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Abstract

Distributed setups consist of a team of agents linked by a sparse communication network: the
network does not link each agent to all others; it only links each agent to a reduced number of
nearby agents. After each agent measures local data, they wish to collaborate over the communi-
cation network to learn from the collective dataset. What enables such learning is a distributed
algorithm—an algorithm that lays down the specific messages that each agent sends through its
channels. Distributed setups can model applications such as distributed cooperative target localization
by a team of Unmanned Aerial Vehicles (UAV) communicating via wireless channels, having access
to local measurements. We design distributed algorithms that address two questions in distributed
setups: (1) How to fit a mixture of K Gaussians to a measured dataset? And (2) how to classify a
measured data point into one of K given Gaussians? For (1), we design three distributed approximate,
yet scalable, expectation-maximization (EM) algorithms. Our algorithms enable the agents to fit a
Gaussian mixture model (GMM) to a dataset that is scattered across the network by features. As the
literature considers datasets scattered instead by data points, our algorithms expand the state-of-art in
a direction more useful in practice. For (2), we design a distributed detector that performs close to the
optimum centralized detector and, more importantly, is scalable. As the literature considers Gaussians
with particular structures (such as diagonal covariances), we expand on the state-of-art by allowing
arbitrary structures.
Keywords: Distributed algorithms, Gaussian mixture model, distributed EM algorithm, distributed
detector

1. Introduction

In distributed setups, agents start by measuring
data with onboard sensors and then wish to col-
laborate with each other—over an underlying com-
munication network—so that all agents learn from
the collective dataset. An example of a distributed
setup with nine agents, linked by a communication
network with eleven channels, is given in Figure 1.

Agents learn from the collective dataset through
a distributed algorithm: an algorithm that lays
down which messages should be passed between
neighbor agents (agents linked by a channel).

Why distributed algorithms? Distributed al-
gorithms dispense with a central agent, the agent
that, in classic centralized setups, receives all raw
data from the network and carries out the learning
alone. In distributed setups such central agent is
unfit. When it malfunctions, the whole apparatus
is brought to a halt. But, even when the central
agent is operating normally, in large networks the
information flow routed from all agents to the cen-
tral agent easily overwhelms the capacities of the
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Figure 1: A distributed setup as a graph G = (V, E):
a node in V is an agent measuring data; an edge in
E is a channel linking two agents. Such setup mod-
els, for instance, a set of unmanned aerial vehicles
(UAV) linked by wireless channels, the UAVs tak-
ing local measurements and wishing to collaborate
to infer the position of an intruder.
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channels, causing acute packet jams and high de-
lays. A central agent impedes the networks to scale.
Distributed setups demand distributed algorithms.

The distributed algorithms designed in this
thesis. We design distributed algorithms that an-
swer two questions in distributed setups:

• How to fit a mixture of K Gaussians to a mea-
sured dataset?

• How to classify a measured data point into one
of K given Gaussians?

2. How to fit a mixture of K Gaussians to a
measured dataset?

As a motivation example, consider a large num-
ber N of agents deployed over a region to study
the field of values of some physical quantity, say,
the concentration of a dangerous gas. Each agent
can measure the quantity at its location, carry out
a modest amount of computations, and communi-
cate via wireless with nearby agents. Suppose the
agents take M measurements in sync, along a time
interval, the mth measurement being the vector
xm = (xm1, . . . , xmn, . . . , xmN ).

Dataset is scattered by features. In each vec-
tor xm (a snapshot of the field), agent n knows only
the component xmn. Commonly, the components
of a data vector are called features. So, the matrix
dataset

X =



xT1
...
xTm
...
xTM

 =



x11 · · · x1n · · · x1N

...
...

...
...

...
xm1 · · · xmn · · · xmN

...
...

...
...

...

xM1

... xMn · · · xMN


,

is scattered across the N agents by features. Agent
n knows only feature n (the column n of X).

Gaussian mixture model (GMM). In mod-
elling the behavior of a random vector, a widespread
approach is to fit to the dataset a gaussian mixture
model (GMM). A GMM postulates that each data
point of the dataset is an independent draw of a
mixture of K Gaussians. Specifically, the GMM
assigns a probability density function that, for a
generic data point x = (x1, . . . , xN ), evaluates to

p(x) =

K∑
k=1

πkN (x|µk,Σk) , (1)

where N (·|µ,Σ) denotes a gaussian with center µ
and covariance Σ. The prior probabilities for the K

Gaussians are π = {πk : 1 ≤ k ≤ K}, their centers
µ = {µk : 1 ≤ k ≤ K}, and their covariances Σ =
{Σk : 1 ≤ k ≤ K}. We refer to θ = (π, µ,Σ) as the
GMM parameter.

Expectation-Maximization (EM) algorithm.
Fitting a GMM to a dataset is usually carried out by
the expectation-maximization (EM) algorithm [1].
We review the details of the EM algorithm in chap-
ter 2 of the thesis. Here, we just single out the main
computations of the E- and M-steps.

Let θ(t) =
{
π(t), µ(t),Σ(t)

}
be the current guess

of the GMM parameters. The E-step computes,
for each data point xm, the K responsibilities γmk
(which are nonnegative and sum to one), where

log γmk ∝ log π
(t)
k − (1/2) log

∣∣∣Σ(t)
k

∣∣∣ (2)

−(1/2)
(
xm − µ(t)

k

)T (
Σ

(t)
k

)−1 (
xm − µ(t)

k

)
.

The M-step updates the GMM parameter to
θ(t+1) =

{
π(t+1), µ(t+1),Σ(t+1)

}
as follows:

π
(t+1)
k =

∑M
m=1 γmk
M

, (3)

µ
(t+1)
k =

∑M
m=1 γmkxm∑M
m=1 γmk

, (4)

Σ
(t+1)
k =

∑M
m=1 γmkζ

(t+1)
mk

(
ζ

(t+1)
mk

)T
∑M
m=1 γmk

, (5)

where ζ
(t+1)
mk =

(
xm − µ(t+1)

k

)
.

The problem addressed: a distributed EM.
The standard EM, however, can run only at a cen-
tral agent that knows the whole dataset. In this
thesis we want to design a distributed EM.

Although many researchers have designed dis-
tributed EM algorithms (of which [2] and [3] are
but two examples, the thesis enumerating more),
they assumed that the dataset X is scattered across
agents in a different way. Specifically, they assume
X is scattered by rows, whereas we have to deal
with an X scattered by columns—the natural set-
ting of many applications, as illustrated above. As
detailed in chapter 3 of the thesis, dealing with a
dataset that is scattered by columns is intrinsically
harder.

Our contribution: Three distributed approx-
imate EM algorithms. As we show in chapter
3 of the thesis, we can design a distributed ex-
act EM algorithm for our setup. This exact EM,
however, claims such inordinate amounts of com-
munications and memory capacities across the net-
work that it scales badly with network size. There-
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fore, we design three approximate yet scalable alter-
natives: the Diagonal Correlation Distributed EM
(EM-DiagC); the Block Diagonal Correlation Dis-
tributed EM (EM-BlockDiagC); and the Full Cor-
relation Distributed EM, (EM-FullC). In the rest of
this section, for lack of space, we outline only EM-
BlockDiagC and EM-FullC.

2.1. Block Diagonal Correlation Distributed EM
(EM-BlockDiagC).

To design EM-BlockDiagC, we restrict ourselves to
a block-diagonal GMM. Specifically, in the parame-
ter θ = {π, µ,Σ}, each of the K covariance matrices
in Σ = {Σk : 1 ≤ k ≤ K} is block diagonal,

Σk =


Σk1 0 . . . 0

0 Σk2 . . . 0
...

...
. . .

...
0 0 . . . ΣkB

 , (6)

all K covariance matrices sharing the same block-
diagonal structure.

Which block-diagonal structure? The struc-
ture must be chosen carefully; otherwise, the ensu-
ing distributed algorithm will not scale well. We
choose a sparsity pattern that is submissive to the
communication network: entry (i, j) of Σk can be
nonzero only if agents i and j are neighbors. Other
than that, we want the set of nonzero entries of the
covariances Σk to be as large as possible, so as many
correlations as possible are captured by the model.

The hub algorithm. To choose a block-diagonal
structure, we devised the hub algorithm, which runs
once, as detailed in chapter 3 of the thesis. The hub
algorithm accepts as input a communication graph
G = (V, E) and returns as output a block-diagonal
structure such as (6). In a nutshell, the hub al-
gorithm extracts hubs—subgraphs consisting of a
node along with its neighbors—one hub at a time
from the communication graph, with the goal of ex-
tracting hubs as large as possible because each hub
induces a block in (6). Figure 2 shows an example.
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Figure 2: The hub algorithm extracts B = 3 hubs,
H1, H2, and H3. Each hub is a tiny tree, a node
standing at the root, the remaining nodes surround-
ing the root. The root of hubH1, denoted by r (H1),
is node 1; likewise, r (H2) = 8 and r (H3) = 9. The
leaves of hub H1, denoted by L (H1), are the nodes
surrounding the root, that is, {2, 3, 4, 5}; likewise,
L (H2) = {6, 7} and L (H3) = ∅.

Memory organization. The hub algorithm di-
vides the network in B hubs and agents into roots
or leaves, as illustrated in Figure 2. Implicitly,
each generic data vector x ∈ RN is also divided
(after a suitable permutation) in B subvectors:
x = (xH1

, . . . , xHB
), where xHb

contains the com-
ponents xn for n ∈ Hb.

We assume that, at the start of the tth iteration of
EM-BlockDiagC, the following information is in the
memory of each root agent r (Hb): the dataset of
hub Hb, that is, {xmHb

: 1 ≤ m ≤M}; the bth sub-

vector of the K centers µ
(t)
k =

(
µ

(t)
kH1

, . . . , µ
(t)
kHB

)
,

that is,
{
µ

(t)
kHb

: 1 ≤ k ≤ K
}

; the bth block of the K

covariance matrices

Σ
(t)
k =


Σ

(t)
kH1

. . .

Σ
(t)
kHB

 ,
that is,

{
Σ

(t)
kHb

: 1 ≤ k ≤ K
}

; and the parameters

{π(t)
k : 1 ≤ k ≤ K}. Agents that are leaves need no

memory storage.

E-step. We need to compute log γmk in (2). For
our block-diagonal GMM, update (2) is as follows:

log γmk ∝ log πk −
1

2

B∑
b=1

log |ΣkHb
| (7)

−1

2

B∑
b=1

(xmHb
− µkHb

)
T

Σ−1
kHb

(xmHb
− µkHb

) .

(We dropped the superscripts (·)(t)
for clarity.) This

quantity can be delivered to all agents as follows:
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first, each bth term

log |ΣkHb
|+ (xmHb

− µkHb
)
T

Σ−1
kHb

(xmHb
− µkHb

)
(8)

is computed at the corresponding root agent r (Hb);
then, each root agent r (Hb) passes this bth term to
all agents (if any) that are leaves of its hub; finally,
all agents access (7) by resorting to the distributed
consensus algorithm (as detailed in chapter 3 of the
thesis). The E-step thus needs communications be-
tween agents.

M-step. We need to update the GMM parameter
to θ(t+1) =

{
π(t+1), µ(t+1),Σ(t+1)

}
as follows:

π
(t+1)
k =

∑M
m=1 γmk
M

, (9)

µ
(t+1)
kHb

=

∑M
m=1 γmkxmHb∑M

m=1 γmk
, (10)

Σ
(t+1)
kHb

=

∑M
m=1 γmkζ

(t+1)
mkHb

ζ
T,(t+1)
mkHb∑M

m=1 γmk
, (11)

where ζ
(t+1)
mkHb

=
(
xmHb

− µ(t+1)
kHb

)
. At each hub Hb,

the root agent r (Hb) is able to compute these up-
dates. The M-step thus needs no communications.

The EM-BlockDiagC algorithm is outlined in Al-
gorithm 1.

Algorithm 1 The EM-BlockDiagC algorithm

1. Choose initial parameters θ(0) and set t = 0
2. E-step: root agent r (Hb) computes (8), then all
agents communicate to jointly find γmk (see (7))
3. M-step: root agent r (Hb) updates to θ(t+1) as
in (9), (10), and (11)
4. update t← t+ 1 and repeat steps 2 and 3

2.2. Full Correlation Distributed EM (EM-FullC).

In EM-FullC, all agents act as root agents. Specif-
ically, EM-FullC has an initial step (ran once),
which we denominate as prelude. In this prelude,
each agent n is turned into a root agent: agent n
becomes the root agent of hub Hn whose leaves
are the neighbors of agent n. So, for EM-FullC,
there are as many hubs as agents. As in the EM-
BlockDiagC algorithm, root agents immediately re-
ceive the datasets of their leaves, which they add to
their starting dataset: for agent n, this means that
its initial dataset {xmn : 1 ≤ m ≤M} is widened to
Dn = {xmHn : 1 ≤ m ≤M},where xmHn contains
the features measured by agent n and its neighbors
on the mth data point.

Overview of EM-FullC. The prelude com-
pleted, each agent n starts running the standard

EM on its dataset Dn, in the private setting of
its memory. But with a difference. In the E-step,
agents pause their secluded computations to social-
ize with neighbors in order to agree on the respon-
sibilities γmk; after agreement is reached, they re-
sume their private computations, as set down by
the M-step.

Memory organization. Besides the dataset Dn,
each agent n keeps in memory the current param-

eter θ
(t)
Hn

=
(
π

(t)
Hn
, µ

(t)
Hn
,Σ

(t)
Hn

)
of its private GMM

(the GMM of hub Hn).

E-step. Each agent n computes the responsibili-
ties for each data point in its dataset Dn:

γmkHn
=

π
(t)
kHn

N
(
xmHn

| µ(t)
kHn

,Σ
(t)
kHn

)
∑K
l=1 π

(t)
lHn

N
(
xm | µ(t)

lHn
,Σ

(t)
lHn

) . (12)

Agents compute these responsibilities in parallel.

Let the vector

γmHn
= (γm1Hn

, . . . , γmKHn
) (13)

be the vector of responsibilities computed by
agent n for the mth datapoint. Note that γmHn is
a probability mass function because its components
are nonnegative and sum to one. In fact, this vector
represents a belief—how agent n believes the mth
data point came about, according to its view of the
world, that is, the view of the world that agent n
sees through the lenses of its private GMM: the mth
data point came about with probability γm1Hn

from

gaussian N
(
xmHn

| µ(t)
1Hn

,Σ
(t)
1Hn

)
, with probability

γm2Hn
from gaussian N

(
xmHn

| µ(t)
2Hn

,Σ
(t)
2Hn

)
, and

so on.

Merging all beliefs. Different agents, operating
on different datasets, arrive naturally at different
beliefs per data point. We suggest to bring all these
disparate beliefs into agreement by having the N
agents engaging in distributed consensus so that
their N individual beliefs γmHn

, 1 ≤ n ≤ N , are re-
placed by a common, merged belief γm. We suggest
to merge the beliefs either by an arithmetic mean
or a geometric mean, the details of both we refer to
the thesis (for lack of space here). The E-step thus
needs communications between agents.
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M-step. In this step, each agent n simply carries
out the standard update of the M-step:

π
(t+1)
kHn

=

∑M
m=1 γmk
M

, (14)

µ
(t+1)
kHn

=

∑M
m=1 γmk xmHn∑M

m=1 γmk
, (15)

Σ
(t+1)
kHn

=

∑M
m=1 γmkζ

(t+1)
mkHn

ζ
T,(t+1)
mkHn∑M

m=1 γmk
. (16)

where ζ
(t+1)
mkHn

=
(
xmHn

− µ(t+1)
kHn

)
. The M-step thus

needs no communications.
The EM-FullC algorithm is outlined in Algo-

rithm 2.

Algorithm 2 The EM-FullC algorithm

1. Choose initial parameters θ
(0)
Hn

and set t = 0
2. E-step: each agent n computes the belief vectors
γmHn (13), then all agents communicate to jointly
find the merged beliefs γm
3. M-step: each agent n updates to θ

(t+1)
Hn

as
in (14), (15), and (16)
4. update t← t+ 1 and repeat steps 2 and 3

2.3. Numerical simulations

The general procedure. To compare the algo-
rithms, we use two metrics: the log-likelihood of the
GMM fit because it is the function that EM seeks
to maximize, although an algorithm more prone to
overfitting may achieve a higher log-likelihood while
actually making a poorer estimation of the param-
eters; the error between the GMM parameter fit-
ted by an algorithm and the true GMM parameter
(ground truth) used to generate the data.

Because our tests focus on cases where K = 2
with equal priors, π0 = π1 = 0.5, the value of the
GMM parameter π = (π0, π1) fitted by each algo-
rithm is reported directly, as it is immediately inter-
pretable. The remaining GMM parameters µ and
Σ, being multi-dimensional, are not reported di-
rectly; instead, we report their error with respect to
the true parameters. In fact, we do not evaluate di-
rectly the error in the covariance Σk but rather in its
inverse Υ = Σ−1

k , also known as an information ma-

trix. Specifically, we report π, εµ =
∑
k
||µc,k−µk||
K||µc,k|| ,

and εΥ =
∑
k
||Υc,k−Υk||
K||Υc,k|| .

Furthermore, we tested the algorithms on differ-
ent kinds of networks—chain networks, geometric
networks, and anti-hubs networks, whose detailed
description can be found in chapter 3 of the thesis.

Main conclusions. From the several simulations
carried out in chapter 3 (too many to dissect here),
we draw three main conclusions:
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Figure 3: EM-DiagC and EM-BlockDiagC outper-
form EM-FullC.

• In most situations, EM-DiagC and EM-
BlockDiagC outperform EM-FullC. Such an
example, concerning a geometric network, is
given in Figure 3;

• However, in the experiment we called the cross
correlation experiment, the reverse happens:
EM-FullC outperforms both EM-DiagC and
EM-BlockDiagC, as illustrated in Figure 4;

• EM-BlockDiagC always outperforms EM-
DiagC, an expected outcome since EM-DiagC
can be seen as a special case of EM-
BlockDiagC;

• The EM-FullC GM, which merges beliefs by
the geometric mean (GM), nearly always out-
performs the EM-FullC AM, which merges be-
liefs by the arithmetic mean (AM).

3. How to classify a measured data point into
one of K given Gaussians?

Detection is the categorization of each new data
point on a set of hypotheses. Although we assume
that each node knows a single entry of x, it is sim-
ple to generalize for the case where each node gets
chunks of features of varied dimensions for each ob-
servation.

We consider a set of K subpopulations, each pa-
rameterized by the sufficient statistics µk and Σk,
with a prior probability of πk of having generated
the sampled point. While the responsibility γk is
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Figure 4: EM-FullC outperforms EM-DiagC and
EM-BlockDiagC.

the probability that data point x belongs to cluster
k, the prior πk is the probability that any point will
belong to class k, independently of the observation.
Considering Hk to be the hypothesis of x belong-
ing to subpopulation k, and denoting θ = {π, µ,Σ},
each responsibility can be written as

γk = p (Hk valid | x; θ)

=
p (x | Hk valid; θ) p(Hkvalid | θ)

p (x | θ)

=
πkN (x | µk,Σk)∑K
l=1 πlN (x | µl,Σl)

. (17)

Note that (17) leads to an expression for the re-
sponsibility matching the one encoded by a GMM
in the E-step of EM considered previously on this
work. Following the same reasoning as earlier,
evaluating (17) boils down to a expression similar
to (2). However, in this chapter it is more conve-
nient to write the expressions as a function of the
precision matrix Υk = Σ−1

k , also a positive semi-
definite (PSD) matrix. As such we write the log-
responsibility as

log γk ∝ log πk +
1

2
log |Υk| (18)

−1

2
(x− µk)

T
Υk (x− µk) .

Figure 5 illustrates the overall goal of the pro-
posed method resorting to an example network.
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Figure 5: Desired operation of the distributed de-
tection algorithm: decentralized computation of re-
sponsibilities, in a setup with feature-wise frag-
mented data points. Starting with xn in node n,
together with the required parameters, θn. At com-
pletion we want γ = {γ1, . . . , γK} in every node (or
its estimate).

The memory required in each node should not de-
pend on the size of the network, N . We now make
the key observation that the quadratic factor in (18)
is the only one that does not scale with N in stor-
age and, so, we will partition both Υk and (x− µk)
throughout the network. A more in-depth analysis
can be found in Chapter 4 of the thesis.

In the thesis we present three algorithms, two
baseline, standard distribution techniques, but here
we will cover the most promissing in terms of com-
plexity.

Hop + Consensus. The key factor allowing scal-
ability in our setting is the precision matrix approx-
imation following the restrictions of the communi-
cation graph between nodes. The adjacency ma-
trix, A ∈ RN×N , describes the topology of a graph,
where each entry Aij takes the value 1 if i and j are
adjacent, i ∼ j, and 0 if they are not, i 6∼ j. The
main diagonal of A will be set to 1 because each
node incorporates information from its own mea-
surements.

Each of the heuristics developed will have a differ-
ent approximated estimator, Υ̂. Their entries cor-
respond to pairs of features whose associated nodes,
i.e., the ones measuring the features, are not con-
nected, will be considered conditionally indepen-
dent, given all the other features [4].

Where zero entries of the adjacency matrix A will
be null in the precision matrices estimators too, for-
malized as

c1: Υ̂ij = 0, i 6∼ j. (19)

With the introduction of this constraint, instead
of using a N × N fully unknown precision matrix
Υk, we now assume that only entries corresponding
to connected nodes have non-zero values. This is
a strong assumption, namely on the conditional in-
dependence given all other features. Nevertheless,
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despite this being a strong approximation, it is use-
ful computationally.

Before presenting the several candidates to be
used as Υ̂, discussed in the next section, let us see
the impact using such an estimator has on the al-
gorithm. To that end, our current analysis of the
decentralization benefits from expanding

(x−µk)TΥk(x−µk) = xTΥkx−2xTΥkµk+µTk Υkµk.
(20)

Let us analyze the different parts of the expan-
sion above individually. Firstly, the rightmost term,
µTk Υkµk, is a mere scalar which depends only on the
K parameters of the model, and not on the mea-
surement, x. Therefore, it suffices to store K scalar
values in each of the nodes of the network. When
it comes to xTΥkµk, we can rewrite it as

xT


∑N
n=1 Υk1nµkn

...∑N
n=1 ΥkNnµkn

 ,
underlining the fact that, even using the exact pre-
cision matrix, each row (Υkµk)n is a single scalar
parameter. For this reason, it suffices for each node
n to store (Υkµk)n, for 1 ≤ n ≤ N . This way,
it is straightforward to apply the inner product
consensus x1 (Υkµk)1 + · · · + x1 (Υkµk)N , where
each node n naturally has xn since it was the
node measuring it, and stores (Υkµk)n. ψn =

Nxn (Υkµk)n , resulting in ψ̄ = 1
N

∑N
n=1 ψn =∑N

n=1 xn (Υkµk)n = xTΥkµk. That is, there is no

need to include Υ̂ in an approximation to xTΥkµk.
Finally, we arrive at xTΥkx, the trouble-maker,
when using the exact precision matrix Υk. In
order to avoid using the N+1 consensus scheme,
we replace the use of Υk in xTΥkx by an esti-
mator Υ̂ respecting (19), allowing us to simplify
the computations required. More concretely, no-
tice how now, for every n such that 1 ≤ n ≤ N ,
xn(Υ̂n1x1 + · · · + Υ̂nNxN ) will have all the en-
tries in row Υn null apart from those correspond-

ing to N[n], that is, xn

(
Υ̂n1x1 + · · ·+ Υ̂nNxN

)
=

xn

(∑
i∈N[n]

Υ̂nixi

)
. With this approximation, the

whole expression can be computed in node n re-
quiring only a single hop of comunication simulta-

neous for all nodes. Additionally, each
(

Υ̂x
)
n

de-

pends only on node n and its Dn neighbors mea-
surements, as long as each node n stores Υkni,
for all i ∈ N[n]. After that, we can use these

terms to obtain xT Υ̂kx via a single consensus,

ψn = Nxn

(
Υ̂x
)
n
, resulting in ψ̄ = 1

N

∑N
n=1 ψn =∑N

n=1 xn

(
Υ̂x
)
n

= xT Υ̂x. Having concluded that

only one of the three terms being added requir-
ing an approximation is the leftmost one of (20),

note that, the hop and the consensus required by
the terms xTΥkµk and xT Υ̂x can actually be the
same, as long as we we resort to the consensus states

ψn = N
[
xn

(
Υ̂x
)
n

+ xn (Υkµk)n

]
, which lead to

ψ̄ =
1

N

N∑
n=1

ψn =

N∑
n=1

[
xn

(
Υ̂x
)
n

+ xn (Υkµk)n

]
= xT Υ̂x+ xTΥkµk,

thus approximating the responsibility estimator, as
desired.

This algorithm requires each node n to store
Υkni, ∀i ∈ N[n], hence a memory complexity of
O(dmax), which is not a problem, since degree usu-
ally not associated to size of network, meaning this
does not compromise scalability. In conclusion, the
complete set of parameters required to be present in
each node n initially, on top of its measurement xn,
is given by {πk, |Υk| , µTk Υkµk, (Υkµk)n ,Υkni}, k =
1, ..,K, ∀i ∈ N[n].

In the following section we present several differ-
ent heuristics designed for the distributed compu-
tation of the responsibilities, resorting to different
distributed and scalable estimators Υ̂k, to approxi-
mate the centralized detector.

3.1. Näıve estimators
Baseline. With a brute-force approach, this esti-
mator forces all elements corresponding to i 6∼ j of
Υk to zero, allowing for the Hop+Consensus algo-
rithm to run.

Least F-norm. This estimator both assures c1

to be respected and guarantees Υ̂ to be posi-
tive semi-definite (PSD) and symmetric, c2: Υ̂ =
Υ̂T � 0. All the estimators that follow respect
c1 and c2. The divergence measuring objective
function Fh(Υ̂), where h is the heuristic being
used:

arg min

Υ̂k

Fh(Υ̂)

subject to Υ̂ = Υ̂T � 0,

Υ̂ij = 0, i 6∼ j.

(21)

The Least F-norm differs from the subsequent es-
timators in using Fh(Υ̂) = ||Υ̂−Υk||2F .

The problem is convex more specifically, given the
inequality constraint in question, with Semidefinite
Programming (SDP). Further details are provided
in [5, pp. 136 and 168].

The fact that we are dealing with a convex op-
timization problem is important, as it allows us to
use the techniques already developed for this kind
of problem. For instance, in our implementation we
use the Python library cvxpy to solve this and the
following problems.
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3.2. KullbackLeibler (KL) estimators
Mode Seeking KL. Resorting to the optimiza-
tion problem in (21), the Mode Seeking KL uses
as the objective function the KullbackLeibler di-
vergence [1, Section 10.1.2], DKL, between a nor-
mal distribution parameterized by the true mean

and the optimization variable, N
(
µk, Υ̂

)
, and the

true normal distribution, parameterized by the true
mean and precision, N (µk,Υk):

F
(

Υ̂
)

= DKL

(
N
(
µk, Υ̂

)
, N (µk,Υk)

)
.

The Kullback-Leibler divergence between the two
Gaussians will be

F (Υ̂) =
1

2

tr
(

ΥkΥ̂−1
)
− d+ log

∣∣Υ−1
k

∣∣∣∣∣Υ̂−1
∣∣∣


∝ tr
(

ΥkΥ̂−1
)

+ log
∣∣∣Υ̂∣∣∣ , (22)

where the proportionality corresponds to the re-
moval of the terms that are constant with respect
to the optimization variable, Υ̂, and therefore do
not impact the optimization problem.

So, from (22), we have that the problem to be
solved in order to obtain the Mode Seeking KL es-
timator is:

arg min

Υ̂

tr
(

ΥkΥ̂−1
)

+ log
∣∣∣Υ̂∣∣∣

subject to Υ̂ = Υ̂T � 0,

Υ̂ij = 0, i 6∼ j.

(23)

However, it is important to notice that, unlike in
the previous heuristic, this cost function is not con-
vex, as it results from the sum of a first convex term
and the second, which is concave. In order to per-
form this optimization we employ the Majorization-
Minimization (MM) algorithm, described in the
thesis document.

Lastly, by applying the MM algorithm to the ini-
tial nonconvex optimization problem (23), we iter-
ate the solution of the convex problem

arg min

Υ̂

tr
(

ΥkΥ̂−1
)

+ vec
(

Υ̂−1
r

)T
vec
(

Υ̂
)

subject to Υ̂ = Υ̂T � 0,

Υ̂ij = 0, i 6∼ j.
(24)

Mean Seeking KL. Again having as foundation
the optimization problem in (21), this estimator re-
sorts to the the KullbackLeibler divergence as the
objective function. However, here the arguments
to the KL divergence are exchanged, having firstly

the estimate distribution and secondly the actual
one. The different order of arguments imposes a
mean-seeking behavior. Further details regarding
the difference between these to applications of the
KL divergence can also be seen in [1, Section 10.1.2].
We will be working with

F
(

Υ̂
)

= DKL

(
N (µk,Υ) , N

(
µk, Υ̂

))
, (25)

where Υ = {Υ1, . . . ,ΥK} and Υ̂ =
{

Υ̂1, . . . , Υ̂K

}
.

Again, we rewrite (25) as

F
(

Υ̂
)

=
1

2

tr
(

Υ̂kΥ−1
k

)
− d+ log


∣∣∣Υ̂−1

k

∣∣∣∣∣Υ−1
k

∣∣


∝ tr
(

Υ−1
k Υ̂k

)
− log

∣∣∣Υ̂k

∣∣∣ ,
ending up with

arg min

Υ̂k

tr
(

Υ−1
k Υ̂k

)
− log

∣∣∣Υ̂k

∣∣∣
subject to Υ̂k = Υ̂T

k � 0,(
Υ̂k

)
ij

= 0, i 6∼ j.

(26)

Note how, unlike (24), it can be shown that the
cost function in (26) is convex, allowing for this esti-
mator to be obtained without requiring any further
manipulations.

3.3. Bhattacharyya-based estimator
Least B-Distance. In this heuristic the objective
cost function to be used in the optimization problem
(21) is the Bhattacharyya Distance, DB , between
the distribution described by the true mean and
true precision, or equivalently N(µk,Σk), and the
one described by the true mean and the precision

estimator, N
(
µk, Υ̂

−1
)

. For our two Gaussians,

the Bhattacharyya distance is

DB

(
N(µk,Σk), N

(
µk, Υ̂

−1
))

=
1

2
log det

(
Σk + Υ̂−1

2

)
− 1

2
log
√

det Σk

− 1

2
log
√

det Υ̂−1,

where Σ = Σk+Υ̂−1

2 . By removing the terms which

are constant w.r.t. Υ̂, we rewrite our cost function
as

1

2
log
∣∣∣Σ1/2
k (I + Σ

−1/2
k Υ̂−1Σ

−1/2
k )Σ

1/2
k

∣∣∣+
1

4
log
∣∣∣Υ̂∣∣∣ .

Where, once more, terms which are constant
w.r.t. Υ̂ can be removed obtaining as cost func-

tion log
∣∣∣I + Σ

−1/2
k Υ̂−1Σ

−1/2
k

∣∣∣+ 1
2 log

∣∣∣Υ̂∣∣∣. How-

ever, we know from the WeinsteinAronszajn iden-
tity, also known as the Sylvester’s determi-
nant theorem [6, p. 271], that |I + CD| =
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|I +DC| , therefore log
∣∣∣I + Σ

−1/2
k Υ̂−1Σ

−1/2
k

∣∣∣ =

− log
∣∣∣Υ̂∣∣+ log

∣∣Υ̂ + Σ−1
k

∣∣∣, leading us to rewrite the

optimization problem as

arg min

Υ̂

− 1

2
log
∣∣∣Υ̂∣∣∣+ log

∣∣∣Υ̂ + Σ−1
k

∣∣∣
subject to Υ̂ = Υ̂T ,(

Υ̂
)
ij

= 0, i 6∼ j.

(27)

However, once more, our cost is the sum of a con-
vex term, f1(Υ̂) = − 1

2 log
∣∣Υ̂∣∣, and a concave one,

f2

(
Υ̂
)

= log
∣∣∣Υ̂ + Σ−1

k

∣∣∣. Thus, we resort once

again to the MM algorithm. By linearizing the term

f2

(
Υ̂
)

, we arrive at the MM itaration of the convex

approxomation

arg min

Υ̂

− 1

2
log
∣∣Υ̂∣∣+ tr((Υ̂r + Σ−1

k )−1Υ̂)

subject to Υ̂ = Υ̂T � 0,(
Υ̂
)
ij

= 0, i 6∼ j.
(28)

at each step r.

3.4. Estimator based on least expected error

Least MSE. In this heuristic, our estimator
comes from the computation of the Least Mean
Squared Error (MSE). Therefore, by minimizing it,
we seek estimators Υ̂k such that, for k = 1, ...,K:
xT Υ̂kx ' xTΥkx, where x ∼ p(x) =

∑K
k=1 πkpk(x),

and pk(x) = N(µk,Σk). We formulate our objective
function corresponding to the MSE to be minimized
as

minimize
Υ̂1, ..., Υ̂K

K∑
k=1

K∑
l=1

πlEpl(x)

{(
xT
(

Υk − Υ̂k

)
x
)2
}

subject to Υ̂k = Υ̂T
k ,(

Υ̂k

)
ij

= 0, i 6∼ j.

However, we still need to compute the expecta-
tion, removing x. To do this, we resort to refer-
ence [7, eq. 5.28]. We define ∆k = (Υk − Υ̂k), to
write the cost function

Fh(Υ̂) =

K∑
k=1

K∑
l=1

πl

[
2tr
[
∆kΣl∆kΣl

]
+

4µTl ∆kΣl∆kµl+(
tr
[
∆kΣl

]
+ µTl ∆kµl

)2 ]
used in the same optimization problem as earlier.

3.5. Large Deviations estimator

Large Deviations. This estimator, still prelimi-
nary work, is based on Large Deviations theory. The
design and details can be found in a paper currently
in preparation [8]. And some details are provided
in the thesis. However, it important to state that
this is an ongoing work, and given that it is still in
progress, not many results have been obtained yet.

3.6. Numerical simulations

Consider the two main goals one may have when
performing detection: computing the responsibili-
ties assigned to each of the K models being con-
sidered — soft classification — and selecting the
most likely model to have generated the data point
— hard classification. Our metrics to evaluate the
different heuristics will reflect these two different
goals. One of the tests will measure how close is
the estimated probability mass function (PMF) to
the ground truth; and the other test will focus on
the relative detection error.

Description of the simulation setups and test
structure. First, we evaluate the responsibility
error plot, using the sum of squared errors of the
responsibilities estimation error with respect to the
true responsibility, that is, the responsibility as ob-
tained from using the true precision, γk, resort-
ing to (17). This γk, to be used as the ground
truth, is the centralized responsibility estimator,
where Υk is not approximated. For 1 ≤ k ≤ K,
ε2γ =

∑K
k=1(γk(x) − γ̂k(x))2 is the squared respon-

sibility error.

On the second test, we evaluate the detection er-
ror. Here, we are interested in selecting the distri-
bution k taking the largest responsibility for point
x, or equivalently, the hypothesis with the largest
probability of being correct. We will apply the esti-
mators to data points and consider them altogether,
computing

log εrel = log10

#failed detections

#detections performed
,

for a large number of Monte Carlo (MC) trials, and
we used random precision matrices for both types
of tests.

In the initialization of the MM algorithm in both
Mode Seeking KL and in Least B-Distance, we
used the estimator obtained from the Least F-norm
heuristic. In all tests, we have K = 2, the co-
variance matrices for both k = 0 and k = 1 are
equal, and π0 = π1 = 0.5. On top of these, we used
MC = 106 and therefore we considered parameters
such that log-error varied in the interval [0.5,4], for
significance purposes. Further details can be found
on the thesis.
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Figure 6: Most often, all heuristics perform well.
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Figure 7: Most often, all heuristics perform detec-
tion similarly to centralized approach.

Good performance in standard cases. In
standard cases, for most of the randomly initialized
parameters, we obtain results overlapping with the
centralized ones for all the estimators, other than
the random heuristic. See Figures 6 and 7.

4. Main conclusions

We addressed two questions in distributed setups:
(1) How to fit a mixture of K Gaussians to a mea-
sured dataset? And (2) how to classify a measured
data point into one of K given Gaussians?

How to fit a mixture of K Gaussians to a
measured dataset? To handle the more difficult
setup of data scattered by features, we first derived
a distributed exact EM and concluded that it would
be unattractive even for modest size networks, due
its heavy memory and communications demands.
We then developed three distributed approximate
EM algorithms scaling well with network size: EM-
DiagC, EM-BlockDiagC, and EM-FullC.

The main conclusion is that the three algo-
rithms are pertinent, because, as numerical simula-
tions showed, neither algorithm is always the most
accurate—the most accurate one depends on the
particular network layout and data scattering. By
offering three options, with different trade-offs, we
empower the end user with a flexible toolset.

How to classify a measured data point into
one of K given Gaussians? After showing that
a distributed exact detector does not scale well,
we developed the distributed approximate detector
Hop+Consensus, which is scalable. To achieve scal-
ability, this approximate detector replaces the infor-
mation matrices of theK Gaussians by approximate
information matrices whose sparsity mirrors that of
the underlying communication network. We sug-
gested eight heuristics to obtain the approximate
information matrices, heuristics grouped into Naive
(2), Kullback-Leibler (3), Bhattacharyya, Expecta-
tion, and Large Deviations heuristics.

The main conclusion is that, except for contrived
scenarios (in which the heuristics Mean Seeking KL
and Least MSE perform better), most heuristics en-
able the scalable Hop+Consensus distributed detec-
tor to perform close to the unscalable exact detec-
tor.
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