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ABSTRACT. We consider the Symmetric Simple Exclusion Process in the box ΛN = {1, . . . ,N− 1} coupled with non linear slow
reservoirs at each endpoint, that inject and removes particles in a window of size K. A particle may enter to the first free site and leave
from the first occupied site in its respective window (i.e., {1, . . .K},{N−K, . . . ,N−1}). These reservoirs induce correlations between
particles, hence the name non linear reservoirs. The rates of injection/removal are proportional to κN−θ , thus for θ > 0 the action
of the reservoirs is slow. We show that the spatial density of particles is given by a weak solution of the heat equation with Robin
boundary conditions, if θ = 1, and Neumann boundary conditions, if θ > 1. Our model is an extension of the "current reservoirs"
model, and the main interest lies both in the generalization and the treatment of the correlation terms.

Next, we study the propagation of chaos through the estimation of v−functions. The propagation of chaos property states that any
finite number of particles will evolve independently as the total number of particles goes to infinity. We will show that this indeed
holds for our model.

At last, we study algebraically the Matrix Product Ansatz method for K = 1 under the slow/fast regime, and make a small extension
of the current methodology for K = 2. For K = 1 and θ 6= 0 we make a small correction in the current algebra, and for K = 2 we show
under which conditions our algebra is consitent. When consistent, the normalization constant satisfies a second order recurrence. Our
formulation was successfull in inducing a consistent algebra for general and slow rates, except for a particular case.

1. INTRODUCTION

An Interacting Paticle System is a mathematical model in-
volving very-many components that interact with each other.
It is common in the literature to interpret an Interacting Par-
ticle System as a microscopic system, in the discrete set-
ting. The connection between this microscopic level and the
macroscopic is one of great interest in Statistical Mechanics.
The rigorous study of particle systems is quite recent, having
started with Frank Spitzer in the seventies [18].

The model considered in this thesis is a generalization of
[16], where particles could only be injected through the right,
and removed from the left. Since the model in [16] was stud-
ied under θ = 1, as a particular case we have also a regime
not yet studied in the aforementioned work. The body of this
thesis is as follows. We start with a review of the mathemat-
ical background, regarding Infinitesimal Generators, Markov
semigroups, and the main tools for this work. In Chapter 3,
we show the Hydrodynamic Limit, that states that the spatial
density of particles converges (in probability) to a weak solu-
tion of the heat equation. The main technical difficulties arise
from the correlation terms of the boundary dynamics. We
solve this problem mostly through techniques in [2],[8],[3]
and [12]. In Chapter 4 we do a review of the proof in [16] for
the bound for the v−functions, for "small" times. Moreover,
with a simple adaptation we showed that such bound holds
for our model, with the boundary conditions studied throught
this thesis. We focus essentially in the main tools and argu-
ments, in order for the reader to have a bettter understanding
of [16]. In Chapter 5, we study the Matrix Product Ansatz.
This method allows us, for some models, to have the full in-
formation regarding the invariant measure of a process. We
start with a review of the formalism, as in [19], then study

the linear SSEP from an algebraic point of view. Throught
this study, a simple observation leads us to the necessity of
a modification in the quadratic algebra found in the litera-
ture, when the boundary parameters depend explicity on the
size of the system. Next, we show that the current method-
ology leads to too strong restrictions in the parameter’s space
for our model. In this context, we propose a generalization
of the method that relaxes these restrictions, and successfuly
show under what conditions our algebra is consistent. More-
over, we show that, under our formulation, the normalization
constant satisfies a second order recurrence.

2. MATHEMATICAL BACKGROUND

For a given process {ηt}t>0 on X , let C(X) be the set of
functions f : X →R such that f is continuous. For each t > 0
we define the operator St : C(X)→C(X) by

(St f )(η0) = E[ f (ηt) | η0].

Processes such that we have f ∈ C(X) ⇒ St f ∈ C(X) are
called Feller processes −which is the class of the process
considered through this thesis. The class of operators above
is termed Markov semigroup. Besides some technical prop-
erties, the term semigroup comes from the fact that we have
∀s, t > 0, Ss+t = StSs. The interested reader can see in [5] that
they are a generalization of the exponential function. Asso-
ciated to a semigroup, we define the Infinitesimal Generator
as L f := limh→0+ h−1(Sh f − f ), when such limit exists. In
the context of Markov processes on a contable state space, the
infinitesimal generator takes the following form, whose proof
can be found, for example, in [?].
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Proposition 2.1. If {ηt}t>0 is a Markov process on a count-
able state space X with jump rates c(η ,η ′) then for f cylin-
drical function, we have:

L f (η) = ∑
η ′∈S

c(η ,η ′)( f (η ′)− f (η)).

It is easy to see that if we change the time scale for a factor
λ (N), then the generator of the process {ηλ (N)t}t>0 is given
by λ (N)L . We will see that to have some convergence re-
sults we need to scale time by a factor N2, thus working with
{ηN2t}t>0 and N2L instead. We know that for each Markov
process there is a unique semigroup and generator associ-
ated to it [12]. The classical Hille-Yosida Theorem [5] states
that there is a bijection between Markov generators and semi-
groups. In Chapter 3, a great tool for identifying that the spa-
tial density of particles is given by a weak solution of the heat
equation (with boundary conditions to be specified later on) is
Dynkin’s formula/martingale, M f

t , with respect to a function
f , whose proof can be found in [12]. Under some regularity
conditions on the function f , this formula states that

M f
t = ft(ηt)− f0(η0)−

∫ t

0
(∂s +L ) fs(ηs)ds, (2.1)

is a martingale with respect to the natural filtration of {ηt}t>0.

3. HYDRODYNAMIC LIMIT

As already stated, we consider the Symmetric Simple
Exclusion Process (SSEP) in the box ΛN = {1, . . . ,N − 1}
(which we denote by bulk), coupled with non-linear reser-
voirs (for K > 1). In specific, the SSEP dynamics means that
a particle may jump to one of its neighbor sites with rate 1
(hence the name Symmetric Simple) if it is vacant (hence the
name Exclusion), otherwise, it does not jump. The jump of
a particle in the bulk is completely determined by mutually
independent Poisson processes/clocks, Nx,x+1(t), associated
to the bond {x,x + 1}. If a clock rings, and there is only
one particle in its respective bond, such particle jumps to its
neighbor site in the bond. Otherwise, nothing happens. The
injection/removal of particles is defined similarly in terms
of Poisson clocks and bonds, defined as {N0, j( j)} j∈IK

−
(resp.

{N j,N−1(t)} j∈IK
+

), for the left (resp. right) reservoir, where
IK
− := {1, . . . ,K} (resp. IK

+ := {N−K, . . . ,N−1}). At the left,
particles are injected/removed to/from our system, at a site
x∈ IK

− at rate αx/γx. For the right, we consider βN−x and δN−x
instead of αx and γx, and let βN−x ≡ βx,δN−x ≡ δx for a better
exposition. In this way, the generator of this process LN con-
sists in two parts: bulk, LN,0, that acts in {1, . . . ,N−1}, and
boundaries LN,− (resp. LN,+) that acts in IK

− (resp. IK
+). The

term slow is because we will multiply the boundary rates by
a factor κN−θ , thus controling the "frequency" of each clock
by adjusting the parameter θ . We will study the cases θ = 1
and θ > 1. The dificulties for θ < 1 are explained in the main
text, arising from convergence problems.

Let IK
−(x) := {1, . . . ,x}∩ IK

− and IK
+(x) := {x, . . . ,N−1}∩

IK
+ . For g : ΛN → R we define

(τ±x )(g) := ∏
y∈IK
±(x)

g(y).

Thus, given a cylindrical function f : {0,1}ΛN → R each ele-
ment of the generator is defined as

(LN,0 f )(η) =
N−2

∑
x=1

c0(η(x))[ f (ηx,x+1)− f (η)] (3.1)

(LN,− f )(η) = ∑
x∈IK
−

c−(η(x))[ f (η(x))− f (η)], (3.2)

for c−(η(x)) := αx(1−η(x))(τ−x−1)(η) + γxη(x)(τ−x−1)(1−
η), and c0(η(x)) = (η(x)(1 − η(x + 1)) + η(x + 1)(1 −
η(x))), and similarly for the right; and the transformations
η 7→ ηx,x+1,η 7→ η(x) meaning the location exchange x↔
x + 1, and 1− η(x), respectively. We scale the time for a
factor N2, thus, considering also the slow term, and letting
LN,b := LN,+ +LN,−,we define our time-scalled generator
as

LN = N2(LN,0 +κN−θ LN,b). (3.3)

To identify that the spatial density of particles is given by a
weak solution of the heat equation,

∂tρt(u) =4ρt(u), (t,u) ∈ [0,T ]× (0,1)
∂uρt(0) = u0(K), t ∈ [0,T ]
∂uρt(1) = u1(K), t ∈ [0,T ],

(3.4)

we derive a weak formulation in Appendix C. For future ref-
erence, we denote it by Fθ (ρ) = 0, where if θ = 1, or θ > 1
we have different boundary conditions, as we explain as fol-
lows. In order to identify the spatial density of particles (in
the continuum setting) as the solution of the equation above,
we first define the empirical measure, that takes us from the
discrete setting to the continuous setting.

Definition 3.1 (Empirical measure/process). For each η ∈
{0,1}ΛN we define the empirical measure πN in [0,1] as

π
N(η ,du) :=

1
N−1 ∑

x∈ΛN

η(x)δ x
N (du),

where δ x
N

is the Dirac measure at x
N . To study the time evo-

lution of πN , we define πN
t (η ,du) := πN(ηN2t ,du). The in-

tegral of a (test) function H : [0,1]→ R with respect to πN
t is

written as

〈πN
t ,H〉 :=

1
N−1 ∑

x∈ΛN

H( x
N )ηN2t(x).

For the process {ηt}t>0, we consider the trajectories
space {ηt}t> ∈ (D{0,1}ΛN [0,T ]), embedded with the Skoro-
hod topology [11], and for the empirical process, we have
{πN

t }t> ∈ (DM [0,T ]), where

D{0,1}ΛN = {η· : [0,T ]→{0,1}ΛN , càdlag},

and DM [0,T ] is defined similarly, with M the set of finite
positive measures in [0,1]. The probability measure induced
by η· (resp. πN

· ) in the trajectories space is denoted by PµN
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(resp. QN). To identify the weak formulation for a solution of
(3.4). we compute in Subsection 3.2 the Dynkin’s martingale
(2.1), with respect to f ≡ 〈πN

t ,H〉, where H is a test function
in C2[0,1]. In this computation we see that N2 is the correct
time scalling, since in this way have N2LN,0η(x) =4Nη(x),
for 1 < x < N−1, where 4N is the usual discrete laplacian.
Due to the boundary terms in (3.2), we have correlations be-
tween particles. Under the assumption that we may have the
expectation of the product as the product of expectations plus
a small error, we conclude that for θ = 1 and K . N1/2 we
have non-linear Robin boundary conditions when N→ ∞:

u0(K) =−κ ∑
x∈IK
−

(αx(1−ρt(0))ρx−1
t (0)−

− γxρt(0)(1−ρt(0))x−1),

(3.5)

and completely analogous for the right, ∂uρ(1), where we
have βi,δi instead of αi,γi, and κ instead of −κ . While
for θ > 1, the action of the reservoirs is so slow that the
boundary conditions vanish in the limit N → ∞, and we get
∂uρt(0) = ∂uρt(1) = 0, known as Neumann boundary con-
ditions. We remark that, for θ = 1, we found that, after an
appropriate transformation in the boundary terms in the dis-
crete setting, if αi+1 = αi,γi+1 = γi (and similarly for the
right), the sum in (3.5) vanishes, and we are left only with
the terms corresponding to x = 1 and x = K (resp. x = N−1
and x = N − 1−K). Moreover, letting K = 2, if α2 = γ =
2,β2 = δ2 then, in the continuous setting, the boundary con-
ditions are completely identical, in the continuous setting, to
when K = 1, as found in [2]. In Section 3.3 we do a formal
proof of this convergence, known as the Hydrodynamic Limit.
For a clearer exposition we do explicitly the computations for
K = 2. Nevertheless, we give a detailed explanation for the
general case, K > 2, in such a way that a formal proof may
also be considered as done.

Fixed T > 0 and θ > 1, let {QN}N>1 be the sequence
of probability measures on DM [0,T ] induced by {πN

t }t>0.
Then, the Hydrodynamic Limit states the following.

Theorem 3.2 (Hydrodynamic Limit). Let {ηt}t>0 be the pro-
cess in {0,1}ΛN with generator L as defined in (3.3), and
let ρ0 : [0,1] → [0,1] be a measurable initial profile and
{µN}N>1 a sequence of probability measures in {0,1}ΛN as-
sociated with ρ0. Then, for all t ∈ [0,T ],δ > 0,H ∈C[0,1] :

lim
N→∞

PµN (η· :|
1

N−1 ∑
x∈ΛN

H( x
N )ηN2t(x)−

−
∫ t

0
H(u)ρt(u)du |> δ ) = 0,

(3.6)

where ρt(u) is a weak solution of (3.4) with boundary condi-
tions as in (3.5), if θ = 1, or Neumann boundary conditions,
if θ > 1.

For the proof of this result, we follow the Entropy method,
first presented in [10], and the following material on the sub-
ject: [2],[8],[3] and [12]. In Section 3.3.1 we show that the
sequence {QN}N>1 is tight under the Skorohod topology of
DM [0,T ]. This means that exists a subsequence converging

to Q. This result is classical and a consequence of the SSEP
dynamics. If one shows that the weak solution of, (3.4) with
boundary conditions as in (3.5), is unique, then the unique-
ness of this limit point is shown. In this thesis we assume that
this weak solution is unique. For Neumann boundary condi-
tions we already know that it is true. Next, in Section 3.3.2
we characterize the limit points. We start by showing that the
limit point Q is concentrated on trajectories of measures abso-
lutely continuous with respect to the Lebesgue measure, that
is, πt(du) = ρt(u)du. To see this, we use results of conver-
gence in the Skorohod topology, and Portmanteau’s Theorem.
Then, we show our main result, Theorem 3.6. Through the
proofs we work mostly with the dual space (DM [0,T ],QN),
since we show most results in terms of weak convergence, and
one may move back to (D{0,1}ΛN [0,T ],PµN ) easily. More-
over, we use Portmanteau’s Theorem in order to work with
the discrete process. In the final steps, to show the conver-
gence to the weak solution of the heat equation, by showing
that Q gives full weight to ρ such that it satisfies our weak
formulation, we start from the Q measure and then we want
to apply Portmanteau’s Theorem, proceeding backwards with
respect to what we did in the heuristics. Here, we have a
technical difficulty in Portmanteau’s. This is because we do
not have an open set, since the correlation terms induce that
our functions are not continuous. To solve this problem, we
define the following functions

−→
ι

u
ε(v) =

1
ε

1[u,u+ε)(v),

and similarly←−ι u
ε(v), and we define the inner product as

〈πs,
−→
ι

u
ε 〉=

1
ε

∫ u+ε

u
ρs(v)dv,

and similar for 〈πs,
←−
ι

u
ε 〉. We argue that one can approximate

these functions by continuous functions with a small error.

Then, we replace ρK−1
s (0) by ∏

K−2
j=0 〈πs,

−→
ι

jε
ε 〉 plus a sum of

terms that vanish when ε → 0. The reason for this is that we
can show (using the fact that ρt(u) ∈ L2(0,T ;H 1(0,1)), that
we show in the Appendix B) that∣∣ρs(u)−〈πs,

−→
ι

u
ε〉
∣∣6 1

2
ε‖∂uρ‖2

2.

Now, to show the convergence of the boundary terms, we ap-
ply the Replacement Lemmas, whose proofs are in Appendix
A. The main idea of the Replacement Lemmas is that we can
replace ηsN2(x) by ηsN2(1) for x close enough to 1, plus a
small error. Then, we replace ηsN2(1) by a box −→η εN

sN2(1),
again trading for a small error, where

−→
η

εN
sN2(1) :=

1
bεNc

1+bεNc

∑
x=2

ηsN2(x).

Since we have −→η εN
sN2(1) = 〈πN

s ,
−→
ι

0
ε〉, and −−→ηsN2

εN
(1)∼ ρs(0),

convergence is assured. The arguments are completely analo-
gous for the right boundary. The proof of the Replacement
Lemmas are found in Appendix A, and rely mostly in the
Feynman-Kac’s formula [2], a comparison between Dirichlet
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forms and the entropy inequality [9]. By the entropy inequal-
ity, we are able to trade the measure induced by our process
by a simpler one, while gaining an error. We trade by the
Bernoulli product measure with constant marginals, since it
is enough to show that the error is of order of Nθ for θ > 1.

In the Appendix B, we show that ρ lives in the space
L2(0,T ;H 1(0,1)), and follow mostly [8] and [3]. To see this,
by the Riesz’s representation theorem it is enough to show
that for all G ∈C0,1

c ([0,T ]× (0,1)), the functional

`ρ(G) =−
∫ T

0

∫ 1

0
Gs(v)Hs(v)dvds.

is bounded. This result is know as the energy estimate. For
the proof, we use a similar approach to the Replacement Lem-
mas, in the sense that we use Feynman-Kac’s formula and a
comparison between Dirichlet forms.

4. PROPAGATION OF CHAOS

The chapter 4 is dedicated to expose the main arguments
of [16] to show sharp estimates for the so called v−functions
for "small times", i.e., t 6 εβ ∗ , for β ∗ > 0. These v−functions
are closely related to the correlations between particles, and
to the propagation of chaos. Due to the non-linear terms in
the generator (3.2), when computing Kolmogorov’s equation,
for K > 2, we do not have a closed expression in terms of
ρN

t (x). The v−functions measure the "closeness" of the orig-
inal system, to the one where the correlations are absent in
Kolmogorov’s equation. In this way, showing sharp bounds
for the v−functions as a function of the number of the ini-
tial particles in the system indirectly shows the propagation
of chaos property. For more results in this direction, we refer
the reader to the book [15].

We take homogenous boundary rates, αi ≡ α,γi ≡ γ (and
similar for the right), since we are mostly interested in the
main arguments, and after the first lemma, that we state be-
low, the computations are identical. For this chapter, we let
ε := 1/N. If all particles were independent, a direct appli-
cation of Kolmogorov’s equation, with ρε(x, t) := E[η(x, t)],
would lead to{

∂

∂ t ρε(x, t) =4ε ρε(x, t)+ εθ Dε ρε

ρt(x,0) = µε [η(x,0) = 1],
(4.1)

where Dε ρε are the terms arising from the boundary genera-
tor,and we let µε be a product measure. The laplacian above
differs from the one used in the previous chapter, in the sense
that it is reflected at the boundaries, i.e.,

4u(N−1) :=−(u(N−1)−u(N−2)),

4u(1) :=−(u(1)−u(2)).

The v−functions compare the exclusion process studied in the
previous chapter with the process that satisfies (4.1). Letting
Λ

n,6=
N with n > 1 be the set of all the sequences x = (x1, . . . ,xn)

such that xi 6= x j, we define the v−functions, for x∈Λ
n,6=
N ,n >

1, as

vε(x, t | µε) := Eε

[
n

∏
i=1

(η(xi, t)−ρε(xi, t))

]
,

where the process above starts from a product measure µε ,
and ρε(x, t) is solution to (4.1). The main result presented in
this chapter is the following

Theorem 4.1. There exist c∗ > 0 so that, ∀β ∗ > 0 and posi-
tive integer n, ∃cn < ∞ constant such that for any ε > 0 and
initial product measure µε , for θ > 1 and t 6 εβ ∗ holds

sup
x∈Λ

n,6=
N

|vε(x, t | µε)|6 cn(ε
−2t)−c∗n. (4.2)

We start by presenting some notation for the defini-
tion of the stirring process and a coupling, in Section 4.1.
Next, in Section 4.2 we derive integral inequalities for the
v−functions. In Section 4.3 we classify each term appearing
in the bounds for the v−functions. The argument is iterative,
and we differ each particle through a labeling. In Section
4.4 we apply this iterative argument, where we have to differ
between two cases regarding the time that particles have to
mix. In the last section (Section 4.5), we conclude the proof
of Theorem 4.1. We remark that in [16] they extend these
bounds to times t 6 τ logε−1, for some constant τ . Although
the proof is short, we remark that the extension for "long"
times is not trivial, and an open problem for many models, as
presented in [15]. The exclusion process− associated to the
generator LN,0 in Chapter 3− is refered as stirring process,
and is defined through an Active/Passive marks process.

Definition 4.2 (A/P-process). The A/P-process is realized in
a probability space (Ω,Pε). It is defined as a product of Pois-
son processes indexed by {x,x + 1} with x ∈ Z. For each
bond, we associate a Poisson process with intensity ε−2. Its
events are named marks. To each mark we associate (indepen-
dently) an atribute (passive or active) with probability 1/2.
Each Poisson process is mutually independent, and their com-
mon distribution is denoted by Pε .

For any realization ω ∈ Ω, we define the evolution in ΛN
as follows. When a particle is in a node where a Poisson
clock rings, it moves to its neighbor site. If that site is oc-
cupied and the mark is active, both particles exchange their
positions. If the mark is passive instead, nothing happens.
Moreover, jumps to outside ΛN are supressed.

Denoting by X(t) ⊂ ΛN the set of occupied particles at
time t, i.e., x ∈ X(t)⇔ η(x, t) = 1, by a duality argument, we
will work mostly with X(t) instead. We know that the gen-
erator of the dual process has the evolution inverted. For us,
in practice, this means that given ω ∈Ω and X(t), we follow
backwards the process and then define X(0). This is useful
because now we can study the stirring process by looking at
the particles that we have at the moment.

The "warm up" for the bound for the v−function is as
follows. We start by deriving a discrete equation for the
v−function. The idea is to apply Dynkin’s martingale and
write the derivative in time of the v−function as a function
of the discrete (reflected) laplacian, plus an error arising from
the bulk and boundaries dynamics. This leads to the follow-
ing equation:

∂

∂ t
v(X , t) = ε

−2(L0v)(X , t)+(C(θ)
ε v)(X , t), (4.3)
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where (C(θ)
ε v)(X , t) := ε−2((Av)(X , t) + εθ (Bv)(X , t)), and

the (linear) operator A arises from the bulk dynamics, and the
operator B from the boundary dynamics. Above, the operator
L0 is the reflected d-dimensional discrete Laplacian. Derived
this equation, we apply Duhamel’s formula to get

v(X , t) = EX

[∫ t

0
∑
Y
(C(θ)

ε v)(Y, t− s))1X(s)=Y ds
]
.

After bounding each term inside the expectation above, we
will arrive at 3 "recursive bounds", i.e., we will get a bound
for the v−functions in terms of, again, v−functions, but with
more or less particles; a bound for a difference of v−functions
with a different number of particles, and a bound for terms
arising in both bounds. The strategy now is to differ each par-
ticle through labels, and classify each term of these bounds in
order to iterate them. The classification of each term makes
the work of iterating these bounds feasible, as seen in the se-
quel. The need to label each particle is because at some point
we will derive bounds by fixing a particle and estimating its
movement. By an appropriate coupling with a system of inde-
pendent (labeled) particles, we are able to fix a particle both
in the original and coupled process. Therefore, under some
conditions, we are able to make estimations in the original
process through the system of independent particles.

In this way, given a realization ω , by the duality relation
we can follow back each particle and label it. We denote by
x= (xi1 , . . . ,xin) a labeled configuration of n particles. The la-
bels are the index ik, while the particles are xik . We sometimes
refer to the particles through their labels. We denote by x(t)
the labeled version of X(t). Moreover, we let x1 ∼ x2 mean
that the particles x1 and x2 are neighbors, and define τi, j as
the first time that the particles i, j are neighbors and there is a
mark between them. In this way, writting the labelled version
of the aforementioned bounds, we arrive at the final expres-
sion for the bounds, that are the main "basis" for the method.
Although these bounds do not fit "aesthetically" very well to
the format of this abstract, due to their importance, we will
state them in this abstract, but due to their lenght we will state
them in the end of this section. In this way, we refer the reader
to (4.11), (4.12) and (4.13) for a better understanding of the
following argument.

The idea is to iterate the bound for v with the mentioned
inequalites. Let us refer to the (first) bound for |v(x, t)| as

|vn(x, t)|6
∫ t

0
ds f1(vn−1, ,vn−2,vn−3,vn−J+z′ , t− s),

where we write vn since we start with n particles, i.e., |x|= n.
By successively applying the aforementioned bounds, we see
that one may proceed as follows

|vn(x, t)|6
∫ t

0
ds f1(vn−1,vn−2,vn−3,vn−J1+z′1

, t− s)

6
∫ t

0
ds
∫ t

t1
dt2 f1(vn−2,vn−J1+z′1

, t− s)×

× f2(vn−2,vn−3,vn−4,vn−1−J2+z′2
, t2)6 · · ·

(4.4)

Thus, while we lose some particles, we also gain particles. In
this way, we might end up without particles, and stop these

iterations, or proceed indefinitely. At this step, we fully clas-
sify each term arising in these bounds in terms of a process
denoted by skeleton. This process will then dictate which par-
ticles we remove and which (new) particles we add. We will
define the instant that we add a particle through an auxiliary
branching process, defined in terms of a realization of the A/P
process. If we are in the case where we iterate indefinitely, we
will truncate this series at some step M to be chosen. Finally,
the series obtained by these finite number of iterations is de-
noted by the truncated hierarchy. Given its importance, we
fully state the skeleton’s definition.

Definition 4.3 (The skeleton). Each skeleton π is a sequence
π = (πi)i=1:m(π), where m(π) ≡ m 6 M. Each i is a branch-
ing "time" (read time being discrete) and, fixed i, πi denotes
which particles die or are born. We will start with the parti-
cles A0 = {1, . . . ,n} alive. In this way, at each time i we will
denote the set of alive particles by Ai, which are determined
by the previous values of the skeleton, {π j} j6i. For each i,
the term πi is a quadruplet

πi = (δi,Ji,ui,zi), (4.5)

where

• δi ∈ {0,1,2} determines if we are going to have
births and/or deaths and of which type;

• Ji is an increasing sequence of distinct integers such
that |Ji|< ∞ - determines the set of particles that die;

• ui ∈ {−,0,+} determines where particles are
born/die;

• zi is a labeled configuration, with labels in J+i - the
new set of particles i.e., labeled births.

Known π j<i, we define inductively πi:

• δi = 0,1−→ ui = 0,zi = /0,Ji = {ki, li} with ki < li
δi = 1−→ Ai = Ai−1\{ki, li}
δi = 0−→ Ai = Ai−1\{li} i.e., the particle with

the highest label in Ji dies.
• δi = 2−→ ui 6= 0,Ji 6= /0,Ai = (Ai−1\Ji)∪J+i . More-

over, |Ji|= 1−→
∣∣J+i ∣∣> 0

• m(π)< M −→ δm > 0,zm = /0, |Jm|= |Am−1|, that is,
Am = /0, and we are considering the case where all
particles die (v≡ v0).
• m(π) = M then AM is free: AM = /0∨AM 6= /0. It does

not matter since we will truncate it at this step.

Now we define the times with respect to the stirring pro-
cess that the particles are removed, according to the skeleton
π . Given an initial configuration x ≡ x(0), a path ω ∈ Ω on
the A/P-marks space, steps m ≡ m(π) 6 M, times 0 = t0 <
t1 < · · ·< tm < tm+1 =: t, and a skeleton π , we define x(t) by
following the A/P-process in (ti, ti+1). At the endpoints, if we
have to remove two particles, we do it at t−i ; if we have to
remove one particle, we do it at the midpoint of the interval.
If we have to add particles, we to it at t+i . Fully defined when,
how and which particles are removed at each iteration, associ-
ating each coefficient arising in each iteration to its respective
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δi, by (4.4) we arrive at v(x, t)6 c∑π wπ(x, t), where

wπ(x, t) :=
∫ t

0
dt1 · · ·

∫ t

tm−1

dtm ∏
|δi=0|

ε−2

[ε−2(t− ti)]
1/2−ξ +1

∏
|δi=1|

ε−2

[ε−2(ti− ti−1)]
1−ξ +1

∏
|δi=2|

εθ−2

[ε−2(t− ti)]
pi/2 +1

Eε

[
∏
|δi=0,1|

1{xki (ti)∼xli (ti)} ∏
|δi=0|

Ti ∏
|δi=1|

Ri

]
,

(4.6)

with the events Ri and Ti defined as

Ri := {x j(t−i ) ∈ Ic
ui
, j /∈ Ji},

Ti := {τki,li(ti)> (ti+1 + ti)/2},
and for the steps > M the v−functions are bounded by 1.
Moreover, we write |δi = k| = {i : δi = k}. Note that the
skeleton induces a partition of [0, t]. We will fix this parti-
tion as the uniform, i.e., ti− ti−1 =

t
M+1 . The reason for this

is mostly that this partition is simple enough. At some point,
we will need that46 1. For that, we will fix

4=
t

M+1
∧ ε

a,

for some a > 0. The choice of a is only needed when we
finally bound wπ(x, t), and therefore, the v−function.

Observing carefully (4.6), we see that if we ignore all con-
stants and drop the +1 in the denominator, we are left with
successive integrals of the following form∫ v

u
ds

1
(s−u)α(v− s)β

, (4.7)

with u < v,α,β < 1, which not only we know that are finite,
but one can iterate them. Thus, we want to control the differ-
ence ti+1− ti suitabily. For that, we take a quantity4. Then,
4> t− tm or4> t− tm. We say that

• if t− tm 64, then the times cluster to t;
• if t− tm >4, then the times do not cluster to t.

When the times do not cluster, to proofs are quite long but
very straightforward. When the times do "cluster" to t, it is
enough to look only at the last cluster to t. By last cluster, we
mean the times CH := {tH , . . . , tm, t} such that for any ti ∈CH
we have 4 > ti+1− ti, and 4 < tH − tH−1. In this way, we
now factorise (4.6) as

wπ(x, t) = w′π(x, t)+ ∑
H6i6m

w′′π,H(x, t),

where w′π is defined when the times do not cluster to t, and
w′′

π,H defined for each prossible last cluster.
The main problem in bounding (4.6) is the expectation

term. To bound this, the main ideia is the same for both w′π
and w′′π , the techniques and difficulties that are different. One
starts by bounding the terms inside the expectation for a given
step h, finding a recursive formula for these bounds. Specifi-
cally, letting ψh be the term inside the expectation in w′π(x, t),
for steps 6 h, we show that

φhEε ψh 6 cφh−1Eε ψh−1 (4.8)

for φh very similar to the other coefficients in (4.6). Then we
proceed by induction backwards until the first step. When
the times do not cluster, we show that ∀ξ > 0 ∃c such that
∀π : m = m(π)6 M,x : |x|= n,ε > 0, t 6 εβ ∗ we have

w′π(x, t)6 c(ε2t)−ξ M4−S1(m)
ε

S2(m)tS3(m)
ε
(θ−1)S4(m), (4.9)

where the exponents Sk(·) are positive, and functions of the
cardinality of the indexes in the products in (4.6). For their
full expression, we refer the reader to the main text.

The problem with w′′
π,H is that proceeding in the same way,

one arrives at a negative exponent in the last t term in the pre-
vious display,due to the fact that now t− tm 64, which leads
for the arguments in the last section, Section 4.5, to fail. To
solve this problem, one considers a coupling with a system
of independent (labeled) particles, denoted by x0(t). The de-
tailed description of the coupling is quite long, thus we refer
the reader to [16] for the application, [7] for the proof of its
main properties, and also to the main text. The idea is to
define a process x0(t) with independent particles through an
auxiliary process y(t). This auxiliary process follows the A/P
process, saving when each particle tries to jump, and to each
side. The main feature is that it determines a priority for each
particle (for example, particle i has priority σ(i)). In this way,
when we have a full bond, if the mark is passive, then the par-
ticle with the highest priority collides with the particle with
the lowest. If the mark is active, then the particle with the low-
est priority collides with the particle with the highest priority.
The properties that we explicitly use are on the following list
and theorem.

• For any i and t > 0 , xi(t) is completely determined
by y j(s),s ∈ [0, t], where j is such that σ( j)< σ(i).
• The particle with the lowest priority has the same

walk both in the coupled process and the original pro-
cess, with probability one.

Theorem 4.4. Let T > 0 and x(0) = x0(0). Then, for any
ξ > 0 and k there is c such that for all t 6 T and for all ε > 0

Pε [
∣∣x`− x0

`(t)
∣∣> (ε−2t)1/4+ξ ]6 c(ε−2t)−k. (4.10)

To derive an analogous of (4.8) and bound (4.9), we fix a set
GH , as the set of indices i > H such that there exists a particle
that was alive at iteration H and may only die at iteration i,
where H is the index in the last cluster CH . Fixing this set,
and such particle, denoted by `, we decompose our index set
in each term of the expectation in (4.6) in two sets of indexes,
one independent of `, and the other where ` lives. We be-
lieve it is worth mentioning that the way that Theorem 4.4 is
applied is quite interesting. Letting 4ξ := (ε24)1/4+ξ , the
identity function is decomposed as 1 = χ +(1−χ), where

χ = 1|x`(th)−x0
` (th)|64ξ

∏
H6i6h:δi=2

1|x`(ti)−x0
` (ti)|64ξ

inside the expectation. Proceeding in this direction, one ar-
rives at a similar result as in (4.9).

Proposition 4.5. ∀ξ > 0∃ c : ∀π such that m=m(π)6M and
x : |x| = n,ε > 0, t 6 εβ ∗ we have that w′′

π,H(x, t) is bounded
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from above by

c{(ε2t)−Mξ4−S1(H−1)
ε

S2(H−1)tS3(H−1)
ε
(θ−1)S4(H−1)}×

×{(ε24)−Mξ (ε−24)−
1
4 |GH |4

1
2 |δi>H=2|ε(θ−1)|δi>H=2|},

with the Sk(·) exponents as in (4.9).

Provided these bounds for both wπ(x, t) and w′′
π,H(x, t), we

have to further bound for each one of the following cases:
(4= t

M+1 ∨4= εa)∧ (m(π)< M∨m(π) = M).
This is where the constant a comes into play. The idea for

this final step is to, for m = M, bound the exponents in such
a way that they do not exceed too much M. In this way, we
can bound the exponents from below by M, and choose M in
such a way that we have the desired bound. For m < M how-
ever, the arguments are different: we find inequalities for the
exponents in terms of n, by taking advantage that in the final
step, m, there are no alive particles, and then consider the max
of the basis elements, directly getting the desired bound. In
this step, we have to fix the constant a, since, depending on
its value, the dominant term differs. In the original article, it
is fixed as K

K+1 , but it is easy to see that it can be chosen as
"anything" else, considering that a > 0.

4.1. Recursive bounds for v.

|v(x, t)|6
∫ t

0
ds

(
∑

u=±
∑

/0 6=J⊂{1,...,n}
∑

z′⊂Iu

cεθ−21{|J|=1,|z′|=0}c

(ε−2s)|J|/2 +1
×

×Eε

[
1{x(J)(s)⊂Ic

u}

∣∣∣v(x(J)(s)∪ z′, t− s)
∣∣∣]+

+ε
−2Eε(Av)(x(s), t− s))

)
,

(4.11)∣∣∣v(x(i), t)− v(x( j), t)
∣∣∣6∫ t

0
ds

(
∑

u=±
∑

/0 6=J⊂{1,...,n}
∑

z′⊂I±

1{|J|=1,|z′|=0}c
c

(ε−2s/2)|J|/2 +1
×

×Eε

[
1{x(J)(s)⊂Ic

±}
1{τi, j>s/2}

∣∣∣v(x(J)(s)∪ z′, t− s)
∣∣∣]+

+Eε

[
1{τi, j>s/2}ε

−2
{∣∣∣(Av)(x(i)(s), t− s)

∣∣∣+
+
∣∣∣(Av)(x( j)(s), t− s)

∣∣∣}]) ,
(4.12)

Eε [(Av)(x(s), t− s)]6 c ∑
xi,x j∈x
xi∼x j

Eε

[
v(x(i, j)(s), t− s)

(ε−2(t− s))1−ξ +1
+

+
v(x(i)(s), t− s)− v(x( j)(s), t− s)

(ε−2(t− s))1/2−ξ +1

]
.

(4.13)

5. MATRIX PRODUCT ANSATZ

The idea of the MPA is to assume that the probability of a
configuration η in the stationary regime can be formulated as
a product of matrices. These matrices, in general of infinite

dimension, must satisfy a set of rules induced by the genera-
tor of the process, which are named algebra. From the Kol-
mogorov equation, one gets that the stationary measure lies
at the kernel of the generator. To get this condition, the cur-
rent methodology relies on a cancelling mechanism known
as telescopic rules, proposed in [6]. Since its proposal it has
been shown that, under some conditions, these rules are con-
sequence of the integrability of the model, and are closely
related to the Bethe Ansatz [19]. Unfortunately, this formu-
lation only seems to work for "simple" models. For closed
boundaries, or open but with each boundary acting on one site
less than the bulk dynamics [13] we know such matrices ex-
ist, if one can show that the algebra is consistent [14]. More-
over, even showing that such factorization exists, the problem
of computing any physical quantity is not trivial, due to the
complex structure of these matrices [4]. Much simpler are the
cases when one does not need the representation of the matri-
ces to compute any quantity - which was our main motivation
for solving this problem. In Section 5.1, we present the math-
ematical framework and methodology, and analise deeply the
linear SSEP with general rates from the algebraic point of
view, in order to give the reader some intuition for the follow-
ing section. Along the way, we make some corrections to the
algebra for the linear SSEP with rates dependent of the size
of the system. To our knowledge, these incapacities of the
algebra for the linear SSEP were never detected in the current
literature. In Section 5.2, we propose a natural extension of
this method, and show under what conditions the algebra is
consistent. Although previous methodology still "works" for
our model, the restricitions to the parameters space are too
strong. We were able to relax these restrictions by consider-
ing some extra boundary matrices. We have no knowledge of
work being done in this direction in the literature. Up to now,
our extension has proven to be successful.

Our presentation relies in the use of the tensor product for-
malism, given its simplicity and more compact expressions,
as in [19]. By the time of the writing of this thesis we no-
ticed that a new formalism has been recently developed, in
the context of Hidden Markov Chains, to where we refer the
interested reader [1].

In this way, define the vectors

|1〉= (0,1)†, |0〉= (1,0)†,

where .† denotes the transposed vector. We define the (or-
dered) basis associated to two sites as:

{|0〉⊗ |0〉 , |0〉⊗ |1〉 , |1〉⊗ |0〉 , |1〉⊗ |1〉} (5.1)

where each element corresponds to the empty lattice, second
site full, first site full and full lattice, respectively. The dynam-
ics can be encoded by a Markov matrix, that can be decom-
posed as a sum of local operators acting only on two neighbor
sites. For closed boundaries this dynamics can be encoded by
the operator

M =
N−1

∑
i=1

mi,i+1,
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with mi,i+1 a local jump operator acting on sites i, i + 1:
mi,i+1 = 1⊗i−1⊗m⊗1⊗N−i−1. For the SSEP dynamics, with
respect to the ordered vector basis (5.1), we have

m =


0
0
0
0

0
1
−1
0

0
−1
1
0

0
0
0
0
 . (5.2)

To obtain this matrix, one fixes a base, then the entry m(i, j)
corresponds to the transition rate to go from the local configu-
ration associated to the basis vector i to the local configuration
associated to the basis vector j. In the case of open bound-
aries with coupled reservoirs acting on a single site each, the
operator M takes the form:

M =
N−1

∑
i=1

mi,i+1 +BL +BR, (5.3)

where BL = bL⊗1⊗(N−2) and BR = 1⊗(N−2)⊗bR, and bL,bR
are 2×2 matrices acting on the first (resp. last) site. For the
linear case, K = 1,α1 ≡ α,γ1 ≡ γ , and similar for the right,
under the ordered basis {|0〉 , |1〉}, these jump operators are
written as

bL =

(
α

−α

−γ

γ
)
, bR =

(
β

−β

−δ

δ
)
.

The main idea for the MPA is to assume that the probability
of a configuration can be factorized into a matrix product. For
that, we associate a matrix E to an empty site, and a matrix D
to a full site. In this way, we can express the invariant measure
that satisfies

(L †
µ

N
ss)(η) = 0, ∀η ∈ΩN , (5.4)

by an ordered product

µ
N
ss(η) =

1
ZN−1

〈W |
N−1

∏
i=1

[(1−ηi)E +ηiD] |V 〉 ,

where the vectors 〈W | , |V 〉 assure that in the end we have a
number, and ZN−1 is the normalization constant for a sys-
tem with N − 1 sites. Letting C := D+E, it is easy to see
that the normalization ZN−1 takes the simple form ZN−1 =
〈W |CN−1 |V 〉. The current methodology relies on forcing
condition (5.4) through a telescopic rule, which we state on
the following definition.

Definition 5.1. Let X := (X1,X2)
† and X := (E,D)†. Given

a bulk local jump operator m, we say that X and X satisfy
the bulk telescopic relation if

mX⊗X = X⊗X −X ⊗X . (5.5)

Moreover, we call the vector X the auxiliary vector.

Proposition 5.2. If the vectors X, X satisfy the bulk tele-
scopic relation, and we also have

〈W |bLX = 〈W |X bRX |V 〉=−X |V 〉 (5.6)

then the matrix product state satisfies M |P〉 = 0. If |P〉 6= 0
this formulation provides the stationary state associated to M.

Although the telescopic rules guarantee that we have the
stationary state, there is no guarantee to whether one can eas-
ily compute any quantity. We know that some models are
algebraically solvable, i.e., one can compute any quantity us-
ing only the induced algebra. Nevertheless, to guarantee that
matrices that satisfy these rules exist, one has to either find
them, or be in the conditions of 5.1 and 5.2.

For the linear SSEP, the telescopic rules can be computed
to get for the bulk

0 = EX1−X1E,

ED−DE = EX2−X1D,

−ED+DE = DX1−X2E,

0 = DX2−X2D,

and for the boundaries(
〈W |αE− γD
〈W |−αE + γD

)
=

(
〈W |X2

〈W |X1
)
, (5.7)

and similarly for the right. For the bulk, we see that we must
have the consistency condition

[E,X2] =−[D,X1],

where above we have the commutator [A,B] = AB− BA.
Moreover, we can derive for the bulk and, looking at the
boundary rules (5.7), three consistency conditions

[C,X1 +X2] = 0, and 〈W |(X1 +X2) = 0,

and one analagous for the right. Unfortunately, relying only
on these relations for the auxiliary vector we cannot compute
any quantity. First, we define more precisely what we mean
by algebraically solvabe.

Definition 5.3. Given a MPA formulation for a dynamics
where each reservoir acts on K sites (that is, bL,bR acts on
CK), we say that the bulk is algebraically solvable if we can
express configurations with a fixed number of particles in the
bulk as functions of configurations with particles at a distante
6 K from a boundary.

We say the boundary is algebraically solvable if we can
express local configurations with a fixed number of particles
in a distance 6 K from a boundary as a function of the nor-
malization constant only.

The bulk and boundary rules suggest that we have X2 =
−X1. This is indeed enough for any computation. Letting
EµN

ss
[η(s)] :=< η(x)>N−1, we have

< η(x)>N−1=
1

ZN−1
〈W |Cx−1DCN−1−x |V 〉 .

With the choice X = X2 =−X1, our rules take the form

[D,E] = XC, 〈W |αE− γD = 〈W |X ,

[E,X ] = [D,X ] = 0, δD−βE |V 〉= X |V 〉 .
(5.8)

In this way, since [D,C] = XC, one can show by induction
that

Cx−1D = DCx−1− (x−1)XCx−1. (5.9)
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Thus, the auxiliary vector defined by X = (−X ,X)† induces
the algebraic solvability of the bulk. Now we define how we
are going to compute quantities.

Definition 5.4. Given a configuration with a particle at site
y, we let Ly(x) < η >N−1 mean that we will send the "par-
ticle" y to the site x < y whenever the configuration at sites
{x, . . . ,y− 1} is free, that is, there are no particles fixed in
between x and y, i.e., {x, . . . ,y− 1}. Similarly, we write
Rx(y) < η >N−1 when we send a particle from the position
x to y with x < y and no particles in {x+1, . . . ,y}. Moreover,
we will write Ly(1)≡ Ly and Ry(N−1)≡ Ry.

By the definition above, we must have the following con-
sistency in the computations.

(Lx−Rx)< η(x)>N−1= 0.

In this way, since D =C−E, one notices that

〈W |D = 〈W |(α + γ)−1(−X +αC),

and computing Lx < η(x) >N−1 and Rx < η(x) >N−1, then
equating both we arrive at

〈W |X1CN−2 |W 〉
ZN−1

=

α

α+γ
− β

β+δ

N−2+ 1
α+γ

+ 1
β+δ

. (5.10)

If we consider rates depending on the size of the system,

α = N−θ
α
′, β = N−θ

β
′, γ = N−θ

γ
′, δ = N−θ

δ
′,

(5.11)

computing (say) Lx < η(x) >N−1 and replacing (5.10), we
have that < η(x)>N−1 equals to

α

α + γ
−
(

x−1+
Nθ

α + γ

) α

α+γ
− β

β+δ

N−2+ Nθ

α+γ
+ Nθ

β+δ

.

Note that the choice X = x ∈ R has no effect in the computa-
tion for the mean, since x is free. The inconsistency lies when
considering correlations. Denote by < η >w

N−1 the weight of
the configuration η , and by 〈W | (resp. |V 〉) if we use our left
(resp. right) relations to compute a local configuration at the
left (resp. right) boundary. In this way, we must always have
∀η configuration 〈W | · · · |V 〉 = 〈W | · · · |V 〉. However, consid-
ering < η1(1−η(2))− (1−η(2))η(1)η(N− 1) >N−1, we
have

〈W |(DE−ED)CN−4D |V 〉 6= 〈W |(DE−ED)CN−4D|V 〉.
The root of the problem above is simple. DE − ED = xC
and is independent of Nθ , while D |V 〉 is not. If we compute
through the left, we decrease the size of the system to N− 2
(since x can be put outside the expression in terms of the ma-
trices), and then we need to compute the "particles" at the
right, and therefore the rate decreases to (N−1)θ . If we com-
pute first through the right, in the end the term 〈W |DE−ED
does not affect the size of the system. When θ = 0, how-
ever, there is no inconsistency, since the rates are fixed. While
the problem above might be negligible for the configuration
presented, when computing higher order correlations it prop-
agates heavily. The "solution" is to simply fix X /∈ R, thus
fixing the size of the system through computations, and thus

the rates. The intrinsic problem is slightly deeper. We know
from [17] that the MPA solves the (unique) solution for the
PDE induced by the correlations between two sites, but these
computations were done with the rates fixed. While the tele-
scopic relations per se are consistent for any choice of param-
eter and we have consistency through L/R, we do not have for
〈W |, |V 〉, thus, one must that somehow these rates are fixed in
the MPA formulation.

5.1. Extension of the methodology. We consider the same
basis and framework as before, with a slightly different can-
celation mechanism: at the boundaries we associate different
matrices to the local configuration, and at the bulk we con-
sider the usual cancelation mechanism with auxiliary vectors.
The difference lies in not considering any auxiliary vector at
the boundaries, and different matrices at sites 1 and N − 1,
thus letting the cancelation be more "natural". In this way,
our MPA formulation for the invariant measure takes the form
of the ordered product

µN−1(η) = Z−1
N−1 〈W |(η1DL +(1−η1EL))×

×
N−2

∏
i=2

[(1−ηi)E +ηiD]× (ηN−1DR +(1−ηN−1ER)) |V 〉 ,

where the boundary matrices DL,R,EL,R can be different from
the bulk matrices D,E. The normalization constant now takes
the form ZN−1 := 〈W |CLCN−3CR |V 〉 , where CL := DL +EL
and CR := DR +ER. In this thesis, we let each boundary act
on 2 sites, thus the jump operator M in (5.3) now takes the
form

M =
N−2

∑
k=1

mk,k+1 +BL
1,2 +BR

N−2,N−1.

We defined above the boundary operators as BL
1,2 := bL ⊗

1⊗N−3, and similar for the right, where bL acts on 2 sites.
With the cancelation mechanism mentioned above, we have
the stationary condition (5.4), and the following rules.

mX⊗X = X⊗X −X ⊗X ,

0 = 〈W |((bL +m)XL⊗X−〈W |XL⊗X ) ,

0 = (X ⊗XR +(bR +m)X⊗XR) |V 〉 .

5.2. Consistency. We consider X = −X1 = X2 since it is
enough to guarantee the algebraic solvability of the bulk in-
duced by the SSEP dynamics. We consider the most general
boundary dynamics acting on two sites, in order to have a bet-
ter control regarding under which choice of parameters our
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method works:

| 00 | 10

| 11| 01

α1

α3

γ1

γ3 α2

γ1

α1

γ2

where | · dictates that the reservoir is at the left. For the right
it is completely analogous. The transition matrices bL,bR are
computed in the same way as in the previous section. Instead
of working directly with the boundary algebra to check the
consistency, we found more convenient to fix some "funda-
mental quantities" by the following transformations. Letting
4L := DLE−ELD, consider

[D,E] =CD−DC, EE =CC−DC−CD+DD,

ED = DC− [D,E]−DD, DE = DC−DD.

Then we have for the left

〈W |

(m∗L +b∗,θL )


4L

DLD
DLC
CLC

−


DLX
−DLX

(CL−DL)X
−(CL−DL)X


= 0

where m∗L,b
∗,θ
L are the new rates matrices under this "basis".

The θ parameter states that we are considering the rates mul-
tiplied by Nθ . We were able to reduce, at first, these four rules
to the following three.
〈W |DLC = 〈W |dL

1 (N
0)CLC+dL

2 (N
θ )DLX +dL

3 (N
θ )CLX ,

〈W |4L = 〈W | tL
1 (N

−θ )CLC+ tL
2 (N

0)DLX + tL
3 (N

0)CLX ,

〈W |DLD = 〈W | f L
1 (N

0)CLC+ f L
2 (N

θ )DLX + f L
3 (N

θ )CLX

where the exponent on N denotes the order of the coefficient,
for example, d·1(N

0) = O(c), d·2(N
θ ) = O(Nθ ), and so on.

The expressions for these coefficients are quite long and can
be seen in the main text. We remark that we have an interest-
ing root:

α2 + γ3 = α3 + γ2⇒ tL
2 = dL

2 = 0. (5.12)

We checked by computing Kolmogorov’s equation under the
stationary regime that these coefficients vanish exactly when
there are no correlations explicitly. This is a curious fact,
mostly because when these coefficients vanish, our "funda-
mental quantities" are functions of terms of the normalization
constant only, thus implying our definition of boundary al-
gebraic solvability. There is a catch however, since this is
the only case where our algebra is inconsistent. The main
feature of our formulation is that (tL

1 , t
L
2 , t

L
3 ) 6= (0,0,1) (resp.

(tR
1 , t

R
2 , t

R
3 ) 6= (0,0,1)). When considering the methodology

exposed in Section 5.1.1, the fact that we only have two ma-
trices induced, after some algebraic manipulations, that the

particles were not correlated at the boundaries, which is not
true. More in the physics context, our MPA formulation al-
lows for the current flowing in the windows to be different
than the one in the bulk.

Multiplying our left boundary algebra by CN−3CR |V 〉
through the right, we define the following boundary recur-
sions.

AN−3 := 〈W |DLCN−3CR |V 〉 ,

CN−3 := 〈W |CLCN−3CR |V 〉 ,

4L
N−3 := 〈W |4LCN−4CR |V 〉 .

Also, we let XnCN−3−n := 〈W |CLXnCN−3−nCR |V 〉, and sim-
ilar for the other recursions. Checking when (Lx − Rx) <
η(x)>w

N−1= 0, we arrived at the following expression for the
normalization

AN−3−BN−3 =4L
N−3 +4R

N−3 +(N−4)XCN−4, (5.13)

where BN−3 is the analogous of AN−3 for the right boundary,
and 4R

N−3 of 4L
N−3. To see that we cannot have (5.12), we

note that the rules for 〈W |DLC and 〈W |DLD are not indepen-
dent. We show this by deriving 〈W |DLDC from 〈W |DLCD,
by using our commutators to send the particle in the third site
in 〈W |DLCD to the first, getting then 〈W |DLDC plus a sum of
new terms. Equating this new expression for 〈W |DLDC with
the one in the algebra, we arrive at the following condition

CLCC ( f1−d1(d1− t1)) =CLXX (d2 f3−d3t3)+

+CLCX (d1(d3− t3−1)+ f1d2−d3t1− f3)+

+DLCX (d1(d2− t2)+d2 f2 +d3 +1− f2)−
−DLXXd3t2,

where we supressed the vector 〈W | and upperscript L in the
coefficients. Thus, if (5.12) holds, then the expression above
is a "closed" expression for the normalization constant, but in
general not consistent with (5.13). By symmetry, the same
problem arises in the right boundary. Thus, to have consis-
tency, we must set all the coefficients to zero. Nevertheless,
if (5.13) does not hold, then we just simplied our algebra a
lot. Replacing our boundary condition for DLC, we just man-
aged to get an expressoin for DLXX as function of terms of
the normalization constant only (modulo X matrices). In this
way, we can successively replace this term back in our alge-
bra to get an expression for DLC as function of CLCC,CLCX
and CLXX . Thus, we just showed that our boundary is alge-
braically solvable. Our system, however, is not algebraically
solvable, since replacing this new boundary algebra in (5.13),
leads to a second order recurrence, and thus, a priori, the
need of the representation of the matrices. While this is
needed in order to obtain exact solutions, we may approxi-
mate any physical quantity by iterating this recursion, since
CN−4/CN−3

N→∞−−−→ 0. In particular, we have that while the
boundary and bulk algebraic solvability is enough for approx-
imations, it might not be enough for exact results.
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6. CONCLUSIONS AND FUTURE WORK

As seen in Chapter 3 and 4, of the main text, the slow
reservoirs impose not much difficulty when θ > 1. When
θ < 1, however, these arguments do not work. In Chapter
3, we saw in the heuristics for the hydrodynamic limit, that
θ < 1 is a problem, since the martingale would "explode" as
N→ ∞. We can work around this by choosing a more appro-
priate test function and notion of weak solution. In the formal
proof, we see the same problem when showing the tightness
of the sequence {QN}N>1, and when showing the Replace-
ment Lemmas. In [2] it is shown that the sequence is tight for
all θ ∈ [0,1) and K = 1, where the trick lies in taking a dif-
ferent test function H that, instead of only being in C2, it has
now compact support. The same argument works for general
K, but then we run into the problem again in the proof of the
Replacement Lemmas where we bound the Dirichlet form. A
solution might be to exchange the measure to a more appro-
priate one, through the entropy inequality. Following on this
direction, one could use the MPA formulated in Chapter 5,
for K = 2. Nevertheless, we were successful in proving the
Hydrodynamic Limit for θ > 1, and in the treatment of the
correlation terms, a topic not much studied in the literature.

For the propagation of chaos, from the moment that we
compute the bounds for w′π and w′′

π,H in terms of "full pow-
ers" it is clear that for θ < 1 the exponents are too large to
treat. For θ > 1, we conjectured that the correct bound is in
fact (cnε−2t)−nθc∗ . Mutatis mutandis, we were successful in
showing this for the case m = M. For m < M, however, we
found the arguments in [16] to be not the most well suited.
We are still confident in the aforementioned bound, and we
believe that there might me something missing. To show the
Hydrodynamic Limit for θ < 1, we have a preliminary work
where we consider the generator of a random walker that is
absorbed in the boundaries, instead of reflected as in Chapter
4. This leads to the estimation of other quantities, after an
application of Feynman-Kac’s formula. We believe that the
study of the article [16] will prove to be fruitfull in terms of
ideas for the proof.

Regarding the Matrix Product Ansatz, we have not men-
tioned the existence of such matrices. In fact, a lot of work
has been done in this direction, but it is still not ready yet.
Our strategy was to adapt the bulk matrices, D and E, pre-
sented in [6], then apply the boundary relations to find the
vectors 〈W0| := 〈W |EL , 〈W1| := 〈W |DL, and similar for the
right. The main problem lies in noticing the bulk rules are
still satisfied when that adding any constant D and E. In this
way, we have to either show that this constant is free, or fix
it. Given the infinite representation that we found for such
matrices, we were not able to show any of these cases. In this

way, while we were able to show existence, the representa-
tion is not fixed. We do have more matrices to test, and some
different approaches to fix this constant. Thus, there is plenty
of work to be done in this direction.
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