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Introduction

Functional interpretations are useful tools of proof theory. After Gödel first described his dialectica in-
terpretation for Heyting arithmetic (and Peano arithmetic, by negative translation) in 1941, many other
interpretations have been proposed, each focusing on different goals. We start with an overview of the
interpretations of Gödel and Shoenfield.

In 2012, Benno van den Berg, Eyvind Briseid and Pavol Safarik proposed a functional interpretation
for nonstandard Heyting arithmetic. This interpretation enables the transformation of proofs in nonstan-
dard arithmetic of internal statements into proofs in standard arithmetic of those same statements. Their
interpretation also allows for the extraction of computable, finite lists of possible witnesses for external, ex-
istential statements. Here we describe a functional interpretation for nonstandard Heyting arithmetic with
a key difference from the one of Van den Berg et al.: the witnesses for external, existential statements of the
interpreting formulas are not finite lists, but functions whose output is a finite list. Syntactically, we say that
the terms representing these functions are of end-star type.

We will see that it is possible to extend the natural preorder of lists to a preorder of terms of end-star
type. Our interpretation has a property of monotonicity over this preorder: if a certain end-star term is
a witness for an existential statement, then any “bigger” term also is. Using this property, we are able to
prove a soundness theorem for our interpretation, which eliminates principles recognizable from nonstandard
analysis. From the soundness theorem we get as corollary the conservativity of nonstandard arithmetic over
standard arithmetic, as well as a term extraction theorem.

It is also possible to prove a characterization theorem for our interpretation. As corollary from this
theorem, we show that the countable saturation principle does not add proof theoretical strength to our
nonstandard intuitionistic system.

As a final and somewhat unrelated note, we give a short description of Weihrauch reducibility between
multi-valued operations. The goal is to comment on an application of Gödel’s dialectica interpretation to,
in certain circumstances, show that a ∀∃-formula (seen as a multi-valued operation) Weihrauch-reduces to
another one.

1 Proof interpretations

Given formal systems T1 and T2, a proof interpretation I from T1 to T2 is a particular way of obtaining a
formula AI in the language of T2 from a formula A in the language of T1. Such an interpretation is defined by
induction on the logical structure of A. After defining it, one should be able to prove a soundness theorem.
Soundness theorems are loosely of the form:

Theorem (Soundness). Let C and ∆ be collections of principles, and ∆′ a suitable modification of the
principles ∆. For all formulas A of the language of T1, if T1 + C + ∆ ` A, then T2 + ∆′ ` AI .

The principles C are called characteristic principles. Characteristic principles of a functional interpretation
vanish under it. In other words, for a characteristic principle C, it is possible to prove CI in T2 without
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having access to C itself. The principles ∆ are called side principles. Side principles don’t vanish under
I, and we need ∆′ to prove their interpretations. However, the formulas in ∆′ are usually similar to the
formulas in ∆.

Soundness theorems are very useful. For example, as long as ⊥I ≡⊥, which is usually the case, the
soundness theorem for the I-interpretation entails that, if T2 is consistent, then so is T1 + C.

There is another class of theorems related to proof interpretations: the characterization theorems. If T is
a theory which encompasses the languages of T1 and T2, and P is a collection of principles, a characterization
theorem if of the form:

Theorem (Characterization). For all formulas A of the language of T1, we have that T + P ` A↔ AI .

It is interesting to look for a minimal collection of principles P which is enough to prove the characteriza-
tion theorem for a given interpretation. These principles give a notion of the “distance” between the original
formula A and its interpretation AI .

2 Interpreting arithmetic

The first use of a functional interpretation was by Gödel [15] (later revised and translated into English as
[16]). Gödel’s functional interpretation was dubbed dialectica after the name of the journal in which it was
originally published.

The dialectica interpreted Heyting arithmetic in a quantifier-free version of it. The goal was to show the
consistency of number theory by “finitistic” means (see [29] for a discussion). Each arithmetical formula
A(a) was given a translation into a formula of the form A(a)D ≡ ∃x ∀yAD(x,y,a) with AD quantifier-free
and without ∨. As long as we knew a proof that A(a) was intuitionistically true, the soundness theorem
guaranteed that there existed closed, higher-typed, computable terms t such that AD(ta,y,a) was provable
in a quantifier-free intuitionistic theory. Since ⊥D ≡⊥, the soundness theorem was a consistency proof of
Heyting arithmetic, as long as one accepted the consistency of the latter theory.

Nowadays, the consistency of widely used theories such as Heyting arithmetic is hardly in question (see
[18] for a discussion). However, the dialectica interpretation and others like it are still useful as tools in
proof theory for their term extraction functionalities: the terms t obtained from the soundness theorem are
a codification of the proof of A(a), and offer important insights into it. These terms can be used in practical
applications to other areas of mathematics. In fact, there is a branch of proof theory, named “proof mining”,
which uses functional interpretations in a prominent way. They make it possible to extract quantitative
information from certain proofs of theorems of analysis, for example. This extra information is often in the
form of bounds on the growth rate of specific functions. For surveys of advances made in proof mining, see
[20, 21, 22].

We’ve seen that with the dialectica interpretation it is possible to obtain information about Heyting
arithmetic. What about Peano arithmetic? There is a kind of interpretation, usually called negative or
double negation translation, which interprets classical logic in intuitionistic logic. Perhaps the best known
such interpretation is due to Gödel ([14]) and Gentzen (independently, [11, 12]). Negative translations can
be coupled with functional interpretations of an intuitionistic theory to obtain functional interpretations of
a classical theory. Hence, first doing a negative translation and then applying the dialectica interpretation,
we get an interpretation of Peano arithmetic into Heyting arithmetic with the possibility of term extraction.
(See Chapter 10 of [20] for more details.)

Another way to obtain interpretations for classical theories is to do them directly, as is done by Shoenfield
in Section 8.3 of his book [27]. As a side note, it was shown by Streicher and Kohlenbach in [28] (and indepen-
dently by Avigad, unpublished) that Shoenfield’s interpretation is precisely a specific negative translation due
to Krivine [23] followed by the dialectica interpretation. So in this case, at least, defining an interpretation
directly for Peano arithmetic is no different from composing a negative translation with an interpretation for
Heyting arithmetic.
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3 Interpreting nonstandard arithmetic

It can be seen by compactness arguments that there are nonstandard models of arithmetic, i.e., models
not isomorphic to the natural numbers. It turns out that working in a nonstandard setting is a great
way of formalizing reasoning about infinitesimals and infinitely big numbers. Nonstandard analysis was
popularized by Abraham Robinson [26]. After him, several people presented nonstandardness in different
ways. Particularly relevant for us is the work of Nelson, who developed an axiomatization of nonstandard
analysis named Internal Set Theory (IST) [24]. IST is Zermelo-Fraenkel set theory with choice (ZFC), plus a
new predicate “st” for “being standard”, and three new axioms: idealization, standardization and transfer.
Nelson proved that IST is conservative over ZFC: any internal formula (not containing “st”) provable in IST
is already provable in ZFC.

It was noted by Benno van den Berg, Eyvind Briseid and Pavol Safarik [2] that the algorithm presented
by Nelson in [25] to show the conservativity of IST over ZFC is remarkably similar to Shoenfield’s functional
interpretation [27]. From this observation, Van den Berg et al. developed a functional interpretation for
nonstandard Heyting arithmetic, named the Dst-interpretation [2]. They worked in E-HAω∗

st , a formal system
with higher types.

In the spirit of Nelson’s IST, the system E-HAω∗
st has a unary predicate symbol “st”, which we see as

determining whether a given object is standard. This gives rise to two sets of quantifiers: the internal
quantifiers ∀ and ∃, which quantify over all objects, and the external quantifiers ∀st and ∃st, which quantify
only over standard objects. The Dst-interpretation of Van den Berg et al. distinguishes the treatment of
internal and external quantifiers. The external quantifiers are interpreted as usual, requiring computational
witnesses, while the internal quantifiers are exempt from this obligation.

The idea of interpreting two kinds of quantifiers differently had already been applied, for example, by
Berger in his uniform Heyting arithmetic [1], by Hernest in his light dialectica interpretation [17], and by
Ferreira and Oliva in their bounded functional interpretations [10, 9].

There is another interesting particularity of the Dst-interpretation: it is herbrandised, in the sense that
the witnesses for the external, existential quantifiers of the interpreting formulas need not be exact, but
only a finite set of possible witnesses. For this reason, Van den Berg et al. impose that the external,
existential quantifiers of the interpreting formulas only quantify over finite sets, which syntactically translates
to quantifying over variables of star type. The star type indicates finite sequences, not sets, but the order of
the elements is never relevant.

The idea of not requiring exact witnesses for existential statements in functional interpretations has also
been used in several other works. Examples are the Diller-Nahm interpretation [7], the monotone functional
interpretation of Kohlenbach [19], and the bounded functional interpretations of Ferreira and Oliva [10, 9].

Here we present a new functional interpretation for E-HAω∗
st , building on the work of Van den Berg et al.

[2]. The main difference is what we mean by “finite list of possible witnesses”. In order to give more details,
we first describe the system E-HAω∗

st .

3.1 The systems E-HAω∗ and E-HAω∗
st

The system E-HAω∗, of extensional Heyting arithmetic with the star type, is an extension of the system
E-HAω, described in Chapter 3 of [20]. All terms are typed, and types are defined inductively as:

• 0 is a type;

• if ρ and τ are types, then ρ→ τ is a type;

• if ρ is a type, then ρ∗ is a type.

Notice that there is a new type construction compared to E-HAω, the star type. Terms with a star type
are meant to represent finite sequences.

The expression t is a (possibly empty) tuple of terms t1, . . . , tk. In particular, we use t, s := t1, . . . , tk, s1, . . . , sl,
ft := ft1 · · · tk and ft := f1t, . . . , fnt.

We say that xρ is a member of sρ
∗
, in symbols, x ∈ρ s, if there is an index i, smaller than the length of

s, such that the i-th element of s is equal to x. Then the sequence sρ
∗

is contained in the sequence uρ
∗
, in
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symbols, s ⊆ρ u, if all members of s are also members of u (the order doesn’t matter). The relation ⊆ρ is
reflexive and transitive.

There are also new constants to deal with terms of star type, which are described in Section 2 of [2].
Making use of these constants, it is possible to define the following terms:

1. {·}ρ of type ρ→ ρ∗, which maps an element to the singleton sequence with that element:

x 7→ {x}

2. ∪ρ of type ρ∗ → ρ∗ → ρ∗, which maps two sequences to their concatenation:

t, u 7→ t ∪ u

3.
⋃
ρ,τ of type (ρ → τ∗) → ρ∗ → τ∗, which maps a function and a sequence of arguments to a sequence

of images:
f, t 7→

⋃
x∈t fx

such that they have the following properties:

1. x ∈ {x}

2. x ⊆ t ∨ x ⊆ u→ x ⊆ t ∪ v

3. y ∈ t ∧ z ⊆ fy → z ⊆
⋃
x∈t fx

The system E-HAω∗
st is an extension of E-HAω∗. There is a unary predicate for “being standard”, st.

There are also two new quantifiers, which only quantify over standard objects: ∀st and ∃st, satisfying the
identities:

∀st z A(z)↔ ∀ z (st z → A(z))

∃st z A(z)↔ ∃ z (st z ∧A(z))

The axioms for st are:

st z ∧ z = w → stw

st t, t a closed term

st f ∧ st z → st(fz)

Formulas which do not have instances of st, ∀st, or ∃st are said to be internal. We represent internal
formulas by lower-case Greek letters. External formulas are the ones which are not internal. We represent
possibly external formulas by upper-case Latin letters.

The internalization of a formula A is obtained by replacing in A every instance of st t by t = t, every
instance of ∀st by ∀, and every instance of ∃st by ∃. The fact that the internalizations of the axioms of
E-HAω∗

st are provable in E-HAω∗ tells us that E-HAω∗
st is a conservative extension of E-HAω∗.

The end-star type

Our interpretation makes use of a specific kind of type, the end-star type. We say that σ is an end-star type
if there is a natural number k ≥ 0 and types ρ1, . . . , ρk, τ such that:

σ = ρ1 → · · · → ρk → τ∗

We are going to need to compare terms of end-star type. The following is an idea due to Fernando
Ferreira, which works for our interpretation in a very elegant way. Given a tuple of types ρ = ρ1, . . . , ρk, a
type τ , and terms f, g of end-star type ρ1 → · · · → ρk → τ∗:

f vρ,τ g :≡ ∀xρ fx ⊆τ gx

In the case where ρ is the empty tuple, vρ,τ reduces to ⊆τ . The relation vρ,τ is reflexive and transitive.
We can now define terms akin to ∪ and

⋃
, only for inputs of end-star type instead of star type:
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1. tρ,τ of type (ρ1 → · · · → ρk → τ∗)→ (ρ1 → · · · → ρk → τ∗)→ (ρ1 → · · · → ρk → τ∗), defined as:

tρ,τ := λ tρ1→···→ρk→τ
∗
, uρ1→···→ρk→τ

∗
. (λxρ . (tx) ∪ (ux))

We write t t u instead of ttu.

2.
⊔
σ,ρ,τ of type (σ → ρ1 → · · · → ρk → τ∗)→ σ∗ → (ρ1 → · · · → ρk → τ∗), defined as:⊔

σ,ρ,τ := λ fσ→ρ1→···→ρk→τ
∗
, tσ

∗
. (λyρ .

⋃
x∈t fxy)

We write
⊔
x∈t fx instead of

⊔
ft.

It is possible to prove the following properties about t and
⊔

:

1. x v t ∨ x v u→ x v t t u

2. y ∈ t ∧ z v fy → z v
⊔
x∈t fx

3.2 The Hst-interpretation

We now introduce an adaptation of Gödel’s dialectica interpretation for nonstandard arithmetic: the her-
brandised functional interpretation, or Hst-interpretation. It is heavily based in Van den Berg, Briseid, and
Safarik’s Dst-interpretation introduced in Section 5 of [2]. The main difference is in the treatment of the ex-
istentially quantified variables of the interpreting formulas. While Van den Berg et al. require these variables
to be of star type, here we just require them to be of end-star type.

There is another small difference: here we change the clause for the disjunction. We do this in order to be
able to do the verification of the soundness theorem intuitionistically. In [2], the step for the expansion rule
of the proof of the soundness theorem for the Dst-interpretation, though classically true, does not seem to
hold in E-HAω∗. This was pointed out by Fernando Ferreira, after wondering about the dissimilarity between
the disjunction clauses of the Dst-interpretation, and the bounded functional interpretation [10], when the
other clauses are so strikingly similar.

Definition 3.1 (Hst-interpretation). The Hst-interpretation associates to each formula A of E-HAω∗
st a

formula AHst of the form:
AHst ≡ ∃st x ∀st y αHst

(x,y)

with the same free variables and in the same language as A. The (possibly empty) variable tuples x and y
and their types are uniquely determined by the logical structure of A. It is important that these variables
do not appear free in A. Furthermore, αHst is an internal formula.

The definition proper is given below. The sub-formulas inside square brackets are the internal formulas
corresponding to the αHst

above.

• αHst :≡ αHst
:≡ α for internal atomic formulas α

• (st z)Hst :≡ ∃st z′ [z ∈ z′]

Given the interpretations AHst ≡ ∃st x ∀st y αHst
(x,y) and BHst ≡ ∃st u ∀st v βHst

(u,v):

• (A ∧B)Hst :≡ ∃st x,u ∀st y,v [αHst(x,y) ∧ βHst(u,v)]

• (A ∨B)Hst :≡ ∃st x,u ∀st y′,v′ [∀y ∈ y′ αHst
(x,y) ∨ ∀v ∈ v′ βHst

(u,v)]

• (A→ B)Hst :≡ ∃stU ,Y ∀st x,v [∀y ∈ Y xv αHst(x,y)→ βHst(Ux,v)]

• (∀ z A(z))Hst :≡ ∃st x ∀st y [∀ z αHst
(x,y, z)]

• (∃ z A(z))Hst :≡ ∃st x ∀st y′ [∃ z ∀y ∈ y′ αHst(x,y, z)]

• (∀st z A(z))Hst :≡ ∃stX ∀st z,y [αHst
(Xz,y, z)]

• (∃st z A(z))Hst :≡ ∃st x, z′ ∀st y′ [∃ z ∈ z′ ∀y ∈ y′ αHst(x,y, z)]
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The Hst-interpretation has a useful property of monotonicity. Let AHst ≡ ∃st x ∀st y αHst(x,y). Then x
are of end-star type, which can be easily seen by induction on the logical structure of A and the definition of
the Hst-interpretation. Furthermore, for fixed y, αHst

(x,y) is monotone on x. This means that:

∀x′ (x v x′ ∧ αHst
(x,y)→ αHst

(x′,y))

In other words, if x is a witness for the external, existential statements in AHst , then a “bigger” x′ is also a
witness.

From the monotonicity of αHst
, as well as from the properties of {·},∪,

⋃
,t and

⊔
mentioned before, it

is possible to prove a soundness theorem for the Hst-interpretation:

Theorem 3.2 (Soundness of the Hst-interpretation). Let A be an arbitrary formula of the language of
E-HAω∗

st , possibly with free variables, such that AHst ≡ ∃st x ∀st y α(x,y). Furthermore, let ∆∀st be a
collection of formulas of the form ∀st z ϕ(z), and ∆int

∀st their internalizations (i.e., the corresponding formulas
∀ z ϕ(z)). Suppose:

E-HAω∗
st + Iω + NCRω + HACω + HGMPωst + HIPω∀st + ∆∀st ` A

Then there are closed terms t, which can be extracted from a proof of A, such that:

E-HAω∗ + ∆int
∀st ` ∀y α(t,y)

The characteristic principles of the Hst-interpretation mentioned in the soundness theorem are the ideal-
ization (Iω), the non-classical realization (NCRω), the herbrandised axiom of choice (HACω), the herbrandised
generalized Markov’s principle (HGMPωst), and the herbrandised independence of premise for formulas of the
form ∀st z ϕ(z) (HIPω∀st). Their definitions can be found in [2].

From the soundness theorem, we get as corollary the conservativity of E-HAω∗
st + Iω + NCRω + HACω +

HGMPωst + HIPω∀st over E-HAω∗, as well as a program extraction theorem:

Theorem 3.3 (Program extraction by the Hst-interpretation). Let ∀st x ∃st y ϕ(x, y) be a sentence in the
language of E-HAω∗

st , with ϕ internal. Furthermore, let ∆∀st and ∆int
∀st be as in Theorem 3.2. Suppose:

E-HAω∗
st + Iω + NCRω + HACω + HGMPωst + HIPω∀st + ∆∀st ` ∀st x ∃st y ϕ(x, y)

Then there is a closed term t such that:

E-HAω∗ + ∆int
∀st ` ∀x ∃ y ∈ tx ϕ(x, y)

It is also possible to prove a characterization theorem for the Hst-interpretation:

Theorem 3.4 (Characterization theorem for the Hst-interpretation). For all formulas of the language of
E-HAω∗

st :
E-HAω∗

st + Iω + NCRω + HACω + HGMPωst + HIPω∀st ` A↔ AHst

From the characterization theorem we can prove as corollary that the countable saturation principle,
CSATω, is weak intuitionistically:

Theorem 3.5. E-HAω∗
st + Iω + NCRω + HACω + HGMPωst + HIPω∀st ` CSATω.

This result was already obtained in [3], but using the characterization theorem of the Dst-interpretation
of Van den Berg et al., instead of the characterization theorem of the Hst-interpretation.

3.3 The Sst-interpretation

Dinis and Ferreira [8] have presented the Sst-interpretation for primitive recursive nonstandard Peano arith-
metic, which follows the same spirit as the Hst-interpretation. However, terms of end-star type are curiously
never needed in the classical case. We were able to extend their interpretation to full nonstandard Peano
arithmetic, and prove a characterization theorem.

Van den Berg et al. also describe an Sst-interpretation for a classical version of E-HAω∗
st in Section 7 of

[2], but theirs is slightly different and not monotone.
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4 A note on Weihrauch reducibility

In this Section we look at something different from the focus of the previous Sections: Weihrauch reducibility.
This is a relation between multi-valued operations first introduced by Klaus Weihrauch in [30, 31], and later
modified to its modern definition by Gherardi and Marcone [13]. It has been used in logic to find which
theorems can be computationally reduced into which other (see, for example, [4, 5, 6, 13]). To deal with this,
we look at theorems as multi-valued operations. In particular, theorems of the form:

∀x ∃ y A0(x, y)

are good candidates to see as multi-valued operations, since to every x it’s possible to assign at least a y such
that A0(x, y).

We start with a short introduction to Weihrauch reducibility between multi-valued operations. To simplify,
we are only going to talk about total functions and multi-valued operations from NN to NN. These functions
can be though of as functions from R to R. We say that such a function is computable if there exists a
type-two Turing machine which computes it. For more details about computable analysis, see [32].

It can be useful to know specific representatives of the output of a given multi-valued operation. In other
words, to have a function which realizes a given multi-valued operation. Formally, we say that the function
F : NN → NN is a realizer of the multi-valued operation f : NN ⇒ NN, in symbols F ` f , if for all p ∈ NN we
have:

F (p) ∈ f(p)

We can now define what we mean by Weihrauch reducibility. Let f, g : NN ⇒ NN be multi-valued
operations. We say that f Weihrauch-reduces to g, in symbols f ≤W g, if there exist computable functions
H,K : NN → NN such that:

∀G ` g ∃F ` f ∀ p ∈ NN F (p) = H(p,G(K(p)))

It is interesting to ask which multi-valued operations Weihrauch-reduce to which others. If we see
∀∃-formulas as multi-valued operations, we can also ask which formulas Weihrauch-reduce to which other.
What follows is a technique to prove that a ∀∃-formula Weihrauch-reduces to another one, with the help of
the dialectica interpretation.

Type 1 is the same as 0→ 0, and hence it’s the appropriate type to represent NN, assuming we are in the
set theoretical model. Let A0(x1, y1) and B0(z1, w1) be quantifier-free arithmetical formulas. These formulas
are unchanged by the dialectica interpretation. Consider the formulas ∀x ∃ y A0(x, y) and ∀ z ∃wB0(z, w)
and the multi-valued operations associated with them:

A : NN ⇒ NN such that A(x) = {y |A0(x, y)}
B : NN ⇒ NN such that B(z) = {w |B0(z, w)}

Now suppose:
∀x ∃ y A0(x, y)→ ∀ z ∃wB0(z, w) (4.1)

Then it would be reasonable to wonder whether B≤WA. After all, this is just a precise way of stating that
we are able to “solve” B after already knowing how to “solve” A. That’s what it means to reduce one problem
to another. We will see that it is indeed possible to prove a result to this effect, albeit in a roundabout way.

We start by taking the (classically equivalent) contrapositive of (4.1):

∃ z ∀w¬B0(z, w)→ ∃x ∀ y ¬A0(x, y) (4.2)

and assuming that we can prove its dialectica interpretation:

∃X1→1,W 1→1→1 ∀ z1, y1 (¬B0(z,Wzy)→ ¬A0(Xz, y)) (4.3)

giving computable witnesses X,W to that effect.
To prove (4.3) constructively, we can proceed either directly, or via the soundness theorem of the dialectica

interpretation. The latter option seems better, but then we would need a constructive proof of (4.2), which
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in general we don’t have. For now we proceed on the assumption that such a proof exists and that we have
access to the witnesses X and W . We want to use these witnesses to prove B≤WA.

Let A : NN → NN be a realizer of A. In other words, such that for all x ∈ NN we have:

A(x) ∈ A(x)

or equivalently

A0(x,A(x))

Consider B such that for every z ∈ NN we have B(z) = tW (z,A(tX(z))), where tX : NN → NN is the
semantic interpretation of X and tW : NN × NN → NN is the semantic interpretation of W . Both tX and tW
are computable functions. We claim that B is a realizer of B, hence showing B≤WA as desired. To see this,
choose arbitrary z ∈ NN. From (4.3), after having fixed X and W , we can instantiate z := z and y := A(Xz),
thus obtaining:

¬B0(z,Wz(A(Xz)))→ ¬A0(Xz,A(Xz))

Taking the (classical) contrapositive of the previous expression, and from the fact that A is a realizer of A,
we are able to conclude:

B0(z,Wz(A(Xz)))

which is precisely the statement that B realizes B, seeing as we took z to be arbitrary.
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