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Abstract

In this dissertation we further develop the study of an analogue-digital model of computation, where
physical experiments are utilized by Turing machines as oracles, thus allowing them to carry out measure-
ments over the reals, and permitting the surpassing of the Turing barrier. A particular physical experiment
is considered, the smooth scatter experiment. The machine is specified with the aid of some internal func-
tion, the time schedule. Throughout this work we analyse the fundamental differences between dealing
with different communication protocols. Firstly, we seek to determine what happens to the power of the
analogue-digital Turing machine when we consider possibly non-computable time schedules, and when
making the information that can be measured from the experiment redundant. Finally, a new protocol is
introduced, the triangular precision protocol, and the influence of this new protocol on what these systems
can decide is examined. Furthermore, we study the effect of using ascending classes of super-exponential
time schedules on the power of this paradigm of computation.

Keywords: Turing machines; Analogue-digital computation; Physical oracles; Non-uniform complex-
ity; Hypercomputation.

1. Introduction
It is trivial to show that conventional oracle ma-

chines allow us to decide non computable sets, by
selecting adequate oracles. These oracles how-
ever work as black boxes, and in the years since
their first idealization by Alan Turing the question
if there could be some computing model based in
current physical theories that could break the Tur-
ing barrier emerged, even if only abstractly, or in
ideal conditions.

A notable contribution in this field is the Ana-
logue Recurrent Neural Network (ARNN) intro-
duced by Hava Siegelmann (see [1]), which con-
sists in neural networks with real valued and plas-
tic synaptic weights. In the reference above, it
was proven that this model in fact allows us to
decide non-computable sets. Questions regard-
ing the feasibility of these machines arose, even
though Younger et al. have claimed to have engi-
neered an implementation of this model, the Op-
tical ARNN (see [2]), allegedly capable of produc-
ing outputs which display behavior compatible with
that of chaotic systems.

A new computational paradigm was proposed by
Beggs, Tucker and Costa ([3]) in which Turing ma-
chines may communicate with some physical ap-
paratus, and thus measure some unknown quan-
tity. The Turing machine therefore uses a phys-

ical experiment, based in some theory of classi-
cal physics, as an oracle, similarly to oracle Turing
machines (we sometimes call this experiment the
physical oracle of the machine), and can execute
queries over it. However, the execution of physical
experiments takes more than some fixed time, thus
restrictions have to be imposed over how much
time the Turing machine waits for the physical ex-
periment before cutting it off. The amount of time
the machine waits is given by a time constructible
function that we will call the time schedule, which
increases strictly with the size of the query.

This computational model has two components
at its disposal: the Turing machine, which corre-
sponds to the digital part; and the physical experi-
ment, which is the analogue part. This is why ma-
chines of this kind are known as analogue-digital
Turing machines, or ADTM ’s. For this work, the
smooth scatter experiment is considered, which is
an experiment based in a sub-theory of Newto-
nian mechanics, although any other physical ex-
periment could have been used to obtain the same
results. We call an ADTM with this physical oracle
a smooth scatter machine (SmSM ).

The computational power of SmSM ’s has been
extensively studied in [4], in this work we will de-
velop further results regarding the limits of the
power of analogue-digital computation. In Section
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2 we formally introduce SmSM ’s and some previ-
ously studied results in order to contextualize the
work ahead. These results regard the power of
ADTM ’s in the infinite precision case, with possibly
non-computable time schedules, and when strip-
ping any information from the vertex position. They
were first seen in [5], here we discuss them in more
detail. We adapt these conclusions for the SmSM ,
prove more general results than the existing ones,
and revise some of the details of these proofs.

In Section 3 we show that for the infinite preci-
sion case, eliminating all information from the ver-
tex position does not result in a loss of computa-
tional power for the SmSM .

In Section 4, we define families of time sched-
ules with ascending super-exponential growth over
the query size. We evaluate the computational
power of SmSM ’s with these new schedules, when
clocked in polynomial time, and prove that for the
triangular precision case, no matter which of these
families the time schedule belongs to, the power of
the SmSM is still that of the standard SmSM with
exponential growth time schedule, when clocked
in polynomial time. Additionally, we show that for
the infinite precision case, these families induce a
chain of strict inclusion of computational power for
these machines.

2. Infinite precision
2.1. Analogue-digital Turing machines

An analogue-digital Turing machine (ADTM), is a
Turing machine with one input, one output and one
working tape, as well as an additional query tape to
communicate with a given physical experiment. Its
control sequence has some special states, an ini-
tial state, accepting and rejecting states, a query
state and a finite number of possible outcome
states. When entering the query state, the ma-
chine waits for a response from the physical ex-
periment, and resumes the computation in one of
the outcome states.

An ADTM is thus nothing more than the combi-
nation of three components: the Turing machine,
that carries out the digital part of the computa-
tion; the physical experiment, that receives the
queries from the Turing machine and carries out
the experiments; and the interface of communi-
cation between these digital and analogue com-
ponents.

2.1.1. The physical experiment
Physical experiments are what will serve as

physical oracles to the ADTM, providing the ana-
logue component of our computation. In [3, 4] a
variety of such experiments have been considered,
all with some characteristics in particular: The ex-
periment considered must have some initial con-
dition that can be varied (in a set I), producing

possibly different outcomes, of which there are only
finitely many. Furthermore, there must be a phys-
ical process underlying the experiment, fully ex-
plained by a physical theory. And finally there must
exist a time function texp : I → R, which is the ex-
perimental time, over which some assumptions are
made.

The experimental time does not include the time
to set up the physical experiment, we consider that
this is done instantaneously.

2.1.2. The communication interface
The communication interface manages the com-

munication between the Turing machine and the
physical experiment. It is composed of two parts:
the protocol, which specifies to the physical ex-
periment which sequence of instructions to carry
out. It begins by reading the query word from the
query tape of the Turing machine, and its final step
is to evaluate the result of the experiment and carry
out the computation of the Turing machine from
a particular outcome state; the interface is also
composed by the time schedule, which is a time-
constructible increasing total function T : N → N
that limits the time that the Turing machine waits for
an outcome of the experiment. We consider that if
an experiment that is being carried out with a query
of size n produces no result in time T (n), then the
protocol terminates the experiment and carries on
the computation in a particular outcome state (fur-
ther on we will always refer to this state as qt, or
time out state).

2.2. Smooth scatter experiment
We will now introduce the physical experiment

that is considered for the ADTM ’s in this work.
First of all, we need to define the physical theory
upon which our experiment is based. In this work
we consider a sub-theory of Newtonian mechanics.
The experiment used is the Smooth Scatter exper-
iment, or SmSE , illustrated in Figure 1. We define
this experiment just as it was done in [4, 6].

The proof of the following proposition, giving us
bounds for the experimental time for each experi-
ment can be seen in [6].

Proposition 1. Consider that g(x) is the function
describing the shape of the wedge of a SmSE .
Suppose that g(x) is n times continuously differ-
entiable near x = 0, all its derivatives up to the
(n − 1)th vanish at x = 0, and the nth derivative is
nonzero. Then, when the SmSE , with vertex po-
sition at y, fires the cannon at position z, the time
needed to detect the particle in one of the boxes is
texp(z), where:

A

|z − y|n−1
≤ texp(z) ≤

B

|z − y|n−1
(1)
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Figure 1: Smooth Scatter Machine Experiment

for constant A,B > 0 and for |y − z| sufficiently
small.

From now on, we will consider that the function
g(x) that describes the shape of the wedge is con-
tinuously differentiable twice, with g′(y) = 0 and
g′′(y) 6= 0, effectively having n = 2 in the equa-
tion above. If one wanted to measure y using the
cannon position z with |y − z| ≤ 2−m, then from
Equation 1 we can conclude that texp(z) ≥ A.2m,
thus the experimental time is at least exponential in
the required precision over y, and infinite if z = y.

2.3. The smooth scatter machine
A smooth scatter machine, or SmSM is noth-

ing more than an analogue-digital Turing machine
which uses a smooth scatter experiment as a phys-
ical oracle. It communicates with the SmSE
through the query tape. When the machine tran-
sitions to the query state, the SmSE is carried out
with the cannon in the position given by the dyadic
rational in the tape.

Additionally, since a SmSM is an ADTM, to fully
characterize it we need to define a time schedule
T and a communication protocol. The protocols
considered are:

Protocol 1. We say that a SmSMM, with access
to a SmSE , has an error-free protocol or an infi-
nite precision protocol if whenM enters the query
state with the word z in the query tape, the SmSE
carries out the experiment with the cannon in the
position z′ = z.

Protocol 2. We say that a SmSMM, with access
to a SmSE , has a finite precision protocol if when
M enters the query state with the word z in the
query tape, the SmSE carries out the experiment
with the cannon in the position z′ ∈ [z − ε, z + ε],
for a fixed ε > 0. The probability distribution of
z′ in this interval is considered to be uniform and
independent of previous experiments.

We can now formally define SmSM :

Definition 1 (Smooth Scatter Machine). A Smooth
Scatter Machine, or SmSM is an ADTM using a
SmSE as a physical oracle, with a specified time
schedule T , a fixed vertex position y ∈ [0, 1] and
equipped with one of the communication protocols
above.

We define decidability by an SmSM below, not-
ing that in the case of error prone SmSM every
query to the SmSE is a probabilistic event, hence
the acceptance criteria for these machines is simi-
lar to that of probabilistic Turing machines.

Definition 2. Let A ⊆ Σ∗ be a set of words over
the alphabet Σ. We say that a SmSM M with the
infinite precision protocol decides A if for every w ∈
Σ∗, if w ∈ A,M accepts w, and if w /∈ A,M rejects
w. We say that M decides A in polynomial time
if there exists a polynomial p such that for every
w ∈ Σ∗, if w ∈ A, M accepts w in p(|w|) or less
steps, and if w /∈ A, M rejects w in p(|w|) or less
steps.

Definition 3. LetA ⊆ Σ∗ be a set of words over the
alphabet Σ. We say that a SmSMM with an error-
prone protocol decides A if there exits a γ < 1

2
such that for every w ∈ Σ∗, if w ∈ A,M accepts w
with error probability less than γ, and if w /∈ A,M
rejects w with error probability less than γ. We say
thatM decides A in polynomial time if there exists
a polynomial p such that for every w ∈ Σ∗, if w ∈
A, M accepts w in p(|w|) or less steps with error
probability less then γ, and if w /∈ A,M rejects w in
p(|w|) or less steps with error probability less than
γ.

In this section we will only consider the infinite
precision case, leaving the study of the error-prone
case for the following sections.

2.3.1. The linear search algorithm

It is important to understand how we can perform
measurements using the SmSM . We consider x�l
to be the prefix of size l of x, if |x| ≥ l, or the word
x padded with a number k of 0′s such that the re-
sulting word x0k has size l, otherwise. Below, we
present the linear search algorithm for infinite pre-
cision SmSM ’s.
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Algorithm 1 Linear search algorithm for infinite
precision SmSM

Input: l is the desired precision;
x0 = 0;
x1 = 1;
z = 0;
while x1 − x0 > 2−l do

z = (x0 + x1)/2;
s ← state after executing SmSE with cannon

in position z�l;
if s = qr then

x0 = z; . we know that z�l > y
else if s = ql then

x1 = z; . we know that z�l < y
else

return “time out”;
end if

end while
return x�l;

This algorithm allow us to measure the vertex
position y bit by bit, assuming there are no time
outs. If there is a timeout for the cannon position
z�l, then this means that texp(z�l) > T (l), and since
from Equation 1 we have that texp(z�l) ≤ B

|z�l−y| for
some B, we would have that |z �l −y| < B

T (l) . It
requires O(l.T (l)) time steps in order to obtain the
first l bits of y.

2.3.2. The Cantor set C3

The Cantor set of base 3 (C3) is the set of real
numbers of the form x =

∑∞
k=1 xk.2

−3k, where
xk ∈ {1, 2, 4}. In other words, C3 is the set of num-
bers composed by the concatenation of triples of
the form 100, 010 or 001. The following proposition
regarding these numbers will be useful to prove the
lower bounds of the infinite precision SmSM .

Proposition 2. For every x ∈ C3 and for every
dyadic rational z ∈ [0, 1] with size |z| = m, if
|x − z| ≤ 2−(i+5), then x and z coincide in the first
i bits, and |x− z| > 2−(m+10).

The following corollary will be used in Section 4.

Corollary 1. Take y = 2−kx+ 2−k
′
, where x ∈ C3,

and k, k′ ∈ Z, k, k′ > 0. Then, for every z ∈ [0, 1]
with size |z| = m and i > k, if |y−z| ≤ 2−(i+7), then
y and z coincide in the first i bits, and for m > k
|y − z| > 2−(m+14).

We use these numbers to encode words in the
following way: take w ∈ {0, 1}?, c(w) is a codifica-
tion of w that consists in substituting every 1 by 010
and every 0 by 100.

Furthermore, consider a prefix advice function
f : N → {0, 1}?, we denote its encoding as a real

number by y(f) = lim y(f)(n) where y(f)(n) is de-
fined recursively as follows (consider that f(n +
1) = f(n).s):

y(f)(0) = 0.c(f(0))

y(f)(n+ 1) =

{
y(f)(n).c(s), if n+ 1 is not a power of 2,

y(f)(n).c(s)001, if n+ 1 is a power of 2.

(2)

2.3.3. Lower bounds
We will now provide a lower bound for the com-

putational power of infinite precision SmSM’s.

Lemma 1. Take a prefix function f ∈ log. There
exists an SmSM M with time schedule T (k) ∈
Θ(2k) and access to a SmSE with wedge in the
position y(f) that determines f(n) when clocked in
polynomial time in n.

Proposition 3. Let A ∈ P/log?, then there exists
a SmSMM with infinite precision and time sched-
ule T (k) ∈ Θ(2k) that decides A when clocked in
polynomial time.

2.3.4. Boundary numbers
Boundary numbers are the closest values to the

vertex position y for which we can fire the cannon
and get a result before timing out. Since the wedge
curve is symmetric, we expect that we will have
one of these numbers greater than y and another
smaller. They are defined as follows:

Definition 4. Let y be the vertex position and T the
time schedule for a SmSM. For a fixed query size k,
we define the boundary numbers as 0 < lk, rk < 1,
such that lk < y < rk and

texp(lk) = T (k) and texp(rk) = T (k). (3)

We will always consider the binary expansion of
these numbers with no infinite sequence of 1’s.

These values, lk and rk, are useful to us be-
cause if we have access to prefixes of them we
can simulate queries to the SmSE .

Lemma 2. Take a SmSM with left boundary num-
ber lk, for some fixed k. If we have access to lk�k
then, for any query z with |z| = k, we can de-
termine if the SmSM will transition to state ql with
query z, in linear time on k.

For the boundary number rk we can’t prove a
result as straightforward as Lemma 2. This is be-
cause if we have a query z of size k, and z = rk�k
we cannot infer if z = rk or z < rk. Due to this, we
wouldn’t be able to determine the result of execut-
ing the SmSE with query z. However, if we know
some additional information about rk (namely if it
has a non-zero bit in some position k′ with k′ > k)
this becomes feasible.
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Definition 5. Given a fixed k ∈ N, and a SmSM
with rk, right boundary number of order k, we de-
fine σk as:

σk =

{
1 , rk �k= rk

0 , otherwise
(4)

Therefore we have that σk = 1 if and only if rk
can be expressed as a dyadic rational of size k.

Lemma 3. Take a SmSM with right boundary
number rk, for some fixed k. If we have access
to rk �k and σk then, for any query z with |z| = k,
we can determine if the SmSM will transition to
state qr with query z, in linear time over k.

Proposition 4. Take a SmSM with boundary num-
bers lk and rk, for some fixed k. If we have ac-
cess to lk �k, rk �k and σk then, for any query z
with |z| = k, we can determine which state the
SmSM will transition to, after executing the SmSE
with query z, in linear time over k.

2.3.5. Upper bounds
Similarly to what was done in [4], we find upper

bounds for the SmSM clocked in polynomial time.

Proposition 5. If A ⊆ {0, 1}? is decided by an in-
finite precision SmSM with time schedule T (n) ∈
O(2n) when clocked in polynomial time, then A ∈
P/log2?.

If we use a time schedule T such that T (k) ∈
Ω(2k), it is possible to codify the relevant informa-
tion relative to the boundary numbers in an advice
function f , with |f(n)| ∈ O(n).

Proposition 6. Given the boundary numbers for
a SmSM with time constructible schedule T (k) ∈
Ω(2k) it is possible to define a prefix advice function
f such that f(n) encodes all the boundary num-
bers with size up to n and |f(n)| ∈ O(n).

We are thus able to reduce the upper bound of
infinite precision, polynomially clocked SmSM ’s,
for time schedules in Θ(2k).

Theorem 1. If A is decided by a SmSMwith infinite
precision and exponential protocol T (k) ∈ Θ(2k),
clocked in polynomial time, then A ∈ P/log?.

With Theorem 1 and Proposition 3, we immedi-
ately have the following corollary:

Corollary 2. A is decided by a SmSM with infinite
precision and exponential time schedule T (k) ∈
Θ(2k), clocked in polynomial time, if and only if
A ∈ P/log?.

2.4. Impact of time schedules
We will now focus on the study of the impact that

time schedules have on the power of the SmSM .
The results proven here are adapted from those
obtained in [5] for the case of the broken bal-
ance experiment, now applied to the context of
the SmSM. We will fix the position of the vertex
to y = 1/2, and consider different classes of time
schedules, thus studying the bounds of the compu-
tational power of the SmSM .

Definition 6. Let f : N→ N be an increasing total
function. We denote by AP (f) the class of sets
decidable by some SmSM clocked in polynomial
time, using time schedule f , infinite precision and
vertex position y = 1/2 for the associated SmSE.
If F is a class of increasing total functions then
AP (F) =

⋃
f∈F

AP (f).

2.5. Fixing the curve
As we will see below, when we want to determine

AP (F), with F being some class of computable
functions, we will need to have access to an ex-
plicit formula for the experimental time. This means
that the function that gives us the wedge has to be
fixed. In Propositions 9 and 10 we will consider the
following equation for the experimental time:

texp(z) =
1

|z − y|
. (5)

Note that for the numerator of this expression
we could have considered any positive constant.
However, we are merely interested in how fast texp
grows as z approximates y. Furthermore, since
texp(rk) = T (k), if we assume Expression 5 for the
experimental time, then

lk = y − 1

T (k)
and rk = y +

1

T (k)
. (6)

Thus if we have y = 1/2, these expressions be-
come

lk =
1

2
− 1

T (k)
and rk =

1

2
+

1

T (k)
. (7)

2.6. Boosting P/log?

Let IN denote the class of increasing total func-
tions, CI the class of computable increasing total
functions and TC the class of all time constructible
functions. Since TC ⊂ CI ⊂ IN we can conclude
that AP (TC) ⊆ AP (CI) ⊆ AP (IN).

Note that for time schedules in CI or IN the
SmSM may not count the time it should wait for
calls over the physical oracle internally, because
time schedules in these conditions are not time
constructible in general. To use schedules in these
sets, some external action has to be considered.
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Proposition 7. AP (IN) = P/poly.

Lemma 4. If A ∈ P/poly ∩ REC then A ∈ P(S)
for some recursively enumerable tally set S.

Proposition 8. IfA ∈ P(S) for some tally recursive
S, then A ∈ AP (CI).

We have that ∪S∈tally∩RECP(S) ⊆ P/poly ∩
REC, hence we have proven that there is a sub-
set of P/poly ∩REC that is in AP (CI).

Proposition 9. Assuming experimental time given
by Equation 5, then AP (CI) ⊆ P/poly ∩REC.

Proposition 10. Assuming experimental time
given by Equation 5, AP (TC) = P.

It should be apparent from Proposition 7
that even though we removed all possible non-
computability from the vertex position of the experi-
ment, considering non-computable time schedules
allows us to surpass the power of conventional infi-
nite precision SmSM ’s, when clocked in polynomial
time. Furthermore, when the schedule is forced to
be time constructible, as in Proposition 10, all the
sources of non-computability are stripped from the
SmSM , which is why the power of these machines,
when clocked in polynomial time, drops to P.

Propositions 8 and 9 provide us with an inter-
mediate result. Computable time schedules al-
low us to speed up the computation of recursive
sets, which are possibly not in P. SmSM ’s with
time schedules in these conditions may then de-
cide these sets when, clocked in polynomial time.
This fact highlights one of the main differences be-
tween these two protocols.

3. Error prone SmSM
Similarly to what was done in Section 2.4, we

want to study the computational power of SmSM ’s
when we remove all information from the vertex of
the SmSE , by fixing it with any dyadic value (1/2 is
considered here and in all cases), and considering
more than exponential time schedules. Thus simi-
larly to Definition 6 for AP (F), we introduce below
an analogous definition, but for the finite precision
case, APF (F).

Definition 7. Let f : N→ N be an increasing total
function. We denote by APF (f) the class of sets
decidable by some SmSM clocked in polynomial
time, using time schedule f , finite precision and
vertex position y = 1/2 for the associated SmSE.
If F is a class of increasing total functions then
APF (F) =

⋃
f∈F

APF (f).

When we are dealing with SmSM, we objectively
have access to a biased coin. To simulate prob-
abilistic Turing machines we need to simulate fair

coin tosses with probability greater than a required
value. In fact, as the following result states, we can
simulate fair coin tosses with only linearly many bi-
ased ones. A proof of this can be seen in [4].

Proposition 11. Take a biased coin with probabil-
ity of heads δ, and γ ∈ [0, 1[. Then, up to proba-
bility ≥ γ, there is a sequence of independent coin
tosses of length,

n

δ(1− δ)
(

1 + 1√
1−γ

) ,
which gives a sequence of independent fair coin
tosses of length n.

3.1. Lower bounds
A call of a SmSM to a SmSE may be seen as

a coin flip with some probability of heads p, if we
consider the event of “heads” or “tails” occurring if
the experiment times out or not. We thus use a
single query to the SmSE multiple times to approx-
imate the probability of the experiment timing out
for this query, and thus (with explicit experimental
time) compute an approximation to the fixed preci-
sion of the SmSE , ε. Chernoff bounds were used
to this end, thus improving on the number of exper-
iments required to obtain a rational approximation
of p that is within 2−k of the true value, with proba-
bility at least 1− 2−j , to (j + 1)22k+2.

Lemma 5. Take a finite precision SmSMM which
for some query z with fixed size has probability p of
timing out. Then, for any j, k ∈ N, in O

(
j22k

)
time

steps M can output a rational approximation to p
that is within 2−k of the true value with probability
at least 1− 2−j .

This precious result is very related to one in [7],
proven with resort to the Chebyshev inequality, re-
garding the number of coin flips required to approx-
imate the probability of heads of some biased coin,
with desired precision.

Proposition 12. If A ∈ BPP//log? then A ∈
APF (TC).

Observe that this proposition holds for any fam-
ily of time schedules. This is due to the fact that
only queries to the SmSE with a fixed size k are
considered, thus the SmSM only uses the time
schedule for a fixed query size, which means that
effectively it is dealing with a constant value.

3.2. Upper bounds
For the upper bound we proved the following re-

sult:

Proposition 13. If A ∈ APF (TC) then A ∈
BPP//poly.
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Figure 2: Triangular distribution probability density function for
a cannon shot with query z, and parameter ε.

Propositions 12 and 13 allow us to bound the
computational power of finite precision SmSM ’s
with time constructible schedules and dyadic ra-
tional vertex position between BPP//log? and
BPP//poly. It appears then that for the finite pre-
cision case, it is equivalent to store information in
the vertex position or in the fixed error of the SmSE
. In the infinite precision case this is not the case,
considering only time constructible time schedules
in Proposition 10 meant that we could only decide
P.

4. Triangular distribution
In this section we will consider a different prob-

ability distribution for cannon shots carried out by
error prone SmSE ’s. Instead of using the uniform
distribution, we will instead use the triangular dis-
tribution defined below, with its probability density
function described in Equation 8, and illustrated in
Figure 2.

fε(x) =


0, x < z − ε
x−z+ε
ε2 , z − ε ≤ x ≤ z

z+ε−x
ε2 , z < x ≤ z + ε

0, z + ε < x.

(8)

Let X be the random variable corresponding to
where the cannon fires when executing query z
with parameter ε. We have that E[X] = z and
V ar[X] = ε2/6. We will call SmSM ’s which use
this probability density function triangular precision
SmSM ’s, and define their acceptance equally to
what was done for error prone SmSM ’s in Defini-
tion 3.

Protocol 3. We say that a SmSM M, with ac-
cess to a SmSE , has a triangular precision pro-
tocol if when M enters the query state with the
word z in the query tape, the SmSE carries out
the experiment with the cannon in the position
z′ ∈ [z − ε, z + ε], for a fixed ε > 0. The proba-
bility of the cannon firing in position x is given by
fε(x), and independent of previous experiments.

Definition 8. A triangular precision SmSM is a
SmSM which uses the triangular precision proto-

col to communicate with its associated SmSE , for
some fixed precision ε.

Throughout this section, we will consider a dif-
ferent family of time schedules than the strictly ex-
ponential, which is used in Section 2.3 and in most
of the previous work over ADTM ’s ([3] among oth-
ers ). We will use iterated exponential time sched-
ules, which exhibit faster growth. Recall that all
time schedules, T : N → N, are increasing to-
tal time-constructible functions. To describe these
new classes of schedules, and the implications of
using them, we define the iterated exponential and
logarithm functions.

Definition 9 (Iterated logarithm). For a ∈ N, we
define the iterated logarithm, log(a)(n) as

log(a)(n) =

{
n, a = 0

log log(a−1)(n), a > 0.
(9)

Definition 10 (Iterated exponential). For a ∈ N, we
define the iterated exponential, exp(a)(n) as

exp(a)(n) =

{
n, a = 0

2exp
(a−1)(n), a > 0.

(10)

The functions log(a) and exp(a) are thus inverses
of each other. We say that an advice function f is
in log(a) if |f(n)| ∈ O

(
log(a)(n)

)
. And we say that

we have an iterated exponential time schedule T if
T ∈ Θ

(
exp(a)(n)

)
, for some a ∈ N. Furthermore,

take the following codification of advice function,
more general than that of Equation 2 in page 4:

Definition 11. Take a prefix function f : N →
{0, 1}∗, we denote its encoding as a real number
by y(f)(a) = limn→∞ y(f)(a)(n) where y(f)(a)(n) is
defined recursively as follows (consider that f(n +
1) = (f(n).s):

y(f)(a)(0) = 0.c(f(0))

y(f)(a)(n+ 1) =



y(f)(a)(n).c(s), if n + 1 6=
exp(a)(m),
for all
m ∈ N

y(f)(a)(n).c(s)001, if n + 1 =
exp(a)(m),
for some
m ∈ N

,

(11)

where c is the codification described in Section
2.3.2.

4.1. Finite precision
4.1.1. Lower bounds

The following lemma is analogous to a previous
result, Lemma 5, presented in page 6. It tells us
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how many time steps we need in order to obtain
an approximation, p̃, of the probability p of some
experiment timing out.

Lemma 6. Take a triangular precision SmSM M
which for some query z with fixed size has prob-
ability p of timing out. Then, for any j, k ∈ N, in
O
(
j22k

)
time steps M can output a rational ap-

proximation to p that is within 2−k of the true value
with probability at least 1− 2−j .

With this lemma we can prove the lower bounds
for triangular precision SmSM ’s.

Proposition 14. If A ∈ BPP//log(a)?, then there
exists a triangular precision SmSM that decides A
in polynomial time.

Since the proof above doesn’t depend on the
time schedule, we reach the following corollary.

Corollary 3. If A ∈ BPP//log?, then there exists
a finite precision, triangular distribution SmSMthat
decides A in polynomial time.

4.1.2. Upper bounds
Proposition 15. A is decided in polynomial time
p ∈ O(nα) by a triangular distribution SmSMM,
with fixed precision ε, vertex position y and time
schedule T ∈ Θ

(
exp(a)

)
, with error bounded by

γ < 1/2. Then, A ∈ BPP//log log(a)? 1.

Using the explicit experimental time expression
from Equation 5, this result becomes:

Proposition 16. A is decided in polynomial time
p ∈ O(nα) by a triangular distribution SmSM
M,with fixed precision ε, vertex position y, time
schedule T ∈ Θ

(
exp(a)

)
and error bounded by

γ < 1/2. Then, considering explicit experimental
time give by Equation 5, A ∈ BPP//log?.

Corollary 3 and Proposition 16 allow us to assert
the following theorem

Theorem 2. A set A is decided in polynomial time
by a fixed precision triangular distribution SmSM
with time schedule T ∈ Θ

(
exp(a)

)
with explicit ex-

perimental time given by Equation 5 if and only if
A ∈ BPP//log?.

The implications of Theorem 2 are that SmSM ’s
with access to experimental time have computa-
tional power that is not dependent on the factor a.
This is not the case for infinite precision SmSM ’s
as we will see.

1We say that f ∈ log log(a)? if f is a prefix function and
|f |(n) ∈ O

(
log(n) log(a)(n)

)
.

4.2. Infinite precision
4.2.1. Lower bounds

In this section we are dealing with infinite pre-
cision SmSM ’s. The only thing that varies from
Section 2.3 is the time schedule, therefore, some
results made previously still apply, namely the lin-
ear search algorithm outlined in Section 2.3.1.

The following lemma is the main result that will
be used in the proof of the lower bound for this
case, similar to Lemma 1, in page 4.

Lemma 7. Take a prefix function f ∈ log(a). There
exists an SmSM M with time schedule T (k) ∈
Θ
(
exp(a)(k)

)
and access to a SmSEwith wedge in

the position y(f)(a) that determines f(n′), for some
n′ ≥ n, when clocked in polynomial time in n.

We can now provide a lower bound for the com-
putational power of SmSM ’s with iterated exponen-
tial time schedules.

Proposition 17. Let A ∈ P/log(a)?, then there
exists a SmSM M with infinite precision and time
schedule T (k) ∈ Θ(exp(a)(k)) that decides A when
clocked in polynomial time.

4.2.2. Upper bounds
To prove the upper bounds for the infinite preci-

sion SmSM with iterated exponential time sched-
ule, Proposition 4, proved in Section 2.3.4, will be
used. Since we are dealing with the infinite pre-
cision case, information of the boundary numbers
will be used in the same way to compute what hap-
pens when the SmSM executes a query over the
SmSE .

Proposition 18. If A ⊆ {0, 1}? is decided by
an infinite precision SmSM with time schedule
T (n) ∈ Θ(exp(a)(n)) when clocked in polynomial
time, then A ∈ P/log(a)2? 2.

We have thus established that the computa-
tional power of infinite precision SmSM ’s with time
schedule in Θ

(
exp(a)(n)

)
, is between P/log(a)?

and P/log(a)2?.
Similarly to what was done for the fixed precision

case, in Proposition 16, we can further reduce the
upper bound for the infinite precision SmSM by
considering it has access to an explicit expression
for the experimental time. We will use Equation 5
again to this end.

Proposition 19. If A ⊆ {0, 1}? is decided by an in-
finite precision SmSM with time schedule T (n) ∈
Θ(exp(a)(n)) and explicit experimental time given
by Equation 5 when clocked in polynomial time,
then A ∈ P/log(a)?.

2We say that f ∈ log(a)2? if f is a prefix function and
|f |(n) ∈ O

(
log(a)(n). log(a)(n)

)
.
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Propositions 17 and 19 lead us to the conclusion
that different families of time schedules allow us to
obtain a hierarchy of different complexity classes
decided by infinite precision SmSM ’s.

Theorem 3. A set A ⊆ {0, 1}? is decided by an
infinite precision SmSM with time schedule T (n) ∈
Θ(exp(a)(n)) and explicit experimental time given
by Equation 5 when clocked in polynomial time if
and only if A ∈ P/log(a)?.

4.2.3. Hierarchy of P/log(a)?

In this section we will study some properties of
nonuniform complexity classes P/F , with the goal
to prove the separation of the classes obtained for
the explicit time schedule case of the infinite preci-
sion SmSM ’s with iterated exponential time sched-
ules, P/log(a)?. Thus showing that the hierarchy of
the computational power of these machines does
not collapse.

We start by defining a class of reasonable advice
functions. Note that if we have a class of advice
functions F , then we say that |F| = {|f | : f ∈ F},
where for all n ∈ N we define |f |(n) as the size of
f(n), |f |(n) = |f(n)|.

Definition 12. We say that a class of advice func-
tions F is a class of reasonable advices if:

1. ∀f∈F |f | is computable in polynomial time;
2. ∀f∈F |f | is bounded by a polynomial;
3. ∀f∈F |f | is increasing;
4. |F| is closed under addition and multiplication

by positive integers;
5. for every polynomial p of positive integer coef-

ficients and every f ∈ F , there exists g ∈ F
such that |f | ◦ p ≤ |g|.

Definition 13. There is a relation between two total
function, s and r, by saying that s ≺ r, if s ∈ o(r).

We say that F ≺ G if there exists g ∈ G such that
for all functions f ∈ F , |f | ≺ |g|.

It is clear that we have that according to this def-
inition log(a+1) ≺ log(a) for all a ∈ N. Furthermore,
we say that a class of functions F is sublinear if for
all f ∈ F , |f |(n) ∈ o(n). Now for the main result of
this section:

Proposition 20. If F and G are two sublinear
classes of reasonable advice functions such that
F ≺ G, then P/F ( P/G.

Now following the reasoning in [8], we prove this
result but for prefix advice functions, as a corollary
of Proposition 20.

Corollary 4. If F and G are two sublinear classes
of reasonable advice functions such that F ≺ G,
then P/F? ( P/G?.

Using Corollary 4 allows us to determine the
following infinite descending family of complexity
classes, induced by the choice of advice classes
used for the infinite precision SmSM ’s. Of course,
this can only be done if we assume we are using
only reasonable advice function classes. Since

. . . log(n)? ≺ · · · ≺ log(2)? ≺ log ≺ poly,

Thus

. . .P/log(n)? ( · · · ( P/log(2)? ( P/log?.

Corollary 4 and Theorem 3 thus allow us to con-
clude that for infinite precision SmSM the choice of
iterated exponential time schedule classes induces
a strict descent of computational power.

5. Conclusion
As we saw in Section 2.3.3, the addition of the

real valued parameter of the physical experiment
that we are trying to measure is enough to break
the Turing barrier. Likewise, according to Section
2.6, uncomputable time schedules are enough to
achieve this while measuring a real number.

We considered the smooth scatter experiment
as the representative for physical experiments with
exponential experimental time over the desired
precision. The proofs regarding the upper bounds
for infinite precision SmSM ’s with strictly exponen-
tial time schedule and clocked in polynomial time
were completed, by introducing the variables σk.

Additionally, summing up our contributions in
Section 2,we proved that AP (IN) = P/poly, a re-
sult analogous to one provided in [5] for the broken
balance experiment, but without an explicit expres-
sion for the experimental time, texp.

In Section 3, our goal was to determine if strip-
ping all information from the vertex of a SmSE
would make the corresponding finite precision
SmSM lose computational power. This was what
happened for the infinite precision case, since
AP (TC) = P as we proved in the previous sec-
tion. However, for the finite case this loss of power
does not occur, as we showed. The reason for this
is because the precision, ε, of the fixed precision
machine may be used to codify information. The
process to extract it is slightly different to extract-
ing information from the vertex, as is convention-
ally done. We thus showed that BPP//log? ⊆
APF (TC) ⊆ BPP//poly. Again, this contrasts
with the infinite precision case, where the only
source of non-computable numbers is the vertex
position.

In this section we also utilized results regard-
ing Chernoff bounds in order to improve a previous
existing result regarding the number of queries of
some string z to a SmSE (considering fixed pre-
cision protocol) needed in order to approximate
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AP(TC) AP(CI) AP(IN) APF(TC)

Lower Bound P
⋃

tally recursive sets S
P (S) P/poly BPP//log?

Upper Bound — — P/poly BPP//poly

Upper Bound P P/poly ∩REC — —
Explicit Time

Table 1: Computational power bounds for finite and infinite pre-
cision SmSM ’s with multiple classes for schedules and vertex
in position y = 1/2, when clocked in polynomial time.

the probability, p, of this particular query timing-
out. We improved the number of such experi-
ments needed to obtain a rational approximation
of p within 2−k from this value, and with proba-
bility of success at least 1 − 2−j from 2j+2k−2 to
(j + 1)22k+2.

For the final section of this work, Section 4, our
objectives were twofold. One of them was to study
if opting for a new type of probability distribution
function for the cannon shots of the finite precision
SmSM would alter previous results (these used
the uniform distribution) in any way, or to assert if
it could be possible to generate a hierarchy struc-
ture of computational power, based on the narrow-
ing of the precision ε. Our choice for the prob-
ability density function for the cannon shots, the
triangular distribution function, made it unclear if
this would be the case. We proved that this does
not occur, fixed precision SmSM ’s with exponential
time schedules still decide BPP//log? in polyno-
mial time, considering the uniform (as in [4]) or the
triangular case for the probability distribution for the
cannon shots.

Furthermore, we introduced a new family of time
schedules, the iterated exponential time sched-
ules, and study the computational power of trian-
gular and infinite precision SmSM ’s using these
schedules when clocked in polynomial time. The
conclusions derived from this are the most relevant
of this work, since they highlight some of the main
differences between these two types of precision.

It was shown that no matter the value of a ∈ N,
triangular precision SmSM ’s with time schedules
T (n) ∈ Θ

(
exp(a)(n)

)
still decide BPP//log? when

clocked in polynomial time. Meanwhile, for the
infinite precision case, increasing the value of a
makes the computational power of these SmSM ’s
drop to P/log(a)?, when they are clocked in poly-
nomial time. In Section 4.2.3, it was shown that
these nonuniform complexity classes, P/log(a)? ,
generate a chain of strict inclusion.

To synthesize the results shown in this disserta-
tion, we provide tables 1 and 2.

Triangular Infinite

Lower Bound BPP//log? P/log(a)?

Upper Bound BPP//log log(a)? P/log(a)2?
Iterated exponential schedule

Upper Bound BPP//log? P/log(a)?
Explicit Time

Table 2: Computational power bounds for triangular and infi-
nite precision SmSM ’s with iterated exponential time schedules,
when clocked in polynomial time.
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and John V. Tucker. A Hierarchy for BPP//log?
Based on Counting Calls to an Oracle, pages
39–56. Springer International Publishing,
Cham, 2017.

10


