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Abstract

The water losses that occur in water supply systems are a great problem, in economic, environmental and social
terms, in two different areas, which will be object of study in this dissertation: in the uncertainties in the annual water
balance calculations and in some of the consumption peaks that exist in flow time series, being others concerning to
atypical consumptions. However, these two subjects help to improve the existing diagnostic tools for water losses. In
the first case, the water losses are quantified using metered or estimated data with uncertainties that propagate through
the calculations. Therefore, this propagation was studied, considering two different formats for the specification of
uncertainties and three propagation methods, being one of them an innovation. The combination between uncertainty
bands and confidence intervals gave the best results. The second issue aims to contribute to reduction of uncertainty
in the real losses estimative – one of the most relevant water balance components, through automated detection of
events associated with pipe bursts. For that, several methods of outlier detection were applied, being these methods
resulting from innovations based on the generalized extreme studentized deviate test, on the Tukey method and on
the SAX. This last method was the best for time series with and without annual seasonality, characterized by higher
consumptions in hot months.
Keywords: Propagation of uncertainties. Uncertainty bands. Detection of outliers. Water Balance. Water supply
systems. SAX.

1. Introduction

The water supply systems are divided into subsys-
tems, in which the water flows are controlled by
measurements made using a flow meter associated
with district metering areas (DMA). Although the
management of each subsystem, the water losses
still occur. With the population growth, the climate
changes and the increased water scarcity, the impor-
tance of a better subsystem management is great
to ensure enough water with quality. Two different
ways could be used to estimate the water losses: the
water balance, using a top-down approach, and the
anomalous events, also known as outliers, detection
in flow time series. These two approaches will be
studied in this article as two independent issues.

In the case of the water balance, a mathematical
representation of water consumptions in supply sys-
tems, it was intended to quantify the water losses by
the analysis of the consumptions. However, for the

calculation of some of these, estimates are made and,
then, the water balance values have associated un-
certainties, which propagate with the calculations.
Two different methods to study this propagation
can be found in literature: the Delta method [[4];
[20]; [26]] and the Monte Carlo simulations [[20];
[26]]. Actually, the first one is applied to the water
balance calculations in [1] and [4]. Nevertheless,
the classical method used in this field is based on
the normal distribution, unchecked hypothesis, and
on the root mean square [[14]; [22]]. However, all
these methods use only one value for the uncer-
tainty, which may not occur in this case, since, in
[1], [2] and [5], uncertainty bands are proposed to
define the uncertainty in the water balance.

The water losses, through the real losses, are
also reflected in some of the anomalous events in
flow time series, being other concerning to atypical
consumptions and pump and valve manoeuvres.
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The detection of these outliers, whose origin will
not be taken into account, allows early identifica-
tion of water leaks. However, the flow time series
have daily, weekly and, sometimes, annual season-
ality [[3]; [19]]. Given the particular features of
these time series, several methods of outlier detec-
tion arise, based on the residuals of some specific
time series models, as AR or ARIMA [[10]; [18]], or
on the residuals of the time series decomposition
[13]. However, in [6], it was verified that the TBATS
model, presented in [12], is a better model for flow
time series, despite there are no bibliography about
its application for outlier detection.

In [23], the use of the generalized studentized
deviate test is proposed to detect outliers, after a par-
tition and decomposition of the time series. In this
article, robust estimators will be proposed for the
application of this method. The Tukey method to
detect outliers proposes the use of the interquartile
range to define the extreme observations. However,
its application to time series with seasonality could
be more complicate. The SAX (Symbolic Aggregate
approXimation), presented in [15], results from the
symbolic representation of PAA (Piecewise Aggre-
gate Approximation) using letters and is mentioned
as a good base to outlier detection. In this article,
these two last methods will be studied with the
propose of outlier detection in flow time series.

This article is organised as follows: in section
2, the methodology to the propagation of uncer-
tainties, such as the results, will be presented. The
outlier detection methods and their results will be
presented in section 3. The conclusions will be in
section 4.

2. Propagation of uncertainties in

the water balance calculations

2.1. Methodology

The uncertainty propagation analysis is based on
probabilities, in the sense that a random variable is
associated to each measurement. Thus, the uncer-
tainty is quantified by the variance square root of

the random variable of interest.

2.1.1 Methods of calculation of uncertainties
propagation based on uncertainty bands

In the water balance, to measure the relative uncer-
tainty, the classification bands recommended by the
Laboratório Nacional de Engenharia Civil (LNEC)
[1] and reproduced in table 1 are used.

Table 1: Data Uncertainty Bands [1]

Data
uncertainty

band
Error associated with the data pro-
vided

0 - 5% Better or equal to ±5%
5 - 20% Worse than ±5%, but better or equal

to ±20%
20 - 50% Worse than ±20%, but better or

equal to ±50%
50 - 100% Worse than ±50%, but better or

equal to ±100%
100 - 300% Worse than ±100%, but better or

equal to ±300%

Delta method

Let Y = f (X1, . . . , Xp), where f is a differen-
tiable function of the random variables Xi, i =

1, . . . , p. When Y is not a linear combination of
p random variables, the calculation of its variance
is not an easy procedure. But, the Delta method al-
lows a linearisation of the function f and, therefore,
when the variables are independent (hypothesis
that, in general, according to [1], is valid in this
case),

Var(Y) ≈
p

∑
i=1

(
∂ f
∂Xi

)2
Var(Xi). (1)

This approximation is used in the Guide to the
expression of uncertainty in measurement (GUM) in
[8] to compute the standard uncertainty of variable
Y, given by the positive square root of the variance
of Y.

The result of this method is also an uncertainty
interval, since the propagation of uncertainty is cal-
culated separately for the lower and upper bounds.
However, these intervals do not have associated a
confidence level.
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Confidence intervals

In this case, the following procedure is pro-
posed to construct confidence intervals (CI) for

σ2
Y ≈ ∑

p
i=1

(
∂ f
∂Xi

)2
σ2

i , where Y = f (X1, . . . , Xp):

1. for each variable Xi, i ∈ {1, . . . , p}, compute
the absolute uncertainty band of Xi, given by
aixi
100 −

bixi
100 , where xi is the observed value and

(ai – bi)% the relative uncertainty band;
2. assume that σ2

i ∼ U[( aixi
100 )

2, ( bixi
100 )

2] and, con-

sequently, since
(

∂ f
∂Xi

)2
is a constant,

(
∂ f
∂Xi

)2
σ2

i ∼ U

[(
∂ f
∂Xi

)2 ( aixi
100

)2
,

(
∂ f
∂Xi

)2 ( bixi
100

)2
]

, (2)

where σ2
i is the square of the absolute uncer-

tainty of Xi.

Following this procedure, a finite sum of uni-
form variables, independent non identically dis-
tributed, is obtained whereby it is not easy to con-
struct the interval for σ2

Y. Two situations will be
considered: p = 2 and p ≥ 3.

Case p = 2

If Y = f (X1, X2), then σ2
Y ∼

Trapezoidal(a, b, c, d), where σ2
Y ≈

(
∂ f

∂X1

)2
σ2

1 +(
∂ f

∂X2

)2
σ2

2 , a = aX1 + aX2 , b = 1
2 [aX1 + aX2 + bX1 +

bX2 − |(bX1 − aX1) − (bX2 − aX2)|], c = 1
2 [aX1 +

aX2 + bX1 + bX2 + |(bX1 − aX1) − (bX2 − aX2)|] and

d = bX1 + bX2 , for aXi =

(
∂ f
∂Xi

)2 ( aixi
100

)2
and

bXi =

(
∂ f
∂Xi

)2 ( bixi
100

)2
, with i ∈ {1, 2}. Then,

a confidence interval for the absolute uncertainty
σY can be computed.

Case p ≥ 3

In this case, the central limit theorem for in-
dependent non identically distributed variables

(Z1, . . . , Zn) allows concluding that, in conditions
verified by the uniform distribution:

∑n
i=1 Zi −∑n

i=1 E[Zi]

∑n
i=1 Var(Zi)

d−→ N(0, 1). (3)

Then,

p

∑
i=1

(
∂ f
∂Xi

)2
σ2

i −
p

∑
i=1

1
2

(
∂ f
∂Xi

)2
(( aixi

100

)2
+

(
bixi
100

)2
)

√√√√ p

∑
i=1

1
12

(
∂ f
∂Xi

)4
((

bixi
100

)2
−
( aixi

100

)2
)2

(4)

converges to a N (0, 1) distribution and, therefore,
a CI for σ2

Y can be computed.

Since, in the water balance, the variables are
used in succession for the calculation of new com-
ponents, then the Bonferroni correction is used to
obtain final CIs with, at least, the desired level of
confidence.

Monte Carlo method for the uncertainties calcula-
tion

To measure the uncertainty of Y =

f (X1, . . . , Xp), with Xi independent for all i ∈
{1, . . . , p}, the Monte Carlo method (MCM), which
allows to compute an estimative of the probability
density function of Y, can be used, following the
next steps:

• Step 1: associate a probability density func-
tion, gXi , for each variable Xi, i ∈ {1, . . . , p};

• Step 2: perform M simulations of each vari-
able Xi, denoted by xi1, xi2, . . . , xiM, ∀i ∈
{1, . . . , p};

• Step 3: compute yj = f (x1j, . . . , xpj), ∀j ∈
{1, . . . , M};

• Step 4: compute y =
1
M

M

∑
j=1

yj and

s2
Y =

1
M− 1

M

∑
j=1

(yj − y)2.

However, since the standard deviation is not a
robust estimator, two other estimators of dispersion
were used: the IQR (Interquartile Range) and the
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MAD (Median Absolute Deviation).
The number of simulations M to obtain a con-

fidence level of 95%, according to [11], should be,
at least, 50 000. But, according to [9] at least, 200
000 simulations should be performed. Given the
discrepancy of these values, the two values for M
will be used in order to compare the results.

Since the distribution of water balance compo-
nents is not known, the normal distribution, the
truncated normal distribution, the log-normal dis-
tribution, the skew normal distribution and the
gamma distribution will be tested.

2.1.2 Methods of calculation of uncertainties
propagation based on the minumim and
the maximum values of the variables

Instead of the uncertainty band, this could be re-
placed by the indication of two values, that repre-
sent the minimum and the maximum values for the
measurement.

Thus, denoting by b, a, and c the measure-
ment, the minimum and the maximum, we have
X ∼ Triangular(a, b, c), where X is the water bal-
ance variable. However, given the asymmetry of
almost all water balance variables, the mode and
mean of variables are very different, which results,
in practice, in unrealistic subsequent results, if the
mean is used to calculate the water balance. For
this reason, the distributions’ mode will be used
to carry out the subsequent calculations. However,
instead of the variance, a new dispersion measure
is proposed in this paper and will be used:

Disp(X) = E[(X−Mode(X))2] (5)

=
a2 + 3b2 + c2 + ac− 3ab− 3bc

6
, (6)

when X ∼ Triangular(a, b, c).
Thus, the square root of this new dispersion

measure,
√

Disp(X), can be assumed as the abso-
lute uncertainty of X. Consequently, the formula
(1), replacing the variance by this new dispersion
measure, or the MCM with the standard deviation,
MAD or IQR can be used to study the propagation

of uncertainties.

2.2. Results

2.2.1 Methods of propagation of uncertainties
based on uncertainty bands

To apply the MCM, the value M of simulations
needs to be defined and, as mentioned before, 50
000 and 200 000 were the values used to study the
propagation of uncertainties. However, since the
normal distribution was the only distribution which
leads to discrepant values between 50 000 and 200
000 simulations, in this case, 200 000 simulations
were used and, with the other distributions, it was
used 50 000 simulations. The data from the Vila
Faia example, presented in [1], were used to test
which is the best distribution. After the results have
been analysed and compared with the results from
Delta method and confidence intervals, it was pos-
sible conclude that the gamma distribution with
MAD is the best option to study the propagation of
uncertainties in the water balance calculations.

Comparing the results of the three methods, it
was possible conclude that the differences between
them were only significant in the components and
the indicators that result from subtractions and
more operations than just the sum. Moreover, the
range of the confidence intervals was smaller than
the range of the bands obtained with the other two
methods. These results were confirmed with the
data from two water utilities.

Since the MCM is the most computationally ex-
pensive method and the CIs have the smallest range
with a confidence level associated, the last one was
chosen as the best method of propagation of uncer-
tainties.

2.2.2 Methods of propagation of uncertainties
based on the minumum and the maximum
values of the variables

Analysing the results of uncertainty obtained with
the minimum and the maximum values of the vari-
ables, the Delta method showed a slight trend to
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uncertainty values higher than those presented by
the MCM with the standard deviation and MAD as
dispersion estimators. However, these values were
overcome by those obtained with the MCM with the
IQR. Again, because of the robustness of the MAD
and the fact that simulations are being performed
in the MCM, this estimator was chosen as the most
indicated to use.

Through the analysis of this format of uncer-
tainty with the data from one water utility, it was
possible conclude that they are unable to provide
a data with minimum and maximum values that
lead to uncertainty values consistent with the ex-
pected uncertainties. In fact, the uncertainty given
in this format is significantly lower, compared to
the confidence intervals, as it is possible to see in
table 2, where are presented some of the results
obtained with the data from this water utility. The
Delta method and the MCM results presented are
from the application of these methods for the un-
certainty given by the minimum and the maximum
values of the variables and the CIs results from the
application of the CIs for the uncertainty bands.
Analysing these results, it is possible to conclude
that, in practice, this format of uncertainties is not
appropriate.

Table 2: Uncertainties in two water balance components

Water balance
components

Delta
method MCM CI of 95%

Apparent losses 6.7 % 5.7 % 35 – 60.5 %
Real losses (2) 7% 7.4 % 39.8 – 87.4 %

3. Outlier detection in flow time

series

3.1. Methods

3.1.1 TBATS model

The TBATS model can be written as:

y(λ)t = wTxt−1 + εt (7)

xt = Fxt−1 + gεt (8)

where wT is a row vector, g a column vector, F a
matrix, xt the unobserved state vector at time t, εt

a normal white noise process with null mean and
constant variance σ2 and y(λ)t is the observation at
time t, after the application of the Box-Cox transfor-
mation with the parameter λ.

Prediction intervals

Let Y(λ)
n+h|n be the random variable associated

with the prediction distribution in the transformed
space for future period n + h, given the final state
vector xn and the parameters ϑ and σ2. This vari-
able follows a normal distribution with mean value
E[Y(λ)

n+h|n] = wTFh−1xn and variance

Var(Y(λ)
n+h|n) =

σ2 se h = 1

σ2
(

1 + ∑h−1
j=1 c2

j

)
se h ≥ 2

. (9)

Using the inverse Box-Cox transformation with
the appropriate quantiles of the distribution of
Y(λ)

n+h|n, the point forecasts and forecast intervals
for Yn+h|n can be obtained.

Confidence intervals

Since it is intended to estimate values for the
variance in each time t, t = 1, . . . , N, M simulations
from the model could be performed, using simula-
tions for εt and the equations (7) and (8), and the
variance of the M simulated values for each time
step can be computed.

Once calculated the estimates for the variance
of {y(λ)1 , . . . , y(λ)N }, as Y(λ)

t ∼ N (wTxt−1, σ2), the
confidence intervals for these observations can be
computed. After calculating these intervals, using
the inverse Box-Cox transformation, which is mono-
tonically increasing, the confidence intervals for
{y1, . . . , yN} can be obtained.

Combined prediction and confidence intervals

Let {y1, . . . , ym, ym+1, . . . , ym+N} be a set of ob-
servations, where it is intended to perform an anal-
ysis of outliers in the last N observations, based on
the m past observations, where N < m. A TBATS
model is adjusted to the observations {y1, . . . , ym}
and the N predictions and respective intervals are
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computed. After that, a TBATS model is adjusted to
the observations {yN , . . . , ym, ym+1, . . . , ym+N} and
the respective confidence intervals are computed.
Thus, for the steps m+ 1, . . . , m+ N, both prediction
and confidence intervals are obtained. To obtain
only one interval, the mean of the lower and upper
bounds of the two intervals is computed separately.

3.1.2 Methods of outlier detection based on the
flow time series features

In the first place, an analysis of clusters with the
Ward method [24] with the DTW (Dynamic Time
Warping) distance [7] will be performed to identify
clusters of flow time series, since there are time se-
ries with different features. After that, the kNN (k
– Nearest Neighbours) [[21]; [25]] will be used to
classification. Therefore, a new time series could
be classified into one of the clusters and the best
outlier detection method for that cluster could be
applied for the new time series.

All the methods to detect outliers presented be-
low will be applied to the original data, its loga-
rithm and its Box-Cox transformation.

Twitter method

For the application of this method, the time se-
ries seasonality is determined and the time series
is split into non-overlapping windows containing
at least two weeks. Then, the decomposition of the
time series is performed, using a location estimator
instead of the trend and the generalized extreme
studentized deviate test is run. Let (X1, X2, . . . , Xn)

be a random sample from a population FX. The
hypothesis of this test are:

H0 : All the observations come from FX ,
vs. H1 : There are up to r observations that do not

come from FX ,

and the test statistic is given by:

Ri =
maxi|Xi − X|

S
, i = 1, . . . , r, (10)

where X and S are the estimators of the sample
mean and the sample standard deviation, respec-
tively, and r is a fixed integer.

Since the mean and the standard deviation are
not robust estimators in the presence of outliers,
these estimators will be replaced by the median
and the MAD (MM method) and by the Huber M-
estimator of location and the dispersion estimator
Qn (HQ method).

This method will be applied to 4 weeks of each
flow time series in study.

Tukey method

Given the seasonality of the time series in study,
the quartiles of the n past observations are not used
to the application of this method. Instead of that,
the time series is split by similar months and by
working days, Saturdays and Sundays. Thus, to
verify if an observation is an outlier, the n past ob-
servations of the similar months and the same kind
of the day are used.

This method will be applied to one week of each
flow time series in study, considering the past ob-
servations as the normal behaviour.

Method based on SAX

A time series C with length n could be repre-
sented in a w-dimensional space, C = c1, c2, . . . , cw,
(PAA representation), where ci is given by:

ci =
w
n

n
w i

∑
j= n

w (i−1)+1
cj. (11)

Then, to make the time series discretization, break-
points will be used, i.e., a sequence of points β1, β2,
. . . , βa f−1 such that the empirical probability of the
time series itself be between βi and βi+1 is equal
to 1

a f
and β0 and βa f are defined as −∞ and +∞,

respectively1, where a f is the alphabet size used.

For each segment of the PAA, a letter is assigned
according to its position in relation to the break-

1In [15], the breakpoints were defined based on the normal distribution, however, in [16], it is mentioned that the
breakpoints can be defined based on the empirical distribution of the time series.
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points and, therefore, Ĉ=ĉ1, ĉ2, . . . , ĉw.

Thus, a new observation is an outlier when it is
not between the same breakpoints that the pattern
time series, that is the time series that represent
the normal behaviour of that day. To construct the
pattern time series, two options will be considered:
the mean and the median of the last observations.

The possibility of time series normalization will
also be studied. In the first place, the min-max
normalization will be used and, in the second, the
classic normalization with the mean and the stan-
dard deviation, denoted here by standardization. In
this last case, the replacement of these estimators
by the median and the MAD will also be studied.

After the normalization and the standardiza-
tions, it is intended to find a δ value, such that, if
an observation is considered as an outlier, but the
distance to the pattern time series is lower than this
δ value, then this observation is not considered as
an outlier.

To construct the δ value, let {t1, . . . , tv} be the
set of the time steps where outliers exist. With the
standardization, the δ value will be defined as:

δ =
max

i
(d(pti

, sti ))

max(P)−min(P)
, (12)

where pti
and sti are the values obtained af-

ter de application of PAA to the pattern and
the test time series, respectively, being the test
time series the time series of the day in which
outliers will be detected. Moreover, P is the
pattern time series and d(pti

, sti ) = |pti
− sti |,

i ∈ {1, . . . , v}. The distance considered to remove
false alarms when the δ value is used is given by δ×
time series range of the new pattern time series.
With the normalization min-max, to compute the
δ value, in the equation (12), the denominator will
not be considered, since in this case there is no
dependence of the range of the pattern time series.

Since each pattern is constructed for a day, this
method will be applied for a day of each flow time
series, considering the past observations as the nor-
mal behaviour.

To compare the methods, the sensitivity (true
positive rate), the precision (positive predictive
value) and the F1 score will be used.

3.2. Results

To study the detection of outliers with the methods
based on the TBATS model, only three time series
of different DMA’s will be used and, therefore, will
be denoted by DMA1, DMA2 and DMA3. To do the
analysis of clusters and to study the methods of out-
lier detection without a model, 28 time series will
be used and a random number will be associated
with each of them. In all cases, simulated outliers
were introduced in the time series.

3.2.1 TBATS model

The prediction intervals of 95% was a method that
detect the outliers but produce a lot of false alarms.
In opposition, the confidence intervals of 95%, con-
structed with 750 simulations, did not detect very
well the outliers, despite the lower number of false
alarms. Thereby, the F1 score gave values below 0.5
for the 3 DMA’s, as it is possible to see in table 3.

The combined intervals were constructed for one
week. Despite higher values in the F1 score, this
performance measure was always less than 0.8.

Table 3: F1 score in 3 DMA’s, using the methods based on the
TBATS model.

Performance mea-
sures

DMA1 DMA2 DMA3

Prediction intervals 0.49 0.37 0.32
Confidence intervals 0.23 0.07 NA
Combined prediction
and confidence inter-
vals

0.71 0.30 0.53

3.2.2 Methods of outlier detection based on the
flow time series features

Given the different scales and the quantity of val-
ues of each flow time series (35 040 time steps), the
clusters analysis was done with the daily medians
of consumptions, after a standardization with the
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mean and the standard deviation. 3 clusters were
constructed.

With the analysis of the figures 1, 2 and 3, where
the standardized daily medians of typical series of
each cluster are plotted, it is possible to conclude
that the behaviour and the seasonality are different.
The time series with daily, weekly and annual sea-
sonality are in the cluster 1, while the time series
without an evident annual seasonality are in the
cluster 2. The time series of the cluster 3 do not
have a defined pattern and could be noise, being
the figure 3 an example of one of these series.

The kNN classifier was chosen to classify a new
time series, using the DTW dissimilarity matrix of
standardized daily medians time series. The value
of k, k = 1, was chosen based on 75% – 25% cross-
validation, with an estimated misclassification error
of 0.14. When leave-one-out validation was per-
formed, the accuracy value was 0.75. The time se-
ries of the cluster 3 were not correctly classified, but
the accuracy value, given by leave-one-out, when
these time series were not used, was 0.84.

Twitter method

In the Twitter method, the precision increases or
remains the same with the HQ method, when com-
pared with the MM method, which indicate that the
first one, in general, detect less false alarms. How-
ever, the trend was the opposite when the sensitivity
was analysed.

In the table 4, the F1 scores presented for the
HQ Twitter method are very lower, such as in all
variants of this method in the 3 clusters. Even the
logarithm and the Box-Cox transformation did not
have produced satisfactory results, as reflected in
the lower values of the F1 scores.

An example of a time series of the cluster 1 is
plotted in the figure 4, with the identification of the
outliers introduced and detected with the HQ Twit-
ter method, without data transformation. Although
the outliers introduced are detected, a large number
of false alarms was also identified.

Time (in days)

Ti
m

e 
se

rie
s 

17
59

0 100 200 300

−0
.5

0
0.

5
1

Figure 1: Typical time series of the cluster 1.

Time (in days)
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se
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s 

21
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0 100 200 300

−0
.5

0
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5
1

Figure 2: Typical time series of the cluster 2.

Time (in days)
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09

0 100 200 300

−0
.5

0.
5
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5

Figure 3: Example of a time series of the cluster 3.

Tukey method

The analysis of clusters made to group similar
months, for the application of the Tukey method,
resulted in different groups for each cluster. More-
over, in the clusters 1 and 2, the time series was split
by working days, Saturdays and Sundays, while, in
the cluster 3, the working days were not grouped.
The constant of the Tukey method was defined as 3.
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Figure 4: Outlier detection in the time series 1759, from clus-
ter 1, with the HQ Twitter method without data
transformations.

Balancing the results of sensitivity and precision
through the F1 score, it was possible to conclude
that, although the results without any transforma-
tions are better, they are not satisfactory for all clus-
ters. In fact, in the table 4, the values of the F1 score
are not higher than 0.85.

A week of a time series example from cluster 1
to which was applied the Tukey method without
data transformations is plotted in the figure 5. In
this case, only some of the outliers introduced were
detected and the number of false alarms is great.
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Figure 5: Outlier detection in the time series 2166, from clus-
ter 1, with the Tukey method without data transfor-
mations.

Method based on SAX

To use the SAX to detect outliers, it is necessary
define the w and a parameters and the pattern time
series construction mode (mean or median). Several
comparisons were done.

Relatively to the value of w, using the data of

a day, the results for w = 24, w = 48 and w = 96
were compared and it was verified that the results
with w = 48 are similar to those with w = 96, in
opposition to w = 24. Thereby, w = 48 was the
choice.

Since the median is more robust than the mean
and the differences between them in the construc-
tion of the pattern time series are due to the differ-
ences themselves between the mean and the median
of the time series, the median will be used to con-
struct the pattern time series.

Analysing the alphabet sizes a f = 4 and a f = 5,
it was observed that a lot of observations consid-
ered as outliers when a f = 5 are false alarms. As
the number of false alarms with a f = 4 was smaller,
this was the option chosen.

Two methods of normalization were studied:
the min-max normalization and the standardization.
The first one changed the format of the time series.
Moreover, the use of the median and the MAD to
make the standardization resulted in more false
alarms than the use of the mean and the standard
deviation. Then, these two last estimators will be
used to do standardization.

In the first place, SAX without standardization
was applied to all time series of each cluster and,
then, two standardizations were used: using the
sample mean and the sample standard deviation to
standardize the pattern and the test series (standard-
ization 1) or using the estimates of the pattern series
to standardize both time series (standardization 2).

In the cluster 1, the F1 scores were equal with
the SAX and with the SAX with the standardiza-
tion 2, while the standardization 1 presented lower
values. Relatively to the data transformation, the
results with the SAX without data transformations
and with the Box-Cox transformation were simi-
lar and, therefore, these two options were used to
construct the δ value. In the end, the Box-Cox trans-
formation gave the best results, with δ = 0.18. In
the table 4, it is possible to compare the results of
this method based on SAX with the standardization
1 and with the standardization 2, δ and the Box-Cox
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transformation for some time series of cluster 1. The
values of the F1 score with the standardization 1 are
much lower than with the standardization 2 with
the Box-Cox transformation and δ. One day of a
time series example from the cluster 1, to which
the method based on SAX with the Box-Cox trans-
formation and the δ value was applied to detect
anomalies is plotted in the figure 6. In this case,
almost all outliers and no false alarms were detect.
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Figure 6: Outlier detection in the time series 1759, from clus-
ter 1, with the method based on the SAX with the
Box-Cox transformation and the δ value.

Table 4: F1 scores for some variants of the Twitter and Tukey
method and the method based on the SAX in the
cluster 1.
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1
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2

Bo
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C
ox
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it
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δ

Time-series 1759 0.34 0.84 0.47 0.9
Time-series 1765 0.2 0.7 0.41 0.95
Time-series 2166 0.23 0.23 0.32 0.62
Time-series 4562 0.33 0.3 0.26 0.91
Time-series 6278 0.3 0.65 0.42 0.95

In the case of the cluster 2, analogous conclu-
sions to the cluster 1 could be drawn but, in this
case, the results were very similar between the three
hypothesis of transformation data and, then, to con-
struct the δ value, the three formats of data were
used. The data without transformation and the
logarithm have produced similar results. Then, no

transformation in the data was the final choice, with
δ = 0.3.

The results for the cluster 3 were not satisfactory,
such as with all the tested methods. Small networks
with possible operational problems and the filling
of a storage tank are some of the characteristics of
the time series of this cluster that may be the cause
of these poor results. Therefore, for time series
without a defined pattern, these methods are not
adequate.

4. Conclusions

The analysis of the propagation of uncertainties in
the water balance calculations and the direct contact
with some water utilities allowed concluding that
the indication of the uncertainty by the minimum
and the maximum values for the variables is not
the best way to indicate the uncertainty, since the
water utilities does not have knowledge to indicate
these values. In opposition, the indication of the
uncertainty by a band was considered as the most
indicated and three methods were proposed for this
case: Delta method, confidence intervals and Monte
Carlo method. Relatively to the MCM, it was possi-
ble to conclude that the gamma distribution is the
best option to model the water balance components,
instead of the normal distribution. Moreover, the
confidence intervals was the method with the small-
est range and, since they have a level of confidence
associated to the intervals, this is a good method of
propagation of uncertainties in the water balance.

In the future, the confidence intervals could be
studied in other annual balances, as the energy bal-
ance.

Relatively to the detection of outliers in flow
time series, the prediction and the confidence in-
tervals obtained with the TBATS model gave un-
satisfactory results, besides the high computational
weight of these methods.

The consequent clusters analysis of flow time
series, performed because of their structural differ-
ences, resulted in three clusters, two of them with
defined features. The time series without a defined
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pattern were in the third cluster and, for these se-
ries, it was not possible to find a method to correctly
detect the outliers and, therefore, this is an open
matter. In the first cluster, the application of the
Box-Cox transformation in the method based on
the SAX allow obtaining good results while, in the
second cluster, to obtain these results, it is not nec-
essary use a transformation. This method can be
used to detect outliers in real time, since a pattern
can be construct for each day of each month and
the comparison with the real time data can be made
instantly.

In the future, the possibility of updating the δ

value for each time series while the outliers are
being detected and checked could be studied to
improve the δ value for each time series. Moreover,
this method could be tested in time series from
other consumptions, as electricity.
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