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Abstract

We present a novel extension for Loyds k-means algorithm, that transforms the minimization of the
distance to points into distance to balls, to solve three different target management missions. Using
an Anchor Point discretization of the region of interest (ROI) via a stochastic model, we formulate an
initial deployment for a known number of sensors. The concept of masses attributed to each individual
Anchor Point, with their constant update, gives us the necessary tool to Patrol the ROI or Track
and Escort targets. The formulation takes into consideration the sensors coverage range and speed
limitations where different sensors with different characteristics might be employed. Once the Anchor
Points are defined or a Target identified the algorithm runs autonomously in a robust, cooperative and
adaptable formulation that uses a minimization based approach that evidences excellent coverage rates.
Keywords: k-means, Area Coverage, Patrolling, Target Tracking and Escorting, mobile agent network

I. Introduction

Autonomous patrolling is becoming a subject of
great practical and scientific importance. From
oceanic and land surveillance to patient monito-
ring or even simple waiter robots, examples abound.
However, the limits imposed by the sensors tech-
nology, either in velocity or range, make the pro-
blem of finding an optimal trajectory using the least
amount of network resources very difficult.

In small areas the number of necessary sensors
will never be prohibitive, thus a low cost solution
could be easy to find. The necessity of covering
large areas, on the other hand, implies a large num-
ber of sensor nodes. Mobile sensors reduce the costs
by being able to cover different areas as time evolves
therefore reducing the number of necessary sensors.
The employment of a cooperative covering strategy
with these sensors is not trivial and usually leads
to greedy methods. The best route that each parti-
cular sensor should take in order to achieve a good
coverage is of great importance in order to achieve
as small costs as possible.

In areas with high sensor density is relatively
easy to find acceptable solutions when it comes to
tackling the problem of efficiently covering an area.
Finding a solution for small density where some of
them keep track of a target and the remaining area
is still covered by the team of agents is much more
difficult and usually leads to greedy methods where
a global minimum is not taken into account.

A. Relevant work

The field of multi-robot target detection and
tracking as defined by [11] usually considers three
types of robots/sensors/agents: stationary [14, 7],
mobile [3, 9, 10] or a mix of mobile and stationary
[6]. The employment of stationary sensors in large
regions leads to a high number of necessary sensors
and therefore to prohibitive costs.

To achieve the best coverage of the area the works
cited either deal with a representative grid of the
area [6], a point discretization [14, 13] or area par-
titions [7]. Each of the approaches has their advan-
tages and disadvantages. However, in [14], a point
coverage problem aiming at cost minimization of a
Wireless Sensor Network (WSN) with limited range
sensors is solved. The objective is to find a set from
all the sensors that achieves coverage of an area with
some probability at each step with the lowest cost.
The implemented division of the region of interest
(ROI) allows to divide it in a finite set of points
that, if all covered, achieve coverage with the ne-
cessary probability. However, they only solve the
problem with static and high sensor density areas,
therefore, its scope is limited.

In [7] area partitions are considered where the
main objective is to find the deployment of a set
of sensors such that the area is covered by at least
K sensors, i.e., K-coverage. Their formulation is
non-convex; however, the authors proposed an al-
gorithm that converges to a local minimum of the
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problem. For their approach, the area is divided
into partitions according to the concept of K-order
Voronoi diagram. Each partition has K sensors res-
ponsible for it and the sensors positions are the cen-
troids over all the partitions they are responsible
for. They are able to deploy sensors in 2D areas
with obstacles and 3D surfaces, however the solu-
tion for sensors with limited range is to employ more
sensors until the sensors attain K-coverage. This is
impractical in low sensor density situations where
we want to minimize the number of sensors and use
them to their full potential.

The use of a mix between mobile and static sen-
sors allows to complement data taken by the static
sensors with the data from the mobile ones. In [6]
the area is divided in a grid where mobile sensors
are forced to always be moving and have movement
and sensing restrictions. The next position is found
taking into consideration a discrete set of possibil-
ities and a set of functions who aim at represent-
ing different characteristics of the environment. A
weighted sum of the functions values is made ac-
cording to the mission objectives. This solution is
also applicable for the case without static sensor
nodes and is able to take into consideration limits
in range and velocity. However, it relays on a greedy
solution since each of the mobile sensors takes only
into consideration what is best for it and a global
optimum is not the individual objective, leading to
a non-optimal use of resources.

When mobile sensors are considered the main
challenge is to define the path for each sensor so
that all the interest area is covered, ideally, the same
number of times. The most obvious solution is to
define a cyclic route such that every spot is visited
the same number of times. This solution is deter-
ministic and makes it easy for an intruder to find a
perfect time for attack, however, it is able to cover
every area partition. Other approaches use probabi-
lities to define their patrolling policy. Usually, two
approaches are found: Markov Chains [3] or Sta-
ckelberg Games [9]. The definition of probabilities
results in an uncertainty that makes it difficult to
predict their path, however never ensures that all
the area is visited.

To track movable intruders an approach is deve-
loped in [10] where the problem of covering an area
and simultaneously escort a target is addressed us-
ing Voronoi partitions of the area. The authors use
density functions to represent the Voronoi partition
and define the best positions of the sensors if they
have targets to cover. Whenever the targets posi-
tion changes so will the density function, making
the robot move in a trajectory similar to the tar-
get while not forgetting the remaining area of its
Voronoi partition. The robots that do not have a
target to escort will stay in the centroid of their re-

spective Voronoi partitions. The employment of the
density function is therefore limited and could be
used to define trajectories for the remaining robots.
This approach was verified in real robot situations.

B. Contributions

In this paper we give solution to three different
missions using a common background. Our contri-
butions can be summarized as:

• We formalize a novel extension for the k-means
problem, that we term k-disks, which takes
into consideration the distance to balls instead
of the distance to points and that is used as
background for solving three different missions,
where the agents are not explicitly commanded
to enter in different states: Area Coverage, Pa-
trolling, and Target Tracking and Escorting .

• Using a probabilistic model for the sensors we
define a non-symmetric Anchor Point place-
ment strategy where every point gives infor-
mation about the coverage probability of its
surrounding area.

• Using the Anchor Point definition and the
novel k-disks approach we propose a solution
that works in any dimension and takes into
consideration both sensing range and velocity
limitations.

• We formulate an approach that is able to effi-
ciently perform tracking of a target while the
remaining network performs Patrolling of the
remaining region of interest (ROI), without
explicitly instructing which agent does what.
Each agent’s role will be a consequence of an
overall cost function.

• ”k-disk: placement, patrolling and tracking for
a team of mobile agents” in preparation, to be
submitted to the IEEE Transactions on Con-
trol Systems and Technology

II. Problem Formulation

We will consider a set of sensors S deployed in
a ROI where sj stands for the jth sensors position.
Every sensor sj has a limited range Rj for which
the detection of an event is ensured. For distances
higher than Rj we use a stochastic sensor model
that has been widely used in [14, 1, 15]. The de-
tection probability at a point pi by sensor sj ∈ S
depends on the distance between sj and pi, such
that the model is explicitly defined by

p(dji) = e−kjdji , (1)

where kj is a positive constant that varies with the
type of sensors considered and dji is the distance
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between the arbitrary point pi and a ball centered
in sensor sj with radius Rj .

The advantage of this model is that it has pro-
babilities decreasing with distance making it more
realistic and since it is stochastic takes into conside-
ration unknown environmental issues such as obs-
tacles. The value of parameter kj gives the model
the freedom to adapt to any environment and any
type of sensors employed in a real situation.

From [14] we adopt the ε-full area coverage defi-
nition.

Definition 1 (ε-full area coverage): Sensor set S
provides ε-full area coverage to the ROI if coverage
of any point in ROI is no less than ε, i.e.

∀pi ∈ ROI, 1−
∏
j∈S

(1− p(dji)) ≥ ε. (2)

In our case the goal is to obtain the positions of
S such that ε-full area coverage is obtained or at
least the largest area of the ROI is covered. As one
can imagine such a problem is quite complex and
is only solvable if the area is divided in a grid or
a finite set of points. Some references found in the
literature [6, 1, 15] have used point discretization;
however, the division is made without criteria. In
[14] a different approach is used. Using model (1) it
is possible to define a set of Anchor Points for which
if an Anchor Point is covered with some probability
τ > ε then a ball with radius b can be imagined
around that point such that every point inside the
ball has covering probability greater than ε. The
value of b is obtained by

τe−kjb = ε⇔ b = − 1

kj
log
( ε
τ

)
. (3)

After obtaining the distance b, the set of Anchor
Points A can be defined in such way that all points
of A have neighbour points at distance smaller than
2b and the union of all balls around each point
ak ∈ A contains the ROI. This can be written as
minimization problem

min |A|
s.t. ‖ak − al‖ ≤ 2b, ∀ak ∈ A, al ∈ N (ak)

ROI ⊂
⋃
ak∈A

Bak(x)

(4)
where |A| is the cardinality of set A, N (ak) is the
set of first neighbours of ak and Bak(x) is a ball
surrounding ak with radius b. Solving this prob-
lem is very difficult because it is minimizing a set
cardinality.

It is a necessary condition for this point distri-
bution that τ > ε otherwise b = 0 and no Anchor
Points will be found due to the definition (3). It
is also of interest to note that, as the value of ε

τ

decreases, the value of b increases thus simplifying
the problem because the number of necessary An-
chor Points |A| theoretically decreases.

As stated in [14] this approach transforms an
area coverage problem into a point coverage prob-
lem where by covering a certain point with proba-
bility τ we can assure that a ball of radius b around
that point is covered with probability ε.

In this paper we will only present the algorithm
for Anchor Point placement in a 2D ROI with
known width and height.

A. k-disks: k-means extension

The most used formulation for clustering is k-
means which has the objective of grouping a set of
points of any dimension into k clusters such that
distances between any point in a cluster and the
centroid of the cluster is minimized. Considering a
set of points X that will be clustered with xi ∈ X
and S the set of centroids such that si ∈ S the
problem is formulated as

minimize
S

X∑
i=1

min
(
‖xi − s1‖22, ..., ‖xi − sk‖22

)
.

(5)
For k > 1, (5) is a combinatorial problem and

therefore NP-hard as proven in literature [4]. Even
though usually non-convex and difficult to solve
there is a large variety of algorithms that give good
approximations to solve the problem from which the
most widely used is Lloyd’s algorithm [8] together
with k-means++ [2], a probabilistic scheme to ini-
tialize k-means.

A solution that uses the standard k-means for-
mulation would come with the disadvantage of not
considering the range of the sensors to find the op-
timal positions. Our proposed extension is there-
fore to change the minimization problem in order
to consider the range limitations:

minimize
S

|A|∑
i=1

wi
2

min
(
di1(s1)2, ..., dik(sk)2

)
, (6)

where wi is a mass that is constant to each ball
during the resolution of the problem, whose values
will depend on the mission considered and

dij = (‖ai − sj‖ −Rjτ )+ (7)

is the distance from sensor sj to a ball centered
in Anchor Point ai with radius Rjτ which cor-
responds to the distance for which an event has
detection probability τ by sensor sj and where
(x)+ = max{0, x}.

Problem (6) transforms the usual k-means prob-
lem that minimizes the distance to points into k-
disks, that minimizes the distance to balls, allow-
ing us to take into consideration the sensing range
of each individual sensor.
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Since this is still a combinatorial problem it is
also very difficult to find a solution. To solve it we
developed an adaptation of both Lloyd’s algorithm
and k-means++. First we used k-means++ exactly
like defined in [2] to define the initial position of set
S. Once they are defined we used the concept of
alternate minimization as in Lloyd’s algorithm [8].
We first divide the set of Anchor Points A according
to the distances to balls centered in the sensors S
with radius Rjτ in order to have |S| clusters cj ∈ C

such that
|C|⋃
j=1

cj = A.

The initial division in the clusters cj allows to
have |S| minimization problems of the form

minimize
sj

|cj |∑
i=1

wi
2
d2ij(sj), (8)

for a general sj of S.
Problem (8) is convex has proven in the thesis,

so it has a unique solution, possible to find in poly-
nomial time. The alternated minimization is per-
formed until the sensors positions converge and do
not change.

In the Area Coverage mission we want to find
the initial position that minimizes the sum of dis-
tances of the Anchor Points to the sensors so that
the minimization problem we want to solve is ex-
actly (8). For the Patrolling and Target Tracking
and Escorting mission we also take into considera-
tion the limitations in the movement of the sensor,
so we will add a constraint to problem (8). For this
missions we will have to solve problem:

minimize
sj(t)

|cj |∑
i=1

wi
2
d2ij(sj(t))

s.t. ‖sj(t)− sj(t− 1)‖ ≤ dj ,

(9)

where, besides the temporal consideration given by
t, we also add a constrain that connects two con-
secutive time steps fixing a limit on the movement
of the sensor dj for the time difference considered.

We already know that the objective function is
convex, however for (9) to be a convex problem the
constraint also has to be convex. Since the con-
strain is a norm, which is assured to be convex due
to the triangle inequality, we know that the con-
strain is convex, as well as, problem (9).

B. Mass coefficients wi

The mass coefficients are defined according to the
mission we want to accomplish. For the Area Cov-
erage mission, since we want to find the best overall
position for the set S, where all balls are equally im-
portant they will all have the same mass wi = 1. It
is possible to consider from the outset that some

balls are more important to cover than others by
considering higher values for their masses, however,
this is not the main goal.

For the Patrolling mission, the first concern in
the definition of the masses is that no points should
be forgotten. Defining ∆i as the difference between
the current time step and the last time the ball i was
scanned, the masses have to take into consideration
a temporal exploration such that the largest the
value of ∆i, the larger the wi, and the more likely
this point is to be covered in the next iteration.

If we only take into consideration the temporal
exploration we will have all masses of not scanned
points in the same cluster cj equal. Since the
scanned points will always be the same and the dis-
tances from the sensors to the scanned points are
always 0 we would get into a static situation because
the two problems for Area Coverage and Patrolling

minimize
sj

|cj |∑
i=1

1

2
d2ij(sj)⇔

⇔ minimize
sj

w

|cj |∑
i=1

1

2
d2ij(sj),

(10)

would be returning the same minimizer.
Since the distances between points and the sen-

sors will be different as long as there are no sym-
metries. The masses will be defined as

wi(t) = α
∆m
i

|cj |∑
k=1

∆m
k

+(1−α)
dnij(sj(t− 1))n

|cj |∑
k=1

dnkj(sj(t− 1))

. (11)

The value of α is in the interval 0 ≤ α ≤ 1 and
should be chosen taking into consideration a com-
promise between time and spatial exploration. A
few comments should be made:

• The weights wi(t) are normalized to 1 for each
cluster of points cj .

• The value of m > 0 determines the importance
of an increment of the time factor.

• The value of n > 0 determines the importance
of an increment of the spatial factor.

• If α = 0 only the spatial factor will be conside-
red which does not guarantee that every point
will be visited.

• If α = 1 only the time factor is considered so
we will return to the impractical static case.

In a ROI where there is lack of resources there
are areas that will not be covered by the initial de-
ployment of the Area Coverage mission. In a sym-
metric situation the sensors lean to the centroid of
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the points, thus they are all at the same distance.
In such situations, by looking at the mass definition
(11), it is easy to see that in cases where the Anchor
Points a sensor is in charge of covering are symmet-
ric the weighted sum of the spatial and temporal
factors will be equal for layers of points at the same
distances. Therefore, the problem will be equiva-
lent to the Area Coverage mission yielding a con-
stant optimal position for the sensor. To avoid such
effects, non-symmetric point placement is needed.

In the Target Tracking and Escorting mission the
objective is to do the Patrolling of the ROI and at
the same time follow the target. Two sets will be
considered, the already defined set of Anchor Points
A and the intruder set I. The division of the sets in
Anchor Points and intruders is important to define
the masses which will be given by

wi(t) =

{
(11), if cji ∈ A
N, if cji ∈ I

. (12)

where cji stands for the i element of the set cj and
the normalization of (11) only takes in considera-
tion the Anchor Points A.

The principle behind (12) is to use the same
mass definition for the Anchor Points that was
used in Patrolling so that the sensors are able to
continuously perform the Patrolling mission. The
mass for the intruders will be a constant given by
N � 1. The rationale for this number is as follows:
the masses have to evidence the importance of the
point, so the intruders need a mass higher than the
Anchor Points. Since the the Anchor Points masses
are always normalized to 1, to have a higher value
for the intruders, it is enough to have N � 1.

III. Algorithm derivation

To solve our problem the first step is to find a so-
lution of problem (4) that is not symmetric. Once
the Anchor Points are defined we can use our k-
disks, an adaptation of Lloyd’s algorithm, in asso-
ciation with k-means++ to find the solution to the
three missions.

A. Point Placement

Considering a rectangular ROI the most obvious
way to solve problem (4) is by defining points in a
grid such that each vertex of the grid is an Anchor
Point. The grid will be composed of squares with
diagonal 2b in such way that the side of each square
will be given by

l =
√

2b. (13)

It is straightforward to see that the definition in a
grid would be symmetric. This placement is a solu-
tion of problem (4). However, there are an infinite
number of other solutions that are not symmetric.

A different, non-symmetric, definition of points
is therefore used. We know that the distances be-
tween vertices of the symmetric case are all equal,
so instead of defining all distances equal to l we can
use random number generation to define different
distances smaller than l between consecutive An-
chor Points so that the placement is non-symmetric
but still feasible and solution of (4). For this new
definition we need to define a tolerance parameter
γ such that every Anchor Point is at a distance
between the maximum possible l and l − γ. The
pseudo-code used for point placement is given in
Algorithm 1.

Algorithm 1: Point placement for a rectan-
gular ROI.

input : ROI width w, ROI height h,
Tolerance γ, Square size l.

output: Set with points distribution points.
1 begin
2 xmax ← 0;
3 ymax ← 0;
4 first ← 1;
5 first x ← 0;
6 while xmax − first x ≤ w do
7 column ← ∅;
8 aux w ← xmax −U(0, γ) ;
9 aux h ← ymax −U(0, γ) ;

10 first y ←aux h;
11 while first y − aux h ≤ h do
12 Concatenate [aux w,aux h ] to

column;
13 ymax ← aux h +l ;
14 aux w ← xmax −U(0, γ) ;
15 aux h ← ymax −U(0, γ) ;

16 end
17 center column with h ;
18 ymax ← l/2;
19 if first == 1 then
20 first x ← minimum x of column;
21 first ← 0 ;

22 end
23 xmax ← min(first x +l, w− first y) ;
24 add column to points;

25 end
26 center points with w

27 end

This point definition is just an example among
an infinite number of possibilities. This algorithm
can easily be extended to any D-dimension where
the only difference will be that, besides xmax and
ymax, there would also be D − 2 parameters that
would be updated with the same principle as xmax.

Using this algorithm in the case where the value
of the tolerance is γ = 0 we return to the unpractical
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case were the Anchor Points are symmetric.

Even though the algorithm is presented for a rect-
angular ROI, it is interesting to note that it can
also be adapted for any other ROI. In that situa-
tion, one could consider the longest line inside the
ROI as a = max{‖x − y‖}, ∀x, y ∈ ROI, and use
Algorithm 1 considering an area a×a to get a set of
Anchor Points from which only those inside the ROI
are considered. The only requirement is to carefully
deal with the borders in order to get a feasible dis-
tribution.

The higher the value of the tolerance γ the more
spread the points are. The increment in the toler-
ance value as a general rule also leads to a higher
number of Anchor Points and therefore an incre-
ment of the problem complexity for solving the
three proposed missions. The tolerance parameter
has to be chosen with a compromise between in-
creasing the problem complexity and spreading the
Anchor Points.

B. k-disks Patrolling and Tracking

Even though we proposed Algorithm 1 for the
Anchor Point placement, it is not mandatory to
use it since any other non-symmetric Anchor Point
placement that is solution of (4) is also usable.

In Section II we formulated the problem with a
k-means extension and adapted Lloyd’s algorithm
to solve it. In this section we proposed Algorithm 2
that works for any arbitrary Anchor Point set A.

In Algorithm 2, W is defined as the set of masses
composed by all wi and T is the set with the time
difference between the current iteration and the last
iteration the Anchor Points were scanned, i.e., ∆i.

Steps 2 and 7 are the solutions of the k-means++
sensor placement followed by the k-disks adapta-
tion to Lloyd’s algorithm. Step 17 is the solution
of the k-disks problem with the respective Anchor
Point distribution and the constrained minimiza-
tion problem (9).

Even though we have already presented the basic
concepts behind k-disks algorithm we still have not
described how we solved the convex minimization
problems (8) and (9).

We have already proved that (8) is convex and
that (9) is also convex with convex constraints.
For (8) to be under the conditions to use Fast It-
erative Shrinkage-Thresholding Algorithm (FISTA)
[12] the objective function has to be convex, differ-
entiable with domain Rn. We already proved that
it is convex and has domain Rn so we just have to
find the gradient of the function.

From [5, Chapter X, Proposition 3.2.2 and The-
orem 3.2.3] we know that

∇
(

1

2
d2S(x)

)
= x− PS(x), (14)

Algorithm 2: k-disks Patrol and Tracking.

input : Anchor Point set points, Number of
sensors nsensors, Number of attempts
attempts, Mass update parameters
α, m, n, N .

output: Sensor placement sensors at each
time step.

1 begin
2 possibility ← k-means++ with (nsensors,

points);
3 calculate cost for possibility;
4 min ← cost;
5 sensors ← possibility;
6 for i = 2 to attempts do
7 possibility ← k-means++ with

(nsensors, points);
8 calculate cost for possibility;
9 if cost < min then

10 min ← cost;
11 sensors ← possibility;

12 end

13 end
14 do indefinitely
15 Update T with scanned path;
16 Update W with (12);
17 do Lloyd’s k-means extension

algorithm with (points,sensors,W )
obtain sensors;

18 end

19 end

where S is a convex set and dS(x) is the distance
between set S and point x.

A ball is known to be a convex set so the gradient

of f(sj) =
|cj |∑
i=1

wi

2 d
2
ij(sj) is given by

∇f(sj) = ∇

 |cj |∑
i=1

wi
2
d2ij(sj)


=

|cj |∑
i=1

wi ∇
(

1

2
d2ij(sj)

)

=

|cj |∑
i=1

wi
(
sj − PBij (sj)

)
. (15)

The gradient requires the expression of the pro-
jection into a ball which, for a generic ball Bc cen-
tered at c with radius R, is given by

PBc(x) =

{
x, if ‖x− c‖ ≤ R
c+R x−c

‖x−c‖ , otherwise
. (16)

This shows us that we are under all conditions of
using FISTA to solve (8). Since (9) is equal to (8)
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with a constrain we just have to take into consider-
ation the FISTA conditions for the constrain. The
constrain is a limit on the movement of the sensor
such that sj(t) can only be in a ball surrounding
the previous position. Therefore, the constrain is
a closed and convex set with a known prox opera-
tor given by the projection into the ball centered in
sj(t − 1) with radius dj as given by (16). We are,
therefore, in problem (9) also under all conditions
to apply FISTA.

To apply FISTA we need to find a good step
size. Finding a Lipschitz constant L for the gra-
dient of the objective functions allows to know that
the algorithm descents as fast as O(1/k2) for a step
tk = 1/L. A function f is said to be Lipschitz con-
tinuous with parameter L > 0 if:

‖f(x)− f(y)‖2 ≤ L‖x− y‖2, ∀x, y ∈ dom(f).
(17)

The value of the Lipschitz constant depend on the
masses wi and therefore on the mission considered.
In the Area Coverage and Patrolling all masses are
normalized or equal to 1 so we get L = 2|cj |, where
|cj | is the cardinality of the Anchor Point partition
of sj . For the Target Tracking and Escorting mis-
sion we get L = 2|Aj |+ 2N |Ij |, where Aj is the set
of Anchor Points sj is in charge of covering, Ij is
the set of intruders agent sj is in charge of covering
and N is the mass of an intruder as defined in (12).

We emphasize that the value of the Lipschitz
constant L is not unique. In fact if l is proved
to be the Lipshitz constant of f than any L ≥ l
is also a possible Lipshitz constant. If we define
L = 2|Aj |+2N |Ij | we will allow Algorithm 2 to run
autonomously with the same Lipschitz constant for
all missions and as a result without explicit deter-
mination of what mission each sensor is performing.

The gradient of the objective function of the two
problems (8) and (9) is the same, so we will demon-
strate the Lipschitz constants taking into consider-
ation the differences in the masses definition. The
gradient was found in (15) and is given for an arbi-

trary x by
|cj |∑
i=1

wi
(
x− PBij (x)

)
. For notation sim-

plicity and without loss of generality we will from
now on represent PBij as PBi . To find L we start
by writing the problem as

‖
|cj |∑
i=1

wi(x− PBi
(x))−

|cj |∑
i=1

wi(y − PBi
(y))‖ =

= ‖
|cj |∑
i=1

wi(x− y) +

|cj |∑
i=1

wi(PBi(y)− PBi(x))‖,

(18)
where x and y are any arbitrary points in the do-
main of the objective function. Using the triangle

inequality we arrive at

‖
|cj |∑
i=1

wi(x− y) +

|cj |∑
i=1

wi(PBi(y)− PBi(x))‖ ≤

≤ ‖
|cj |∑
i=1

wi(x− y)‖+ ‖
|cj |∑
i=1

wi(PBi(y)− PBi(x))‖.

(19)
For any set of N function fi(x) we have

‖
N∑
i=1

fi(x)‖ ≤
N∑
i=1

‖fi(x)‖ (20)

as can be proven by applying consecutive triangle
inequalities between the sums of all members of the
set. Applying this result to our specific case and
since the masses wi are positive constants we can
write (19) as

‖
|cj |∑
i=1

wi(x− y)‖+ ‖
|cj |∑
i=1

wi(PBi(y)− PBi(x))‖ ≤

≤
|cj |∑
i=1

wi‖x− y‖+

|cj |∑
i=1

wi‖PBi
(y)− PBi

(x)‖.

(21)
For the Area Coverage mission we have wi = 1

and for the Patrolling mission we have wi ≤ 1,
therefore, for these two missions, we get

|cj |∑
i=1

wi‖x− y‖+

|cj |∑
i=1

wi‖PBi(y)− PBi(x)‖ ≤

≤
|cj |∑
i=1

‖x− y‖+

|cj |∑
i=1

‖PBi(y)− PBi(x)‖.

(22)

It is known that for every closed convex set S and
for any points x, y ∈ RN we have ‖PS(x)−PS(y)‖ ≤
‖x− y‖ because there are only a few possibilities:

• Points x, y ∈ S and therefore PS(x) = x and
PS(y) = y, so ‖PS(x)− PS(y)‖ = ‖x− y‖.

• Point x ∈ S and y /∈ S so that ‖PS(x) −
PS(y)‖ < ‖x− y‖.

• Points x, y /∈ S which results in ‖PS(x) −
PS(y)‖ ≤ ‖x− y‖, as given in [5].

Thus, it is said that the projection is a contraction
operator. Using this property and since a ball is a
closed convex set we get

|cj |∑
i=1

‖x− y‖+

|cj |∑
i=1

‖PBi
(y)− PBi

(x)‖ ≤

≤
|cj |∑
i=1

‖x− y‖+

|cj |∑
i=1

‖y − x‖,

(23)
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and with some algebraic manipulation we arrive at

|cj |∑
i=1

‖x−y‖+
|cj |∑
i=1

‖y−x‖ = 2

|cj |∑
i=1

‖x−y‖ = 2|cj |‖x−y‖,

(24)
which yields the final value for the Area Coverage
and Patrolling missions of

L = 2|cj |. (25)

For the Target Tracking and Escorting mission we
split set cj in the Anchor Points A and the intrud-
ers I, such that cj = A

⋃
I. To proof the Lipschitz

constant value we use the triangle inequality to di-
vide the demonstration in two problems according
to the points taken into consideration. One demon-
stration for the set A and the other for I.

Because the masses for the Anchor Points in the
Target Tracking and Escorting mission match those
in the Patrolling mission we get the same Lipschitz
constant of LA = 2|A| for set A. For the intruders
set I the proof starts in the same step as (21) where
instead of cj the sum is in I. Using the fact that
for the intruders wi = N with the same reasoning
already done for the previous missions we get LI =
2N |I|. Gathering the results for each of the sets A
and I we get the final result

L = LA + LI = 2|A|+ 2N |I|. (26)

IV. Results

The simulation results presented in this section
were obtained considering a squared ROI with 100m
of width w and height h where, for the Anchor
Point placement, we used tight limits for the cover-
ing probabilities of ε = 0.8, τ = 1 and a tolerance of
γ = l

4 for the placements obtained by Algorithm 1.
In the ROI, we will deploy 10 sensors with equal

characteristics even though Algorithm 2 works for
different sensors. We will consider Rj = 5m and
kj = 0.05 for the stochastic model presented in (1),
with a speed constraint of dj = 10m. We ran k-
means++ 30 times until an initial deployment is
defined and we used n = 50, m = 75, α = 0.7 and
N = 1000 to perform the Patrolling, and Target
Tracking and Escorting missions.

A. Area Coverage

The Area Coverage mission takes into considera-
tion a static situation that is between lines 2 and 13
of Algorithm 2. The main goal is to define the ini-
tial position such that the ROI is better covered, to
attain this goal, we take into consideration the ob-
jective functions values after the convergence of k-
means++ and k-disks. From all k-means++ trials
we chose the one with the lowest objective function
value. This criteria ensures that the chosen place-
ment is the one that minimizes the distance bet-

ween the balls centered in the sensors and the An-
chor Points, therefore, assuring that there is higher
probability of detecting an intruder in the ROI.

From the start, it is obvious that the 10 sen-
sors with the defined characteristics are not able
to achieve ε-full area coverage since the sum of
their coverage balls with radius Rjε is smaller than
the total area. Even though ε-full area coverage is
not achieved there are solutions for the Area Co-
verage mission that are better than others since k-
means++ is a randomized algorithm. For the con-
sidered ROI and sensor characteristics considered
in the same 30 runs we get objective function val-
ues of (8) that go from 2.92× 104 until as much as
3.59×104. The differences arise mainly in the num-
ber of Anchor Points that each sensor is in charge of
covering, the more equally distributed they are the
smaller value is achieved yielding better overall co-
verage. The instance corresponding to the objective
function value of 2.92× 104 is shown in Figure 1.
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Figure 1: The number of Anchor Points of each of
the partitions is similar for all of them and there-
fore a better overall coverage is achieved. The
crosses represent the sensors, the asterisk the An-
chor Points where the different colors represent the
different sensors distribution, the lines represent
Voronoi cells for each sensor, the solid circle Rjτ
(radius for which an event is detected with prob-
ability of τ) and the dashed circle Rjε (radius for
which an event is detected with probability of ε).

The distribution of the Anchor Points for the dif-
ferent sensors are represented in different colors and
divided by Voronoi cells. It is interesting to note
that at the algorithm convergence all Anchor Points
that have the same color are also inside the same
Voronoi cell. Another interesting characteristic is
that the number of Anchor Points each sensor is
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responsible for is approximately the same for all of
them, demonstrating a good distribution.

In 300 Monte Carlo experiments, for Area Cove-
rage solutions with the aforementioned character-
istics are found, we studied the objective function
value normalized to the number of Anchor Points:

O(S,A) =
1

|A|

|S|∑
j=1

|cj |∑
i=1

1

2
d2ji(sj), (27)

where, as before, the notation |A| stands for the car-
dinality of the set A and cj are the partition of A
according to the distances to the sensors in S. The
variation of O(S,A) with the increasing number of
iterations is represented in Figure 2. The mean over

0 50 100 150 200 250 300

75

75.2

75.4

75.6

75.8

76

Figure 2: In 300 Monte Carlo runs the mean objec-
tive function value achieves a stability with average
value 75.85 and a variance of 0.58. Therefore, rep-
resenting that one arbitrary Area Coverage result
is a good representative of what we might get with
other Anchor Point configurations.

the 300 trials is 75.85 with a variance of 0.58. Since
the variance is low we can say that the results ob-
tained for one arbitrary Anchor Point placement in
any ROI with these sensors are a good sample of
the values we might get for other placements. This
value is also applicable for other ROI with the same
sensor characteristics where the number of Anchor
Points per sensor is approximately the same. The
normalization is necessary because the number of
Anchor Points varies for every found placement.

The repetition of the k-means++ algorithm
usually leads to a better overall Anchor Point dis-
tribution and as a result a better coverage. The
more times we run k-means++ the more likely it is
to find a close to optimal solution of the Area Cove-
rage mission. In the impractical case of indefinitely
run it we can guarantee that it will be found.

For the cases where ε-full area coverage is found,
since the Anchor Points are covered with probabil-

ity τ , the objective function value is 0. It is neces-
sary to note that having all Anchor Points covered
with τ probability is not a necessary condition to
achieve ε-full area coverage, however, it is sufficient.

B. Patrolling

The Patrolling mission requires the definition of
a set of free parameters. The change of such pa-
rameters yields different Patrolling paths and there-
fore a different number of iterations until all Anchor
Points are scanned at least once.

For the aforementioned parameters, 600 Monte
Carlo experiments yield a mean number of itera-
tions until all points are covered of 108 with vari-
ance 1.9 × 108. The high variance is not a good
indicator, however, of the 600 simulations, only 26,
which are the main contributors to this high value,
took more than 150 iterations to scan every Anchor
Point. In fact if the 26 simulations that took more
than 150 iterations were not considered for the vari-
ance calculation its value would be only 290 which
is a significant difference.

In simulations to study the differences imposed
by changes in the parameters we found that as a
general rule higher m, dj and α between 0.6 and
0.7 show better overall results. The increment of
m decreases the time because it makes the differ-
ences between non-covered points higher for larger
∆i, increasing the mass wi of such Anchor Points.
The results for the range limitation dj are already
expected because smaller movement at each step
requires more steps to go through an equal area,
however, there is another effect to take into consi-
deration. A high number of points to cover results
in a higher region and a small dj will sometimes cre-
ate situations of balance where a sensor will move
only between two positions because the masses will
increase for balls that are far from that sensors po-
sition. Since it can not reach them it will not reset
the masses resulting in a movement between posi-
tions where he tries to reach those high mass balls
consecutively. For α, the closer to 1 the closer from
the static situation and the closer to 0 the closer
to the case where it is impossible to guarantee all
points are covered. A compromise between the two
situations is found for α ∈ [0.6, 0.7]. Videos of
the performed simulations can be found in https:

//github.com/p-carrasqueira/k-disks, as well
as, histograms representing the number of times an
Anchor Point is visited until all are visited.

Another simulation took into consideration 20
different Anchor Point placements and initial de-
ployments where in total we placed 7064 intruders
in the ROI with random positions. From all the
intruders we where able to identify 68% in the first
iteration, demonstrating a good overall Patrolling
coverage of the ROI.
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C. Target Tracking and Escorting

The objective of the Target Tracking and Escort-
ing is to never lose sight of a target or intruder while
he is inside the ROI. To show the algorithm perfor-
mance in this mission we present Figure 3 were the
path of two targets and the respective sensors per-
forming the Escorting mission are shown.
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Figure 3: Target Tracking and Escorting mission
with two intruders in a ROI where two agents are
able to perform the Escorting mission. Videos
of this example and others are found in https:

//github.com/p-carrasqueira/k-disks.

Since the definition of the path for the sensors
that are not performing Tracking is equal to Pa-
trolling it is expected that the sensors are able to
patrol the ROI. In fact, in the simulations there is
a constant adaptation of the network to the path of
the sensor in charge of escorting an intruder.

In 300 simulations of targets with random tra-
jectories the mission was successful in 99% of sim-
ulations with mean time until all area is cov-
ered was 118 iterations with velocity limitation of
dj =10m/iteration, which shows that there is not
a significant lost of Patrolling. The mission is suc-
cessful if in 150 time steps the target is never lost.

Simulations with two targets also show that using
Algorithm 2, one sensor is able to track more than
one target at the same time. The network is also
able to collectively adapt to escorting targets with
higher velocity than each sensor.

V. Conclusions

The target management field has a wide variety of
challenges that have to be overcome. Finding a so-
lution able to solve different missions efficiently with
the same formulation background is difficult. Our
main achievement is the novel k-disks formulation
together with the developed Anchor Point distribu-
tion technique that is able to solve three different
missions using a common background.

Directions of future work are, for example: a dis-
tributed solution that allows each of the sensors to
be completely autonomous, better non-symmetric
Anchor Point placement, study other update coeffi-
cients models that might be better than the used or
incorporating a localization algorithm for the target
that allows to predict the intruders next position.
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