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Abstract

In this work, we propose a new methodology to study physical systems in QCD with quantum
computers, that uses the hybrid classical-quantum algorithm known as the Variational Quantum
Eigensolver (VQE). Starting from a QCD-inspired Hamiltonian, we derive an effective Hamiltonian
that satisfies both confinement and chiral-symmetry requirements. We later show that the previous
Hamiltonian can be translated to an equivalent problem of several interacting spins, by means of a
Bravyi-Kitaev transformation. Within its simplest approximation, requiring only 2 qubits, we reproduce
the mass spectrum of vector mesons, within an approximation where no particular interquark potential
needs to be assumed. Even though these results could easily be obtained with classical computers,
they represent a first step towards a systematic implementation for similar quark-composite systems.
Our method is also applicable to arbitrary fermionic bound-state systems. For more complex systems,
we present a new general method for simplifying the implementation of the VQE algorithm.
Keywords: hadronic systems, variational quantum eigensolver (VQE), quantum circuit, mesonic
states, state preparation

1. Introduction

Nowadays, an outstanding issue in Quantum Chro-
modynamics (QCD) remains: how to treat its non-
perturbative nature in the low energy regime. This
is the regime characteristic of the physical systems
in QCD, namely all the building blocks of ordi-
nary matter: the nucleons (protons and neutrons),
as well as other hadronic bound states (mesons
and baryons) and the exciting exotic states thereof
(tetraquarks, glueballs, hybrids, etc.).

Over the years though, a large number of theo-
retical models describing quarks in hadronic bound
states have been proposed. However, the full effect
of quark-antiquark pairs has never been considered.
This is because such effects lead to a many-body
problem that can only be treated in some approx-
imation, and quite often requiring huge computa-
tional effort.

Interestingly, after Quantum Computing was
shown to be able to surpass the capabilities of its
classical counterparts, a boom in research in this
field has been observed.

In this context, a new algorithm has been intro-
duced, the Variational Quantum Eigensolver (VQE,
see [1]). By combining classical and quantum com-
putation, this hybrid algorithm has shown to be ro-
bust to noise in quantum hardware, and has opened
the possibility of studying, in the near future, physi-
cal systems currently out of reach by classical meth-
ods alone. It has been used extensively in Quantum

Chemistry, however, on the field of QCD, research
has been far more limited. An example is consid-
ered in ref. [2], in which lattice gauge theories, such
as lattice QCD, have been transcribed to Hamilto-
nians composed of Pauli operators, so that they can
be computed on quantum hardware. The analysis
was purely theoretical, and the method suggested
to obtain the energy spectrum was quantum phase
estimation. Unfortunately, quantum phase estima-
tion demands fully coherent evolution (see [1]), as
it is not robust to errors. Since it uses an evolution
operator decomposed through trotterization, its im-
plementation requires a significant number of quan-
tum gates applied in succession, so current quantum
hardware would only be powerful enough to imple-
ment very simple physical systems.

It is important to emphasize that whatever
model/approximation to QCD one favours to ad-
dress hadronic states, it should obey three condi-
tions:

• It has to “contain” confinement,
• It has to be chiral symmetric and, despite that,
• possess a mechanism for spontaneous breaking

of chiral symmetry (SχSB).

There is a class of models which can address, at
one stroke, all the three above conditions: they are
chiral symmetric, they display SχSB, and, on top,
they allow for chiral restoration. This class of mod-
els (see Eq. 1 where the QCD-inspired Hamiltonian
is introduced), can be thought as to solve QCD
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QCDHamiltonian with microscopic dynamics

Hamiltonian truncated to |qq〉 sector. It
describes all quark states (bounded or not)

Discretization scheme: take average momentum sites
for N -momentum sites, 2N fermionic operators needed

Effective Hamiltonian written in terms of
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states/models

Variational Quantum Eigensolver
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Figure 1: Schematic overview of the steps needed in order to simulate hadronic states with quantum
processors. The method is illustrated for the case of mesons, but it could easily be extended to other
systems.

in the Gaussian approximation for gluonic cummu-
lants. This approximation becomes exact in the
limit of heavy quarks, and it is the starting point
of the methodology hereby proposed. A schematic
overview of the method is shown in Fig. 1.

The second step amounts to construct a new ef-
fective Hamiltonian written in terms of fermionic
creation/and annihilation operators acting on an
abstract qubit space. The key idea is to consider
average momentum sites for both species of parti-
cles (the quark and antiquark).

There are different ways in which this can be
done. In quantum electronic problems of molecules,
for example, each fermionic operator is associated
with the creation/annihilation of one electron in one
quantum orbital. The strategy used here is slightly
different. Instead, average momentum sites for both
species of particles (quark and antiquark) are con-
sidered. As it will be shown further in this doc-
ument, by choosing only two of these momentum
‘sites’, it is possible to retain all relevant interac-
tions.

Finally, the Bravyi-Kitaev transformation is used
to map the latter Hamiltonian into one that is com-
posed of Pauli operators, in order to be computed
on quantum hardware, using the IBM Quantum Ex-
perience (see [3]). This way, the cost of this en-
coding (no error correction qubits included) is 2N
qubits, for N -momentum sites.

In this study, the simplest approximation of N =
2 momentum sites is used to simulate with the
IBM quantum processors ibmq 16 melbourne and
ibmq ourense the mass spectrum of vector mesons.
For these systems, the available experimental re-
sults and some estimated guesses are considered to
fit the coefficients of our model.

This paper is organised as follows: Sec. 2 in-

troduces the QCD formalism, followed by Sec. 3
and Sec. 4 where the effective Hamiltonian and the
Bravyi-Kitaev transform are presented. Sec. 5 con-
tains the quantum computing results and Sec. 6 in-
troduces a new procedure for state preparation in
the VQE algorithm. Sec. 7 presents the conclusions.

2. Formalism
2.1. Hamiltonian model

In this work, we restrict ourselves to the quark sec-
tor, and assume an implicit phenomenological ker-
nel, that, as we show later in this paper, we will not
need to specify.

Thus, we obtain a much simpler Hamiltonian that
nevertheless contains all the relevant microscopic
quark physics. This effective Hamiltonian has been
previously introduced in ref. [4]:

Heff. =

∫
dxψ̄(x, t)

K︷ ︸︸ ︷
(−iα ·∇ + βm)ψ(x, t)

− 1

2

∫
dxdyρaµ(x, t)Vabµν(x− y)ρbν(y, t) (1)

where ψ is the current bare quark field, m is the
bare mass, and

ρaµ(x, t) = ψ̄(x, t)γµ
λa

2
ψ(x, t) (2)

is the color density, parametrised through an in-
stantaneous quark kernel,

Vabµν(x− y) = gµ0gν0δ
abV0(|x− y|) (3)

Using a plane wave spinor expansion for the
quark field with a given flavor (f) and color (c),
one can write (see [4, 5, 6]):

ψfc(x, t) =
∑
s

∫
dk

(2π)3
[us(k)bfcs(k)e−ik0t

+ vs(k)d †fcs(−k)eik0t]eik·x (4)

where us and vs are free particle, antiparticle
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spinors, and b †fcs(bfcs) and d †fcs(dfcs) correspond
to creation (annihilation) operators of bare quarks
and antiquarks, respectively.

ψfc(x, t) can be expanded in a new quasiparticle
basis (being left to the actual interaction to deter-
mine which must be the appropriate basis):

ψfc(x) =
∑
s

∫
dk

(2π)3
[Us(k)Bfcs(k)

+ Vs(k)D†fcs(−k)]eik·x (5)

entailing quasiparticle spinors Us and Vs and opera-
tors Bfcs and Dfcs. The Hamiltonian is equivalent
in either basis and the two are related by a similarity
(Bogoliubov-Valatin of BCS) transformation. This
corresponds to the following rotation in terms of the
BCS angle θk ≡ θ(k) and ϕk = 2θk + arctan (m/k):

Bfcs(k) = cos(θk)bfcs(k)− s sin(θk)d†fcs(−k)

Dfcs(−k) = cos(θk)dfcs(−k) + s sin(θk)b†fcs(k)

Us(k) =

(
1 + sin(ϕk)β + cos(ϕk)α · k̂

)
u0,s√

2(1 + sin(ϕk))

Vs(k) =

(
1− sin(ϕk)β − cos(ϕk)α · k̂

)
v0,s√

2(1 + sin(ϕk))
(6)

where u0,s and v0,s stand respectively for the rest
spinors of quarks and antiquarks.

2.2. From time ordering to normal ordering

From the Hamiltonian of Eq. 1 we use the Wick the-
orem to write down a normal ordered Hamiltonian
(see [4]):

H = H0+ : H2 : + : H4 :

H0 = ψ†Kψ + ψ†ΓψVψ† Γψ

H2 = ψ†Kψ + ψ†ΓψVψ† Γψ + ψ†ΓψVψ†Γψ
H4 = ψ†ΓψVψ†Γψ (7)

Performing the Wick contractions, marked with
upper square brackets, we obtain:

H0 = −3Nf

∫
dx

(2π)3

∫
dk

[
−2

3
C(k)

+ E(k) +m sinϕk + k cosϕk

]
(8)

H2 = HA
2 +

∫
dkE(k)

[
B†fcs(k)Bfcs(k)

+D†fcs(k)Dfcs(k)
]

(9)

A(k) ≡ m+
2

3

∫
dk′V (k − k′) sinϕk′

B(k) ≡ k +
2

3

∫
dk′V (k − k′) cosϕk′ k̂ · k̂′

C(k) ≡
∫
dk′V (k − k′)

E(k) = sinϕk A(k) + cosϕk B(k) (10)

The HA
2 term in Eq. 9 includes the anomalous

combinations of creation and annihilation opera-
tors, in other words, terms that would not conserve
the number of quark-antiquark pairs (i.e. chiral
charge). In order to get rid of HA

2 altogether we
set A(k) cosϕk − B(k) sinϕk = 0, which is known
in the literature as the Mass Gap equation.

Finally, H4 contains the quartic terms coming
from the potential and listed in Table 1. These cor-
respond to 10 different types of diagrams. The di-
agrams which are compatible with mesonic bound
states and do not allow to have quarks, or anti-
quarks in isolation, are shown in Fig. 2. In these
diagrams, time flows from left to right, with the
arrows going forward in time corresponding to a
quark, and those going backward corresponding to
an antiquark.

(a) H
(4)
4 and H

(13)
4

(b) H
(6)
4 (c) H

(11)
4

Figure 2: Diagrammatic representation of the quar-
tic terms listed in Table 1. These terms correspond
to color singlets.

spinor-term operators normal ordered

H
(1)
4 v+

1 v2v
+
3 v4 D1D

+
2 D3D

+
4 D+

2 D
+
4 D3D1

H
(2)
4 v+

1 v2v
+
3 u4 D1D

+
2 D3B4 −D+

2 D1D3B4

H
(3)
4 v+

1 v2u
+
3 v4 D1D

+
2 B

+
3 B

+
4 −D+

2 B
+
3 D

+
4 D1

H
(4)
4 v+

1 v2u
+
3 u4 D1D

+
2 B

+
3 B4 −D+

2 B
+
3 B4D1

H
(5)
4 v+

1 u2v
+
3 v4 D1B2D3D

+
4 −D+

4 D1B2D3

H
(6)
4 v+

1 u2v
+
3 u4 D1B2D3B4 D1B2D3B4

H
(7)
4 v+

1 u2u
+
3 v4 D1B2B

+
3 D

+
4 B+

3 D
+
4 D1B2

H
(8)
4 v+

1 u2u
+
3 u4 D1B2B

+
3 B4 B+

3 D1B2B4

H
(9)
4 u+

1 v2v
+
3 v4 B+

1 D
+
2 D3D

+
4 −B+

1 D
+
2 D

+
4 D3

H
(10)
4 u+

1 v2v
+
3 u4 B+

1 D
+
2 D3B4 B+

1 D
+
2 D3B4

H
(11)
4 u+

1 v2u
+
3 v4 B+

1 D
+
2 B

+
3 D

+
4 B+

1 D
+
2 B

+
3 D

+
4

H
(12)
4 u+

1 v2u
+
3 u4 B+

1 D
+
2 B

+
3 B4 B+

1 D
+
2 B

+
3 B4

H
(13)
4 u+

1 u2v
+
3 v4 B+

1 B2D3D
+
4 −B+

1 D
+
4 D3B2

H
(14)
4 u+

1 u2v
+
3 u4 B+

1 B2D3B4 B+
1 B

+
2 D3B4

H
(15)
4 u+

1 u2u
+
3 v4 B+

1 B2B
+
3 D

+
4 B+

1 B
+
3 D

+
4 B2

H
(16)
4 u+

1 u2u
+
3 u4 B+

1 B2B
+
3 B4 B+

1 B
+
3 B4B2

Table 1: Quartic operators of the Hamiltonian. In
the second column a list of all possible combinations
of creation and annihilation operators is shown, to-
gether with the corresponding spinor-terms where
they do come from (first column). In the last col-
umn the same operators are written in their normal
ordered form.
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3. Hamiltonian and model space

3.1. Effective Hamiltonian

The Hamiltonian we have discussed so far possesses
terms where integrals can be approximated by an
“average” number term, that preserves the intrinsic
fermionic nature. It can be interpreted as a term
that creates and annihilates a quark with an average
momentum in a given abstract site. For instance:∫

dkE(k)B†(k)B(k) ≈
N∑
n

EnB
†
nBn (11)

where we have dropped the flavor and color indices
for convenience.

To illustrate this let us consider the simplest pos-
sible model (N = 2) where:

• One has only two momentum sites, pI and pII .
• There are fermionic operators Aij , where i

refers to the kind of particle, i = 1, 2 for quark and
anti-quark, respectively; and j to the site, j = I, II.

Before proceeding, it is also convenient to estab-
lish the following correspondence to other abstract
fermionic operators. Since we have 2 species (quark
and antiquark) and 2 sites, we need four of them,
namely:

a†1 ≡ A†1,I a1 ≡ A1,I

a†2 ≡ A†1,II a2 ≡ A1,II

a†3 ≡ A†2,II a3 ≡ A2,II

a†4 ≡ A†2,I a4 ≡ A2,I

A straightforward extension is possible for a
denser grid of momenta but, for illustration pur-
poses this is appropriate. The Hamiltonian of this
model is:

Hq1q̄2
eff. = Hconst.

+
1

2
Vq1

(
a†1a1 + a†2a2

)
+

1

2
Vq̄2

(
a†4a4 + a†3a3

)
+

1

2
U
(
a†1a1a

†
3a3 + a†2a2a

†
4a4

)
+ Vb (a1a4a3a2) + Vf

(
a†1a
†
4a
†
3a
†
2

)
(12)

where the first term is just a constant, coming from
evaluating H0 in Eq. 8. The terms with coefficients
Vq1 and Vq̄2 correspond to kinetic terms and one
can recast their value (see Eq. 11), but let us for
the moment leave them has free parameters of our
model.

Similarly, the terms with coefficient U are those

obtained from H
(4)
4 and H

(13)
4 , and depicted in

Fig. 2(a), and the terms with coefficient Vb and Vf ,

from H
(6)
4 in Fig. 2(b), and H

(11)
4 in Fig. 2(c).

As explained before there are no other terms for
the mesonic sector, which makes Eq. 12 our meson
Hamiltonian.

3.2. Fitting strategy to test the model and
inspect the interquark potential

All the coefficients that determine the Hamiltonian
in Eq. 12 can be calculated exactly. In order to do
so, one needs to assume a momentum dependent po-
tential, that describes the underlying physics. This
has been done extensively in the literature and will
not be repeated here. Instead, our goal is to inves-
tigate if some properties of such potential can be
unfolded directly from the measured data, i.e., from
the meson mass spectrum.

Our strategy is the following: first, we restrict the
analysis only to heavy vector mesons. For simplic-
ity, we normalize the energy units with the mass of
the φ(1020) meson (the lightest vector meson which
is not constituted by up or down quarks), so that
we get mφ(1020) = 1.

The next step, regardless of being a crude ap-
proximation, is to assume the following:

• Hconst. = h0 is a constant, chosen so as to guar-
antee that Vcross = 0 for the highest mass ratio, i.e.,
mΥ(1S) = h0.
• The kinetic terms Vq1 and Vq2 are equal to

mq/2, where mq is the quark and antiquark mass,
respectively, estimated as half the mass of the qq
vector meson in its ground state.
• The interaction term U is the average of the

two kinetic terms.

Under these assumptions, we obtain the results
in Table 2.

m Hconst. Vq1 Vq2 U Vcross

Υ 9.280 9.280 2.320 2.320 2.320 0.000
B∗c 6.155 9.280 0.759 2.320 1.540 4.919
B∗s 5.312 9.280 0.250 2.320 1.285 5.571
J/Ψ 3.038 9.280 0.759 0.759 0.759 7.293
D∗s 2.072 9.280 0.759 0.250 0.505 7.929
φ 1.000 9.280 0.250 0.250 0.250 8.647

Table 2: Parameters used for each particle.

These assumptions are justified by what has been
previously observed in ref. [4], where a series of dif-
ferent potentials has been considered.

4. Mapping meson onto qubits
4.1. Bravyi-Kitaev transform

The way in which we want to simulate a fermionic
system with a quantum computer is by actually em-
ulating the algebra of fermions with the algebra of
qubits, effectively mapping the system we want to
simulate into the computational objects we can ma-
nipulate. Qubits are distinguishable two-level quan-
tum systems which can be described as spin 1/2
particles, however, the electronic system we want to
simulate is composed of indistinguishable fermions.
The quantum states of these two types of systems
are governed by different algebras. While fermions
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are described by the algebra

{ai, a†j} = δij , {ai, aj} = {a†i , a†j} = 0, (13)

the SU(2) algebra of Pauli spin operators describes
spin 1/2 particles.

One possible way to convert fermions into spins
is through the Bravyi-Kitaev transform (see [7]),
which uses Pauli spin matrices σx = X,σy = Y
and σz = Z. For this transformation we have:

a1 =
1

2
(X1 + iY1)X2X4 a2 =

1

2
(Z1X2 + iY2)X4

a3 =
1

2
Z2(X3 + iY3)X4 a4 =

1

2
(Z2Z3X4 + iY4)

(14)

and its hermitian conjugate for the creation oper-
ators, which leads to a Hamiltonian equivalent to
Eq. 12:

HBK = Hconst.+
1

8
(2(U+2(Vq1+Vq2))

−(U+2Vq1)(Z1+Z1Z2)

−(U+2Vq2)(Z3+Z2Z3Z4)+U(Z1Z3+Z1Z3Z4)

−Vcross(X1Z2X3+X1X3Z4+X1Z2X3Z4+X1X3)

+Vcross(Y1Z2Y3+Y1Y3Z4+Y1Z2Y3Z4+Y1Y3)) (15)

using Vb = Vf ≡ Vcross for the Hamiltonian to be
hermitian.

For this case, only 4 qubits are needed, and the
system is simple enough that it can be solved ex-
actly using only a classical computer.

The Hamiltonian will have 16 eigenvalues, and its
associated eigenstates (some degenerate). It can be
shown that the lowest eigenvalue and its eigenstate
is always:

λ = Hconst.+
β−α

2

with α =
√
β2+4V 2

cross

and β = U+Vq1 +Vq2
(16)

|ψλ〉 = a |0000〉+ b |1010〉 (17)

=
β + α√

4V 2
cross + (β + α)2

|0000〉

+
2Vcross√

4V 2
cross + (β + α)2

|1010〉 (18)

where the Dirac notation is in the increasing order
|q1q2q3q4〉. Note that the Bravyi-Kitaev transform
converts the state |c1, c2, c3, c4〉 in the Fock basis to
the state |c1, c1 + c2, c3, c1 + c2 + c3 + c4〉 mod 2,
so it converts |1111〉Fock into |1010〉BK .

Looking at the Hamiltonian expression (Eq. 15),
it can be seen that only identity and Z operators,
which are diagonal, act on qubits 2 and 4. Since the
eigenstate of interest (Eq. 17) is |0〉 in both of these
qubits, then the expected value of qubits 2 and 4’s
terms is always 1, so they do not contribute to the
λ value (Eq. 16).

Therefore these two qubits can be removed (cf.
[8]) and the Hamiltonian and eigenstate can be sim-

plified to:

H̃BK = Hconst. +
1

4
(U + 2(Vq1 + Vq2)

− (U + 2Vq1)Z1 − (U + 2Vq2)Z3 + UZ1Z3

+ 2Vcross (Y1Y3 −X1X3)) (19)

˜|ψλ〉 = a |00〉+ b |11〉 (20)

Although this simplification could be made
thanks to having |q2q4〉 = |00〉 in Eq. 17, we can
see that a Hamiltonian of this type will always be
composed solely of I and Z operators in its even
indices (with index starting at 1).

The Bravyi-Kitaev transformation doesn’t
change constant terms (Hconst.), and converts
terms that can be written using solely the number
operators (kinetic and interaction terms) into
terms composed solely of identity and Z operators
(see [9]).

Finally, when using N sites/qubits, it converts
the Hamiltonian term aNaN−1 . . . a1 into: ∏

p odd

Xp + iYp
2

( ∏
p even

1 + Zp
2

)
(21)

The operator a†Na
†
N−1 . . . a

†
1 is expectedly similar.

As the cross terms also have the desired property,
whenever at least one of the even qubits is |0〉 or |1〉
and separable in the eigenstate, it can be simplified
out of the Hamiltonian.

5. Quantum computing

For this case, it is possible to calculate, either nu-
merically or even analytically, what is the lowest
eigenvalue of the Hamiltonian, and its associated
eigenstate, since the number of qubits is low.

However, we may consider the general case of a
problem that requires more qubits to be described.
If this model described a situation with many cou-
pled particles, then the matrix representing the
Hamiltonian would not be sparse and easy to han-
dle, and its size would increase exponentially with
the increase in qubits.

With this in mind, below we describe an approach
where is it assumed that the eigenvalue and eigen-
state (Eqs. 16-18) are not known a priori.

A well-established method in quantum chemistry
to determine the lowest eigenvalue (and associ-
ated eigenstate) of a Hamiltonian using quantum
computing is the Variational Quantum Eigensolver
(VQE, see [1]). This method requires a Hamiltonian
built in terms of Pauli spin matrices, like Eqs. 15
and 19.

5.1. Ansatz

In order to apply this algorithm, it is crucial to have
a method to create a quantum state (in a quan-
tum circuit), dependent on some parameters, that
we are confident it can generate the eigenstate we
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are looking for, for some choice of those parame-
ters. In other words, we wish to have a method
(an ansatz) that gives us some unitary transforma-

tion U(~θ) such that |ψλ〉 = U(~θ) |0〉, for some ~θ.

U(~θ) should restrict a priori the number of possi-
ble states considerably, by discarding unphysical or
unlikely states, in order to be efficient.

Unfortunately, the methods often used in quan-
tum chemistry, like the unitary coupled cluster (see
[10]), are only advantageous if the eigenstate dif-
fers from a known reference state only by a few
electron excitations or relaxations. Here we do not
have a good reference state, and we cannot rule out
a priori the states with many unoccupied or oc-
cupied sites (for instance |1111〉 in the Fock basis).
We can only rule out unphysical states, which those
methods cannot account for. Therefore, the quan-
tum chemistry methods are not efficient in this case,
since if applied they are no better than a method
which spans all possible states, and therefore no
quantum advantage can be obtained.

Since in this case we are dealing with a simple
system, we can deal with the lack of a proper state
ansatz in several ways:

• Entanglement As we are looking for a solu-
tion that represents a meson, we may expect the
sought-after eigenstate to be entangled. Any Hamil-
tonian term that can be written using only number
operators a†iai will either return 0 or the state itself
when applied to a state in the Fock basis. There-
fore, in matrix form, these terms are located in the
diagonal, and cannot lead to entanglement. The
remaining terms (cross terms) will only act non-
trivially in the vacuum state or the fully occupied
state, and only these can lead to entanglement. Af-
ter the Bravyi-Kitaev transform, our eigenstate will
then be Eq. 17.
• Symmetry Looking at Eq. 12, we see that cer-

tain indices can be swapped without a significant
effect on the Hamiltonian. Assuming that a change
in the Hamiltonian parameters’ values only leads to
a change in the probability amplitudes associated
with the components of the eigenstate, we can per-
form any combination of the following index swaps:
{1 ↔ 2, 3 ↔ 4} (site swap), and {1 ↔ 4, 2 ↔ 3}
(qq swap); and these swaps should alter the proba-
bility amplitudes of the eigenstates’ terms, and not
the terms themselves. If we consider that the eigen-
state must only be a superposition of terms respect-
ing these symmetries, then the only option is for it
to be a superposition of |0000〉 and |1111〉 (in the
Fock basis). After the Bravyi-Kitaev transform, we
get Eq. 17.
• General approach Presented in detail in

Sec. 6. This method can be applied efficiently to
most Hamiltonians, in practice.

Since there is not a well-established ansatz for
this type of problem, as a case study, we’ll con-

sider that we know the eigenstate of interest will be
this superposition (using one of the aforementioned
methods), but that we don’t know the probability
amplitudes a and b that constitute it (i.e. we know
Eq. 17 but not Eq. 18).

5.2. Quantum circuit

In order to apply the VQE algorithm, we must have
a quantum circuit, dependent on some parameters,
that is able to create the eigenstate associated with
the lowest eigenvalue.

Here the simplified Hamiltonian is used (Eqs. 19
and 20) as it reduces the number of qubits by half.

The goal is then to create ˜|ψλ〉.
Starting with the state |00〉, if we apply a Ry

rotation by an angle θ, followed by a CNOT gate,
we end up with the state:

˜|ψλ〉 = cos

(
θ

2

)
|00〉+ sin

(
θ

2

)
|11〉 (22)

which can be then implemented by the circuit the
Fig. 3.

|0〉1 Ry(θ) • B

|0〉3 B

˜|ψλ〉


Figure 3: Ry rotation by θ on qubit 1, followed by a
CNOT gate, and possibly a B gate, corresponding
to a basis change, which is necessary for some Pauli
terms in the Hamiltonian (see [10]).

The B gate is equal to H and HS† for the X1X3

and Y1Y3 Pauli terms in the Hamiltonian, respec-
tively. The gate is not present for the other terms.
H and S correspond to the Hadamard and Rz(π/2)
gate, respectively.

H(a |0〉+ b |1〉) = a

( |0〉+ |1〉√
2

)
+ b

( |0〉 − |1〉√
2

)
HS†(a |0〉+ b |1〉) = a

( |0〉+ |1〉√
2

)
− ib

( |0〉 − |1〉√
2

)
Therefore we can create all superpositions of in-

terest of these two states, by an appropriate choice
of θ. Note that we assume here that there is no
local complex phase. In fact, we know from linear
algebra that a hermitian matrix (like this Hamilto-
nian) with real entries can only have real eigenval-
ues (which is the energy) and we can always choose
real eigenstates (up to a global phase, which is ir-
relevant).

Here we used two of IBM’s publicly available pro-
cessors (ibmq 16 melbourne and ibmq ourense, see
[3]) and the Qiskit framework (see [11]) to run the
circuit in Fig. 3, being careful to choose the physical
qubits and CNOT gate connection available with
lowest error rate.

We can then create the quantum state ˜|ψλ〉 which
will be the desired eigenstate for some choice of the
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controllable parameters in our quantum circuit (in
our case there is only one, θ).

Since we work with the computational basis (for
2 qubits, that is {|00〉 , |01〉 , |10〉 , |11〉}), when mea-

suring the state ˜|ψλ〉 produced, one of the 4 ba-
sis states will be measured. Since any of these is
an eigenstate for Pauli terms composed with the
Z Pauli operator, the expectation value of Z1, Z3,
Z1Z3 can be easily calculated. By producing and
measuring ˜|ψλ〉 8192 times, the mean expectation
value of each term approximates closely the theo-
retical expectation value of these terms when ap-
plied to ˜|ψλ〉. For the X1X3 and Y1Y3 terms, the
B gate must be applied before the measurement,
so that the basis states become the eigenstates of
these terms (see [12]).

After obtaining these 5 expectation values (equal
for all particles), and the coefficients in Table 2 (spe-
cific to each particle), we obtain 〈H̃BK〉 ≡ 〈H〉 from
Eq. 19, for a certain choice of the initial parameters
(in our case, θ). We can then choose some min-
imization method to determine which are the pa-
rameter values that give us the lowest 〈H〉. Since
〈H〉 is lower bounded by the ground state energy,
then the lowest 〈H〉 will be the energy of the sys-
tem, and from our final parameter choice we know
the associated eigenstate.

In this case, since only one angle (the parameter
θ) is necessary to parametrize the ansatz, the easiest
method is to do a parameter scan from −π to π
(Fig. 4), and then estimate the minimum (Tables 3
and 4).

This approach effectively sidesteps the classical
minimization portion of the VQE algorithm, and it
is not suitable for more complex problems. As IBM
devices have a long waiting queue, it is currently
more efficient to send all circuits at once (in a batch)
than to send one circuit, with one θ value at a time,
wait for the measurement results, and then use the
minimizer to choose the next value to send.

If we had many parameters, which required many
batches, then the standard minimizer method could
be used (or a modified version, which could handle
batches). The SPSA algorithm, for example, could
be used (see [12]).

5.3. Results

The obtained results are shown in Fig. 4. As the
variation of 〈H〉 is sinusoidal, a cosine fit was used
to determine the minimum value of θ, after which
the a and b coefficients (Table 3) and meson masses
(Table 4) were calculated.

Under the approximation used, where Vcross → 0
for the Υ(1S) meson, the entanglement of the eigen-

state practically disappears, as b → 0, and ˜|ψλ〉 =
|00〉 which is not entangled. This is to be expected,
since the Vcross terms of the Hamiltonian are the
only off-diagonal terms, and the ones which lead to

an entangled eigenstate.
Note that the relative error obtained for a and b is

very low for the ibmq 16 melbourne device results,
despite a noticeable deviation of the mass from the
theoretical calculation observed in Fig. 4. It is jus-
tified by the robustness of the VQE algorithm when
applied to faulty quantum gates. The large mass de-
viation is mainly due to the amplitude error, which
is mostly caused by the 〈X1X3〉 and 〈Y1Y3〉 results,
that have higher error due to the extra B gate in
the circuit (Fig. 3). Since the effect of these two
terms is more pronounced for the lower mass parti-
cles, the highest mass deviation increases with the
decrease of the meson mass.

On the other hand, for the ibmq ourense device
results, the masses obtained are closer to the ex-
pected value. As it can be seen in the (b) plots
in Fig. 4, the deviation of the experimental results
from the prediction is about 50% smaller for this
device, when compared with ibmq 16 melbourne.
However, unlike in the larger device, in this case
there is a smaller but noticeable phase shift of the
results, which leads to the minimum being slightly
off its expected position. Looking at the right (c)
plot in Fig. 4, it appears that this phase shift is
present in nearly all terms of the Hamiltonian. This
deviation may then be due to poor device calibra-
tion, with the θ angle implemented in the device
being slightly different from the angle given by the
circuit.

We could also obtain what state ˜|ψλ〉 corre-
sponded to initially, in the 2nd quantization. Re-
versing the simplification done in Eq. 19 and 20,
and reversing the Bravyi-Kitaev transformation, we
conclude that the lowest energy eigenstate corre-
sponds to a superposition of the states (in the
Fock basis) |vacuum〉 and (A1,IA1,IIA2,IA2,II +

A†1,IA
†
1,IIA

†
2,IA

†
2,II) |vacuum〉, with a and b as the

associated amplitudes, respectively.
Therefore, due to our estimated coefficients (Ta-

ble 2), as the masses of the quarks that compose
each meson decrease, the Vcross term increases, and
the entanglement between the vacuum and the fully
occupied state becomes more prominent. This is ex-
pected, since in the extreme scenario where Vcross →
0 (Υ(1S) case), the quark and antiquark act as if
they are not bounded, and so the vacuum is the
lower energy state, and we obtain |ψ〉 = |vacuum〉
using the VQE algorithm. On the other hand, if
the quark and antiquark masses are negligible com-
pared to h0 (φ(1020) case), so will be their momen-
tum, since we considered the kinetic and interac-
tion coefficients of the Hamiltonian proportional to
the quark and antiquark masses, and therefore the
binding energy associated with the meson with be
similar to the vacuum energy, so the two states will
be in superposition, with a ≈ b, as obtained.
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Figure 4: Results obtained using the ibmq 16 melbourne (left) and ibmq ourense (right) devices. (a)
〈H〉 (θ) using the exact solution (lines), and the experimental solution (points), for different particles.
The black dashed line roughly indicates the position of the expected minima. (b) Deviation from exact
result, with errorbars indicating the standard deviation of 〈H〉 (θ), associated with the stochasticity of
the measured results. (c) Comparison of the exact (solid lines) and experimental (points) results of the
expected value of each Pauli term composing the Hamiltonian. The deviation can be mostly explained
by the effect of quantum device errors (accounted for in dashed lines).

θ atheo. a δa(%) btheo. b δb(%)
Υ 0.020(13) 1.000 1.000(0) 0.0 0.000 0.010(7) -
B∗c 1.127(10) 0.844 0.845(3) 0.2 0.536 0.534(4) 0.4
B∗s 1.236(10) 0.815 0.815(3) 0.0 0.580 0.580(4) 0.1
J/Ψ 1.422(8) 0.760 0.758(3) 0.3 0.650 0.653(3) 0.4
D∗s 1.485(8) 0.740 0.737(3) 0.4 0.673 0.676(3) 0.5
φ 1.540(7) 0.722 0.718(2) 0.6 0.692 0.696(3) 0.6

θ atheo. a δa(%) btheo. b δb(%)
Υ 0.053(13) 1.000 1.000(0) 0.0 0.000 0.027(6) -
B∗c 1.175(10) 0.844 0.832(3) 1.4 0.536 0.554(4) 3.3
B∗s 1.283(9) 0.815 0.801(3) 1.6 0.580 0.598(4) 3.2
J/Ψ 1.463(7) 0.760 0.744(2) 2.0 0.650 0.668(3) 2.7
D∗s 1.524(7) 0.740 0.724(2) 2.2 0.673 0.690(3) 2.6
φ 1.578(7) 0.722 0.705(2) 2.4 0.692 0.710(2) 2.6

Table 3: Probability amplitudes for each particle, using ibmq 16 melbourne (left) and ibmq ourense
(right).

mtheo. m δm(%)
Υ 9.280 9.473(40) 2.1
B∗c 6.155 6.866(48) 11.5
B∗s 5.312 6.152(48) 15.8
J/Ψ 3.038 4.195(49) 38.1
D∗s 2.072 3.360(50) 62.2
φ 1.000 2.445(50) 144.5

mtheo. m δm(%)
Υ 9.280 9.424(41) 1.6
B∗c 6.155 6.602(48) 7.3
B∗s 5.312 5.831(48) 9.8
J/Ψ 3.038 3.731(50) 22.8
D∗s 2.072 2.837(50) 36.9
φ 1.000 1.853(51) 85.3

Table 4: Normalized masses for each particle, using ibmq 16 melbourne (left) and ibmq ourense (right).
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6. General approach

The biggest hindrance to the application of this
method for QCD systems is the lack of a good
ansatz for state preparation. General catch-all
ansätze, which cannot guarantee the creation of the
desired eigenstate, but may get close to it, have pre-
viously been used (see [12]), but their efficiency is
not well studied (see [13]). These system-agnostic
methods also require a high number of parameters
for an accurate result, as they overparametrize the
quantum circuit.

With this problem in mind, it is possible to gen-
eralize the entanglement ansatz discussed before, in
order to get a decent picture of the eigenstates of a
general Hamiltonian.

As we are dealing with fermions, any Hamilto-
nian expression can be written, by using the fermion
commutation rules, so that, for each term, each in-
dex i contains one of four possible operators: iden-
tity (1i), annihilation operator (ai), creation oper-

ator (a†i ) and number operator (ni ≡ a†iai).
Any Hamiltonian can be written in the form:

H = Hconst. +Hn +Ha

Hn =
∑

i
bi1...iNO

i1
1 O

i2
2 . . . OiNN

for Oij ∈ {1, n}, excluding constant terms

Ha =
∑

i
ci1...iN

(
Oi11 O

i2
2 . . . OiNN + h.c.

)
=
∑

i
H i
a

for Oij ∈
{
1, a, a†, n

}
, excluding Hn terms

(23)

Note that for the Hconst. and Hn terms, their
eigenstates are the basis states. For the Ha terms,
each term will have from 2 (when ∀ij : Oij /∈ {1})
to all (when ∃=1 ij : Oij /∈ {1}) eigenstates as a
superposition of exactly 2 basis states, with a pair
of eigenstates per pair of distinct basis states. All
remaining eigenstates will have an associated eigen-
value of zero.

For each term H i
a in the sum in Ha, let Si be the

set of eigenstates of H i
a which are not some basis

state, and let Bi
S be the set of basis states which

are components of at least one state in Si. Let |bk〉
be a basis state. Then, there are two possibilities:
• ∃≥1i, such that |bk〉 ∈ Bi

S . Let Vk be the set
of such i. Then, for each H i

a, i ∈ Vk there will be 2
eigenstates of the form |sk,p〉 = c1 |bk〉+cp |bp〉, with
|bp〉 some other basis state. Let D1

k be the set of k
and of all distinct p present in these superpositions.
Let B1

k ≡
⋃
j∈D1

k
{|bj〉}, that is, the set of all basis

states present. We can analyze these new states |bp〉
recursively. Let Dn

k ≡
⋃
j∈Dn−1

k
D1
j and consider

Bnk ≡
⋃
j∈Dn

k
{|bj〉}. Then, for some q we must have

Bq+1
k = Bqk (with the worst case being when Bqk

contains all basis states). Let Bk be this final set.
• ∀i, |bk〉 /∈ Bi

S . Then |bk〉 is an eigenstate of
Ha, with eigenvalue of zero. We define in this case
Bk ≡ {|bk〉}.

We may then conclude that any state in Bk may
only be in a superposition with states in this set. If
|bz〉 /∈ Bk were to be in a superposition with some
state |bl〉 ∈ Bk, then there would have to be some
term H i

a such that a superposition of |bz〉 and some
state in Bk was its eigenstate. But if that were the
case, then |bz〉 would be in Bk, which is a contradic-
tion. We conclude that a superposition of some or
all states in Bk must be an eigenstate of Ha. As Ha

is hermitian, then its eigenstates must be orthogo-
nal, and thus, if Bk contains K states, these states
must compose K eigenstates.

If |r〉 =
∑
ak |bk〉 is an eigenstate of Ha, then,

since every state is an eigenstate of Hconst.; and Hn

is a diagonal operator, that is, Hn |bk〉 = ck |bk〉, we
conclude that |r′〉 =

∑
a′k |bk〉 (where a′k may be

zero) is an eigenstate of H.

We can then effectively divide the basis states
into distinct Bk sets, with all the eigenstates of Ha

and H being a superposition of the states in each
Bk set.

If we represent the eigenstates using a graph,
where the nodes are basis states and the edges con-
nect states which compose an eigenstate of H i

a (for
some i), then the maximally connected subgraph
containing the initial state |bk〉 will have the states
in Bk as its nodes.

We now present an efficient way of determining
the Bk sets, and the exact edges present in the graph
representation. Only the terms in Ha need to be
addressed, and for each term it is not necessary to
consider the hermitian conjugate component, since
we know that if one term transforms state |i〉 into
state |f〉, then its hermitian conjugate will do the
opposite transformation. For these relevant terms:

A: If index i contains ai or a†i , then the superpo-
sition is of the form c0 |0i〉 + c1 |1i〉 for that index,
with the graph edge being |0i〉 ↔ |1i〉;

B: If it contains ni, then we have |1i〉 ↔ |1i〉;
C: If index i is not present, then we get |fi〉 ↔

|fi〉, with f equal to 0 or 1;
D: In all other cases, the term can be rewritten,

using fermionic commutation rules, to fall into one
of the previous cases.

For example, considering 4 total sites, the
term a1a4a

†
2a2 will lead to the two edges

|0112f304〉 ↔ |1112f314〉 and the two superpositions
c1 |0112f304〉+ c2 |1112f314〉, one for f = 0 and one
for f = 1.

It is not necessary to order the indices of the
operators in case D, since reordering indices adds
at most a minus sign to the term (according to
fermionic commutation rules). Since the probability
amplitudes of each component in the superposition
eigenstates are not known a priori, without costly
computation, then this minus sign will simply affect
these unknown amplitudes, and thus it is not worth
accounting for.
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In the general case, if we have M unique terms
in our total Hamiltonian H, between 0 and M/2
terms will need to be analyzed in this manner. Each
analyzed term will correspond to 2k edges, where
the term has k indices in case C.

Note that this analysis can only be efficiently
done using the Hamiltonian in second quantization
and the Fock basis, since it is more likely for this
Hamiltonian to contain terms which affect different
basis states non-trivially, and for terms to be lin-
early independent (with each term having a distinct
coefficient). If the Hamiltonian expression diverges
significantly from these assumptions, them the anal-
ysis will overestimate superposition between states
composing the eigenstates, thereby reducing its use-
fulness.

By knowing the possible superpositions, we can
then restrict the search space significantly, and cre-
ate an efficient quantum circuit. This circuit can be
built by modifying the algorithm for a general state,
or by trying to group together simpler circuits that
create each eigenstate of interest separately.

7. Summary and conclusions

In this work, we have showcased that it is possible
to use local fermionic modes acting on the abstract
qubit Fock space in very complex problems and still
gain a new perspective.

Results close to the theoretical prediction were
obtained despite the significant physical errors still
present in current publicly available quantum com-
puters. All the results obtained required a minimal
number of runs in the quantum circuit. In fact, as
the Hamiltonians associated with each particle were
similar, the quantum results could be reused, and
a total of Ncircuits × Nθ × Nruns = 3 × 50 × 8192
runs were made, for the results shown. The asso-
ciated errors were also significantly reduced by re-
moving half of used qubits, which were redundant.
This minimization, both in the number of quantum
circuit runs and in number of qubits, could prove
useful for implementations of the VQE algorithm to
physical problems.

As the approaches used to formulate the quan-
tum circuit for quantum chemistry problems are
not useful in this context, the new approach here
presented, based on entanglement and symmetry
considerations, could work for other physical sys-
tems without a proper circuit ansatz. For more
complex systems, the general approach introduced
could lead to a usable and efficient quantum circuit.

In the future, this work could be expanded to in-
clude more momentum sites, in order to explore the
differences with this simplest model and study the
entanglement pattern. A more complex momentum
site also poses a more challenging quantum simula-
tion problem, as the number of necessary qubits
scales proportionately, further justifying the use of

quantum computation. In this case, a phenomeno-
logical interquark potential would have to be as-
sumed, as no easy fitting scheme is possible. It
is also feasible to explore this approach with other
quark composite systems, such as baryons and pos-
sibly tetraquarks.

Although currently not feasible with real quan-
tum hardware, the VQE implementation here pre-
sented could be combined with quantum error cor-
rection to study how the error rates are affected,
and how much these can be reduced. As the newer
quantum devices provide lower and lower overall er-
ror rates, this approach could provide results with
an accuracy similar to that obtainable with tradi-
tional classical computation approaches.
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