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Abstract 

This work studied numerical models to evaluate the collapse load of a material (soil), using Plastic 

Limit Analysis and considering a plane state. 

Limit Analysis stress equilibrium models are used, verifying approximately (in a weak form) the 

compatibility of displacements. This option, based on the lower bound theorem, although less used in 

Soil Mechanics, is associated with a lower bound solution for the collapse load, and thus to a safe 

design, which is more interesting from the engineering point of view. 

Soil is here considered an isotropic and rigid/plastic material, with no strains until the yielding stress is 

reached, and then with plastic behaviour onwards. 

The Finite Element Method is used, being adequate to the resolution of non-linear problems. In the 

present work a two-dimensional space is considered, splitting the space or half space, representing 

the soil, into triangular elements. 

Several examples are studied, including a soil slope. Collapse load values found, using von Mises and 

Mohr-Coulomb yield criteria, are compared. It is found, from the values evaluated and plots showing 

the soil displacements and stresses distributions, that the quality of solutions is acceptable, even when 

larger finite elements are used.  
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1 Introduction 

The work herein described consisted in the analysis and study of numerical models to find the 

collapse load of a soil using Limit Analysis and the lower bound theorem, considering a 

two-dimensional space. Using the Finite Element Method, a maximum of the collapse load value was 

found through a convex optimization procedure that changes the weights of the polynomial functions 

that represent element stresses and displacements, in order to verify: the zero sum of the virtual works 

on the adjacent sides of two adjacent elements, ensuring the equilibrium of stresses between 

elements; and that in previously chosen points of control, on each element, the stresses and the 

relationship between stresses do not overpass limit values according to the material characteristics 

[1], as previously done for the limit analysis of slabs [2]. 

These concepts may be generalized to three-dimensional problems; an option was made for a simpler 

two-dimensional approach, considering a plane strain state, the third dimension being much larger 

than the two considered, and not considering the action of mass forces. 
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2 Global System  

It is possible to obtain the desired solution, by solving the global system, an optimization that aims to 

find: 

Max.                                                                         (1) 

subject to: 

                                                                             (2) 

  
   

          i = 1, number of control points                                       (3) 

Equation (2) ensures that the equilibrium of stresses is verified in all the sides of the finite elements, 

and equation (3) ensures that the yield condition is respected in all control points. 

This Model was afterwards implemented in a MATLAB [3] program, developed from one used in a 

previous work on slabs [2]. 

2.1 Stress field approximation 

In the    plane, stresses in equilibrium inside each element are evaluated by the expression: 

                                                                               (4) 

where      is the complementary solution and    is a particular solution, which is zero in this study, 

since the mass (gravity) forces are considered zero. The    are the stress parameters. 

2.2 Equilibrium 

2.2.1 Domain 

On a plane problem, stresses are subjected to the following conditions: 

                                                                             (5) 

                                                                             (6) 

The stress functions can be obtained from the Airy stress function. They are polynomials, easily 

derivated and integrated, so easing the calculations. They are obtained considering that all stresses 

are double derivatives of a potential function. So: 

                                                                                     (7) 

They respect the equilibrium condition (5): 

                                                                               (8) 

On a plane strain problem, stress     is an arbitrary function of x e y, independent of z, respecting the 

following condition: 

                                                                                    (9) 

2.2.2 Boundary 

The aim being to verify equilibrium in all adjacent sides, a weak form was chosen, that in the case of 

stresses being represented by polynomials, may be made equivalent to the strong form. The weak 

form imposes that the sum of the virtual works of the tractions in both adjacent sides is zero: 

              
       

       
                                                           (10) 

Boundary displacements are expressed in the following way: 

 
  

  
                     

                 
                                           (11) 

where    are the boundary displacements parameters and dv is the degree of their approximation  

functions. 
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Tractions are expressed by: 

 
  

  
   

     

     
                                                              (12) 

where matrix   represents the functions that approximate the stresses and    are the stress 

parameters. 

In a simpler way: 

                                                                                 (13)                                

For the element sides on the static boundary, a single element contributes to equation (13), but loads 

that may be applied there must be considered. 

From the equality of virtual works, the equivalent load on every side is obtained: 

                                                                         (14)  

Equation (13) on the static boundary is so defined: 

                                                                            (15) 

2.3 Yielding 

Two yield criteria were considered: firstly a simpler one, von Mises, with a unit equivalent stress, and 

in some other examples, Mohr-Coulomb, considering a unit cohesion; all quantities were defined in a 

consistent units system. 

The yield condition should be imposed in every point of the domain; as that requires a high 

computational effort, it is only imposed at previously chosen control points, which are distributed in 

order to control efficiently the material yielding. To perform the control in the best way, with a small 

number of points, according to the desired precision, these are placed in the finite elements according 

to one of three studied distribution rules, adapted from point distributions for numeric integration: 

Uniform, Gauss [4], or Fekete [5]. 

3 Numerical Tests  

Using the Limit Analysis principles, namely the Static Theorem or Lower Bound, for a plane strain 

problem, some traditional examples of finite elements models are considered, the corresponding 

results being obtained with a program developed in MATLAB, that uses the optimization libraries 

YALMIP [6] and SDPT3 [7, 8]. 

In the first example, a rectangular block was used, under a uniform normal load on a rigid side. The 

block has two symmetry axes, and, to simplify the calculus, only the quarter shown in figure 1 was 

studied. 

A series of tests were performed to study the different model options, looking for the quickest solution, 

as a function of a given precision or relative error.  

 

Figure 1 - Rectangular block subjected to a uniform compression load upon a rigid side  
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Options to compare are: 

- Rule of distribution of the control points; 

- Degree of the functions that approximate the stresses normal to plane (dz); 

- Number of control points per element (Nc); 

- Degree of the functions that approximate the plane stresses (dp), and number of finite elements. 

It was defined that the degree of the function approximating side displacements (dv) would be the 

same as that of the functions approximating plane stresses (dp); in this way, it is ensured that in the 

exterior sides (boundary) the work of the applied loads and of the stress projections on that side are 

equal, for arbitrary displacements. In the interior sides, the work of the stress projections on adjacent 

sides cancel each other. It is then ensured that an equilibrated solution is obtained. 

These options are compared considering the results of the following distinct parameters: 

- Load parameter; 

- Minimum plastic potential; 

- Computation time. 

Regarding the load parameter, a method for optimization is developed, aiming to find a lower bound 

value, the closest possible to the exact value. 

Regarding the minimum plastic potential, negative values were found in a few zones, because yielding 

conditions are verified only in the control points. The numeric solution found in this work will be as 

close to being a guaranteed lower bound of the exact solution, as close of zero is the value found for 

the minimum plastic potential. The areas where plastic potential is negative reduce when the number 

of control points increases, see figure 3 (Nc=15, 16 elements) and figure 4 (Nc=66, 1024 elements)  

 
Figure 3 - Diagrams of negative and positive plastic potential for the Block, Economic Choice (mesh a-0, dp=2) 

 
Figure 4 - Diagrams of negative and positive plastic potential for the Block, Best of the Test (mesh a-3, dp=5) 

Computation time, which defines the operation cost, relates with a better approximation for the load 

parameter, found in a minimum time, for a given precision. 

From these tests, we can deduce: 

- The uniform distribution of control points is the best; 

- The degree of the approximation functions for the stresses normal to plane (dz), should be one minus 

the degree of the approximation functions for the plane stresses (dp), or dz = dp - 1; 

- The rule number to be used is twice the chosen value for dp ; 

- Regarding the degree of the approximation functions for the plane stresses (dp), and the number of 

finite elements, three choices were considered: The Economic Choice (mesh-0, dp=2, error ~1%), the 

Right Choice (mesh-1, dp=5, error < 0,1%) and the Best of the Test (mesh-3, dp=5). All lead to a good 

approximation of the lower bound of the exact solution, for a given precision, in the least time possible. 

The relative errors are evaluated in comparison with the Best of the Test. 
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4 Results 

In the following, the stress diagrams, plastic potentials, and the norm of the plastic strains, obtained 

using program Gmsh [9], are presented in a layout with 6 frames, according to figure 2. 

            

           

Figure 2- Diagrams layout 

4.1 Block 

Table 1 shows load parameter values and relative errors of the block represented in figure 1. 

Diagrams and deformation for the Best of the Test are shown in figures 5 and 6. 

Table 1 - Load parameters of the block and relative errors   

 
Load parameter  Relative Error  No. of elements 

Economic Choice 1,386949 1,02% 16 

Right Choice 1,400053 0,08% 64 

Best of the Test 1,401237 0 % 1024 

The ratio between the value obtained in the Best of the Test and the exact solution [10] is 0,99973. 

 
Figure 5 - Diagrams for the block, Best of the Test (mesh a-3, dp=5) 

    ∈  [-1,5 ; 1,5] ;      ∈  [-2 ; 0] ;     ∈  [-0,5 ; 0,5] ;     ∈  [-1,5 ; 0] 

 
Figure 6 - Deformation for the block, Best of the Test (mesh a-3, dp=5) 
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4.2 Slotted block 

In the second example, a rectangular block with a slot, subjected to a uniform traction load, was used. 

The block has two symmetry axes, and to simplify the calculus, only the quarter shown in figure 7 is 

studied. 

 

Figure 7 - Rectangular slotted block, subjected to a uniform normal traction load 

Table 2 shows load parameter values and relative errors. Best of the Test diagrams and deformation 

are shown in figure 8. 

Table 2 - Load parameters of the slotted block and relative errors   

 
Load parameter  Relative Error  No. of elements 

Economic Choice 0,634792 2,75% 32 

Right Choice 0,651476 0,19% 128 

Best of the Test 0,652723 0% 2048 

The ratio between the value obtained in the Best of the Test and the reference solution [11] is 0,99911. 

 

Figure 8 - Diagrams and deformation for the slotted block, Best of the Test (mesh S-3, dp=5) 

    ∈  [-1,5 ; 1,5] ;      ∈  [-1,5 ; 1,5] ;     ∈  [-0,5 ; 0,5] ;     ∈  [0 ; 1,5] 
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4.3 Surface foundation  

In the third example, a surface foundation (strip footing) subjected to a normal uniform compression 

load, on a rigid side, was used. von Mises and Mohr-Coulomb yield criteria were used. Due to 

symmetry, only the half shown in figure 9 is studied. 

 

Figure 9 - Surface foundation subjected to a uniform normal compression load, on a rigid side 

4.3.1 von Mises criterion 

Table 3 shows load parameter values and relative errors. Best of the Test diagrams and deformation 

are shown in figure 10. 

Table 3 - Load parameters of the surface foundation and relative errors   

 
Load parameter  Relative Error  No. of elements 

Economic Choice 2,705878 8,74% 32 

Right Choice 2,954533 0,36% 128 

Best of the Test 2,965152 0% 2048 

The ratio between the value obtained in the Best of the Test and the exact solution [12] is 0,99887. 

 

Figure 10 - Diagrams and deformation for the surface foundation, Best of the Test (mesh 4Ub-3, dp=5) 

    ∈  [-2,0 ; 0] ;      ∈  [-3,0 ; 0] ;     ∈  [-0,5 ; 0,5] ;     ∈  [-3,0 ; 0] 
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4.3.2 Mohr-Coulomb criterion 

From now on, Mohr-Coulomb yielding criterion is used, being more appropriate to the problem being 

studied, and to compare results obtained with other yielding criteria.  

For a rigid surface foundation on a weightless cohesive-frictional soil, the exact value of the collapse 

load is given by Prandtl [12], and is: 

 
 

 
                 

 

 
                                                     (16) 

where   is the cohesion and   the internal friction angle.  

In this section, relative error is always calculated in relation with Prandtl's analytic solution. 

The computer program was run with Right Choice options (mesh 4Ub-1, dp=5) but, for the mesh 8Ub-1 

(8196 elements),  that has a domain and number of finite elements four times bigger than the mesh 

4Ub-1 (in which, for        the finite domain was not large enough to include the mechanism in 

Prandtl's solution); table 4 shows the values obtained: 

Table 2 - Load parameter (FEM and analytic) and relative error, function of friction angle, (mesh 8Ub-1, dp=5) 

 
Load parameter  -   Mohr-Coulomb 

Internal friction angle 0° 5° 10° 15° 20° 

Solution FEM (8Ub-1) 5,1174 6,4569 8,3005 10,9155 14,7429 

Analytic solution 5,1416 6,4888 8,3449 10,9765 14,8347 

Relative error 0,47% 0,49% 0,53% 0,56% 0,62% 

Internal friction angle 25° 30° 35° 40° 45° 

Solution FEM (8Ub-1) 20,5725 29,8863 45,6677 74,4447 132,0138 

Analytic solution 20,7205 30,1396 46,1236 75,3131 133,8738 

Relative error 0,71% 0,84% 0,99% 1,15% 1,39% 

 

In graphic 1, load parameter values are plotted against friction angle: 

 

Graphic 1 - Load parameter values (FEM and analytic) against friction angle (mesh 8Ub-1, dp=5) 
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4.4 Slope 

In the last example a soil slope was used, subjected to a uniform compression load on a rigid side on 

the top (near the slope), represented, with dimensions, in figure 11. 

 

Figure 11 - Slope, subjected to a uniform compression load on a rigid side on the top, near the slope 

In this example, due to its geometry, an irregular mesh with 2389 elements was used, more refined 

where higher strains were expected; for dp = 5 and for a friction angle       , the value of the load 

parameter was   = 39,3355. Figures 12 and 13 show the diagrams and the deformation. 

 

Figure 12 - Slope diagrams (dp=5,  =40°) 

    ∈ [-25 ; 25] ;      ∈ [-50 ; 50] ;     ∈ [-25 ; 25] ;     ∈ [-50 ; 50] ;    ∈ [-1,0 ; 1,0] 

 
Figure 13 - Slope deformation (dp=5,  =40°)  
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5 Conclusions 

A tool, based on the FEM, for the solution of optimization problems, for the limit analysis static 

theorem, was implemented with success to evaluate a lower bound value of the collapse load. This 

tool was tested in examples, both simple and more complex. 

The results obtained for these examples were very satisfactory. Although it is not always possible to 

guarantee a lower bound value, load parameter values are very good and near the exact value.  

As expected, the increase of the degree of the approximation functions, as well as the number of finite 

elements, led to very convincing results and images, particularly the deformation diagrams being very 

explicit. But, even for quadratic functions and coarser meshes, with few elements, results were 

consistent, always with relatively good estimates of the load parameter. 

A more detailed presentation of the work done can be found in [13]. 
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