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Instituto Superior Técnico, Lisboa, Portugal

December 2019

Abstract

Neural field equations (NFEs) are a particular type of integro-differential equations that model the
spatiotemporal evolution of variables like synaptic activity in populations of neurons, which enables
a detailed analysis of the dynamic behaviour of this type of populations. They play an important
role in fields such as Robotics, notably in the creation of autonomous robots that interact with other
agents in order to solve a mutual task and Neuroscience, where they serve as a method of interpreting
experimental data, including information obtained from EEG, fMRI and optical imaging.
This paper analyses deterministic and stochastic one-dimensional NFEs, taking into account the
transmission speed, noise and external stimulus, and presents a numerical method to solve them,
which is properly tested for its convergence and complexity. The numerical method belongs to the
class of Galerkin-type spectral approximations, relies on the trapezoidal rule to solve the integrals and
in Euler-Maruyama’s method to solve the system of stochastic differential equations. The originally
proposed programming language MATLAB is compared with the up-and-coming Julia with respect to
computational speed. Additionally, we compare the proposed algorithm with another one, that uses
the Fast Fourier Transform. Finally, we present several simulations that illustrate the performance of
the algorithm and analyse the important differences in behaviour induced by finite transmission speed,
noise and when both factors co-exist.

Keywords: Stochastic neural field equations; Finite propagation speed; Galerkin method; Euler-
Maruyama; Julia.

1. Introduction

1.1. Basic elements of Neuronal Systems

The nervous system is composed by the central ner-
vous system (CNS) and the peripheral one (PNS)
and contains two main types of cells: neurons and
glial cells. The basic unit of the nervous system is
the neuron, while glial cells are supporter cells that
are required for energy supply, structural stabiliza-
tion of brain tissue and protection of neurons. As
glial cells do not affect directly the processing of in-
formation, we will focus only on neurons. Neurons
are cells that use electrical and chemical signs to
carry information throughout the human body and
they can be decomposed in three parts: the soma
(cell body) is responsible for processing informa-
tion, dendrites are responsible for carrying infor-
mation from other neurons to the soma (input) and
lastly the axon, that carries the information from
the soma to other neurons (output). To carry the
information, neurons communicate between them-
selves and other cells by sending small electrical
pulses, called action potentials, using specific con-
nections called synapses, that are usually not imme-

Figure 1: Single neuron drawing, adapted from [5]

diate. The action potentials trigger the release of
other neurotransmitters, which means that neurons
communicate with each other by firing and that the
firing of a single neuron can trigger the firing of the
connected neurons, generating an intricate pattern
of connectivity.

1.2. Mathematical Modelling of Determinis-
tic and Stochastic Neural Field Equa-
tions

The desire to mathematically model the behaviour
of our brain and the dynamic populations of neu-
rons within it, has lead to a growing interest in neu-
ral field models. As the brain is composed by pop-
ulations of neurons, it is important to understand
the connections between them (synapses) and how
they are triggered (action potentials).
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In 1952, A.H. Hodgkin and A.F.Huxley, see [11],
authored a paper where it is described how action
potentials in neurons are initiated and propagated,
using the language of electric circuits and translat-
ing them into a system of four ordinary differential
equations. Further investigation of the propagation
of nervous stimulus lead in 1962 to the FitzHugh-
Nagumo equations, [8], [9], [16], where the Hodgkin-
Huxley system is reduced to two equations.
The high density of neurons and the number of
synapses that occur in the cortex, suggest the cre-
ation of a continuum approximation model of neu-
ral activity. In 1956, a first attempt was made by
Beurle, see [4]. In this model, it is considered a con-
tinuously distributed population of excitatory neu-
rons, with a fixed threshold to send signals to each
other. Moreover, by focusing on the fraction of neu-
rons becoming active per unit of time, Beurle was
able to analyse the triggering and propagation of
large scale brain activity. In the 1970s, Wilson and
Cowan [20] extended the theory to include both in-
hibitory and excitatory neurons, as well as refrac-
toriness. In 1977, Amari [3] developed further work,
particularly on the pattern formation under natural
assumptions of connectivity and action potentials,
thus providing the formulation of neural field mod-
els as we know them today.
We start by presenting the simplest model, the de-
terministic NFE without delay:

∂U(x, t)

∂t
= I(x, t)− αU(x, t)

+

∫
Ω

F (| x− y |)S(U(y, t))dy (1)

where t ∈ [0, T ], x ∈ Ω ⊂ R.
On a neurological context, U(x, t) is the membrane
potential in point x at time t; I represents the
external sources of excitation; F (| x − y |) repre-
sents the connectivity strength between the differ-
ent neurons x and y and can be positive or nega-
tive, depending on whether the connectivity is ex-
citatory or inhibitory; S is the dependency between
the firing rate of the neurons and their membrane
potentials; α is a constant related to the decay
rate of the potential. On a mathematical context,
U : Ω × [0, T ] −→ R is the unknown continuous
function; I, F and S are given functions.
According to equation (1), the propagation speed of
neuronal interactions is infinite. However, in reality,
action potentials and synaptic processing can have
delays in the order of milliseconds. In our context,
the delay τ is defined as τ =| x−yv | (the time spent

by the signal to travel between x and y), τmax = |Ω|
v

is the maximum value of the delay, where | Ω | is
the cardinality of Ω and v is the propagation speed.
As we are always searching for the most consistent
and realistic model that translates the phenomena

that happens in our brain, we should also consider
the effects of random processes in the system. We
introduce the ideas used by Kühn and Riedler [14],
to present the notion of noise and model a stochas-
tic neural field equation (SNFE). The authors cite
[6], [10] and [19] as motivation for the approach
taken, since it is well known that intra and in-
terneuron dynamics are subject to fluctuations [6]
and many meso or macroscale continuum models
have stochastic perturbations due to finite size ef-
fects [10], [19]. We consider the stochastic neural
field equation (SNFE) with delay:

dU(x, t) = εdW (x, t)+

[I(x, t)−αU(x, t)+

∫
Ω

F (| x−y |)S(U(y, t−τ))dy]dt

(2)

where W (x, t) is a Q-Wiener process and ε is a con-
stant that describes the level of noise.
We will study different variations of these equations:

• NFE without delay (equation 1) with initial
condition U(x, 0) = U0(x)

• NFE with delay (equation 2) with ε=0
and initial condition U(x, t)=U0(x, t), t ∈
[−τmax, 0], x ∈ Ω

• SNFE without delay (equation 2) with τ=0
and initial condition U(x, 0) = U0(x)

• SNFE with delay (equation 2) with initial con-
dition U(x, t)=U0(x, t), t ∈ [−τmax, 0], x ∈ Ω

Notice that when we have a deterministic NFE, U0

represents a given function whilst for a SNFE, U0

represents a given stochastic process.

2. Numerical Method
2.1. Code Structure

The code implemented in this work is based on the
algorithm developed by Kulikov and his co-authors
(described in [1] and [2]), to solve the different equa-
tions presented at the end of 1.2.
We start by using the Karhunen-Loéve formula to
expand the solution U(x, t) into the form:

U(x, t) =

∞∑
k=0

uk(t)vk(x) (3)

where vk(x) are the eigenfunctions of the covariance
operator of the noise term in equation (2). These
eigenfunctions establish an orthonormal basis in the
Hilbert space associated to the problem under con-
sideration. Knowing this, we need a formula to cal-
culate the coefficient functions uk(t), which are ran-
dom distributions. It is important to observe that
expanding our solution into the form (3) using the
Karhunen-Loéve formula, allows the integrations in
time and in space to be fulfilled separately.
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In order to derive a formula for the coefficient func-
tions, we take the inner product of equation (2) with
the basis functions vk(x):

< dU(x, t), vk(x) >= [< I(x, t), vk(x) >

− α < U(x, t), vk(x) > +

(

∫
Ω

< F (| x− y |)S(U(y, t− d(x, y)))dy, vk(x) >]dt

+ ε < dW (x, t), vk(x) > (4)

The delay τ in equation (2) is space-dependent,
thus, here and below we represent τ as d(x, y).
We follow Kühn and Riedler’s approach [14] and
define the inner product of any two functions in the
integral form as:

< f(x), g(x) >=

∫
Ω

f(x)g(x)dx (5)

Furthermore, as W (x, t) is a Q-Wiener process, we
can expand dW (x, t) as:

dW (x, t) =

∞∑
k=0

vk(x)λkdβk(t) (6)

where βk(t) are a sequence of independent scalar
Wiener processes and λk are the eigenvalues of the
covariance operator Q, which defines the Q-Wiener
process.
To simplify the algorithm, we deal with a particular
case, described by [14] p.7, where the correlation
function obeys the rule:

E{W (x, t)W (y, s)} = min(t, s)
1

2ξ
exp (

−π
4

| x− y |2

ξ2
)

for any space points and x, y ∈ Ω and time instants
t, s > 0. The E{·} refers to the expectation opera-
tor and the fixed parameter ξ determines the spatial
correlation length.
Following [18], we choose ξ << 2L and derive the
eigenvalues λk of the covariance operator Q in the
SNFE (2), which satisfy the formula:

λ2
k = exp (−ξ

2k2

4π
)

Taking into account the orthonormality of the basis
functions vk(x), the inner product in the form (5)
and expansion (6), substituting it in equation (4)
yields the formula for describing the evolution of
the coefficient functions uk(t) as follows:

duk(t) = [< I(x, t), vk(x) > −αuk(t)

+ FSk(U(y, t− d(x, y)))]dt+ ελkdβk(t) (7)

where FSk(U(y, t − d(x, y))) denotes the delay de-
pendent non-linear term in the stochastic differen-
tial equation. This term also links all SDEs (7) with

different k’s into a unified system that is required
to be solved simultaneously. Using the expansion
of the solution presented in (3) and the inner prod-
uct definition (5) the term FSk(U(y, t− d(x, y))) is
evaluated as:

FSk(U(y, t− d(x, y))) =

∫
Ω

vk(x)[

∫
Ω

F (| x− y |)

× S(

∞∑
l=0

ul(t− d(x, y))vl(y))dy]dx (8)

When using the Karhunen-Loéve formula, we ob-
tain an infinite expansion of the solution U(x, t).
In order to truncate this infinite series we use a
Galerkin-type approximation, i.e we choose a suf-
ficiently large positive number K and replace the
exact solution U(x, t) to equation (2) with a finite
approximation:

U(x, t) =

K∑
k=0

uk(t)vk(x) (9)

In equation (9), we obtain a truncated series of the
infinite expansion, however, this equation does not
account for the continuous-time properties of the
eigenfunctions vk(x) and the coefficient functions
uk(t).
In this paper we adapt the eigenfunctions consid-
ered by Kühn and Riedler [[14], Example 2.1] and
assume:

vk(x) =

{
1√
2L
, if k = 0

1√
L

cos(kπxL ), if k ≥ 1
k = 0, 1, · · · ,K

which have been accommodated to deal with the
delay condition. This orthonormal basis is of the
conventional Fourier type, where all the sinusoidal
eigenfunctions of the Fourier series are absent, be-
cause if the functions I and F are even, the exact
solution to the SNFE is also an even function. At
the same time, the coefficient functions uk(t) obey
SDEs (7). Subsequently, we need to adapt the rest
of our results to the approximation (9). To do this,
we have to discretize the eigenfunctions vk(x) in
space and derive a discretized version of equations
(7). To implement these discretization steps, we
start by introducing an equidistant space mesh:

x := {xi = x0 + ihx, i = 0, 1, · · · , N}

where x0=-L, xN=L, hx = 2L
N (step size in space)

and where N is a chosen number of the prefixed dis-
cretization steps in the space interval [-L,L]. This
subdivision x of the space interval is demanded to
satisfy the condition N >> K, that is, the num-
ber of space-discretization steps utilized must be
much larger than the number of basis functions in
the Galerkin approximation (9). In this way, we
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significantly improve the accuracy of the numerical
integration.
Having applied the Galerkin approximation and,
then, replaced all the space-dependent functions in
formulas (7) and (8) with their values calculated at
the mesh nodes x, we obtain the space-discretized
SDEs of the form:

duk(t) = [< I(x, t),vk > −αuk(t)

+ FSk(Uk(x, t− d(x,x)))]dt+ ελkdβk(t) (10)

where x is the (N+1)-dimensional vector in which
x(i) = x0 + ihx and vk := vk(x). Here and below,
we take vk as the (N+1)-dimensional vector with
its entries vk(xi), i=0,1,· · · ,N .
To complete the discretization, we replace all in-
tegrals with quadrature rules, in our case, the
trapezoidal rule. Applying the quadrature rule to
< I(x, t),vk > and FSk(Uk(x, t− d(x,x))) yields:

< I(x, t),vk >= hx

N−1∑
i=0

I(xi, t)vk(xi) (11)

FSk(Uk(x, t− d(x,x))) = h2
x

N−1∑
i=0

vk(xi)

× [

N−1∑
j=0

F (| xj−xi |)S(

K∑
l=0

ul(t−d(xi, xj))vl(xj))]

(12)

where (11) and (12) are utilized in the system (10)
for any subscript k=0,1,· · · ,K.
Notice that it is taken into account that all the inte-
grands are even functions and therefore, as the val-
ues at the initial and last points of the introduced
mesh coincide, we double the corresponding values
at the initial mesh node and reduce our summa-
tion index ranges by one in the mentioned integral
approximations. The system in (10) can be repre-
sented in a vectorized form, for each k=0,1,· · · ,K
as:

du(t) = [hxV × I(x, t)− αu(t)

+ FS(Uk(x, t− d(x,x)))]dt+ εdW (13)

where u(t) = (u0(t), u1(t), · · · , uK(t))T , V is the
rectangular matrix of size (K+1)× N whose (k, i)-
entry is computed as vk(xi) with k=0,1,· · · ,K and
i=0,1,· · · ,N -1. FS(Uk(x, t−d(x,x))) represents the
(K+1)-dimensional column-vector whose kth entry
is calculated by formula (12) and finally dW is the
zero-mean white Gaussian process with the diago-
nal covariance matrix Λdt in which Λ is a diagonal
matrix where Λ = diag{λ2

0, λ
2
1, · · · , λ2

K}.
It is important to notice that the last entries of the

vectors vk are excluded from matrix V because of
the explanation given above about the trapezoidal
rule.
Now, to solve system (13) we can simply use a com-
monly known method for solving SDEs. We choose
the explicit Euler-Maruyama method which is ap-
plied to an equidistant mesh with sufficiently small
step size ht, prefixed in the time interval [0,T] of
SNFE (2).

2.2. Some notes on implementation:

2.2.1 Delay-free case

We are simply considering equations (13) with
d(x, y)=0 for all x, y ∈ Ω, since we are in the delay-
free case. We can compute the non-linear term
FS(Uk(x, t) efficiently by:

FS(Uk(x, t)) = h2
xV × F× s (14)

where F is the symmetric matrix of dimension
(N×N) whose (i, j)-entry means F (| xj−xi |) with
i, j=0,1,· · · ,N -1 and s is a time-variant column-
vector of size N and its ith entry is evaluated by
the formula S(uT (t)Vi) at each time instant t used,
where Vi stands for the ith column of matrix V.
Observe that the biggest computational effort is the
calculation of the term h2

xV × F which is time-
invariant and thus, it can be pre-computed before
starting solving the system of SDEs by the Euler-
Maruyama scheme. In conclusion, at each time step
in our time integration of SDEs (13) with d(x, y)=0,
we need only to evaluate vector s and multiply it
by the already computed h2

xV × F, which saves a
significant amount of computational work.

2.2.2 Delay-dependent case

When performing simulations with this algorithm,
in the case of infinite transmission speed, one can
set the time step ht and space step hx indepen-
dently. In contrast, when delay is considered, we
have to ensure that the value (t−d(xi, xj)) belongs
to the time discretization mesh accepted in the nu-
merical simulation. By setting the time step size by
the formula

ht =
hx
v

we guarantee this condition, i.e for each pair of
nodes (x,y) belonging to the mesh, there exists an
integer a, such that d(x, y)=ahx=avht.
When there is delay, it may happen that (t −
d(x, y)) <0. In this case, the value of U(x, tj −
d(x, y)) will depend on the initial condition of the
deterministic or stochastic equation, which is also
discretized with the predefined step size hx and ht
satisfying the required relation in the space-time
domain [−L,L]× [−τmax, 0].
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In this case, we consider equations (13). The evalu-
ation formula of FS(Uk(x, t− d(x,x))) is given by:

FS(Uk(x, t− d(x,x))) = h2
xV × (F ◦ S) (15)

where matrix V and matrix F have already been
defined. S is the time-variant square matrix (N ×
N) whose (i, j)-entry is the value of S(Uk(xj , t −
d(xi, xj))) already computed in past time t −
d(xi, xj). In formula (15), ◦ refers a specifically de-
fined multiplication of two matrices. This product
returns a column-vector whose ith entry is obtained
by the inner product of the ith row of the first ma-
trix with the ith column of the second one.
Here and below, we consider N as the chosen num-
ber of the prefixed discretization steps in the space
interval [-L,L]; K is the number of basis functions; n
is the chosen number of the prefixed discretization
steps in the time interval [0,T]; ns is the number of
paths/trajectories.

3. Choosing the programming language
It is of utter importance for the programming lan-
guage chosen to be as efficient as possible, since the
algorithm presented contains very expensive com-
putations, such as operations involving high dimen-
sional matrices, summations and a complex chain
of iterative loops to obtain the final solution.
When solving numerical problems, interpreted lan-
guages such as MATLAB are preferred as they are
simple to program in, offer easy ways to plot data
and do complex mathematics. However, with these
programs, the speed is usually not very high. Re-
cently, a high-level programming language called
Julia was developed, which provides the ease and
expressiveness of high level numerical computing
(in the same way as languages as MATLAB), but
also supports general programming, having the abil-
ity to be as efficient as lower level languages such
as C/C#. As Julia promises faster computations,
using a high syntax language and having a graph-
ical output (still being built) but very similar to
MATLAB, for the particular uses we need in this
text, the results will be presented coded in Ju-
lia. Nonetheless, we will perform a comparison be-
tween the two programming languages to support
our analysis.
To test the differences between the computing time
of both languages, we used the functions described
in the introduction of Section 5, with n=200 for
the delay-free case, N and K varying. For the case
with delay, to satisfy the formula ht = hx

v , n also
varies. The tests were only performed for the cases
without noise because each iteration is made inde-
pendently, thus, in order to obtain the performance
of the cases with noise, we simply need to multiply
the elapsed time for one trajectory by the number
of trajectories computed.
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Figure 2: Comparing performance of programming lan-
guages: Time performance of Julia (Blue) and MATLAB
(Red) in the case without delay

By Figure 2, we observe that for the first pair of
(N ,K) the Julia implementation is slightly quicker,
but with a larger number of nodes MATLAB be-
comes faster. In spite of this, the difference is
around 0.5 to 1 second, hence we could use either
MATLAB or Julia for our implementation in the
delay-free case. As for the computing time in the
delay case (Table 1), Julia proves slightly faster for

Performing timePerforming time
(N , K) n (in seconds) (in seconds)

for Julia for MATLAB

(5000,500)2000 4725.89 4818.22

(2500,250)1000 662.44 722.35

(1000,100) 400 54.69 52.35

(500,50) 200 5.97 4.59

Table 1: Comparing performance of programming lan-
guages: Time performance of Julia and MATLAB in the
case with delay

bigger values of (N ,K).

4. Comparing algorithms
In order to evaluate the efficiency of our method,
we will compare it with another algorithm which
was proposed by Hutt and Rougier ([12], [13]). The
authors suggest a numerical method that is based
on the Fast Fourier Transform (FFT) and solves
deterministic NFEs with delays in two dimensions.
Due to this, the code was adapted to one dimension
to be in accordance with this text (this was done
by Master’s Student Tiago Sequeira [17]). Hence-
forth, Algorithm 1 represents the algorithm imple-
mented in this text and Algorithm 2 represents the
one-dimensional version of the algorithm proposed
by Hutt and Rougier, where the number of basis
functions K is equal to N , thus we compare the al-
gorithms by using the same values of N . As input
parameters we use the same as in 3.

For Algorithm 2, in the delay-free case, the com-
putation time increases slowly with N , in contrast
with Algorithm 1 in which the computational time
increases faster with (N ,K), illustrated by Figure
3. In the delay-dependent case, the performance of
Algorithm 2 proves much faster, see Table 2.
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Figure 3: Comparing algorithms: Time performance of
Algorithm 1 (Blue) and Algorithm 2 (Red) in the delay-free
case

Performing timePerforming time
(N , K) n (in seconds) (in seconds)

for Algorithm 1 for Algorithm 2

(5000,500)2000 4725.89 953.91

(2500,250)1000 662.44 125.88

(1000,100) 400 54.69 10.11

(500,50) 200 5.97 2.35

Table 2: Comparing algorithms: Time performance of Al-
gorithm 1 and Algorithm 2 in the delay-dependent case

Although we can not account for the accuracy of
this method, it seems that using the FFT improves
considerably the time needed to find a solution for
neural field equations.

5. Complexity and Convergence

To analyse the complexity and convergence of
the proposed algorithm, we will apply the in-
put functions presented in [15]. The firing
rate function S(x) is the Heaviside function;
the connectivity kernel is given by F (x) =
2 exp (−0.08x)(0.08 sin (πx10 ) + cos (πx10 )) and the ex-
ternal input has the form I(x, t) = −3.39967 +

8 exp (−x
2

18 ). The functions will be evaluated in
the time interval [0,4] and in the space interval
Ω = [−50, 50], with α=1 and ξ=0.1.

5.1. Complexity

It is important to understand for which parameter
we are going to test the complexity. We could con-
sider the number of points of discretization in space
(N) and the number of basis functions (K), yet it
suffices to test the complexity for N . Since N has
to be much greater than K in order to improve the
accuracy of the Galerkin method, we choose to have
(always) N=10K. By equation (13), at each step in
time, K inner products need to be computed and
for each of them, N sums need to be calculated.

Therefore, an order of O(K×N)=O(N
2

10 ) =O(N2).
Suppose that t(N) is the time needed to finish one
simulation, where the parameter of discretization is
N . We assume that

t(N) = CNw and t(2N) = C(2N)w

and want to find w which will be the complexity of
our algorithm, then:

t(2N)

t(N)
=

(2N)w

Nw
= 2w ⇔ w = log2

t(2N)

t(N)
(16)

Although we can expect an order of O(N2), t(N)
does not depend solely on the number of operations
and on equation (13).
We will measure the time that a simulation takes to
run, fixing n=200 for the delay-free case, ns=1 and
changing (N ,K) values to be (1000,100), (2000,200)
and (4000,400).

Performing
(N , K) time

(in seconds)

(1000,100) 0.6844

(2000,200) 2.1067

(4000,400) 8.1207

Performing
(N , K) n time

(in seconds)

(1000,100) 400 54.69

(2000,200) 800 324.13

(4000,400) 1600 2484.23

Table 3: Complexity Analysis: Time performance of the
algorithm in the case without delay (Left); with delay (Right)

Considering Table 3, we can now obtain the order
of our method for the deterministic delay-free case,
which was as expected w ≈ 2 (Table 4).

N 2N w = log2
t(2N)
t(N)

10002000 1.6221

20004000 1.9467

Table 4: Complexity Analysis: case without delay

As discussed above, in the delay-dependent case,
we use the formula ht = hx

v ; therefore, as a rule,
when we change the value of N and K we need to
change the value of n as well. As we are trying
to compute the complexity with respect to N , n
should remain constant, which is incompatible with
the rule explained above.

5.2. Convergence
As we do not have an exact solution to compare our
results with, we estimate the convergence order p,

using the following formula p ≈
log

|uh−uh
2

|

|uh
2

−uh
4

|

log 2 .

We assume that, in the deterministic, delay-free
case the algorithm will have order of O(h2

x)+O(ht),
due to the trapezoidal rule used to approximate
the integrals and the Euler-Maruyama method.
Convergence with respect to hx

Fixing a point in time tn = 4, we will analyse the
different results obtained in particular space points.
We consider n=10000, N=500, 1000 and 2000. The
specific points studied are xk=-20, 0, 40.
Notice that this order of convergence is not p ≈ 2
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xkN = 500N = 1000N = 2000

-20 -0.8749 -0.8837 -0.8794

0 16.1566 16.1445 16.1496

40 -2.8404 -2.8421 -2.8412

xk p

-20 1.03

0 1.25

40 0.91

Table 5: (Left) Numerical values of U(xk, 4); (Right) Con-
vergence with respect to hx; using a Heaviside type firing
rate function

or higher (Table 5), as it was expected since we
are using the trapezoidal rule. This is due to the
fact that the integrand functions contains the Heav-
iside function, which is not continuous. Hence, we
can not guarantee that in this case, the trapezoidal
rule will converge at the optimal rate. To test how
the smoothness of the integrand function can in-
fluence the convergence order, we have carried an
additional numerical experiment with a different
firing rate function S(x) = 1

1+exp (−10(x−1)) , which

is twice continuously differentiable on the interval
[−50, 50], that is S ∈ C2([−50, 50]). Using this type
of firing rate function, we obtain even a greater or-
der than O(h2

x), see Table 6.

xk N = 500 N = 1000 N = 2000

-20 -0.848632 -0.84903 -0.84899

0 16.07923 16.0770 16.07691

40 -2.83501 -2.835044 -2.835040

xk p

-20 3.31

0 4.63

40 3.1

Table 6: (Left) Numerical values of U(xk, 4); (Right) Con-
vergence with respect to hx; for the deterministic case with-
out delay, using a continuous type firing rate function

Convergence with respect to ht

Fixing values in space, we will now analyse the dif-
ferent results obtained in particular time instants.
We will fix xk=0 with N=5000 and gather the re-
sults when n=500, 1000 and 2000.

tn n = 500 n = 1000 n = 2000

2 14.2290 14.2241 14.2217

4 16.1474 16.1456 16.1447

tn p

2 1.02

4 1

Table 7: (Left) Numerical values of U(0, tn); (Right) Con-
vergence with respect to ht; for the deterministic case with-
out delay

This was as expected O(ht).

6. Simulations
In this section, we will consider similar functions
to the ones described in Section 5, adapted from
[1] and [2]. The firing rate S(x), the connectivity
kernel F (x), α and ξ are the same, but the external
input has now the form

I(x, t) =

{
−3.39967 + 8 exp(− x2

2σ2 ), if t ∈ [0, 5]

−2.89967, if t ∈ (5, 10]

which was inspired by the example considered by
Ferreira, see [[7], p. 37]. With the given time in-
terval, the number of bumps of the solution, as well
as their form, in most cases stabilizes. However, it
is not excluded that the position of the bumps may
be shifted with time.
We assume that I(x, t) has a gaussian form in the
interval t ∈ [0, 5], hence σ is interpreted as the stan-
dard deviation. This problem is closely related with
the simulation of working memory in the cortex,
where I(x, t) represents a transient external stim-
ulus (e.g. a light signal) which is turned off after
a certain amount of time. The stationary solution
results from the neuronal activity and it contains
information about the stimulus, which is kept in
the cortex. For the cases with delay, we will al-

-100 -50 0 50 100

-2

0

2

4 σ=3
σ=13

Figure 4: Dispersion of the external stimulus inputs, for
σ=3 and 13

ways consider the finite transmission speed v=10.
For the stochastic cases we perform ns=100 in-
dependent Monte Carlo numerical simulations and
we will consider the external stimulus I(x, t) with
σ=3 or σ=13. Furthermore, we will use as in-
put parameters: N=2000, K=200, n=1000, Ω=[-
100,100] and homogeneous initial conditions, that
is, U0(x) ≡0 for the delay-free case and U0(x, t) ≡0
if t ∈ [τmax, 0] in the delay-dependent case.

6.1. Deterministic Case
6.1.1 Delay-free

There are many papers that deal with the deter-
ministic NFE and produce results on this case, e.g.
[15], [1], [2]. Our attempt to recreate these results
is illustrated by Figure 5.

-100 -50 0 50 100

-7.5

-5.0

-2.5

0.0

2.5

5.0

7.5

-100 -50 0 50 100

-5.0

-2.5

0.0

2.5

5.0

Figure 5: Numerical solution profiles of the deterministic,
delay-free NFE with σ=3 (Left) and σ=13 (Right) at t=10

6.1.2 Delay-dependent

In Figure 6, for an average dispersion of the sig-
nal, σ=3, the solution profiles for the delay-free and
delay-dependent cases overlap and by studying the
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-100 -50 0 50 100

-7.5

-5.0

-2.5

0.0

2.5

5.0

7.5 Delay
No delay

-100 -50 0 50 100
-10

-5

0

5

Delay
No delay

Figure 6: Numerical solution profiles of the deterministic,
delay-free and delay-dependent NFE with σ=3 (Left); σ=13
(Right) at t=10

evolution of their maximums (Figure 7), we can see
that the delay-dependent equation takes a longer
time to reach the stationary state. For σ=13, the

0 250 500 750 1000

0

5

10

15 No delay
Delay

Figure 7: Evolution of the solution maximum for the deter-
ministic, delay-free (Blue) and delay-dependent (Red) NFE
with σ=3

graphics of the delay-free and delay-dependent solu-
tions at t=10 do not overlap. In this case, we have a
scattered input signal and consequently a scattered
response to that signal, which leads to solutions of
higher complexity that respond differently to delay.

6.2. Stochastic Case
In this section we will present the plots of the func-
tions mean(x, t), max(x, t) and min(x, t) defined as
follows:

mean := mean(x, t) =
1

100

100∑
s=1

Us(x, t)

max := max(x, t) = maxs∈{1,··· ,100}Us(x, t)

min := min(x, t) = mins∈{1,··· ,100}Us(x, t)

Note that mean is the average of all the paths
(which approximates the mathematical expectation
of the random process), while max and min give the
maximal and minimal values (respectively) among
the given set of paths. We will study the influence
of weak (ε=0.05) and strong (ε=0.5) noise.

6.2.1 Delay-free

Weak noise, ε=0.05
When considering the weak noise case, it is notice-

able that the mean(x, t) of all trajectories (Figure 8)
remains similar to the solution of the corresponding
deterministic delay-free NFE and thus, it appears
that stochastic neural fields inherit the behaviour
of the underlying deterministic neural field model.
In spite of this, the solutions pattern is again sen-
sitive to noise when σ=13. If the dispersion signal

-100 -50 0 50 100

-7.5

-5.0

-2.5

0.0

2.5

5.0

7.5 max
mean
min

-100 -50 0 50 100

-5.0

-2.5

0.0

2.5

5.0 max
mean
min

Figure 8: Graphics of max, mean and min of the delay-free
stochastic NFE for σ=3 (Left); σ=13 (Right) and weak noise
(ε=0.05), at t=10

is average, σ=3, then the influence of weak noise is
completely negligible. However, when the external
stimulus is applied to a sufficiently large domain of
neurons (σ=13), even weak noise may produce some
changes in the solutions behaviour, which is visible
in the right plot in Figure 8, where after analysing
the different paths, we concluded that there were
94 one-bump paths (similar to the deterministic so-
lution) and 6 two-bump paths.
Strong noise, ε=0.5
In the case of strong noise, the results are very

-100 -50 0 50 100

-15
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0

5

10

15
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min

-100 -50 0 50 100
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-10
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0

5

10

15
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Figure 9: Graphics of max, mean and min of the stochas-
tic, delay-free NFE for σ=3 (Left); σ=13 (Right) and strong
noise (ε=0.5), at t=10

different from the ones computed for the determin-
istic, delay-free NFE. In this case, regardless of the
value of σ, the formation of multi-bump solutions
occurs. The precise number of all SNFE paths with
a particular number of bumps is showed in Table 8
for t=10.

σ Number of bumps observed
1 2 3 4 5 6 7 8 9 10 11

3 61 0 11 0 1 0 9 0 14 0 4

13 7 19 15 3 20 2 3 15 4 10 2

Table 8: Number of paths with a certain number of bumps,
for the strong noise delay-free case, at t=10 and σ=3 and 13,
out of 100 paths

6.2.2 Delay-dependent

Weak noise, ε=0.05
In the weak noise case, by analysing the results

for σ=3 (left plot in Figure 10), we observe that
the solution profile is equal to the one presented
in the deterministic NFE (left plot in Figure 5),
hence the effect of delay and additive noise is negli-
gible. When considering σ=13 (right plot in Figure
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Figure 10: Graphics of max, mean and min of the stochastic,
delay-dependent NFE for σ=3 (Left); σ=13 (Right) and weak
noise (ε=0.05), at t=10

10), the solution does not resemble the determin-
istic delay-free NFE, instead, it resembles the so-
lution obtained when we have delay but not noise
(right plot Figure 6).
Strong noise, ε=0.5
For strong noise, we can see by Figure 11 that the

-100 -50 0 50 100
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0.0

2.5
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min
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-5

0

5

10
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Figure 11: Graphics of max, mean and min of the delay-
dependent stochastic NFE for σ=3 (Left); σ=13 (Right) and
strong noise (ε=0.5)

paths are more varied then the ones in Figure 10,
regardless of the dispersion of the signal. Addition-
ally, we can clearly differentiate the results when
considering noise without delay (Table 8) and with
delay (Table 9), in particular in the formation of
multi-bump solutions. Although for σ=13, we do
not get a pattern similar to the delay-free NFE, we
presume this is due to the delay and not the noise,
since we already had the formation of 3-bump solu-
tions when only accounting for delay.

σ Number of bumps observed
1 2 3

3 100 0 0

13 0 1 99

Table 9: Number of paths with a certain number of bumps
for the strong noise, delay-dependent case, at t=10 and σ=3
and 13, out of 100 paths

7. Conclusions
After a brief comparison between the programming
languages MATLAB and Julia, the latter was cho-
sen to implement the proposed method based on
the promise of faster computations (using just-in-
time compiling) while still using a high syntax lan-
guage and a graphical output very similar to MAT-
LAB. We were able to show that the complexity of
the algorithm with respect to the number of points
in the space discretization N was, as theorized for

the deterministic case without delay, O(N2) and
that the method converges with the total order of
O(ht) +O(hx). This was contrary to what was ex-
pected and it is explained by the use of the Heav-
iside function as the firing rate, which is not con-
tinuous and therefore the trapezoidal rule may not
converge at the optimal rate. Still regarding the al-
gorithm, we were able to recognise the advantages
of using the FFT when solving NFEs, since it re-
duces considerably the time needed to find a so-
lution. However, in this work, we have used an
approach without the FFT, because this allows us
to use a number of nodes N much higher than the
number of basis functions K, which reduces dras-
tically the error of the numerical integration. We
emphasize that in spite of the complexity of the al-
gorithm, in the one-dimensional case it is possible
(without using the FFT) to obtain accurate numer-
ical approximations within a reasonable computing
time.
In the cases studied in this text, we determined that
when delay is introduced in the equation, the solu-
tion takes a longer time to respond to the external
input and as a consequence, the stationary state is
reached slower than in the deterministic case. The
results with delay are also influenced by the spatial
effect of the dispersion of the external stimulus, con-
trolled by σ. When considering a medium disper-
sion, the solution is the same at the final instant for
the delay-free and delay-dependent cases, the only
difference is the time it takes to reach the stationary
state. On the other hand, when we have a larger dis-
persion of the signal (σ=13), this leads to solutions
with higher complexity and different from the ones
of the delay-free case. We have also analysed the
influence of additive noise (weak and strong) in the
equation. For the weak noise (ε=0.05), the influence
is negligible since in both cases the mean of all paths
produces a solution profile identical to its underly-
ing deterministic counter part. It is important to
notice that although the mean of all paths is identi-
cal to the deterministic solution without delay, the
solutions pattern is again sensitive to a wider dis-
persion signal (σ=13) and therefore we can obtain
in some paths of the stochastic solution, different
patterns from the ones of the deterministic, delay-
free case. This contrasts with the results obtained
with a strong additive noise (ε=0.5), where the solu-
tions are very different from the deterministic case
without delay, producing a diverse range of paths
with different number of bumps, independently of
the value of σ. In conclusion, choosing a sufficiently
strong additive noise may change significantly the
profile of the SNFE model.
Finally we analyse how delay and noise together
interfere with the neural field model. When consid-
ering weak noise, we notice again that the effect is
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negligible with both of the dispersion values. Al-
though with σ=13 we do not obtain solutions with
an equal profile to the deterministic case, this can
be attributed solely to the delay. When we have
a strong influence of noise, on the contrary to the
delay-free case, we do not have the formation of
multi-bump solutions. Instead, we see results very
similar to the ones presented in the delay-dependent
case without noise. In conclusion, the results seem
to imply that delay soothes the random effects re-
sulting from the additive noise.
All computations were made on a PC with proces-
sor Intel(R) Core(TM) i5-5200U CPU 2.20GHz×4
and with 4 GB of installed memory (RAM).
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