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Abstract

Non-orthogonal multiple access (NOMA) recently became a prominent candidate for next generation
wireless systems when dense networks are envisaged due to its ability to further enhance the overall spec-
tral efficiency. In NOMA the signals are separated at the receivers taking in consideration their different
power levels. NOMA as been much studied in the literature from an information-theoretic perspective
in terms on capacity and outage probability. This dissertation looks at two system configurations for
downlink multiuser MIMO systems and compares both via traditional numerical simulation. In the first
system no beamforming precoding is made at the base-station. Users are clustered into MIMO beams
and NOMA is used within each cluster, where successive interference cancellation (SIC) is used at each
terminal to separate the NOMA signals. Inter-cluster interference is dealt with by linear filtering at the
terminals, as in MIMO multiuser systems. Some of the practical limitations of SIC are highlighted and
precise examples of that are given. In the second system, a Karhunen-Loève decomposition is applied
assuming that the users are grouped into clusters that share the same correlation matrix that varies
slowly along, and for that reason precoding is made possible along with the use of massive MIMO at
the base-station. While the first system requires a larger number of antennas at the terminals than the
ones of the base-station, in the precoded system, that limitations is waived and massive MIMO is used.
Keywords: Non-orthogonal multiple access, successive interference cancellation, linear inter-cluster

1. Introduction

One of the goals for the the Fifth Generation of mo-
bile communications is to increase by a factor of one
thousand the system’s capacity in comparison with
the current standard LTE-Advanced [2]. LTE’s ca-
pacity has mostly grown due to carrier aggregation
at the expense of higher system’s complexity, and
this is to be avoided in 5G. On a related front,
increasing the number N of OFDM subcarriers is
limited by the fact that the amplification of basic
small errors (e.g., frequency offsets and imperfect
synchronization) is not independent of the number
of subcarriers and grows according to log(N) [13].

The key technologies to be part of physical layer
in the upcoming system are massive MIMO [3], in-
band full-duplex [8], and non-orthogonal multiple
access (NOMA), separating users in the power do-
main, which is the focus of this dissertation. In
fact, the most simple version of NOMA has already
been included in LTE-A release 13 to support only
two users sharing the same frequency and time re-
sources, named multi-user superposition transmis-
sion (MUST) [6].

An information-theoretic analysis of NOMA in
wireless communications shows that it’s capacity
surpasses the ones of conventional orthogonal mul-

tiple access schemes [9]. However, the capacity of
each user is largely dependant on the its power
allocation coefficient, and therefore dependent on
the individual channel gains. Moreover, the water-
filling although being optimal from the system’s to-
tal throughput, may lead to highly unfair allocation
of the system’s capacity to users with bad channels.
In [11] the authors tackled this problem imposing
restrictions in the power allocation algorithm.

This dissertation considers two system model
that have been proposed by Ding et al. in [5], which
has also been recently analyzed in [9] and the sys-
tem proposed by Ding et al. in [7]. In both system
models the users are grouped in clusters, with the
signals for each cluster being separated at the termi-
nals in the spatial domain using MIMO processing
(with the restriction that the number of antennas
at the terminals is least equal to the number of an-
tennas at the transmitter), and with intra-cluster
multiple access applying NOMA with SIC detec-
tion. The results presented in this dissertation are
obtained not from an information-theoretic point of
view, as it has been traditional in the NOMA liter-
ature, but rather via numerical system simulation.
To the best of our knowledge, comprehensive sim-
ulation results are presented for the first time for
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multiuser NOMA systems with more than just two
users.

2. System model without precoding
Consider a downlink multi-user MIMO system with
M antennas at the BS and N ≥M antennas at each
user similar to the one in [5]. To apply the NOMA
concept, users will be grouped in M clusters of K
users each. The BS transmits the signal x

x = Ps̃, (1)

where P is the M×M precoding matrix, which will
be chosen to be the identity matrix, given that in
this chapter no precoding will be considered at the
BS and, therefore, the users do not have to feedback
their channel state information (CSI) to the BS.
The symbols to be transmitted from the BS can be
represented in a matrix S ∈ CM×K .

S =

 s1,1 , · · · , s1,K...
sM,1 , · · · , sM,K

 . (2)

The vector s̃ ∈ CM×1, which is effectively the vector
that is transmitted from the BS to the users, is:

s̃ =

 α1,1s1,1 + · · ·+ α1,Ks1,K
...

αM,1sM,1 + · · ·+ αM,KsM,K

 , (3)

where sm,k ∈ C is the BPSK or QAM symbol to
be transmitted to the k-th user in the m-th clus-
ter and the coefficient α2

m,k ∈ [0, 1] defines the
power allocation for the k-th user in the m-th clus-
ter. This system can be seen as a multi-user MIMO
(MU-MIMO) (broadcast channel) where each clus-
ter plays the role of an aggregated ”super-user”, and
later the information to each one of the users within
each cluster is distilled from the symbol that was
sent to the cluster. The set of power coefficients is
selected having in consideration the following power
constraint [5]:

K∑
k=1

α2
m,k = 1. (4)

This condition guarantees that, for example, the
power from the superimposed signal, assuming that
all symbols are BPSK, is the same as just one BPSK
symbol. Note that NOMA will be applied in each
cluster, hence, in the worst case, a user will have to
decode K − 1 signals from other users with higher
power allocation coefficients than its own.

The signal received at the k-th user in the first
cluster is:

y1,k = H1,ks̃ + n1,k, (5)

where H1,k ∈ CN×M is the Rayleigh fading matrix
from the BS to the k-th user in the first cluster

and n1,k ∼ CN (0, σ2
n) ∈ C1×K is the unit power

additive white Gaussian noise vector for the first
cluster. Note that this noise is generated by a ran-
dom variable taken from an independent circularly
symmetric complex Gaussian distribution with zero
average and variance σ2

n. The matrix H1,1 ∈ CN×M
is the channel matrix for the first user in the first
cluster:

H1,1 =

h
1,1
, · · · ,h

1,M

...
h

N,1
, · · · ,h

N,M

 . (6)

In each user, the signal H1,ks̃ + n1,k will be mul-
tiplied by the detection vector, leading to:

vH
1,ky1,k = v1,k

HH1,ks̃ + VH
1,kn1,k, (7)

where v1,k
H denotes the Hermitian transpose of

v1,k. This relation can be expanded, knowing that
in the first cluster one is interested only in the sum
α1,1s1,1 + · · ·+ α1,Ks1,K :

vH
1,ky1,k =

= vH
1,kH1,k(α1,1s1,1 + · · ·+ α1,Ks1,K) + · · ·+

M∑
l=2

vH
1,kH1,ks̃\1 + vH

1,kn1,k,

(8)

where s̃\1 ∈ CM−1×1 denotes the vector s̃ without
the contribution of the signals from the first clus-
ter. The aim is to eliminate the inter cluster inter-
ference

∑M
m=2 v

H
1,kH1,ks̃\1 in the first cluster, such

that NOMA detection can be performed on the re-
maining signal. In short, the problem amounts to
having:

vH
m,kHi,k = 0, (9)

for any i 6= m. The matrix H̃m,k ∈ CN×M−1 is
built by removing the m-th column of the matrix
Hm,k. The problem can now be rewritten as:

vH
m,k

[
h1,ik · · ·hm−1,ik hm+1,ik · · ·hM,ik︸ ︷︷ ︸] = 0,

H̃i,k

(10)
where hm,ik ∈ CN×1 is the m-th column of the Hi,k

matrix. It is clear from equation (10) that vH
m,k ∈

CN×1 must belong to a space that is orthogonal to
H̃i,k. Let us expand the matrix H̃m,k into its SVD
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decomposition for the case M = N :

H̃i,k =


U1,1 U1,2 . . . U1,N−1 U1,N

...
...

UN,1 UN,2 . . . UN,N−1 UN,N︸ ︷︷ ︸
Ũi,k



×


λ1 0 . . . 0 0
0 λ2 . . . 0 0
. . .
0 0 . . . λmin(M,N) 0
0 0 . . . 0 0

vT

(11)
Note that the matrix with the eigenvalues of H̃i,k

has a row of zeros at the bottom. This happens
because, even if M = N , after removing a column
from Hm,k to create H̃i,k , the matrix becomes tall
and, after the SVD decomposition, it always leads
to an eigenvalue matrix that has at least one row of
zeros on the bottom. In general, there will be (M−
N)+1 rows of zeros in the eigenvalues matrix. Note
that the column highlighted in (11) (which in the
general case is a matrix), Ũi,k ∈ CN×(N−M−1), does

not contribute at all to H̃i,k since it is multiplied
by the row of zeros, thus, it spans in fact a space
orthogonal to H̃i,k. Now, one could use vm,k =
Ũi,i

‖Ũi,k‖
as the detection matrix, but based on the

maximum ratio combining (MRC) approach, it can
project the hm,ik column onto the orthogonal space

using a projection matrix PU = Ũi,kŨ
H
i,k, choosing:

vm,k = Ũi,k

ŨH
i,khm,ik

‖ŨH
m,i,khm,ik‖

. (12)

Note that this MRC is done per cluster (maximis-
ing the SNR at one single antenna) and the inter-
cluster interference is eliminated because (12) fulfils
the requirement of (9). This matrix is the reason
why N ≥M antennas are needed at each user, oth-
erwise the H̃i,k matrix is fat instead of being tall
and thus there is no orthogonal space spanned by
the columns of Um,k, the left matrix in (11). With-
out loss of generality, continuing to focus on the
first cluster, the channel gains of the users in the
first cluster should be be ordered in this manner:

‖vH
1,1H1,1‖2 ≥ · · · ≥ ‖vH

1,kH1,k‖2, (13)

which is equivalent to sorting the power allocation
coefficients as:

α1,1 ≤ · · · ≤ α1,k. (14)

It should note that the norms in (13) are taken from
vectors where all but one elements are zero. Note
that this ordering happens within each cluster, and

all clusters are statistically identical. The detection
process to be applied will be ZF:

ỹ1,k = (vH
1,kH1,k)

−1vH
1,kH1,k(α1,1s1,1 + · · ·+

α1,Ks1,K) + (vH
1,kH1,k)

−1vH
1,kn1,k =

= (α1,1s1,1 + · · ·+ α1,K) + (H1,k)
−1n1,k

(15)

3. The Limitations of successive interference
cancellation Detection

In systems where only two users are multiplexed in
the power domain, which is the case analysed in al-
most all the NOMA literature, SIC performs quite
well. Unfortunately, as it will be seen in section 4,
with more than two users, SIC rapidly starts mal-
functioning. This section looks at this phenomenon
with some examples.

One starts by taking the example of a case with
three users transmitting the bits sm,1 = +1, sm,2 =

+1, sm,3 = −1, with αm,1 =
√

1
6 , αm,2 =

√
1
3 and

αm,3 =
√

1
2 and no noise is added. In the first

iteration the receiver decides for a positive sm,1,

given that
√

1
6 +

√
1
3 −

√
1
2 > 0, even though the

bit with the largest power is −1. In such situation
the second bit to be decoded is guaranteed to also
be wrongly detected due to error propagation, i.e.,

subtracting
√

1
2 from s̃1 leads to a negative value:√

1
6 +

√
1
3 −

√
1
2 −

√
1
2 < 0, which causes the sec-

ond bit to be decoded as a −1, when a +1 had been
transmitted. This type of events leads to a disas-
trous performance of the SIC receiver with more
than two users.

When using higher modulation schemes such as
16-QAM or 4-pulse amplitude modulation (PAM),
this type of error propagation, even in the absence
of noise, happens even more frequently. Consider
one further example, now with two users using 16
QAM: take sm,1 = 3 − j and sm,2 = −1 − j and

αm,1 =
√

1
4 and αm,2 =

√
3
4 , also without noise.

Disregarding the complex part, the real part of s̃1

will be positive, as 3×
√

1
4 >

√
3
4 . This means that

the real part of the first symbol decoded is positive,

in this case it will be +1, since 3×
√

1
4−

√
3
4 ≈ 0.63,

however, the real part of the symbol transmitted is
−1, so the symbol will be misinterpreted.

It is important to note that this problem becomes
significantly worse when QAM is used instead of
BPSK because with QAM symbols it is not suf-
ficient that the highest alpha is greater than the
sum of all the remaining (less powerful) alphas, as
in the multi-user problem that was explained using
BPSK. For these higher-order modulations, a dis-
tribution for the power allocation coefficients that
leads to correctly decodable symbol sets allowing

3



more than two users is not known. It is important
to understand the relation that the power allocation
coefficients need to satisfy in order to this particu-
lar simulation to be decodable, namely, how much
smaller the first alpha needs to be in respect to the
second and so forth.

A simulation for two users using two different
QAM constellations will be later shown. In these
cases, the decision region between two points has
Euclidean distance d = 2 in standard QAM mod-
ulations. As it is well-known, maximum likelihood
(ML) decisions will lead to errors when deciding
for points where the real or quadrature components
deviated by more than d

2 from the correct constella-
tion point. In NOMA systems this distance will be
reduced by the factor α1. Consider for example the
outer symbol 3 + 3i of a standard 16-QAM constel-
lation, whose real and imaginary components of s̃1
after applying the power coefficients become 3 α1.
Hence, one needs to have α1 <

1
3α2. Later, when

simulating a multi-user scenario with five users,
BPSK will be the only modulation used by each
user, precisely due to these limitations for higher
modulation schemes.

For SIC detection to be possible with BPSK, the
following constrain needs to be imposed:

αm,k >

K−1∑
k=1

αm,k, (16)

for users 1 ≤ k ≤ K in the i-th cluster. It should be
noted though that this relation disregards fairness.
To minimise this problem, it will apply a simple rule
where:

αm,k−1 = 0.5× αm,k, (17)

and since
∑N
k=1(1/2)k (which is the geometric pro-

gression of ratio 1/2 deprived from its first term)
tends to 1 as N tends to infinity, the restriction
(16) will be fulfilled and the lower users in the de-
coding order will be allocated the maximum possi-
ble power. A similar strategy was proposed in the
context of visible light communications (VLC) us-
ing decaying factors 0.3 and 0.4 instead of 0.5 [10]
(and thus not taking fairness into equation).

4. Numerical Results
This section presents the simulation results for a
number of multi-user NOMA scenarios. The two-
user case is assessed with BPSK and with different
QAM modulations and the case of five users using
BPSK is assessed. The results are depicted in Fig-
ures 1, 2 and 3.

One interesting result that emerges is that the
performance results show in some cases two distinct
regimes, depending on the SNR. One could naively
think that the user with an highest power alloca-
tion coefficient would experience a lower symbol er-
ror rate (SER) than the other user. In fact, this

SNR (dB)

-5 0 5 10 15 20

S
E
R

10
-5

10
-4

10
-3

10
-2

10
-1

10
0

Lowest alpha, best channel

Highest alpha, worst channel

Figure 1: SER curves for two users per cluster with
BPSK modulation. M=2, N=3 and K=2.
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Figure 2: SER curves for two users per cluster with
BPSK modulation in the first user and 16-QAM
modulation in the second user. M=2, N=3 and
K=2.
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Figure 3: SER curves for two users with 16-QAM
modulation in the first user and 64-QAM modula-
tion in the second user. M=2, N=3 and K=2.

is only true in the low SNR regime and not even
in all cases. Consider that user 1 is the one with
the lowest power allocation coefficient and user 2
the highest one. In the high SNR regime, both re-
ceivers experience low noise, nevertheless, user 1 has
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a channel with a larger gain than the one that user
2 experiences. Moreover, user 2 also has to deal
with an increased noise level due to the superim-
posed interference signal intended to user 1, even
when the noise tends to zero. The limitation due to
this interference explains why user 1, with a better
channel and a lower power allocation, holds a better
SER at high SNR.

At low SNR, because user 1 has to firstly decode
the symbol intended to user 2, the errors will prop-
agate to the detection of its own symbol, degrading
its SER while user 2 does not suffer any degrada-
tion. This explains why in Figures 1 and 3, user 2
surpasses the SER of user 1 in the low SNR regime.

As expected, when using higher modulation
schemes, the performance degrades given that,
when maintaining a normalised unit power, they
hold a shorter Euclidean distance between symbols.
It can also be noted than when the modulation of
user 1 is a simple BPSK and user 2 uses a QAM
modulation (see Figure 2 ), the dual regime does not
appear since at low SNR the errors that could prop-
agate and influence the detection of user 1 signal
are not meaningful, because when detecting BPSK
there are only two detection regions: above or be-
low 0. This does not occur in Figure 1 since both
users are using BPSK.

In general, the robustness of the systems is chiefly
defined by the relations between the power coeffi-

cients. In Figures 1 and 2, α1 =
√

1
4 and α2 =

√
3
4

were used in order to compare with the results in

Figure 1 in [5]. In Figure 3, it has α1 =
√

1
17 and

α2 =
√

16
17 which were used to comply with restric-

tions (4) and (16). Comparing the first simulation
with Figure 1 in [5], it sees that the SER results
are effectively bounded by the outage probability,
as expected. For the five user simulation, the users
are ordered as in figure 4. The users that are

Figure 4: A five user MIMO-NOMA system with
users sorted according to their channel gain.

close to the base station (and thus having a better
channel coefficient) being numbered from 1 to 5 and
having a lower power allocation coefficient to main-
tain fairness. In Figure 5, one can observe that the
users with higher power allocation coefficients have
a better (lower) SER at low SNR and then worse
performance at high SNR. The αm,k were obtained
by using the set {1, 2, 4, 8, 16}, normalized by its
sum

√
341, in order to comply with equation (4).

With six users and similar power allocations coeffi-
cients, αm,1 becomes too small, and user 1 is much
affected in a noise detection, with a SER > 0.5 for
SNR = 10 dB, which was chosen as the limit for
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Figure 5: SER curves for five users per cluster with
BPSK modulation. M=2, N=2 and K=5. User
5 has the highest power allocation coefficient and
the lowest channel gain. User 1 has the lowest
power allocation coefficient and the largest chan-
nel gain. (αm,1 = 0.0542, αm,2 = 0.1083, αm,3 =
0.2166, αm,4 = 0.4332, αm,5 = 0.8664).

which the simulations are run.

5. Massive MIMO Model

The previous model could not use massive MIMO
at the BS due to the restrictions imposed by (12),
where the detection vector required N ≥M . How-
ever, it is intuitive that when doing the ZF of the
inter-cluster interference at the receivers, that con-
dition does not need to hold true. That is the theory
Ding et al. have presented in [7]. Consider a sce-
nario similar to the previous one, where one base
station with M antennas is communicating with
multiple users, each of which with N antennas, but
now it will be considered that M >> N with a
massive MIMO BS. The users are separated into L
clusters with L 6= M , and in each cluster there are
K different users, with different channel matrices,
but all sharing the same spatial correlation matrix,
denoted by Rl. Using the Karhunen-Loève decom-
position [1, 4], the k-th user in the l-th cluster can
have its channel matrix decomposed as:

Hl,k = Gl,kΛ
1
2

l Ul, (18)

where Gl,k ∈ CM×M denotes a fast fading com-
plex Gaussian matrix, Λl ∈ CM×M is a diagonal
matrix that contains the eigenvalues of Rk and
Ul ∈ CM×M is a matrix that contains the eigen-
vectors of Rl, meaning that

Rl = UH
l ΛlUl = E{HH

l,kHl,k}, (19)

given that a correlation matrix is always symmetric.
However, Rl is only going to have rl non-zero eigen-
values, where rl is the rank of Rl. The Λl matrix
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has the form:

Λl =


0 0 . . . 0 0 0
. . .
0 0 . . . λM−rk,M−rk 0 0

0 0 . . . 0
. . . 0

0 0 . . . 0 0 λM,M

 ,
(20)

and thus can be reduced to a rl × rl matrix, mak-
ing Gl,k a M × rl matrix and Ul a rl × M ma-
trix. The Karhunen-Loève decomposition is useful
because, while the CSI-T concerning the fast fading
matrix Gl,k is hard to get at the BS, the Rl matrix
represents the channel correlation and thus varies
slowly, so it is reasonable to assume that the BS
has easier access to Rl. The BS will send the M×1
NOMA superimposed symbol

S =

L∑
l=1

Pl

K∑
k=1

wlαl,ksl,k, (21)

where sl,k is the modulated symbol to be transmit-
ted to the k-th user in the l-th cluster, αl,k is the
power allocation coefficient for the k-th user in the
l-th cluster that fulfils the previous model condi-
tion of

∑K
k=1 α

2
l,k = 1, wl = [0 · · · 0 1 0 · · · 0]T is

the M̃l × 1 precoding vector that has a 1 in the
l-th position. The number of effective antennas
M̃l = (M − rl(L − 1)) and, Pl is the M × M̃l pre-
coding matrix of the l-th cluster that is used to
eliminate inter-cluster interference. The k-th user
in the l-th cluster will observe the following:

yl,k = Gl,kΛ
1
2

l Ul

L∑
l=1

Pl

K∑
k=1

wlαl,ksl,k + nl,k, (22)

where nl,k is the noise value for the k-th user in the
l-th cluster. By looking at equation (22), the pre-
coding matrix Pl will need to satisfy the following
constrain to eliminate inter cluster interference:

[UH
1 · · ·UH

l−1U
H
l+1 · · ·UH

L ]HPl = 0. (23)

Since [UH
1 · · ·UH

l−1U
H
l+1 · · ·UH

L ]H is always going
to be a fat matrix (and thus has always a defined
nullspace), Pl will simply be chosen as:

Pl = Null([UH
1 · · ·UH

l−1U
H
l+1 · · ·UH

L ]H). (24)

Using Pl in (24), (22) can be simplified to:

yl,k = Gl,kΛ
1
2

l UlPl

K∑
k=1

wlαl,ksl,k + nl,k. (25)

Let us specify (25) for the case of l = 1 and k = 2
and analyse the signal received by the first user:

y1,1 = G1,1Λ
1
2
1U1P1w1(α1,1s1,1 + α1,2s1,2) + n1,1.

(26)

Note that the information from all the users infor-
mation is being carried by a M̃l× 1 vector that has
the form:

[α1,1s1,1 + α1,2s1,2 0 · · · 0]T , (27)

and this vector is then multiplied by the matrix

G1,1Λ
1
2
1U1P1 whose dimensions are N ×M̃ . Let us

call cn,m̃ to the elements of this matrix. Disregard-
ing noise, this can be written as: c1,1 c1,2 . . . c1,M̃−1 c1,M̃

...
...

cN,1 cN,2 . . . cN,M̃−1 cN,M̃

×
α1,1s1,1 + α1,2s1,2

...
0

 ,
(28)

so, only the first column of G1,1Λ
1
2
1U1P1 is going

to influence the received N × 1 vector y1,1. This
leads to an MRC detection of a column vector, i.e.,
the detection is performed by an ”inverse vector”
in the following manner:

ỹ1,1 = (G1,1Λ
1
2
1U1P1w1)−1×

[G1,1Λ
1
2
1U1P1w1(α1,1s1,1 + α1,2s1,2) + n1,1] =

(α1,1s1,1 + α1,2s1,2) + (G1,1Λ
1
2
1U1P1w1)−1n1,1.

(29)
Comparing figures ?? and ?? with figures 1 and

2, one can see that they are identical. To under-
stand why this happens one needs to look at equa-

tions (29) and (15). Noting that G1,1Λ
1
2
1U1 =

H1,1 (Karhunen-Loève decomposition) and that
‖vm,k‖ = ‖P1‖ = 1, one sees that both equations
are equivalent in terms of the ratio between the sig-
nal power and noise power.

6. Rate and capacity analysis
The conclusion that NOMA outperforms than cur-
rent orthogonal schemes in terms of rate has al-
ready been given in [12]. However, these results are
only obtained for single antenna systems and, in
this chapter, taking the system with no precoding
and with two users per cluster analysed in chapter
2, the results for MIMO-NOMA will be obtained in
order to see if the conclusions can be extended to
the MIMO-NOMA case.

As in equation (14) from [5], the SINR for the
k-th user in the m-th cluster can be written as:

SINRm,k =
ρ‖vH

m,kHm,k‖2α2
m,k

ρ
∑K
l=1,l 6=k ‖vH

m,kHm,k‖2α2
m,l + ‖vm,k‖2

,

(30)

where ρ =
σ2
x

σ2
n

is the SNR, with σ2
x being the vari-

ance of the signal and σ2
n being the variance of the
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unit power additive white Gaussian noise. Noting
that ‖vm,k‖2 = 1 and

∑K
l=1,l 6=k ‖vH

m,kHm,k‖2α2
m,l =

0, for k = 1, (30) can be written for the case of user
1 as:

SINRm,1 = ρ‖vH
m,1Hm,1‖2α2

m,1, (31)

and, taking into account that∑K
l=1,l 6=k ‖vH

m,kHm,k‖2α2
m,l = ‖vH

m,2Hm,2‖2α2
m,1 for

k = 2 it can be further written as:

SINRm,2 =
ρ‖vH

m,2Hm,2‖2α2
m,2

ρ‖vH
m,2Hm,2‖2α2

m,1 + 1
. (32)

With these expressions, one can now formulate the
equations for the rates of the two NOMA users. The
rate for the first user of the m-th cluster, after it de-
codes and removes the signal from the second user,
is bounded by:

RMIMO−NOMA
m,1 ≤ log2(1 + ρ‖vH

m,1Hm,1‖2α2
m,1),

(33)
and the achievable rate for the second user in the
m-th cluster is bounded by:

RMIMO−NOMA
m,2 ≤ log2(1+

ρ‖vH
m,2Hm,2‖2α2

m,2

ρ‖vH
m,2Hm,2‖2α2

m,1 + 1
).

(34)

Now, in order to compare MIMO-NOMA to
MIMO-OMA, one now also needs to have expres-
sions for the OMA rates as well. In orthogonal
schemes there is a splitting of resources (time or
frequency) between users. Let us define β as the
fraction of resources allocated to the second user in
the m-th cluster, and hence 1 − β is the fraction
allocated for the first user. Further, consider that
γρ
β , with the power allocation coefficient 0 ≤ γ ≤ 1,

is the SNR of the second user and hence, (1−γ)ρ
1−β is

the SNR for the second user. Now, the rate of the
first user is bounded by:

RMIMO−OMA
m,1 ≤ (1−β) log2(1+

(1− γ)ρ‖vH
m,1Hm,1‖2

1− β
),

(35)
and the rate of the second user is bounded by

RMIMO−OMA
m,2 ≤ β log2(1+

γρ‖vH
m,2Hm,2‖2

β
). (36)

By applying Jensen’s inequality, the following up-

per bound can be established:

RMIMO−OMA
m,1 +RMIMO−OMA

m,2 ≤

≤ (1− β) log2(1 +
(1− γ)ρ‖vH

m,1Hm,1‖2

1− β
)+

+ β log2(1 +
γρ‖vH

m,2Hm,2‖2

β
) ≤

≤ log2((1− β) + β + (1− β)
(1− γ)ρ‖vH

m,1Hm,1‖2

1− β
+

+ β
γρ‖vH

m,2Hm,2‖2

β
) =

= log2(1 + ρ(1− γ)‖vH
m,1Hm,1‖2 + ργ‖vH

m,2Hm,2‖2),
(37)

where the equality in the second inequality only
holds if

γ‖vH
m,2Hm,2‖2

β
=

(1− γ)‖vH
m,1Hm,1‖2

1− β
. (38)

From (38) it can now be derived the optimal split
of the resources to achieve the maximum sum-rate
of MIMO-OMA:

β∗ =
γ‖vH

m,2Hm,2‖2

γ‖vH
m,2Hm,2‖2 + (1− γ)‖vH

m,1Hm,1‖2
. (39)

The rates for MIMO-NOMA and MIMO-OMA as
a function of the power allocation coefficient α2

m,2 =
γ and β = β∗ can be seen in Figure 6.
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Figure 6: Maximum rates achieved by a MIMO-
NOMA and a MIMO-OMA scheme. The SNR is
ρ = 10dB. Power allocation coefficient α2

m,2 = γ.

Important conclusions can be made about the
figure 6, namely, the only situation where MIMO-
NOMA rates are equal to MIMO-OMA rates is
when one of the users is not communicating (α2

m,2 =

γ = 0 or α2
m,2 = γ = 1). Also, RMIMO−NOMA

m,1 >

RMIMO−OMA
m,1 for every 0 < α2

m,2 = γ < 1, which
makes sense since the first OMA user has to di-
vide the frequency or time resources with the sec-
ond OMA user while the first NOMA user does not
have this restriction.
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It seems odd that RMIMO−OMA
m,2 >

RMIMO−NOMA
m,2 for every 0 < α2

m,2 = β = 1 < 1,
but this can be explained, by the fact that the
second NOMA user RMIMO−NOMA

m,2 is interference
limited, because the second user decodes its
own signal with interference from the first user,
while the second OMA user does not suffer any
impairment by the presence of the first user.

It is also noteworthy that the rates seem to grow
with ρ. Looking at equations (33), (34), (35) and
(36), it can be seen that ρ increases the term in-
side the logarithm, except in the case of (34),
where that relation is less obvious. However, since
α2
m,2 > α2

m,1, the increase of ρ also results in the

increasing of RMIMO−NOMA
m,2 in that case. In or-

der to compare this results with those of Tse [12],
one should represent the boundaries of rate pairs
achieved by MIMO-NOMA and MIMO-OMA, as it
is presented in Figure 7.
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Figure 7: Boundary of rate pairs achieved by
MIMO-NOMA and MIMO-OMA systems, each
with two users. ρ = 10dB.

Comparing the results with what was obtained
by Tse in [12], it can be seen that the results
from SISO-NOMA and SISO-OMA also apply to
MIMO-NOMA and MIMO-OMA. Again, NOMA
and OMA have the same performance when only
one user is being communicated too, as usual. Oth-
erwise, the sum-rate of MIMO-NOMA is always su-
perior.

Now, we want to compare the sum channel capac-
ity of MIMO-NOMA versus MIMO-OMA. As seen
previously, the sum channel capacity of MIMO-
NOMA can be written as:

CMIMO−NOMA
m,1 + CMIMO−NOMA

m,2 =

= log2(1 + ρ‖vH
m,1Hm,1‖2α2

m,1)+

+ log2(1 +
ρ‖vH

m,2Hm,2‖2α2
m,2

ρ‖vH
m,2Hm,2‖2α2

m,1 + 1
),

(40)

knowing that logc(a) + logc(b) = logc(a× b):

CMIMO−NOMA
m,1 + CMIMO−NOMA

m,2 =

= log2(1 + ρ‖vH
m,1Hm,1‖2α2

m,1+

+
ρ‖vH

m,2Hm,2‖2α2
m,2

ρ‖vH
m,2Hm,2‖2α2

m,1 + 1
+

+ ρ‖vH
m,1Hm,1‖2α2

m,1

ρ‖vH
m,2Hm,2‖2α2

m,2

ρ‖vH
m,2Hm,2‖2α2

m,1 + 1
) =

= log2(1 + ρ‖vH
m,1Hm,1‖2α2

m,1+

= ρ‖vH
m,2Hm,2‖2α2

m,2

ρ‖vH
m,1Hm,1‖2α2

m,1 + 1

ρ‖vH
m,2Hm,2‖2α2

m,1 + 1
)).

(41)

Now, from (13), is known that
vH
m,1Hm,1‖2

vH
m,2Hm,2‖2

> 1, and

therefore:

CMIMO−NOMA
m,1 + CMIMO−NOMA

m,2 =

= log2(1 + ρ‖vH
m,1Hm,1‖2α2

m,1+

+ ρ‖vH
m,2Hm,2‖2α2

m,2

ρ‖vH
m,1Hm,1‖2α2

m,1 + 1

ρ‖vH
m,2Hm,2‖2α2

m,1 + 1
) ≥

≥ log2(1 + ρ‖vH
m,1Hm,1‖2α2

m,1 + ρ‖vH
m,2Hm,2‖2α2

m,2).
(42)

Recalling from equation (37):

CMIMO−OMA
m,1 + CMIMO−OMA

m,2 =

log2(1 + ρ(1− γ)‖vH
m,1Hm,1‖2 + ργ‖vH

m,2Hm,2‖2),
(43)

substituting in equation (42) if it agrees that the
power allocation coefficients for NOMA are the
same as for OMA (α2

m,2 = γ):

CMIMO−NOMA
m,1 + CMIMO−NOMA

m,2 ≥

CMIMO−OMA
m,1 + CMIMO−OMA

m,2 ,
(44)

which proves that there is a power split for which
MIMO-NOMA can achieve a larger sum channel ca-
pacity than MIMO-OMA (with equality when only
one user is being communicated to). These results
were also confirmed by simulations, as seen in Fig-
ures 8, 9 and 10.

In those Figures it is evident that the differ-
ence between CMIMO−NOMA

m,1 + CMIMO−NOMA
m,2

and CMIMO−OMA
m,1 + CMIMO−OMA

m,2 grows with

α2
m,2 = γ. This is in accord with the results in

section 4, namely, the fact that allocating too much
power to the user with the best channel (in the case
of Figure 10) tends to significantly lower the perfor-
mance of the user with the worst channel, leading
to a maximum sum-rate of the channel when using
NOMA that is very similar to the OMA one. As
the power allocation coefficient for the second user
grows, the difference between the performance of
NOMA compared to OMA also increases.
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Figure 8: Sum channel capacity for MIMO-NOMA
and MIMO-NOMA with two users each, with
α2
m,2 = γ = 0.1 and α2

m,1 = 1− γ = 0.9.
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Figure 9: Sum channel capacity for MIMO-NOMA
and MIMO-NOMA with two users each, with
α2
m,2 = γ = 0.5 and α2

m,1 = 1− γ = 0.5.
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Figure 10: Sum channel capacity for MIMO-NOMA
and MIMO-NOMA with two users each, with
α2
m,2 = γ = 0.9 and α2

m,1 = 1− γ = 0.1.

7. Conclusions

This thesis looked at some practical aspects of the
implementation of uncoded MIMO-NOMA related
to the distribution of the power allocation coeffi-
cients and the limitations of SIC detection with al-
phabets larger than the binary one and the limita-
tions in the number of users that can be supported.
The analytical results in [5] have proven to hold. It
has been explained why uncoded NOMA struggles
to serve more than two users and an extension of
this model range to up to five users was managed,
when the users make use of BPSK only. The results
show that using SIC is actually feasible up to five
multiplexed users for the detection of NOMA with
BPSK, while maintaining the target of SER > 0.5
for SNR = 10 dB. A massive MIMO model was
also tested, in terms of SER the results were worse
than the first model but it allowed a higher number
of clusters. While the limitations in terms of users
and modulations may be below our expectations for
the 5G RAT, it can still be useful for certain type
of applications (M2M communications, for exam-
ple). Results for the intra-cluster relaying concept
were also obtained, confirming the benefit of relay-
ing information from the users with better channel
coefficients to users with lower channel coefficients.

This thesis also looked at the rates of both
MIMO-NOMA and MIMO-OMA systems, confirm-
ing that the rate curves for SISO-NOMA and SISO-
OMA in the literature are consistent with the
MIMO-NOMA and MIMO-OMA rates obtained in
this dissertation. The dual SNR regime found in
the SER curves was also found in the rate curves.
The improvement of using MIMO-NOMA instead
of MIMO-OMA was less then linear, in terms of
rate, because of the intra-cluster interference (or
inter user interference).

In terms of future work, the objectives of the the-
sis were fulfil but related problems around NOMA
detection are still open to research:

• In this thesis, the focus was to explore the
limitations of NOMA rather than to optimize the
system parameters. However, the optimization of
power allocation coefficients is a critical point, since
it affects fairness between users and the total sys-
tem throughput. There is some work done in this
regard [11], and this thesis provided an easy formula
to maximize fairness for the multi-user BPSK case
but the topic is far from closed.

• The order of the users is known at the BS and
at each user, however, since this transmission of in-
formation is not error free, the effects of errors need
to be studied. If there is an error in the pilots that
are sent to the BS, the users can be not properly
ordered and there will be problems regarding fair-
ness, since users with better channels can be as-
signed with higher power allocation coefficients and

9



thus accidentally end up in a water-filling situation.
• Throughout this thesis, any user in a NOMA

system would be able to access the symbols be-
ing transmitted to any user in its cluster. Users
that were positioned later in the decoding chain
would even decode the other user’s symbols, in or-
der to nullify that user interference on its own sig-
nal. Hence, the security topic has been disregarded
in this thesis. In a future work, it is imperative
to study some mechanisms that prevent this easy
access to another user’s information.
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