prove to be useful to add integral
action to the controller on the other axis as well. It
was also seen in the first experiment that, when con-
sidering integral action, actuator saturations can
have an adverse effect on the system. Anti-windup
action was proposed to deal with this effect, how-
ever, other solutions might be considered. Never-
theless, it was shown that the proposed algorithm
is able to reject disturbances in the vehicles, while
following a decentralized approach, and considering
a limited amount of information.

8. Conclusions
The goal of this dissertation was to study the for-
mation control problem, for application to multi-
rotor vehicles and devise an experimental setup,
that would allow to test the proposed algorithms in
physical vehicles. The distributed formation con-
trol problem was successfully studied, providing a
review on some of the already proposed algorithms,
and enhancing the existing algorithms for vehicles
modeled as double integrators with the feature of
integral action, which enabled disturbance rejection
and proved to be useful when working with multiro-
tor vehicles. New theoretical results were achieved
regarding the consensus-based protocols used, ob-
taining criteria for the convergence of the proposed

third-order consensus protocol, and enhancing the
existing criteria provided in the literature for the
second-order consensus protocol. An experimental
setup was successfully implemented, which enabled
to test the proposed algorithms in physical multiro-
tor vehicles. Although the devised setup considered
controlling the vehicles from an external computer,
modifications to this setup can now be devised to
allow executing the controllers onboard. The algo-
rithms were then tested and experimental results
were obtained, allowing to successfully validate the
proposed algorithms using several vehicles.

References
[1] Yang Quan Chen and Zhongmin Wang, “Forma-

tion control: a review and a new consideration,”
in 2005 IEEE/RSJ International Conference on
Intelligent Robots and Systems, August 2005, pp.
3181–3186.

[2] K.-K. Oh, M.-C. Park, and H.-S. Ahn, “A sur-
vey of multi-agent formation control,” Automatica,
vol. 53, pp. 424 – 440, 2015.

[3] W. Ren, R. Beard, and T. McLain, “Coordination
Variables and Consensus Building in Multiple Ve-
hicle Systems,” Proc. Block Island Workshop Coop.
Control, vol. 309, pp. 439–442, December 2004.

[4] W. Ren and E. Atkins, “Distributed multi-vehicle
coordinated control via local information ex-
change,” International Journal of Robust and Non-
linear Control, vol. 17, July 2007.

[5] G. Wen, Z. Duan, and G. Chen, “Distributed con-
sensus of multi-agent systems with general linear
node dynamics through intermittent communica-
tions,” in 24th Chinese Control and Decision Con-
ference (CCDC), May 2012, pp. 1–5.

[6] L. Krick, M. Broucke, and B. Francis, “Stabiliza-
tion of infinitesimally rigid formations of multi-
robot networks,” International Journal of Control,
vol. 82, pp. 477 – 482, January 2009.

[7] D. V. Dimarogonas and K. Johansson, “On the
Stability of Distance-based Formation Control,”
Proceedings of the IEEE Conference on Decision
and Control, pp. 1200–1205, January 2008.

[8] K. Oh and H. Ahn, “Distance-based undirected for-
mations of single-integrator and double-integrator
modeled agents in n-dimensional space,” Interna-
tional Journal of Robust and Nonlinear Control,
vol. 24, August 2014.

[9] R. Olfati-Saber and R. M. Murray, “Distributed
cooperative control of multiple vehicle formations
using structural potential functions,” IFAC Pro-
ceedings Volumes, vol. 35, July 2002.

[10] I. Kovacs, D. S. Silver, and S. G. Williams, “Deter-
minants of commuting-block matrices,” The Amer-
ican Mathematical Monthly, vol. 106, no. 10, pp.
950–952, 1999.

[11] Video presenting the performed experi-
ments. [Online]. Available: https://youtu.be/
AqIRXtMwwaQ [Accessed: 2019-11-03]

10

https://youtu.be/AqIRXtMwwaQ
https://youtu.be/AqIRXtMwwaQ

	1 Introduction
	2 Notation and Preliminaries
	3 Consensus Protocols
	3.1 Single and Double Integrator Dynamics
	3.2 Triple Integrator Dynamics
	3.3 Convergence Analysis

	4 Formation Tracking Controller
	4.1 Inclusion of Integral Action
	4.2 Inclusion of a Goal Seeking Term

	5 Multirotor Tracking Control
	5.1 Input Limitations

	6 Experimental Setup
	6.1 Test Space
	6.2 Multirotors Setup
	6.3 Simulating Multirotor Vehicles
	6.4 Controlling the Vehicles
	6.5 Physical Flights

	7 Experimental Results
	7.1 Experiment 1 - Static Formation
	7.2 Experiment 2 - Time Varying Formation
	7.3 Discussion

	8 Conclusions

