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Abstract

With respect to the valuation issue of a derivative’s contracts in finance, the volatility of the price
of the underlying asset is often unknown. Volatility is a measure of randomness, allowing us to assess
how uncertain the price movement is in the future.

In this work we first derive the implied volatility for each contract, using the Black-Scholes formula.
Since it is not possible to determine the implied volatility analytically, one needs to resort to numerical
methods. Here we propose to use the bisection method to compute the estimate value of the implied
volatility. The determination of implied volatility is discussed afterwards, using the future price and
the asset price as input value in the Black-Scholes formula. In addition, two calculation methods are
presented, in order to increase the accuracy of the estimates obtained.

Several models are presented for adjustment of the obtained values, namely models based on linear
quantile regression and random forests. Using these models, we may forecast the implied volatility, and
then use these values to predict the price of an option contract in the future.

Keywords: implied volatility, Black-Scholes formula, quantile regression, random forests

1. Introduction

Black and Scholes [2] and Merton [11] proposed
in 1973 the Black-Scholes model to fit the mar-
ket prices of options. The Black-Scholes formula
is applied to transform the market prices into an
expression in terms of implied volatility [9]. Im-
plied volatility is the square root of the quadratic
variation of the asset’s log price process, defined
as a parameter in the option pricing model Black-
Scholes formula that yields the price of a particular
option. Given observed option prices in the mar-
ket, the value of implied volatility can be deduced
by matching the corresponding Black-Scholes price
with the market price [4]. The implied volatility
from the real market shows a pattern named volatil-
ity smile, influenced by time to maturity and strike
price of the option.

Different from the theoretical parametric models,
such as stochastic volatility model [5] and jump-
diffusion model [12], non-parametric models based
on machine learning techniques, which has less re-
strictions in usual cases, have been developed for
pricing options [14]. Additionally, quantile method
[6], beyond the conditional mean, gives more in-
formation about the quantile distribution of re-
sponse variable as a function of the explanatory
variables. The combination of non-parametric mod-
els and quantile methods, in this way, has less
restrictions on the required assumptions and can
bring a new perspective for estimating the implied
volatility [16].

Our work firstly implements several financial cri-

terion to a dataset composed by options, future con-
tracts and discount values, and secondly builds the
quantile linear and random forest for the computed
implied volatility, in order to generate a clear cog-
nition of the option trading process and to predict
the Black-Scholes implied volatility.

1.1. Dataset Description

The dataset used in this work is real option trades
provided by BNP Paribas bank, including infor-
mation over three types of derivatives (option con-
tracts, discount values and future contracts). These
three derivatives are all based on the same underly-
ing asset, the EURO STOXX50 index, which is an
Europe’s leading Blue-Chip index for the Eurozone.

Specifically, as the main object, option contracts
include trades in 424 different dates, ranged from
January 02, 2014 to October 29, 2015. Almost all
the maturities of options concentrate on Friday, and
the months with more maturities are March, June,
September and December. There are only ten dis-
tinct maturities of future contracts and these matu-
rities spread over the third Friday of every quarter
from 2014 to the mid year of 2016. These kind of
maturities are denoted as ’major maturities’, and
Triple Witching Phenomenon occurs at the major
maturities. At this time, the contracts for stock in-
dex futures, stock index options and stock options
expire on the same day. Trading activity is more ac-
tive and volatility is larger because contracts that
are allowed to expire may necessitate the purchase
or sale of the underlying security.
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In Table 1 we present the descriptions of relevant
terms. In the original data set, some non-relevant
information is discarded (such as the lot size, bid
and ask size). Moreover we also include four vari-
ables which are marked by star and are relevant for
the rest of the study, namely: time to maturity,
moneyness, constructed price and interest rate.

Table 1: The descriptions of relevant terms which are
provided from three types of derivatives (option, fu-
ture and discount). The number of observations for
each type is shown in brackets. The notation star(*)
indicates that the marked variables are generated after-
wards.

Term Description Example Set

Date t The beginning date of a derivative contract. 2014-01-03

Maturity T The expiration date of a derivative contract. 2014-03-21

Option (312339)

Type Call options C or put options P . Both

Strike K The price paid for the asset if the option is exercised.
Shown

Bid price The highest price a buyer is willing to pay.
in

Ask price The lowest price a seller is willing to accept.
Figure 1

*Moneyness M Deduced by M = KD
S = K

F and used to label options.

*Time to maturity τ The number of days from date to maturity. 77

*Constructed price Ŝ Constructed for the true market price S by Ŝ = FD. 3062.73

Future Contracts (1153)

Bid Price The highest price a buyer is willing to pay 3061

Ask Price The lowest price a seller is willing to accept 3062

Discount Value (7255)

Discount Value D Discount from future back to current time. 0.9996

Interest Rate r Deduced by D = e−r(T−t). 5.5× 10−6

Here we display specifically the trades (denoted
as ’Example Set’) with trading date in January 03,
2014 and maturity in March 21, 2014, as an example
to explain the micro structure of the dataset and
the following operations. The information in detail
is shown in the right side of Table 1.

Combination of options

Due to the Put-Call Parity, volatility is the same
for a call option and a put option with the same
combination of date, maturity and strike. After
combining the call with corresponding put options,
we have now 107571 pairs of call and put options.

Following our ’Example Set’, in Figure 1, we can
see that, under the condition of fixing other vari-
ables, for call options, when strike value goes up,
the price of call option declines. Oppositely, the
price of put option increases. However, the range
of call option prices is larger than the range of put
option prices. One of the possible reasons might be
that traders believe the market price would go up.

Information of index price

EURO STOXX50 index is the asset under study,
i.e. the objective financial asset that our three
derivatives are associated with. The information
of historical index price can be easily obtained 1

. Note that the newly obtained index prices were
captured at 18:00 CET in each trading day while

1From the website ’Yahoo Finance’ https://finance.

yahoo.com/quote/\%5ESTOXX50E/history?period1=

1388620800\&period2=1446076800\&interval=1d\&filter=

history\&frequency=1d

Figure 1: The tendencies of option prices of the call and
corresponding put options with strike price in Example
Set. The enlargement of the crosspoint of lines is shown
in the top right.

the options contracts were gathered at 17:15 CET.
Following the ’Example Set’, the index price in Jan
03, 2014 is 3074.43, while the constructed price is
3062.73. The constructed price, by the way, is a
non-standard terminology used in this work. Be-
cause it is deduced from the discounted future price,
in theory it is supposed to be the best representa-
tion of the current asset price.

The constructed price should worth the same as
current true price of underlying asset. Thus, we
have two different situations depending on whether

a) Those options whose maturities belong to the
major maturities of future contracts. Thus the in-
dex price obtained can variate a bit from the con-
structed price within 45 minutes at very active trad-
ing days, in particular at the major maturities due
to Triple Witching Phenomenon.

b) Those options whose maturities do not belong
to the major maturities of future contracts, or their
maturities do belong to the major maturities but
the influence of Triple Witching Phenomenon is lim-
ited. In this situation, the price of the underlying
asset is very similar to the index price.

Thus the index price can be used as a supplement
for those options which have no information about
the relevant future price. It can give a rough direc-
tion for the investors although its accuracy is not
assured.

1.2. Outline

The paper is structured as follows. Section 2 intro-
duces most important criteria, the Put-Call Par-
ity and Black-Scholes Formula. Section 3 interprets
quantile linear regression and the main idea of de-
cision trees and random forest. Section 4 demon-
strates how to calculate the implied volatility. We
generate the estimate prices as a function of im-
plied volatility deduced by two forms of Black-
Scholes formula and two methods of calculation,
and then derive the implied volatility by the Bi-
section Method, given the market price. Section 5
mainly focuses on using quantile methods together
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with linear regression and random forests method
to model the subset which contains some signifi-
cant features. The work concludes with Section 6,
where we also point possible future work. We skip
the introduction of financial products (more details
in [2] and [17]) and some statistical tools (details in
[1], [13], [10] and [6]) due to the limitation of pages.

2. Financial Theoretical Overview
We define that for a fixed date t, an European call
option (whose call option price is C(T,K) and the
corresponding put option price is P (T,K)) with as-
set price St, maturity T and strike priceK is defined
as a contingent claim with payoff max{ST −K, 0}
at maturity. The related future price for the under-
lying asset is F (t, T ), discount value is D(t, T ) and
interest rate is r. Put-Call Parity describes the
relationship for different portfolios, shown as:

C(T,K)− P (T,K) = St −Ke−r(T−t),
or: C(T,K)− P (T,K) = [F (t, T )−K]D(t, T ).

The Black-Scholes Formula [2] proposes the
estimate value of the call option price C(T,K) and
put option price P (T,K) as

C(T,K) = StΦ(d1)−Ke−r(T−t)Φ(d2), (1)

P (T,K) = −StΦ(−d1) +Ke−r(T−t)Φ(−d2), (2)

d1 =
ln(

St
K )+(r+0.5σ2)(T−t)

σ
√
T−t , d2 = d1 − σ

√
T − t,

where Φ(·) is the cumulative distribution function
of the standard normal distribution, and σ is the
volatility of returns of the underlying asset.

Another common form for Black-Scholes formula
based on future price and discount value for call
option price C(T,K) and put option price P (T,K)
are proposed as:

C(T,K) = D(t, T )(F (t, T )Φ(d1)−KΦ(d2)), (3)

P (T,K) = D(t, T )[Φ(−d2)K − Φ(−d1)F (t, T )], (4)

d1 =
ln(

F (t,T )
K )+0.5σ2(T−t)
σ
√
T−t , d2 = d1 − σ

√
T − t.

3. Statistical Theoretical Overview
In this section we do a brief overview of quantile
regression and random forests.

3.1. Quantile Regression Method
Quantile regression is a generalization of linear re-
gression where it models a quantile of interest as a
linear function of the explanatory variables [6]. It is
more robust then ordinary least squares, and it has
shown that it can lead to good results when there
are complex relations between variables.

Definition of quantile
Suppose that there is a dataset with n obser-

vations, {yi,xi} for i = 1, . . . , n, where yi is re-
sponse variable and the explanatory variables xi =
(xi1, . . . , xip), and β = (β0, β1, . . . , βp)

> is the coef-
ficients vector.

Quantile regression focuses on the conditional
quantiles of Y given X = x. Assume the distri-
bution function for a real-valued response variable
Y is FY(y) = P (Y ≤ y), then the τ -th quantile of
Y is defined as the minimum value of y which sat-
isfies F (y) ≥ τ , i.e.,
QY(τ) = F−1Y (τ) = inf{y : F (y) ≥ τ}, 0 < τ < 1.

Definition of quantile loss function
Given a quantile τ ∈ (0, 1), the L1-norm quantile

regression is used to minimize the loss function [7]:

L(yi, ŷi)τ =
n∑
i=1

ρτ (yi − ŷi), (5)

where ŷi is the estimate values and ρτ (yi − ŷi)
(named as check function in [6]) is defined as:

ρτ (yi − ŷi) =

{
τ(yi − ŷi), yi − ŷi > 0

− (1− τ)(yi − ŷi), otherwise
. (6)

The quantile regression is going to be discussed
in more detail in Section 3.1.1, and in Section 3.1.2
estimation methods based on decision trees and ran-
dom forest are briefly reviewed.

3.1.1 Linear regression

Linear quantile regression fits a conditional quantile
of the response variable by a linear function x>β.
In Table 2 we compare the general quantile linear
regression with the most common alternatives: or-
dinary least squares regression and least absolute
deviation regression [15].

Table 2: Comparison between ordinary least squares,
least absolute deviation and quantile regression meth-
ods.

Ordinary Least Squares (OLS)

Conditional mean function E(Y|X = x) = x>β.

Loss function:
n∑
i=1

(yi − xi
>β)2,

minimize the sum of square of residuals.

Estimates β̂ = arg min
β∈Rp+1

n∑
i=1

(yi − xi
>β)2.

Least Absolute Deviation (LAD)

Conditional median function Qτ=0.5(Y|X = x) = x>β(τ = 0.5).

Loss function:
n∑
i=1

|yi − xi
>β|,

minimize the sum of absolute errors.

Estimates β̂ = arg min
ŷi∈Rp+1

∑n
i=1 |yi − xi

>β|,.

τ-Quantile Regression

Conditional quantile function Qτ (Y|X = x) = x>β(τ).

Loss function:
n∑
i=1

ρτ (yi − xi
>β),

minimize the sum of weighted absolute errors.

Estimates β̂ = β̂(τ) = arg min
β∈Rp+1

n∑
i=1

ρτ (yi − xi
>β).

3.1.2 Tree-based regressors

If the relationship between response and explana-
tory variables is highly non-linear or complicated,
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the tree-based models may give better results and
explanations than linear regression.

Decision Tree
Decision tree is a non-parametric supervised

learning method in the form of a tree structure. It
splits a dataset from the entire space (denoted as
R) into several non-overlapping regions (denoted as
Rj , j = 1, . . . , J) from the top of the tree to each
leaf in the bottom by a series of binary if-then rules.
These rules identify distinct regions where the ob-
servations inside share the most homogeneous re-
sponses to explanatory variables. Due to the fact
that it is difficult to take every possible partition of
the dataset into J regions into account, we need to
apply a top-down, greedy recursive binary splitting
approach to split successively further down to the
leaf and to choose the best split at each step of tree-
building process. In each internal node, the dataset
is split and explanatory variables are judged to min-
imize the prediction error. The leaves, named ter-
minal nodes, represent the final division of regions.
At a leaf node, the mean of the response values as-
signed to that node is the predicted value returned
by the decision tree.

This work uses CART, namely Classification
and Regression Tree algorithm (please check [3]
for more details). In order to perform this ap-
proach, for a explanatory variable Xj , there is a
cutpoint s such that the variable can be split to
two regions, either the region where Xj is smaller
than s, i.e. {Xj < s} or the region where Xj

is greater or equal to s, i.e. {Xj ≥ s}. The
best cutpoint for each variable Xj , j = 1, . . . , p
is chosen such that the tree has the lowest sum
of square of residuals. We define two regions
R1(j, s) = {Xj : Xj < s} and R2(j, s) = {Xj : Xj ≥ s},, and
we want to find the best pair of (j, s) to minimize∑
i:xi∈R1(j,s)

(yi − ŷR1)2 +
∑

i:xi∈R2(j,s)

(yi − ŷR2)2,

where ŷR1
(ŷR2

) represents the mean response over
all observations in R1(j, s) (R2(j, s)).

Finally, it is known that decision trees can cause
the over-fitting problem if the tree is too complex
and full of details, leading to bad performance on
prediction of new observations. It is necessary to
set constraints on tree size or to prune the grown
tree. (Note that in this work, we mainly use deci-
sion trees following the random forest method men-
tioned in next subsection. Therefore the pruning is
not necessary and its introduction is omitted here.)

3.1.3 Random Forest

Random forest is an ensemble learning method gen-
erated by generating many decision trees on selected
training samples. Random forests employs random-
ness each time it selects a different bootstrap sample
of the train set for building each tree, and each node

is split using the best variable among a subset of
variables which is randomly chosen. This strategy
turns out to perform well. It is robust and prevents
over-fitting [3].

The algorithm for generating a random forest
regression model is as follow [8]:

1. Before building each tree, firstly draw several sam-
ples from training set by bootstrap resampling method
(with replacement) from the original data. Here we de-
note the number of samples as ntree, indicating that
ntree trees will be built.

2. For each selected sample, grow a regression deci-
sion tree without pruning. At each node of a decision
tree, a random subset of mtry variables is chosen from
the entire p variables, as the target to be split at this
node, rather than choosing the best split among all vari-
ables. Only one of these mtry variables can be used to
generate the best split rule and corresponding subre-
gions at this node. Thus for the selected training sets
in step 1, ntree trees are fully grown and combined into
a random forest.

3. Predict new observations by aggregating the pre-
dictions of this ntree trees. For regression, the predic-
tion value of random forests for a new data point is the
averaged response of all the trees.

Quantile Random Forest

The key difference between quantile regression
forest and random forest is that: in each tree, ran-
dom forest keeps only the mean response values of
the observations that fall into each leaf node, and
neglects all other information. In contrast, quantile
regression forests keeps recording every quantile re-
sponse values in the leaf node, not just their means,
and assesses the conditional distribution based on
this broader and more comprehensive information.

In prediction, each observation in test set will go
through every tree and get a set of prediction values
of the same size as the number of trees. Inside of
this set, different quantiles of the prediction values
can be reached, and we can even set a prediction in-
terval with lower (higher) quantile prediction value
as lower (upper) bound.

4. Computation and Analysis of Implied
Volatility

The main goal of this section is to demonstrate how
to calculate the implied volatility from the dataset
introduced in Section 1.1 and analyze the results.

4.1. Calculation Processes

Thanks to Put-Call Parity, we can relate call op-
tions prices with put options prices for the same
underlying asset, strike, date and maturity. Based
on the combination of call and put options we did
in Section 1.1, as a matter of choice, we have de-
cided to focus on call options prices and thus the im-
plied volatility mentioned afterwards refers to call
options.

If we define a call option price generated by
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Black-Scholes formula with the only unknown pa-
rameter implied volatility σ as FBS(σ), it should be
equal to the true market value Cmarket of the call
option contract with the same asset, date, maturity
and strike price: FBS(σ) = Cmarket.

We need to invert the Black-Scholes formula, be-
cause it is a non-linear function which does not have
a closed form solution for implied volatility. There-
fore we need to resort to numerical approximations
and we consider the bisection method. Then we
need to estimate:

σ̂ = arg min
σ

[FBS(σ)− Cmarket]. (7)

What is more, in fact, the market price for an op-
tion contract Cmarket is not provided in the dataset.
We have information concerning bid and ask prices,
hereby denoted by Cbid and Cask respectively, as
the range of Cmarket (also known as bid-ask spread
[Cbid, Cask]). The true price of the option, Cmarket,
may not exactly fall in this range, although most
likely it will match inside. Therefore we propose
the following two alternative methods and show the
ideas briefly in Figure 2:

Method 1: Assume that Cmarket = 1
2 (Cbid +

Cask), and compute the implied volatility from this
new value.

Method 2: First, compute the implied volatility
σbid ( σask) using Cbid (Cask) respectively as the
input variable each time, and compute the resulting
implied volatility as the average of σbid and σask.

Figure 2: The framework of computation Method 1
(m1) and Method 2 (m2).

Next, two forms of Black-Scholes formula (by us-
ing asset price in Equation 1 and by using fu-
ture price in Equation 3) are utilized to generate
the implied volatility based on two combinations of
the data sets. The specific formula is chosen de-
pending on whether the price of asset or the future
is involved.

In Figure 3 we show the framework of how we
organize the related data sets, and as a result, there
are in total four sets of implied volatility, noted as
IV m1

F , IV m2
F , IV m1

S and IV m2
S , where the subscript

F (S) means that we use future price (asset price),
and the superscript m1 (m2) means that we have
used method 1 (method 2).

Figure 3: The framework of computation of implied
volatility.

4.2. Analysis of the computed implied volatility

We start our analysis by showing the implied
volatilities computed from the contracts in the sub-
set mentioned in Section 1.1, which is named ’Ex-
ample Set’. Afterwards, we focus on the most re-
liable result, IVF , and present some plots and de-
scriptive analysis.

4.2.1 Analysis based on the example

The ’Example Set’ contains 42 contracts of options
from Jan 3, 2014 to March 1, 2014, and the com-
puted implied volatility is shown in Figure 4.

Figure 4: Different types of implied volatility based on
the Example set. Implied volatility computed by fu-
ture price, asset price and constructed price are shown
in different colors. The results computed by method 1
(denoted as m1 in the legend) are denoted by the no-
tation ’o’, while the ones by method 2 (denoted as m2)
are denoted by the notation ’+’.

Note that although the constructed price is de-
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duced from future prices, here the constructed price
is used as input in the same form of Black-Scholes
formula as index price.

We can see that the computation methods do not
cause much difference. What is more, the implied
volatilities based on future price and constructed
price are similar as expected. However, the com-
puted implied volatility based on index price is not
very accurate especially when the implied volatility
is larger in the major maturities, due to the fact
that index price can variate quite a bit from de-
duced constructed price at the last 45 minutes. In
a nutshell, the implied volatility based on future
price is the most accurate and reliable result. Only
when the future price is not available, which means
that the maturity of an option is not one of the ma-
jor maturities, the implied volatility based on the
index price can be considered as a supplement.

4.2.2 Analysis on the entire IVF

Now it is the time to have a general look of the en-
tire implied volatility based on future price, IVF ‘.
Pair plot shown in Figure 5 illustrates the corre-
lation of seven variables as follows: time to ma-
turity, strike, constructed price, IV (m1), IV (ask),
IV (bid) and IV (m2). The strike seems to follow
a normal distribution, while the constructed price
has two obvious normal distributions combined. All
types of implied volatility obtained in this dataset
follow similar distributions (almost normal distri-
bution with right heavy tail) and they are highly
correlated.

Figure 5: Pair plot of relevant variables. Here we
plot the seven variables as follows: time to maturity,
strike, constructed price, IV (m1), IV (ask), IV (bid)
and IV (m2).

Stable and Unstable dataset in IVF
Based on the phenomenon shown in Figure 6,

we define two datasets as ’Stable’ set (marked
black) and ’Unstable’ set (marked red) according
to whether or not the observations are insensitive
to the computation methods, i.e. whether the com-
puted implied volatility remains relatively the same
when the computation method changes. Here we
define the meaning of ’relatively the same’ as the

difference between IVF (m1) and IVF (m2) smaller
than 0.001. Here the cut-off point 0.001 is chosen
manually by visualization.

Figure 6: Comparison of implied volatility derived by
both methods. Most of points marked black fall around
the diagonal line. Only a small set of option contracts
(only 0.65% of the whole dataset) is marked red.

After analysis, we find that the observations in
the unstable set all belong to deep ’in-the-money’
options or deep ’out-of-the-money’ options, which
are hard to be exercised successfully in reality. We
decide not to focus on the unstable set anymore,
and continue our study base on the stable set. The
dataset mentioned afterwards refers to the stable
set in the computed implied volatility with future
price as input, denoted by IV stableF .

5. Modeling the Implied Volatility

Now we move forward, trying to fit the dataset con-
cerned by regression models.

5.1. The process of choosing a subset

Due to the fact that one of the biggest challenges of
this work is that the observations are highly mixed
and overlapped, clear patterns of implied volatility
are hard to attain.

Figure 7: The range of trading dates for every major
maturities.
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Figure 7 shows, respectively, the range of the
trading dates for those contracts which expire at ten
distinct major maturities appearing in the dataset.
The trading dates seem to concentrate on roughly
three months before each maturity. Note that the
information of options was gathered from January
2, 2014 to October 29, 2015. It is worth to mention
that the records in the original dataset lacks the
information from March 21, 2014 to May 16, 2015,
due to unclear reasons.

According to our knowledge for financial activ-
ities, the movement of the market and actions of
traders tend to have periodic variations. It is con-
sidered to be a good choice for studying the con-
tracts with maturity at September 18, 2015
as our current target, as it firstly contains rela-
tively complete information, holding 17.7% of the
total contracts. Secondly it is the last maturity
before the end of the records, supposedly contain-
ing the most comprehensive information through-
out the period of records.

5.2. Regression Modeling
As mentioned before, the implied volatility is influ-
enced by time to maturity and strike price of the
option. Thus our goal here is to generate alterna-
tive parametric models for implied volatility based
on time to maturity and strike price.

We first separate the dataset into train set (75%
of the entire observations) and test set (25% of the
entire observations). Here we come up with both
linear regression models and random Forest model
to fit the chosen dataset by train set and compare
the results at the end by test set.

Response variable (implied volatility) for train
and test are positive-skewed, so we adopt Box-Cox
method to calibrate the distribution of the implied
volatility into normalization. The transformation
parameter λ = −1.59 generated by train set is ap-
plied on response variable for both train and test
sets to keep the transformed implied volatility stay-
ing in the same scale.

5.2.1 Linear Regression

We start now to fit linear models. Table 3 provides
an overview in terms of the response variable to-
gether with original explanatory variables and ones
generated afterwards.

The coefficient of determination R2, as an effec-
tive performance statistic, is used to measure the
goodness of the fitted models.

In fact, there is a more robust way to estimate
the performance of models by prediction intervals
for linear methods, because there is no requirement
for the assumption of normally distributed resid-
uals. In particular, using prediction interval can
explain better and visualize straightforward the re-

Table 3: An overview in terms of the response vari-
able together with explanatory variables. Both nota-
tions and descriptions are displayed representatively.

Variables Descriptions

Response Y Transformed implied volatility

Covariate

X1 Strike

X2 Time to maturity

X3 time to maturity × strike

X4 1/ time to maturity

X5 strike2

sult. In this case, we set two quantiles 0.05 and 0.95
to create a 90% prediction interval, then calculate
the response values in 5% quantile and 95% quan-
tile and use them as the boundaries values. The
observations in test set can be checked later on how
correct it is for their true values to be contained in
the prediction interval.

The general expressions, coefficients and evalua-
tions of three linear models are shown in Table 4.
Specifically, the models are generated as the follow-
ing steps:

As the initial model, Model 1 is generated based on

a simple addition of two original explanatory variables,

time to maturity and strike. Taken into consideration

of the relationship between strike and time to volatility,

which seems to follow a non-linear curve. It indicates

that the interaction of these two explanatory variables

might be vital, so we combine the interaction term into

the initial model and create Model 2. Two more terms

are added in Model 3, which are the reciprocal value

of time to maturity and the square of strike. Implied

volatility seems to be inversely proportional to the time

to maturity. What is more, the phenomenon of ’volatil-

ity smile’ is visible, showing the square of strike and

implied volatility are quite related.

Table 4: Summary of explanatory variables on three
regression functions. The evaluation of adjusted R2 for
train and multiple R2 for train and test are shown at
the bottom of each case.

Estimate Std. Error t value Pr(>|t|)
Model 1: Yi = β0 + β1X1,i + β2X2,i + εi,

β0 1394.7363 16.2883 85.63 0.0000

β1 -0.5904 0.0045 -131.42 0.0000

β2 -1.3634 0.0236 -57.68 0.0000

Multiple R2: 0.8186, Adjusted R2: 0.8185

Model 2: Yi = β0 + β1X1,i + β2X2,i + β3X3,i + εi,

β0 2395.9840 34.4390 69.57 0.0000

β1 -0.8872 0.0101 -87.97 0.0000

β2 -7.5530 0.1940 -38.94 0.0000

β3 0.0019 0.0001 32.10 0.0000

Multiple R2: 0.8541, Adjusted R2: 0.8540

Model 3: Yi = β0 + β1X1,i + β2X2,i + β3X3,i + β4X4,i + β5X5,i + εi,

β0 1424.2046 107.3273 13.27 0.0000

β1 -0.3830 0.0587 -6.53 0.0000

β2 -6.4615 0.1970 -32.79 0.0000

β3 0.0016 0.0001 27.58 0.0000

β4 447.5932 23.7503 18.85 0.0000

β5 -0.0001 0.0000 -8.14 0.0000

Multiple R2: 0.8670, Adjusted R2: 0.8668

Table 4 illustrates that for the train set, the ad-

7



justed R2 values for three models are gradually in-
crease from 0.8185, 0.8540 to 0.8668, stating that
the last model can explain 86.68% of the variance
of the response variable. Compared with the mul-
tiple R2 values of train set, test set has even better
multiple R2 values in these three models, and the
highest one is 0.8695 from Model 3. Note that here
we consider the multiple R2 instead of adjusted R2

because we want to compare it later on with the
random forest, so we need to keep the evaluation in
the same standard.

All explanatory variables appeared in three mod-
els are significant illustrated by very small p-values.
It indicates that underestimation problem may ex-
ist, since for such a shifting response variable, we
only use the information of time to maturity and
strike. Beside the models mentioned above, we also
tried some more complicated combinations of time
to maturity and strike, like high-order polynomial
regression. However, the resultant R2 values do not
have distinct improvement and the meanings of the
models are harder to be explained. It is a trade-
off on the complexity versus conciseness. Since we
are going to apply both robust regression and quan-
tile regression which can bring more perspectives of
the relation between explanatory variables and re-
sponse variable, we think it is a better choice to
use a relative simple but efficient model (Model 3),
regarded as the best one till now.

Robust linear regression

The robust L1-norm regression is one specific case
of quantile regression when the quantile required is
equal to 0.5. Compared with the classical linear
model Model 3, the coefficients and their standard
deviation of the L1 norm robust linear model have
slight changes, but not significantly. The R2 for
train set is 0.8640 and for test set it 0.8669, lower
by 0.2% compared with classical linear regression,
showing that robust linear regression does not per-
form better than classical linear regression in this
case.

Quantile linear regression

We extent our study from the median to a set
of quantiles {0.05, 0.10, 0.25, 0.75, 0.90, 0.95} of the
response variable.

Figure 8 displays the change of coefficient and
its confidence interval for each explanatory variable
on different quantile response values. The red lines
are the ordinary least squares estimate and its con-
fidence interval. We find that when the quantile
of implied volatility is larger, the absolute value of
explanatory variable ’time to maturity’ is smaller
(i.e. it has negatively less influence on response
variables) and the absolute value of explanatory
variable ’time to maturity × strike’ is also smaller,
showing less influence in a positively way. Variable
’strike2’ has more significant impact on lower quan-

tiles of implied volatility and then keep the same in-
fluence as estimated through ordinary least squares
method.

Figure 8: Plots for coefficients in quantile linear re-
gression. Each black dot is the corresponding vari-
able’s coefficient for the quantile τ chosen in set
{0.05, 0.10, 0.25, 0.50, 0.75, 0.90, 0.95}. The red lines are
the ordinary least squares estimate and its confidence
interval.

In order to display intuitively the effect and good-
ness of fit of quantile regressions, Figure 9 shows
the fitted quantile values of the response variable
respectively in lower quantiles, median and higher
quantiles, for different strikes. We can see that the
fitted values of lower and higher quantile regres-
sion can basically cover the boundaries of response
variable and median regression catches the major
feature of response variable as well.

5.2.2 Quantile Random Forest

As for random forests, one of the main advantages
is that: it can avoid the over-fitting problem as long
as the number of trees is large enough. Therefore
we build 1000 trees without the limitation on the
depth, based on mean square error evaluation, and
bootstrap resampling.

Table 5: Summary of two regression models. Correct
rate means the probability of observations in test falling
in 90% prediction interval

Model Structure Correct rate

Quantile Linear Regression Model 3 83.27%

Quantile Random Forests 1000 trees 82.84%

A brief summary of two regression models is
shown in Table 5. The 90% prediction interval is
generated respectively for each model. There are
83.27% observations in test set covered correctly by
prediction interval in linear regression. For random
forests, 82.84% observations in test set are predicted
correctly within 90% prediction interval. This cor-
rect rate is lower than the one got from linear re-
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(a) Lower quantiles. (b) Median. (c) Higher quantiles.

Figure 9: Quantile Regression for transformed implied volatility with strike. The quantile fitted values of response
variable respectively in lower quantiles, median and higher quantiles are shown.

gression. However, the R2 calculated based on the
median prediction for this random forest is surpris-
ingly 0.9907, stating that the model explains ap-
proximately 99.07% of the variance of the response
variable. But note that since different observations
contribute different amount of information, we do
not have any way now to adjust R2 from one obser-
vation occupying one degree of freedom.

5.2.3 Comparison on 20 test observations

Because in test set we have 1411 observations, in
order for better visualization, we choose the first 20
observations to show the prediction of these obser-
vations.

Figure 10(a) shows that for each observation, the
quantile linear regression generates the boundaries
of prediction interval with relatively equal width.
For quantile random forests in Figure 10(b), the
width of prediction interval is larger when the dif-
ference between true value and median prediction
is larger, in which case the observation receives
quite different prediction values from different trees
(badly-fitted case). The prediction interval is nar-
rower when the trees give similar prediction values
which is a well-fitted case. The widths of prediction
intervals for most observations in quantile random
forests are generally tighter than those in quantile
linear regression. This is probably the reason why
quantile random forest has such a large R2 but less
correct rate regarding the prediction interval. Thus
even though the points failing to fall into the pre-
diction interval are five, four points among them
are very close to the boundaries. While in quantile
linear regressions there are four points beyond the
prediction interval, only two are not close to the
boundaries. This indicates that quantile random
forest is more feasible to give accurate prediction
and prediction interval for well-fitted observations,
and for the badly-fitted points it sacrifices its ac-
curacy (by increasing the prediction range) but in-

creases the correct rate (i.e., to cover the true value
under the prediction interval).

(a) Linear regression.

(b) Random Forests.

Figure 10: Two methods with median prediction and
quantile boundaries.

6. Conclusions
The motivation for this work was to develop the
understanding in the field of options trading, and
to propose a way for computation and estimation
of the important parameter, implied volatility.

6.1. Achievements
We firstly combined the options based on Put-Call
Parity and prepared the environment for computa-
tion of implied volatility. Secondly, we derived the
implied volatility using bisection method, through
two forms of Black-Scholes formula and two calcu-
lation methods. Afterwards, we analyzed the com-
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putation stability and compared the differences of
computed implied volatilities. Thirdly we selected
a subset and used it to estimate and predict the im-
plied volatility by linear and tree-based regressions.
Not only was the median regression considered, but
quantile method were applied to establish the pre-
diction interval and more general perspective of un-
derstanding the dataset. The features of both re-
gression models were analyzed. Based on our anal-
ysis, the models we generated could explain most of
the observations and give an acceptable prediction.

6.2. Directions for Future Work
As for fitting models, we have already been benefit
from using the subset with significant features in-
stead of studying the entire dataset. In the future
the subsets can be chosen more specifically.

We also explored a bit on Gradient Boosting Re-
gression Trees, but due to the tight time and com-
putation limitation of the computer, it is not easy to
calibrate the parameters through cross-validation.
By setting the specific quantile for the Loss func-
tion, a Gradient Boosting Regression Tree used
for explaining the distribution of response variable
at that quantile is generated, thus its conditional
quantile interval can be predicted as well. We be-
lieve that it could give better results in the further
study.

In Section 4 we explained the computation of im-
plied volatility with asset price involved IVS . Due
to the limitation of time, we have not found very
straightforward way to compare the details of the
two datasets. The two datasets are supposed to
supplement with each other, which needs to have
further attentions to dig out this latent relation-
ship.
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