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Abstract

The Bessel differential equation appears in many problems with cylindrical symmetry. A general-
ization of this equation appears in the case of coupled acoustic and vortical waves. The objective is to
study properties of the Bessel and Neumann generalized functions. Except at the point-at-infinity, they
converge uniformly to the original functions, when an extra parameter, namely degree, that appear in
the generalized equation, tends to zero. They are specified by series, valid around the origin, that is
a regular singularity, and converge in the finite complex plane except for the point-at-infinity. There
exists another singularity at infinity that is irregular. Consequently, the asymptotic solutions lead to
generalized Hankel functions. However, they do not converge uniformly to the original functions when
the degree tends to zero because the behaviour of that singularity is different between the generalized
and original equations. Another topic is the derivation of the equations of piezoelectromagnetism.
First, the equations of piezoelectricity will be established. Then, the energy, thermal conduction and
viscous stresses equations will be added. At last, the equations of piezomagnetism with magnetic fields
in the unsteady case that are related to electric fields through electromagnetic waves will be coupled.
A third topic is the Euler-Bernoulli theory of buckling of an elastic beam under compression extended
to the non-linear case. The comparison between both theories shows that the critical buckling load is
the same in the linear and non-linear cases because it is determined by the fundamental mode and the
buckled shape of the beam is different because non-linearity adds harmonics to the fundamental mode.
Keywords: Bessel Functions, Neumann Functions, Hankel Functions, Piezoelectromagnetism,
Non-linear Buckling

1. Introduction about Bessel functions
The compressible linear non-dissipative perturba-
tions of a uniform flow satisfy the acoustic con-
vected wave equation whose solution in cylindri-
cal coordinates involve Besssel functions in the ra-
dial direction. The radial dependence of rotational
waves that are in this case incompressible perturba-
tions of an axisymmetric swirling flow with constant
angular velocity is also specified by Bessel functions.
The combination of these two waves may be desig-
nated acoustic-rotational waves and are generally
perturbations, for instance shear or swirl, of an ho-
mentropic compressible flow with vorticity [1]. Con-
sidering the case of swirl, the simplest instance is
compressive linear non-dissipative perturbations of
a uniform flow (denoted by 0 in subscripts for the
Section 1) with superimposed rigid body rotation.

Regarding coupled acoustic-rotational waves in
uniform flow with rigid body swirl leads [2, 3] to

r2 d2p̃

dr2 +A(r)rdp̃
dr +B(r)p̃ = 0. (1)

where A and B are coefficients that depend on the
cylindrical coordinate r. The derivation of the wave

equation (1) assumes an isentropic mean flow and
it involves the adiabatic sound speed [c0(r)]2 =
γp0(r)/ρ0(r) that is given also by a function of the
radius. Note that γ is the specific heat ratio while
p0 and ρ0 are the pressure and density of a uni-
form flow respectively. To orderO

(
M4

a
)

in the swirl
Mach number, the generalized Bessel equation,

s2Q′′ + s
(

1− µ

2 s
2
)
Q′ +

(
s2 −m2)Q = 0, (2)

is obtained where the degree µ is given by

µ = 2
(

Ωr
c00s

)2
= 2

(
Ω

c00Krs

)2
. (3)

and s = Krsr is a dimensionless variable with
Q(s) which represents the pressure perturbation
spectrum and m is the azimuthal wavenumber of
its Fourier series. The variable Krs is the radial
wavenumber for a compressible fluid in the presence
of swirl and is indicated in [1], Ω is the angular mean
flow velocity and c00 is the adiabatic sound speed
for r = 0. If the swirl Mach number is taken into
account to order M4

a � 1, then the radial depen-
dence of the acoustic-rotational waves is specified
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by the generalized Bessel differential equation with
degree µ and order m. Since the low Mach num-
ber swirl approximation fails for large radius, the
radiation field may be calculated as the asymptotic
solution of (2) to order M4

a � 1. The low Mach
number swirl approximation (Ωr/c00)2 � 1 corre-
sponds to µ � 1 and (2) reduces to the original
Bessel differential equation for µ = 0.

2. Generalized Bessel and Neumann func-
tions

The Bessel functions have a vast number of applica-
tions supported by an extensive theory. The cases of
specific interest in this work include acoustic and ro-
tational waves, as stated in the Section 1. Whereas
both cases separately lead to the original Bessel dif-
ferential equation, their coupling leads to a general-
ization. Thus the consideration of coupled acoustic-
rotational waves as rotational compressible pertur-
bations of a uniform mean flow with rigid body rota-
tion [1] leads to the generalized Bessel equation that
differs from the original in having an extra term in-
volving a second parameter namely the degree µ.

The generalized Bessel differential equation of or-
der ν and degree µ may have other applications, and
deserves separate study as it leads to generalizations
of the Bessel and Neumann functions. It may also
be obtained, aside from any physical or engineering
motivations, by a purely mathematical argument,
starting from the original Bessel differential equa-
tion and replacing the coefficients of the dependent
variable and its derivatives by polynomials of the
independent variable. The origin remains a regular
singularity of the equation and the only other sin-
gularity is the point-at-infinity. Therefore, solutions
exist as Frobenius-Fuchs series [4, 5] around the ori-
gin with the series converging in the whole complex
plane, except for the point-at-infinity (where it is
located the only other singularity).

2.1. Generalized Bessel differential equation
The generalized Bessel differential equation is a lin-
ear second-order ordinary differential equation (4)
in the complex plane, whose order ν and degree µ
are complex numbers,

s2Q′′ + s
(

1− µ

2 s
2
)
Q′ +

(
s2 − ν2)Q = 0. (4)

The main equation of the Sections 1 to 3 is (4) which
is almost the same as (2), with the only difference
being the variable ν as a complex number in (4)
while the variable m is a natural number in (2).
The origin s = 0 is a regular singularity and the
only other singularity is at infinity. Using the Fuchs
theorem [4], we can deduce a solution as Frobenius
series [5]

Qσ(s) =
∞∑
j=0

aj(σ)sj+σ (5)

that converges in the whole finite complex s-plane,
that is, for |s| < ∞. Substituting (5) in (4) and
equating the coefficients of equal powers of s leads
to a two-term recurrence formula:[

(σ + j)2 − ν2] aj(σ)

= −
[
1− µ

2 (σ + j − 2)
]
aj−2(σ). (6)

Setting j = 0 leads to
(
σ2 − ν2) a0(σ) = 0. Since

a0 = 0 would lead to aj = 0 in (6) and Q = 0 in (5),
a non-trivial solution requires a0(σ) 6= 0 leading to
the indicial equation σ2 = ν2 with roots σ± = ±ν.
Thus, these roots are specified by the order ν as in
the original Bessel equation, but the recurrence for-
mula for the coefficients (6) shows that it depends
also on the degree µ. Applying j times the Equation
(6) leads to a formula that evaluate explicitly the
coefficients and we can define the first coefficient as

a0(ν) = 2−ν

Γ(1 + ν) ,

for consistency [6] with the original Bessel function
(when µ=0). As a result, a solution of the gener-
alized Bessel differential equation, valid for all µ, is
the generalized Bessel function of order ν and de-
gree µ specified by the power series with infinite
radius of convergence

Jµν (s) =
(s

2

)ν
×

∞∑
j=0

(
−s2/4

)j
j!Γ(1 + j + ν)

j−1∏
l=0

[
1− µ

(
l + ν

2

)]
. (7)

In the case of the original Bessel function, the de-
gree is zero, µ = 0, and the last factor in (7) is
omitted, leading to the usual series expansion [7].

The generalized Bessel differential equation (4)
is satisfied by the generalized Bessel functions (7)
of orders ±ν as follows from the indicial equation.
If the functions Jµ±ν are linearly independent, their
linear combination specifies the general integral of
the generalized Bessel equation (4). To know if they
are linearly independent, the Wronskian for the two
solutions of the generalized Bessel differential equa-
tion (4), in particular for the pair of solutions Jµ±ν ,
will be calculated.

If Q1 and Q2 are any two solutions of the gener-
alized Bessel differential equation (4), their Wron-
skian is given by

Wr(s) ≡ Q1(s)Q′2(s)−Q′1(s)Q2(s)

= W0(µ, ν)
s

exp
(

1
4µs

2
)

(8)

where W0(µ, ν) is the residue of the Wronskian at
its simple pole at the origin

lim
s→0

sWr(s) = W0(µ, ν).
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The Wronskian of the two solutions of Equation (4)
is evaluated near the point s = 0. In the case of the
generalized Bessel functions (7), the limit as s→ 0
leads to

Jµ±ν(s) ∼ (s/2)±ν

Γ(1± ν)
[
1 +O

(
s2)] ; (9a)

d

ds

[
Jµ±ν(s)

]
∼ ±ν2

(s/2)±ν−1

Γ(1± ν)
[
1 +O

(
s2)] . (9b)

With these expressions, we can specify the Wron-
skian near the origin as

lim
s→0

{
Jµν (s) d

ds

[
Jµ−ν(s)

]
− Jµ−ν(s) d

ds
[Jµν (s)]

}
= − 2

πs
sin(νπ). (10)

Comparison of (10) with the limit s→ 0 of sWr(s)
in (8) shows that for the choice of particular inte-
grals (9a) of the generalized Bessel differential equa-
tion, the constant is given by

W0(µ, ν) = − 2
π

sin(νπ). (11)

Substitution of (11) in (8) proves that the general-
ized Bessel functions have Wronskian

Wr
(
Jµ+ν(s), Jµ−ν(s)

)
= − 2

πs
sin(νπ) exp

(
1
4µs

2
)
. (12)

The general integral of the generalized Bessel equa-
tion (4) is a linear combination with arbitrary con-
stants of the functions of the first kind (7) for the
indices ±ν provided that they are not integers. The
functions Jµ±ν(s) are linearly independent if ν is not
an integer because the Wronskian only vanishes for
ν an integer. In that case, the functions Jµ±n are
linearly dependent for ν = n (n is an integer num-
ber). The relation between the two functions for
integer order and non-zero degree is

Jµ−n(s) = µn
Γ(n/2− 1/µ)

Γ(−n/2− 1/µ)J
µ
n (s). (13)

2.2. Solutions of the generalized Bessel equation for
integer order

The Frobenius-Fuchs method [8] indicates how a
linearly independent function of the second kind can
be obtained in the case of coincident indices or in-
dices differing by an integer. For ν = −n, the terms
of the series (7) starting with j = n become infinite
due to the zero in the denominator. This can be
avoided going back to the solution (5) for arbitrary
index σ in

Qσ(s) = a0(σ)×

sσ
∞∑
j=0

(
−s2)j j∏

l=1

1− µ(l − 1 + σ/2)
(2l + σ − ν)(2l + σ + ν) . (14)

The substitution of (14) with a factor σ + n in the
generalized Bessel equation (4) leads to

s2Q′′σ + s
(

1− µ

2 s
2
)
Q′σ +

(
s2 − ν2)Qσ

= a0(σ)(σ − n)(σ + n)2 (15)

since the recurrence formula ensures that all terms
vanish except the first. As σ → ±n, the right-hand
side of (15) vanishes, leading in both cases to the
generalized Bessel function or a constant multiple.
The right-hand side of (15) also vanishes taking the
limit σ → −n after differentiation with regard to σ,
leading to the solution

Y µn (s) = 2
π

lim
σ→−n

∂

∂σ
[(σ + n)Qσ(s)] . (16)

This solution involves a logarithmic term arising
from ∂ (sσ) /∂σ = sσ ln s in (16), and thus is lin-
early independent of the generalized Bessel function
(7). It is designated generalized Neumann func-
tion and the factor 2/π was inserted for consistency
with the usual definition [9] of the original Neu-
mann function [10] for µ = 0. When substituting
the series (14) in (15), the first n terms are sepa-
rated to specify a preliminary function Xµ

n (s) while
the remaining terms are related to the complemen-
tary function Zµn(s). After some algebraic manipu-
lation, a solution of the generalized Bessel equation
(4) with arbitrary degree µ and integer order n is
the generalized Neumann function

Y µn (s) = 2
π

ln
(s

2

)
Jµn (s) +Xµ

n (s) + Zµn(s) (17)

consisting the sum of: a constant 2/π multiplying
a logarithmic singularity and the generalized Bessel
function (7); the preliminary function

Xµ
n (s) =− 1

π

(s
2

)−n n−1∑
j=0

(s
2

)2j (n− j − 1)!
j!

×


n−1∏
l=j

[
1− µ

(
l − n

2

)]
−1

. (18)

that has a pole of order n for n = 2, 3, . . .; and the
complementary function

Zµn(s) =− 1
π

(s
2

)n ∞∑
j=0

(
−s2/4

)j
j!(j + n)!

×

{
j−1∏
l=0

[
1− µ

(
l + n

2

)]}[
ψ(1 + j)

+ψ(1 + j + n)− ψ
(
j + n

2 −
1
µ

)]
(19)

involving the digamma function ψ, that has no sin-
gularities and starts with the power n. For zero
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degree, the terms in curly brackets reduce to unity
and the original Neumann [10] function is regained.

To prove that the generalized Neumann function
is linearly independent from the generalized Bessel
function and thus their linear combination specifies
the general integral of the generalized Bessel equa-
tion (4) with integer order and arbitrary degree, we
may use the Wronskian of those two functions near
the point s = 0. The generalized Neumann function
has leading term as s→ 0

Y µn (s) ∼ −C(µ, n) (n− 1)!
π

(s
2

)−n
, (20a)

d

ds
[Y µn (s)] ∼ C(µ, n) n!

2π

(s
2

)−n−1
, (20b)

involving the constant coefficient

1
C(µ, n) ≡ (−µ)n Γ(n/2− 1/µ)

Γ(−n/2− 1/µ) . (21)

The exact Wronskian of the generalized Bessel and
Neumann functions of complex degree µ and integer
order n is

Wr (Jµn (s), Y µn (s)) = 2
πs

C(µ, n) exp
(

1
4µs

2
)

(22)

where C(µ, n) is given by (21). In the case of the
original Bessel functions of zero degree, the coef-
ficient (21) is unity C(0, n) = 1 and leads to the
known relation [6, 11] between Bessel coefficients

J−n(s) = (−1)nJn(s). (23)

Therefore, the general integral of the generalized
Bessel equation (4) for integer order and arbitrary
degree is a linear combination of the functions Jµn (s)
and Y µn (s).

3. Generalized Hankel functions
The generalized Bessel differential equation has sin-
gularities only at the origin and infinity, like the
original Bessel differential equation. At the ori-
gin, the singularity is regular for both equations, as
shown in Chapter 2. On the other hand, at infinity,
the singularity is irregular and has different degree
between the two cases. The asymptotic solutions of
the generalized Bessel differential equation are quite
different from those of the original because the extra
term is dominant for non-zero degree, implying that
the irregular singularity at infinity is of degree two
rather than one. In Chapter 2, it was pointed out
that the generalized Bessel equation leads to gener-
alizations of the Bessel and Neumann functions. In
Chapter 3, we will deduce a generalization of a re-
lated family of functions, namely Hankel functions.

3.1. Asymptotic solutions of the generalized Bessel
equation

The asymptotic solution of the generalized Bessel
differential equation is an expansion around the

point-at-infinity, corresponding to the origin by in-
version υ = 1/s and considering Φ(υ) ≡ Q(s) leads
from (4) to the differential equation

υ2Φ′′ + υ
(

1 + µ

2υ2

)
Φ′ +

(
1
υ2 − ν

2
)

Φ = 0. (24)

The point-at-infinity s = ∞ of the generalized
Bessel equation (4) would be a regular singularity
if the origin υ = 0 was a regular singularity of (24),
and that is not the case because the terms in curved
brackets have double poles at υ = 0 instead of being
analytic at υ = 0. Thus two linearly independent
solutions of (24) as ascending power series of υ or
descending power series of s

Φϑ(υ) =
∞∑
j=0

rj(ϑ)υj+ϑ

=
∞∑
j=0

rj(ϑ)s−j−ϑ = Q(s) (25)

cannot exist. The first equality of the series (25) is
substituted in (24) or the second in (4), leading by
both approaches to the same recurrence formula for
the coefficients

0 =
[
(j + ϑ)2 − ν2] rj(ϑ)

+
[µ

2 (j + ϑ+ 2) + 1
]
rj+2(ϑ). (26)

Setting j = −2 leads to the indicial equation ϑ =
−2/µ that has only one root and we can assume
for convenience that r0(−2/µ) = 1. The equation
(4) has therefore one asymptotic solution (25) as a
generalized Hankel function of the first kind

H(1)
µ, ν(s) ∼ s2/µ

1 +
N−1∑
j=1

(
−µs2/4

)−j
j!

×
j−1∏
l=0

[(
l − 1

µ

)2
− ν2

4

]
+O

(
s−2N) (27)

specified by a descending asymptotic expansion
without an exponential factor, valid for non-zero
degree, µ 6= 0. The solution (27) has growing co-
efficients and thus the series does not converge as
j → ∞; it is an asymptotic expansion [11] valid
with a finite number of terms j <∞ as |s| → ∞.

An asymptotic solution (25) of the generalized
Bessel differential equation (4) that is linearly inde-
pendent of the generalized Hankel function of the
first kind (27) cannot be of the form (25) because
the corresponding indicial equation ϑ = −2/µ has
only one root and if such a solution existed then the
point-at-infinity would be a regular rather than an
irregular singularity. Instead, an asymptotic solu-
tion (25) of the Equation (4) linearly independent
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from the generalized Hankel function of the first
kind must have an essential singularity and could
be sought as a normal integral [8],

Φ(υ) = exp
[
A
(

1
υ

)]
Ψ(υ), (28)

where the degree of the polynomial A(s) specifies
the degree of the essential singularity at infinity.
The polynomial A(1/υ) should be chosen so that
the remaining factor

ΨD(υ) =
∞∑
j=0

ej(D)υj+D, (29)

is a Frobenius series or at least an asymptotic ex-
pansion.

To prove that the generalized Bessel equation (4)
has an asymptotic normal integral, (28) is substi-
tuted in (24) and the choice of the polynomial A′
should be made so that it leads to the existence of a
solution for Ψ of the form (29). The simplest choice
is an inverse power of degree two, that is,

A′
(

1
υ

)
= A

υ3 . (30)

To suppress the fourth-order pole, we assume A =
−µ/2 that simplifies the differential equation (24)
to

υ2Ψ′′ + υ
(

1− µ

2υ2

)
Ψ′

+
(

1 + µ

υ2 − ν2
)

Ψ = 0. (31)

The point-at-infinity is still an irregular singular-
ity of (24), so there cannot exist two linearly inde-
pendent solutions of the form (29). However, one
asymptotic solution (27) of the generalized Bessel
equation (4) has already been found and thus only
one more is needed.

Substitution of (29) in (31) leads to the recur-
rence relation[

(j + D)µ2 − 1
]
ej+2(D) =[

(j + D)2 − ν2] ej(D) (32)

and setting j = −2 leads to the indicial equation
and consequently

D = 2 + 2
µ
. (33)

Substituting (33) in (32) and defining e0 = 1 spec-
ifies the coefficients of the asymptotic expansion
(29).

Hence, the equation (4) has an asymptotic solu-
tion (24) as a generalized Hankel function of the

second kind

H(2)
µ,ν(s) ∼ exp

(
µs2

4

)
s−2−2/µ×1 +

N−1∑
j=1

(
µs2/4

)−j
j!

j∏
l=1

[(
l + 1

µ

)2
− ν2

4

]

+O
(
s−2N) (34)

consisting of a descending asymptotic series mul-
tiplied by an exponential factor (34) and valid for
non-zero degree, µ 6= 0.

The asymptotic solutions (27) and (34) have lead-
ing terms

H(1)
µ,ν(s) ∼ s2/µ, H(2)

µ,ν(s) ∼ s−2−2/µ exp
(

1
4µs

2
)
.

Consequently, the generalized Hankel functions of
the first (27) and second (34) kinds with non-zero
degree (µ 6= 0) have the Wronskian

W
(
H(1)
µ,ν(s), H(2)

µ,ν(s)
)
∼ µ

2z exp
(

1
4µs

2
)

(35)

that agrees with (8) for W0 = µ/2. The Wronskian
is non-zero, hence it proves that H(1)

µ,ν and H(2)
µ,ν are

linearly independent.
From this follows immediately that the general

asymptotic solution (24) of the generalized Bessel
differential equation (4) is a linear combination with
arbitrary constants of the generalized Hankel func-
tions of the first (27) and second (34) kinds and is
valid for non-zero degree.

3.2. Bifurcation of the asymptotic solutions for zero
degree

The generalized Bessel equation (4) has a regular
singularity at the origin for all values of the degree
µ. It follows that in the limit of zero degree, the gen-
eralized Bessel and Neumann functions tend respec-
tively to the original Bessel and Neumann functions.
The situation is different concerning the asymptotic
solutions around the irregular singularity at infin-
ity. Both the generalized Hankel functions of the
first (27) and second (34) kinds do not hold for zero
degree. The generalized Hankel function of the first
kind (27) has no essential singularity and the gener-
alized Hankel function of the second kind (34) has
an essential singularly of degree two, whereas the
original Hankel functions of two kinds have an es-
sential singularity of degree one.

The most important difference between the orig-
inal (µ = 0) and generalized (µ 6= 0) Bessel equa-
tion concerns the irregular singularity at infinity
that changes from degree one to two, as shown in
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the asymptotic scaling of the original Hankel func-
tions compared with the generalized Hankel func-
tion of the second kind (34). The question might
be raised whether one or a pair of asymptotic solu-
tions of the generalized Bessel equation exists such
that: it holds for all values of the degree; for non-
zero values of the degree, it has the asymptotic scal-
ing A = exp

[
µ/
(
4ν2)]; for zero degree, when the

asymptotic factor reduces to unity, the next asymp-
totic factor is e±is as for the original Hankel func-
tions. It can be shown that the three conditions
cannot all be met and such solution does not exist.

The discontinuity in the asymptotic solution of
the generalized Bessel differential equation (4) for
zero degree is analogous to a Hopf-type bifurcation
because in the case of real variable s and order ν,
the asymptotic solution is oscillatory for zero de-
gree, µ = 0, corresponding to the original Hankel
functions for zero degree or unstable for positive
degree since both the generalized Hankel functions
of the first (27) and second (34) kinds diverge as
s→∞ or even stable for negative degree when the
generalized Hankel fuctions decay as s→∞.

4. Unsteady piezoelectromagnetism
The derivation of the equations of piezoelectricity
requires only the Maxwell equations of electrostat-
ics and the momentum equation with electric forces,
together with the constitutive equations derived
from the first principle of thermodynamics. In the
non-isothermal case, the inclusion of thermal con-
duction requires the second principle of thermody-
namics and adds the equation of energy. In the vis-
coelastic case, the viscous stresses modify the mo-
mentum and energy equations. The sequence out-
lined above provides the simplest derivation of the
fundamental equation of anisothermal viscoelastic
piezoelectricity including thermal and viscous dissi-
pation. The equations of piezomagnetism are sim-
ilar to those of piezoelectricity, replacing the elec-
tric by magnetic fields. The coupling of the un-
steady electric and magnetic fields through electro-
magnetic waves interacts with both piezoelectric-
ity and piezomagnetism leading to piezoelectromag-
netism. In the general case of unsteady anisother-
mal piezoelectromagnetism, the energy, momen-
tum and Maxwell equations specify the tempera-
ture, displacement vector and electric and magnetic
fields.

Only in the Section 4 the subscripts in italic mode
written in the mathematical expressions are related
with multiplicities and it is used the Einstein sum-
mation convention.

4.1. Adiabatic piezoelectricity
The first principle of thermodynamics [12, 13] states
that the internal energy U of a system through an
internally reversible process is the sum of the heat

θdS, where θ is the temperature and S the entropy,
with the work W

dU = θdS + dW, (36a)
dW = σijdεij −DidEi, (36b)

where is considered in (36b) the work of the elastic
stresses σij on the strains εij , and of the electric dis-
placement Di on the electric field Ei. The entropy
S is replaced by the temperature θ that is easier to
measure, introducing the free energy as a Legendre
transform

Ψ0 = U − θS. (37)
Its exact differential,

dΨ0 = σijdεij −DidEi − Sdθ, (38)

shows that the free energy depends on the strains
εij , electric field Ei, and temperature θ.

Assuming isothermal conditions, θ = const., the
stress tensor (39a) and electric displacement (39b)
depend only on the strains εij and electric field Ei,

dσij = Cijkldεkl − pijkdEk, (39a)
dDi = εijdEj + pjkidεjk. (39b)

The coefficients are the elastic tensor Cijkl, the di-
electric tensor εij and the piezoelectric tensor pijk
that appears in (39a) and (39b).

The first fundamental equation [14, 15] is the
Maxwell equation (40) for the electric charge den-
sity, where in the second equality, it was replaced
the electric displacement (39b) with constant coef-
ficients leading to

ρf = ∂iDi = εij∂iEj + pjki∂iεjk (40)

and ∂i ≡ ∂/∂xi denotes the gradient operator.
The second fundamental equation is the momentum
equation (41) balancing the inertia force against the
divergence of the elastic stresses and the electric
force,

ρüi − ρfEi = ∂jσij = Cijkl∂jεkl − pijk∂jEk, (41)

where ρ is the mass density, dot denotes deriva-
tive with regard to time and (39a) was used in the
second equality in (41) assuming constitutive ten-
sors as constants. For a steady magnetic induc-
tion, Ḃi = 0, the electrostatic field is irrotational
and hence derives from an electrostatic potential
Ei = −∂iV . The strains are also related to the dis-
placement vector by 2εij = ∂iuj + ∂jui. Therefore,
the fundamental equations of electricity (42) and
momentum (43) for the particle displacement and
electrostatic potential are

−ρf = εij∂i∂jV −
1
2pjki (∂i∂juk + ∂i∂kuj) , (42)

ρüi −
1
2Cijkl (∂j∂kul + ∂j∂luk)− pijk∂j∂kV

= −ρf∂iV. (43)
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4.2. Anisothermal piezoelectricity
In non-adiabatic conditions, the inclusion of the
heat in the internal energy (36a) implies that
the free energy (38) depends on the temperature.
Therefore, we can write

dσij = Cijkldεkl − pijkdEk + αijdθ, (44a)
dDi = εijdEj + pjkidεjk + pidθ, (44b)

dS = −αijdεij + pidEi + cv
dθ
θ
. (44c)

The new constitutive coefficients in (44a) to (44c)
in addition to those already present in (39a) and
(39b) are the specific heat at constant strain and
electric field cv, the pyroelectric vector pi and the
thermal expansion tensor αij .

In the anisothermal case, the temperature gradi-
ents lead to the existence of a heat flux specified by
the Fourier law. Considering the second principle of
thermodynamics, the third fundamental equation,
which adds to the electrostatic (40) and momentum
(41) equations, is

θ
∂S

∂t
= kij∂i∂jθ. (45)

For a steady magnetic induction, the electro-
static potential may be used together with the dis-
placement vector leading to the coupling with the
temperature on the three fundamental equations of
electricity (46), momentum (47) and energy (48):

ρf = −εij∂i∂jV

+ 1
2pjki (∂i∂juk + ∂i∂kuj) + pi∂iθ, (46)

ρüi −
1
2Cijkl (∂j∂kul + ∂j∂luk)

− pijk∂j∂kV − αij∂jθ = −ρf∂iV, (47)

cvθ̇ −
1
2θαij (∂iu̇j + ∂j u̇i)− θpi∂iV̇

= kij∂i∂jθ. (48)

4.3. Anisothermal viscoelastic piezoelectricity
In the case of a viscoelastic material, the total stress
tensor consists of the elastic stresses (44a) plus the
viscous stresses proportional to the rate-of-strain ε̇kl
through a viscosity tensor:

σij = σij +Dijklε̇kl = σij + σ̂ij . (49)

The electrostatic equation (46) is not affected, but
the momentum equation (47) changes to

ρüi −
1
2Cijkl (∂j∂kul − ∂j∂luk)

− 1
2Dijkl (∂j∂ku̇l − ∂j∂lu̇k)

− pijk∂j∂kV − αij∂jθ = −ρf∂iV. (50)

The only difference with respect to (47) is the vis-
cous term that appears on the left-hand side.

The work of the viscous stresses on the rate-of-
strain adds to the entropy production by thermal
conduction and the equation of energy including vi-
sous dissipation becomes

kij∂i∂jθ −
1
2Dijkl∂i [u̇j (∂ku̇l + ∂lu̇k)]

= cvθ̇ −
1
2θαij (∂iu̇j + ∂j u̇i)− θpi∂iV̇ . (51)

4.4. Unsteady piezoelectromagnetism
The unsteady magnetic induction is coupled to the
unsteady electric field generalizing piezoelectricity
and piezomagnetism [16, 17] to piezoelectromag-
netism. Adding the magnetic energy to (36a) leads
to the internal energy

dU = σijdεij −DidEi −HidBi + θdS. (52)

The magnetic field Hi and magnetic induction Bi
also appear in the free energy (37),

Ψ0 = U − θS, (53)

whose its differential in this case is

dΨ0 = σijdεij −DidEi −HidBi − Sdθ. (54)

It follows that σij Di, Hi and S depend on εkl, Ek,
Bk and θ leading to the constitutive relations:

dσij = Cijkldεkl − pijkdEk − qkijdBk
+ αijdθ, (55a)

dDi = εijdEj + pjkidεjk + βijdBj + pidθ, (55b)
dHi = µ−1

ij dBj + qijkdεjk + βjidEj + hidθ, (55c)

dS = cv
dθ
θ
− αijdεij + pidEi + hidBi. (55d)

The new constitutive coefficients presented in (55a)
to (55d) are the piezomagnetic tensor qijk, the mag-
netic permeability tensor µij , the electromagnetic
coupling tensor βij and the pyromagnetic vector hi.
If all constitutive coefficients are constant, the dif-
ferentials in (55a) to (55d) may be omitted.

The electric current, in the case of Ohmic con-
duction (56), is proportional to the electric field
through the electric conductivity tensor

Ji = σijcEj . (56)

The Joule dissipation appears in the energy equa-
tion and it becomes

θṠ = kij∂i∂jθ + σijcEiEj . (57)

In the momentum equation (41), the magnetic force
must be included, using Maxwell equations:

ρüi − ∂jσij − qEi = 1
c
eijkJjBk

= 1
c
eijkσjlcElBk. (58)
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The constitutive relations (55a) to (55d) may be
substituted in the fundamental equations of energy
(57), momentum (58), electricity (40) and mag-
netism

c eijk∂jHk = Ji +Di

with thermal and electric dissipation, leading re-
spectively to

kij∂i∂jθ + σijcEiEj + θhiḂi

= cvθ̇ − θαij ε̇ij + θpiĖi, (59)
ρüi − Cijkl∂jεkl + pijk∂jEk + qkij∂jBk

−αij∂jθ = qEi + 1
c
eijkBkσjlcEl, (60)

ρf = εij∂iEj + pjki∂iεjk + βij∂iBj + pi∂iθ, (61)
σijcEj + εijĖj + pijk ε̇jk + βijḂj + piθ̇

= c eijk
(
µ−1
kl ∂jBk + qkln∂jεln + βlk∂jEl

+ hk∂jθ
)
. (62)

These are the equations of unsteady, dissipative,
anisothermal piezoelectromagnetism coupling elas-
tic and electromagnetic damped waves. The exten-
sion to viscoelastic materials can be made as before
in Subsection 4.3.

5. Non-linear buckling
To study the behaviour of an elastic beam under
compression, we can use the Euler-Bernoulli the-
ory. The Bernoulli [18] and Euler [19] theories are
fundamental to study the phenomena of buckling
of beams, in a linearised form, and it is a classical
subject covered in several textbooks on elasticity.
We can extend that theory to the non-linear case,
which is needed when the slope of the neutral axis
is not small. The purpose is to calculate the critical
buckling load in the non-linear case and compare it
to the result obtained in the linear case. Besides
that, the buckled shape of the neutral axis will be
determined and compared between both situations.

5.1. Buckling of a beam with unrestricted slope
Consider a beam that is straight in the absence of
loads and subject to an axial tension T that may
be either a traction if T > 0 or compression if
T < 0. Besides that longitudinal force, the beam
may be acted by a transverse force F causing bend-
ing. The bending stretches the longitudinal fibers
on the outer side, but shortens them on the inner
side. Consequently, there is one intermediate fiber,
namely the elastica that has unchanged length; the
equation of the elastica is y = ζ(x). The bending of
the beam under transverse loads and axial tension
causes the elastica to become curved. As the shape
of the elastica may be an arbitrary curve, the ra-
dius of curvature is not constant. The curvature κ
or the inverse of the radius of curvature R is equal

to

κ = ζ ′′
∣∣1 + ζ ′

2∣∣−3/2 =
(
ζ ′
∣∣1 + ζ ′

2∣∣−1/2)′ (63)

where prime denotes derivative with regard to po-
sition x.

The transverse force F and tangential tension T
cause a bending moment Mb given by

0 = dMb + (F + Ty) dl

and noting that the bending moment [20] is equal
to the product of the Young modulus EY of the ma-
terial, by the inertia moment I of the cross-section
and by the curvature κ, the transverse force F and
the shear stress f (defined as the transverse force
per unit length) are respectively

F =
∣∣1 + ζ ′

2∣∣−1/2 (
EYIζ

′′ ∣∣1 + ζ ′
2∣∣−3/2)′

− Tζ ′
∣∣1 + ζ ′

2∣∣−1/2
, (64)

f =
[∣∣1 + ζ ′

2∣∣−1/2 (
EYIζ

′′ ∣∣1 + ζ ′
2∣∣−3/2)′]′

−
(
Tζ ′

∣∣1 + ζ ′
2∣∣−1/2)′

. (65)

A uniform beam has uniform axial tension, T =
const, and constant bending stiffness EYI = const.
The buckling parameter b has the dimensions of in-
verse length and is defined by

b2 = − T

EYI
(66)

that is a constant for a uniform beam. The linear
bending corresponds to small slope. In the case of
the linear deflection ζ ′2 � 1 of a uniform beam, the
transverse force simplify further to (67a) and the
shear stress simplify to (67b). These equations are

F = EYIζ
′′′ − Tζ ′, (67a)

f = EYIζ
′′′′ − Tζ ′′. (67b)

For subsequent comparison with the non-linear
theory, two sets of well-known results are quoted
from the literature [21, 22] on linear buckling of
beams. Firstly, the critical buckling load is highest
for a clamped (denoted by 1) and lowest for a can-
tilever (denoted by 3) beam, and with the pinned
beam in between (denoted by 2):

−T1 = 4π2EYI

L2 > −T2 = π2EYI

L2

> −T3 = π2EYI

4L2 . (68)

Secondly, the shape of the buckled elastica in the
linear approximation is respectively (69a) in the
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clamped, (69b) in the pinned and (69c) in the can-
tilever cases:

ζ1(x) = a

[
1− cos

(
2πx
L

)]
, (69a)

ζ2(x) = a
[
sin
(πx
L

)]
, (69b)

ζ3(x) = a
[
1− cos

(πx
2L

)]
(69c)

where the arbitrary constant a is an amplitude.
In the linear case of small slope without forcing,

the elastica satisfies a linear differential equation
with constant coefficients of order four for the trans-
verse displacement. Otherwise, in the non-linear
case of large slope without forcing, the elastica sat-
isfies a non-linear differential equation (70)(∣∣1− η2∣∣1/2

η′′
)′

+ b2η′ = 0 (70)

where η is the sine of the angle φ of inclination

η ≡ ζ ′
∣∣1 + ζ ′2

∣∣−1/2 = sinφ = dy
dl (71)

and l is the arc length of the elastica. For a uniform
beam (b is constant) and using linear approximation
of small slope that implies η2 ≤ ζ ′2 � 1 and lowest-
order non-linear approximation ζ ′

3 ∼ η3 � 1, the
shape of the elastica becomes

ζ(x) = D? +
∫ x

η(x)
∣∣1− [η(x)]2

∣∣−1/2 dx (72)

where ? denotes an arbitrary constant.

5.2. Non-linear buckling of a cantilever beam
A cantilever beam is clamped at one end and free
at the other end. The bending moment and the
transverse force must vanish at x = L, that is
Mb(L) = 0 and F (L) = 0, leading respectively to
the two boundary conditions of which one, (73b), is
non-linear:

η′(L) = 0, (73a)∣∣1− η2∣∣1/2
η′′(L) + b2η(L) = 0. (73b)

In this type of beam, the critical buckling load is

b3,0L = π/2, (74)

and is the same in the linear (68) and non-linear
(74) cases. The non-linear slope of the elastica is

ζ ′3(x) = G sin(bx)
∣∣1−G2 sin2(bx)

∣∣−1/2 (75)

where G is an arbitrary constant. In the linear case(
ζ ′

2
3

)
� 1, the factor with the square root can

be omitted, but not in the non-linear case. The

assumption that the slope does not exceed unity∣∣ζ ′3∣∣ < 1 leads to

ζ ′3(x) =
∞∑
m=0

dmG
2m+1 sin2m+1(bx) (76)

where the leading term m = 0 is the linear slope
[and it is equivalent to (69c)] and the following
terms are non-linear corrections of increasing order.
The coefficients dm are given by

dm = (2m)!
(m!)222m . (77)

We can observe therefore that the shape of the elas-
tica will be different in the linear and non-linear
cases.

5.3. Non-linear buckling of clamped and pinned
beams

The critical buckling load for a cantilever beam was
shown to coincide in the linear (68) and lowest-order
non-linear (74) cases. Two possible explanations
are: (i) a cantilever beam can move at the free end;
(ii) or buckling is a linear phenomenon and thus its
onset is not affected by non-linear effects. The first
explanation (i) can be tested by determining the
critical buckling load of non-cantilever beams using
the lowest-order non-linear theory.

In the case of a beam clamped at both ends, the
needed boundary conditions are

η(0) = 0 = η′(0) = 0, η(L) = η′(L) = 0, (78)

that implies

b1,1L = 2π; (79)

thus the critical buckling load for a clamped beam
is the same in the linear theory (68) and in the
lowest-order non-linear theory (79). The curvature
of the elastica is given by

κ(x) = bG cos [b (x+ C?)] . (80)

In the case of a beam pinned at both ends, the
critical buckling load for a pinned beam is also the
same in the linear (68) and lowest-order non-linear
cases (81) because

b2,1L = π. (81)

This dismisses the conjecture (i) and supports the
conjecture (ii) showing that the critical buckling
load coincides [see (68)] in the linear and lowest-
order non-linear theories because buckling is an in-
stability triggered at linear level. However, the non-
linear theory adds harmonics to the fundamental
mode and consequently, although it does not change
the critical buckling load, it does change the shape
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of the elastica through the addition of harmonics.
Using, for instance, the lowest non-linear order the-
ory, for both clamped and pinned beams, the shape
of elastica, in contrast to (69a) and (69b), is

ζ(x) = H

(
1 + H2

2 + 3G2

4

)
x

+ G

b

(
1 + 3H2

2 + G2

2

)
× [cos (bC?)− cos (bx+ bC?)]

+ 3HG2

8b [sin (2bC?)− sin (2bx+ 2bC?)]

+ G3

6b
[
cos3 (bx+ bC?)− cos3 (bC?)

]
(82)

where the constants G and H can be evaluated us-
ing appropriate boundary conditions.
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